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Abstract

Accurate values of the static dielectric constant of hydrogen are important for both fundamental thermophysical property calculations and emerging dielectric-based sensing applications in hydrogen liquefaction, storage, and processing systems. Previous work has shown that the existing reference correlations for hydrogen exhibit deficiencies at cryogenic conditions, particularly for ortho-rich hydrogen and liquid states. In this work, improved correlations are developed for the static dielectric constant of para- and ortho-hydrogen over temperatures from (1 to 1000) K. The low-density contribution was recalculated using modern ab initio rovibrational energy levels and state-dependent molecular polarizabilities. A new functional representation was developed that reproduces the temperature dependence of the first dielectric virial coefficient over the full temperature range considered, including the strongly non-linear behavior at cryogenic temperatures. An extensive review of the available dielectric-constant measurements for normal and para-hydrogen was conducted, extending significantly upon the data used by previous dielectric correlations. These data were then used to develop revised correlations for the higher-density dielectric behavior of para- and ortho-hydrogen. The resulting correlations provide substantially improved agreement with available experimental data compared with previous models and better reproduce independent literature measurements that were not used in the fitting process, including recent measurements of the dielectric contrast between hydrogen spin isomers. However, the available experimental database remains limited, and the temperature dependences assumed for the higher-order terms remain only weakly constrained. 
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1 [bookmark: _Ref231238878]Introduction

As hydrogen continues to attract global interest as a low-emission energy carrier, accurate prediction of its thermophysical properties has become increasingly important. Among these properties, the static dielectric constant is of particular interest due to both its practical applications in hydrogen sensing and its connection to the underlying fundamental molecular behavior of hydrogen [1]. As a property that links a fluid’s electromagnetic behavior to its thermodynamic state that can also be measured at sub-ppm level precision [1], it is a property with many potential applications. In particular, at cryogenic conditions relevant to hydrogen liquefaction, there is significant opportunity for the application of sensors based on hydrogen’s dielectric constant in liquid hydrogen tank level sensing [2, 3], liquid hydrogen boil-off [4], and hydrogen spin-isomer composition monitoring in liquefaction processes [5].
In regards to the latter, recent work [5] demonstrated the potential of dielectric measurements as a high-precision sensing mechanism for cryogenic hydrogen systems, with specific application to resolving the spin-isomer (ortho-hydrogen (o-H2) and para-hydrogen (p-H2)) composition of hydrogen via the very small difference in their thermophysical properties. Dielectric measurements using a microwave resonant cavity were shown to provide an effective means of monitoring ortho–para (o-p) hydrogen conversion and composition under cryogenic conditions relevant to hydrogen liquefaction [5]. However, that work also demonstrated how the currently available predictive models for hydrogen’s static dielectric constant exhibit significant deficiencies at these cryogenic conditions, particularly for ortho-rich hydrogen, thereby limiting the broader implementation of dielectric-based sensing approaches in industrial systems.
These current models for hydrogen are based on the framework published in 2005 by Harvey and Lemmon for the static dielectric constant of natural gas [6]. Because hydrogen is a component of some natural gases, correlations were included for the dielectric constants of pure p-H2 and equilibrium H2 (e-H2) (temperature-dependent “equilibrium” o-p composition arising from the Boltzmann population of rotational states, as determined by the rotational partition function of the hydrogen molecule [7]; which was labeled only as “H2” in Ref. [6]). The low-density portions of these correlations were based on quantum statistical mechanics and ab initio polarizabilities, similar to the calculations presented in Sec. 2 below. The terms for higher density were fitted only to a portion of the data of Stewart [8], who measured the dielectric constant of p-H2 at liquid and supercritical states from 24–100 K. Harvey and Lemmon [6] only used the data above 50 K, since their application was for natural gas and not liquid hydrogen.
There is room for improvement in several aspects of the Harvey and Lemmon [6] correlations, especially if they are to be applied to cryogenic states; we list the following deficiencies in no particular order. 
First, Harvey and Lemmon [6] had no correlation for normal hydrogen (n-H2, defined as the high-temperature limiting composition of 25 mol% p-H2 and 75 mol% o-H2) or o-H2, only p-H2 and e-H2. This is not a serious problem at ambient temperatures where e-H2 is close in composition to n-H2, but it prevents application to n-H2 and high ortho-fraction mixtures at cryogenic temperatures.
Second, the low-density calculation considered only the ground vibrational state of H2. This is an excellent approximation at cryogenic and ambient temperatures, but at higher temperatures, such as 500 K, the population of the first excited vibrational state becomes non-negligible.
Third, the low-density parts of the correlations were fitted to a simple form that was linear in temperature. These fits were focused on the range (100 to 500) K, with application to natural gas in mind. However, as we will see in Sec. 2, such a linear fit does not correctly describe the polarizability’s behavior at liquid hydrogen temperatures.
Fourth, there are additional experimental data that should inform the correlations. In addition to several sources of data for liquid hydrogen, high-quality measurements were published in 2009 by May et al. [1] for the compressed gas at pressures up to 6.5 MPa. The experimental data of Stewart [8] below 50 K should also be taken into account to more accurately represent cryogenic states.
In this work, we first derive the low-density part of the dielectric-constant behavior for p-H2 and o-H2, representing it with a functional form that is accurate over the entire temperature range considered (up to 1000 K). We then survey the available experimental data for the static dielectric constant of both p-H2 and n-H2. Finally, we develop reference correlations to describe the dielectric constant of p-H2 and o-H2 over the entire fluid region up to 1000 K.

2 [bookmark: _Ref231238856]Low-density Limit
The low-density behavior of the static dielectric constant () of a fluid is rigorously described by the dielectric virial expansion:
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where  is electric polarization,  is the molar density, and  , and  are respectively the first, second, and third dielectric virial coefficients.  depends on properties of a single molecule, while  and  are corrections (usually small) for interactions involving two and three molecules, respectively. For molecules with no dipole moment,  is directly proportional to the static mean polarizability (, cm3·mol-1) according to
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where  is the Avogadro constant.
For a molecule that can vibrate and rotate,  is not a simple constant, because each rovibrational state has a slightly different polarizability (due, for example, to centrifugal stretching at higher rotational states). Therefore, accurate computation of  requires knowledge of the distribution of molecular states (which will change with temperature since the states have different energies) and of the mean polarizability of each state. For the H2 molecule, with only two electrons, these quantities can be obtained with high accuracy from ab initio quantum calculations. Information about energy levels can also be obtained from spectroscopy.
The mean polarizability is computed as a function of temperature by
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where the sum extends over all molecular rovibrational states ,  is the fraction of molecules in state  at temperature , and  is the expectation value of the mean polarizability for state .

2.1 Energy levels

The energy levels of the H2 molecule have been well studied, both by spectroscopic methods and by ab initio quantum calculations. While Harvey and Lemmon [6] used spectroscopic energy levels reported in 1984 by Dabrowski [9], whose uncertainties are unclear, in this work we use the first-principles energy levels given in 2011 by Komasa et al. [10]. Komasa et al. included nonadiabatic (post-Born–Oppenheimer) effects along with the effects of relativity and quantum electrodynamics (QED), claiming an uncertainty in the calculated energy levels (which were quantified using wavenumbers) near 0.001 cm-1. Subsequent work [11] refined some of the calculations, but the complete set of energy levels was not reported in the later paper and the few examples presented show that the refinements were on the order of 0.001 cm-1, which is negligible in our context.
While Ref. [6] only considered the ground vibrational state (), the first excited vibration () becomes significant by the time the temperature reaches 500 K, so the first few rotational levels in that vibrational state should be included. By including rotational states up to  ( is the rotational quantum number) for  and up to  for , we included all states whose fractional population exceeds 5 × 10-6 at temperatures up to 1000 K. The omitted states are much more insignificant at lower temperatures; at 500 K, no omitted state has  more than 10-10. It is convenient when working with partition functions to write the energy of a state divided by the Boltzmann constant, giving it units of temperature; the conversion factor from the wavenumbers reported in the literature is 1 cm-1 = 1.438776877 K [12].


2.2 State-dependent polarizabilities

Harvey and Lemmon [6] made use of the polarizabilities of Rychlewski [13], who performed accurate calculations of  for the ground vibrational state for rotational states up to  and for the  and  states of several excited vibrational states. However, these calculations were performed in the Born–Oppenheimer (BO) approximation, which loses accuracy when low-mass nuclei like hydrogen are involved. Recently, Sun et al. [14] performed high-accuracy calculations of the polarizability without the BO simplification. They provided values in the ground vibrational state for the three lowest rotational states (). The polarizabilities for those three states were larger than those of Rychlewski by factors of 1.000082, 1.000083, and 1.000086, respectively. To capture what may be a trend, we multiplied the values of  provided by Rychlewski by 1.00009 for all .
We require estimates for the polarizability of states with  and  that Rychlewski did not calculate. We observe that, in the table given by Rychlewski [13], the ratio of polarizabilities of the  state to the  state is nearly identical for the  and the  vibrational states. We therefore assume that the computed ratio between higher- states and  for the ground vibrational state can also be applied for the  vibrational state. This approximation will make no difference except at high temperatures; at 500 K none of the states approximated have  above 2 × 10-6.

2.3 Calculations, including spin isomers

Once the energy levels are known for each rovibrational state, the fraction of molecules in each state can be computed from the partition function. Since translation of molecules does not affect the polarizability, we write a rotation–vibration partition function . The Boltzmann factors in the partition function must be combined not only with a factor taking into account the multiplicity according to the rotational quantum number , but also the appropriate factor for the number of symmetric or antisymmetric spin functions [7], which for H2 is 1 for even (para-) rotational states and 3 for odd (ortho-) states.
The resulting partition function for p-H2 is [7]
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while for o-H2 it is
	
	 
	(5)


where the sums extend over all rovibrational states (with the appropriate restriction to odd or even spins),  is the energy of state , and  is the Boltzmann constant. If one considers equilibrium hydrogen (e-H2) where there is no restriction on rotational states, the partition function is simply the sum of these two functions:
	
	
	(6)


The fraction of molecules in a given state , , with rotational quantum number , can be calculated from the partition function according to its energy. For example, for p-H2 the calculation is
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while for o-H2 it is
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2.4 [bookmark: _Ref231238945]Low-density results and correlation
Calculations of  were performed with Eqs. (2) and (3) for both p-H2 (with the distribution of states determined by Eq. (7)) and o-H2 (with the distribution of states determined by Eq. (8)). The temperature range extended from 1 K to 1000 K. Fig. 1(a) shows the results for p-H2 up to 600 K (the function remains roughly linear up to 1000 K). It is obvious that the linear form used by Harvey and Lemmon [6] does not adequately represent   at the low temperatures of interest for cryogenic applications.
Fig. 1(b) shows our calculated results for o-H2; again, the behavior from the 600 K limit of the plot up to 1000 K is roughly linear.

[bookmark: _Ref230257728][image: ]Fig. 1 Calculated values of  (—) for (a) para-hydrogen; and (b) ortho-hydrogen. The linear approximation for p-H2 used by Harvey and Lemmon [6] is shown (···), as well as the new SITH function (this work) for approximating  for both p-H2 and o-H2 (- - -).
A functional representation of  was developed to more accurately describe the behavior of the ab-initio calculations as shown in Fig. 1: it captures the low-temperature asymptotic behavior and the curvature at intermediate temperatures that are not reproduced by the linear approximation of Harvey and Lemmon [6]. Both p-H2 and o-H2 could be accurately represented using a modified Padé approximant of the form:
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with fitting parameters  and , and reference temperature  as in Ref. [6]. For both p-H2 and o-H2, the fitting parameters were determined by a weighted nonlinear least-squares regression to the ab initio calculations across the full temperature range. The weighting factors were taken as the inverse square of the combined standard uncertainty associated with each calculated  value. These uncertainties were estimated using a GUM-style propagation based on uncertainties in the rotational-state energies () from Komasa et al. [10] and molecular polarizabilities (). Sensitivities of the rotational populations to the energy levels were determined analytically and propagated through the population-weighted polarizability calculation using covariance-matrix methods. An additional relative standard uncertainty of 10 ppm was included to account for uncertainty in the state-dependent polarizabilities arising from scaling the values of Rychlewski [13].
Table 1 reports the fitted and  coefficients for both p-H2 and o-H2, with the resulting correlation hereafter referred to as the “SITH” (Sellner-Incerti-Tenardi-Harvey) function. Fig. 1 shows the agreement between the SITH correlation and the calculated  values, while residuals are presented in Fig. 2. A value of  in Eq. (9) was required to ensure that residuals remained below the estimated calculation uncertainty over the full temperature range considered, particularly at the low-temperature and high-temperature end-points. Furthermore, seven decimal places in the reported and  coefficients are required to preserve this level of accuracy. As  is fundamentally additive with respect to molecular populations,  for mixtures of o-p hydrogen (such as e-H2 and n-H2) can be combined linearly with molar composition.

[bookmark: _Ref230262848][bookmark: _Ref236736305]Table 1.
Fitted coefficients for the new SITH function (see Eq. (9)) that describes the temperature-dependent behavior (1 K to 1000 K) of  for both p-H2 and o-H2 for use in the improved static dielectric-constant model for hydrogen.
	Fit Parameter
	para-hydrogen
	ortho-hydrogen

	
	0.7056009
	0.7073774

	
	-2.4277525
	-2.1065695

	
	3.2764357
	2.8754738

	
	-2.0434530
	-2.1691939

	
	0.6911754
	1.0050498

	
	-0.0974687
	-0.1633760

	
	-3.4406965
	-2.9780896

	
	4.6432065
	4.0657432

	
	-2.8946261
	-3.0691570

	
	0.9776579
	1.4249117

	
	-0.1379077
	-0.2333652



[image: ]
[bookmark: _Ref230263192]Fig. 2 Residuals of SITH function fit to calculated  values (—) for (a) p-H2 and (b) o-H2. The residuals across the entire temperature range are within the standard uncertainty (- - -) of the calculated ab initio values.
The SITH function provides a substantially improved continuous representation of the calculated  values for both spin-isomers. Its functional form captures all observed trends in the discrete data while reproducing values across the full temperature range to well within the calculated uncertainty. The correlations are consistent with the experimental measurements of Hermans et al. [15], who reported a low-density polarizability for normal hydrogen that is about 0.15% greater than for para-hydrogen at 20.4 K. Under these conditions, the polarizability is approximately proportional to . The corresponding difference calculated by the SITH function in the present work is 0.13%. Similarly, the  values predicted for n-H2 (taken as the appropriate linear combination of o-H2 and p-H2) are in good agreement with other experimental determinations at approximately room temperature. These are listed in Table 2 in which the deviations from the SITH function are all of a similar order of magnitude as the reported uncertainties.

[bookmark: _Ref231327907]Table 2.
Low-density coefficient  for n-H2 as reported in the literature compared to new SITH function results in this work.
	Source
	 / K
	 / cm3·mol-1
	Reported Uncertainty / cm3·mol-1
	 This Work / cm3·mol-1
	Absolute Difference / cm3·mol-1

	May et al. [1]
	273
	2.0307
	1.00 × 10-5
	2.0304
	3 × 10-4

	May et al. [1]
	293
	2.0311
	1.00 × 10-4
	2.0307
	4 × 10-4

	Orcutt & Cole [16]
	322.15
	2.033
	1.00 × 10-3
	2.0313
	2 × 10-3

	Newell & Baird [17]*
	273.15
	2.0300
	8.00 × 10-4
	2.0303
	3 × 10-4

	Nie [18]
	297.53
	2.031027
	7.10 × 10-5
	2.0308
	1.91 × 10-4


*Originally refractive index measurements, required correction to  is two orders of magnitude less than the reported precision

2.5 Isotope effects

One conceivable source of error in these calculations is that they are performed for isotopically pure H2. Naturally occurring hydrogen on Earth is roughly 0.0156% deuterium [19]. This means that approximately one in 3200 hydrogen molecules will be an HD molecule. One could in principle perform a similar calculation of  for the HD isotopologue, but for our purposes it is sufficient to note that the calculated polarizabilities of HD in its rovibrational states [14] are roughly 1% smaller than the corresponding H2 polarizabilities. When diluted by a factor of 3200, this difference is negligible in our context. The HD molecule also has a very small dipole moment (approximately 0.0009 Debye units), but the effect of this dipole on  has been analyzed [20] and found to be many orders of magnitude smaller than the contribution from the polarizability.

3 [bookmark: _Ref231238929]Experimental Database

While the low-density limit of the dielectric constant is well-established from theory as described in Sec. 2, experimental data are required to describe the higher-order effects of finite density. In this section, we review the available experimental data (excluding sources of low precision that are on the order of 100 years old or possess only a single datapoint).
In developing the database for fitting a correlation, it is necessary to convert data measured as a function of temperature and pressure to the independent variables of temperature and density used in our model. Computations of density were performed with the reference equations of state for n-H2 and p-H2 developed by Leachman et al. [21]. While changes in temperature due to the use of different temperature scales are unlikely to be significant compared to the accuracy of the experimental data, for consistency we converted all data to the International Temperature Scale of 1990 (ITS-90) [22] using established procedures [23]. The complete set of dielectric data for both p-H2 and n-H2 is illustrated in Fig. 3, converted for visual clarity to electric polarization () divided by density () as a rearrangement of Eq. (1).
3.1 [bookmark: _Ref231238778]Data for para-hydrogen

A large number of data for the dielectric constant of p-H2 were reported in 1964 by Stewart [8]. These data were the source for the high-density behavior of the correlations presented by Harvey and Lemmon [6]. However, there are some subtleties in these data that were not fully appreciated in the previous work.
The first issue is the temperature scale. Because the official international scale of the time had its lower limit near 90 K, cryogenic work of that era employed a variety of special scales, and care must be taken to convert reported data to a modern temperature scale such as ITS-90. The Stewart data were reported on the NBS-55 scale developed at the National Bureau of Standards. Conversion of these temperatures to ITS-90 is a two-step process. First, the NBS-55 temperatures are converted to the International Practical Temperature Scale of 1968 (IPTS-68) using tables for the difference between the scales published by Bedford et al. [24]. Then, standard methods can be applied to convert the IPTS-68 temperatures to ITS-90 [23, 25]
Second, the paper of Stewart reported mass density, when molar density is needed for our correlation. We make this conversion with the molar mass employed in the Leachman et al. [21] equation of state, which is 2.01588 g·mol−1. In principle, the hydrogen used by Stewart might have had a slightly different isotopic composition (and therefore molar mass) due to its production by electrolysis of water. However, any error arising from the molar mass will be negligible compared to the uncertainty in reported densities.
Third, the densities reported by Stewart were not measured. Stewart measured temperature and pressure, and derived densities based on an unreported smoothing equation fitted to the experimental data of Goodwin et al. [26]. Unfortunately, the original measured pressures were not reported, so we are unable to obtain densities corresponding to the current reference equation of state [21]. The additional uncertainty introduced by these density calculations is difficult to estimate, because we do not know how accurately the smoothing equation fitted the data of Goodwin et al. At a minimum, the uncertainty must be at least as much as the uncertainty of Goodwin’s density measurements (stated to be 0.1%) and the deviations of those data from the reference equation of state of Leachman et al. (who reported an average absolute deviation of 0.18%). Considering these factors, it is reasonable to estimate a standard uncertainty of 0.2% for the densities reported by Stewart. Especially for high-density states, this is a much larger source of uncertainty than the uncertainty in measuring the dielectric constant.
Charignon et al. [27] reported precise measurements for subcooled liquid hydrogen at pressures up to 1 MPa from 15 K to 23 K. They used e-H2 prepared at 20 K, which would be almost entirely p-H2. We made two small corrections to their reported data. Their temperature measurement was not calibrated to a temperature scale, but rather to the vapor pressure of p-H2. While the paper does not say, according to the corresponding author [28] they would have obtained hydrogen properties from an early-2000s version of NIST’s REFPROP software. This would have used the now-obsolete equation of state reported by Younglove [29] in 1982. We therefore adjusted the reported temperatures by finding the ITS-90 temperature at which the current reference equation of state of Leachman et al. [21] gives the same vapor pressure as that given by the Younglove equation at the reported temperature. These corrections were no larger than 0.01 K, but this is not insignificant since Ref. [27] reported temperature uncertainties on the order of 0.001 K.
A second correction can be estimated for the calibration of the vacuum capacitance. Charignon et al. filled their cell with helium at a pressure near 0.2 MPa at several temperatures. Dividing the measured capacitance by a calculated value of helium’s dielectric constant gave the vacuum capacitance. The density of helium would have been computed from the equation of state of McCarty and Arp [30], which has been superseded by that of Ortiz Vega et al. [31]. The dielectric constant of helium would have been obtained from the simple function of density used by Arp et al. [32], but it can now be computed with much better accuracy by ab initio methods with the dielectric virial expansion (Eq. (1)). For the helium atom,  has been computed from first principles with an extraordinarily small relative uncertainty near 10−7 [33]. This value of  is lower than that used in Ref. [32] by approximately 0.006%.  has been computed with relative uncertainties at liquid hydrogen temperatures on the order of 2% [34]. These  values are roughly one order of magnitude smaller than those from Ref. [32], perhaps because the older work used this term to fit liquid helium data where higher-order terms must be significant. First-principles results have recently been reported for  [35]. Their uncertainties are somewhat larger, but the contribution of this term is negligible at the gas pressure of 0.2 MPa.
At the experimental temperatures and 0.2 MPa, the dielectric constant of helium computed by the methods of Arp et al. [32] is slightly smaller than that obtained from the best current information, meaning that Ref. [27] would have overestimated the vacuum capacitance (and therefore underestimated the hydrogen dielectric constant). We therefore multiplied the reported dielectric constants from Ref. [27] by these computed factors, which ranged from 1.000004 to 1.000007. This correction is of marginal significance at best when compared to the experimental uncertainty.
Guillien [36] reported measurements of the dielectric constant of various fluids near their melting points. Included in these measurements were those of saturated liquid hydrogen near the melting line over the temperature range (14 to 21) K. Based on the temperatures measured, we can assume the hydrogen to be effectively pure p-H2. The reported data were extracted from Fig. 7 of Ref. [36], giving estimated uncertainties of at least the marker size in both dielectric constant and temperature (approximately 0.001 and 0.1 K, respectively). As was common prior to the widespread availability of calibrated cryogenic thermometers, the experimental temperatures were determined from hydrogen vapor-pressure thermometry using data from the Leiden Physical Laboratory [37]. To convert these measurements to ITS-90, the vapor pressures corresponding to the reported temperatures were first obtained by linear interpolation of the Leiden data [37] after which the equivalent ITS-90 saturation temperatures were calculated using the p-H2 equation of state of Leachman et al. [21]. The magnitude of the conversions vary widely across the dataset, with the largest being on the order of 0.1 K.
Milenko and Sibileva [38] measured the dielectric constant of saturated liquid hydrogen for several o-p mixtures, including 99.8% p-H2. Their temperature measurements were referenced to the vapor pressure of p-H2 given in the 1948 compilation of Woolley et al. [39]. The corresponding ITS-90 temperatures were estimated by finding the ITS-90 temperature at which the current reference equation of state for p-H2 of Leachman et al. [21] gave the vapor pressure produced by the correlation of Woolley et al. at the temperature reported in Ref. [38]. These corrections to the reported temperatures were 0.01 K or smaller.
Pashkov and Lobko published two papers, one in 1979 [40] and the other in 1980 [41], reporting the dielectric constant of the saturated liquid (for both p-H2 and n-H2) between roughly 15 K and 32 K. The relationship between these reports is unclear; the data tables have several points that coincide, or occasionally differ by one in the last digit, but neither table is a subset of the other. Based on the exact temperatures reported, it is possible that Ref. [41] is a combination of experimental and fitted data, although this is not what is implied in the text. The data at (18, 25, 29, and 31) K are identical between the sources, and so these were removed from the dataset of Ref. [41] for fitting purposes. We treat the remaining points as distinct sources, recognizing that there are likely further repeated measurements or conversions between the datasets. In the absence of information about their temperature measurement, we assume, based on the date of publication, that the temperatures were on the IPTS-68 scale and have calculated the density for saturated liquid p-H2 at these converted temperatures from the Leachman et al. [21] equation of state.
Sellner et al. [5] recently demonstrated the use of a microwave cavity resonator for measurement of hydrogen o-p composition through the dielectric contrast between the spin isomers. In that work, the natural o-p conversion of hydrogen was monitored at five cryogenic conditions between approximately (10 and 40) K, including measurements in the solid, liquid, and supercritical phases. Due to the deficiencies of the Harvey and Lemmon dielectric model [6] at cryogenic conditions (as described above), the measured dielectric constants could not be directly converted to o-p composition. Instead, the measured data were fit to a second-order conversion model with fitted equilibrium end-points which permitted estimation of the dielectric constant of p-H2 at each experimental condition. Four of these measurements corresponded to liquid or supercritical hydrogen states. Temperatures were measured directly on the ITS-90 scale using calibrated cryogenic resistance thermometers, while densities were calculated directly from the measured conditions with the equation of state of Leachman et al. [21].
As part of a study that was mainly concerned with solid properties, Younglove [42] reported 14 data points for the dielectric constant of compressed liquid p-H2 at temperatures in the range (17 to 23) K. The pressure range extended up to approximately 32 MPa. Younglove’s temperatures were converted to ITS-90 from the NBS-55 scale as described above, and densities were calculated from these converted temperatures and reported pressures with the Leachman et al. [21] equation of state for p-H2.

3.2 [bookmark: _Ref231244213]Data for normal hydrogen

In Harvey and Lemmon [6], the high-density correlations for both e-H2 and p-H2 were fit solely to the p-H2 data of Stewart [8]. In the present work, separate correlations are instead developed for o-H2 and p-H2 individually, rather than treating e-H2 as an independent fluid. Unfortunately, pure o-H2 is not naturally occurring – the maximum possible equilibrium composition is achieved in n-H2 (75%). Consequently, the high-density correlations for o-H2 in this work are determined indirectly by first fitting the available p-H2 data and then fitting the remaining o-H2 parameters to the available measurements for n-H2. The available n-H2 data consist primarily of near-room-temperature measurements and saturated-liquid data, with relatively few measurements at intermediate temperatures and densities.
In 2009, May et al. [1] performed high-precision measurements of the relative dielectric permittivity of vapor-phase n-H2 at (273 and 293) K using a quasi-spherical cavity resonator calibrated with helium. They used their results to determine values of hydrogen’s molecular electric polarizability which agreed with theory (from Rychlewski’s ab initio calculations [13]). Moreover, they also calculated estimates for the first and second dielectric virial coefficient of n-H2 ( and ) at the experimental temperatures. No corrections were made to the data.
Constable et al. [43] measured the dielectric constant of saturated liquid n-H2 between approximately (13.5 and 19.4) K. Their temperature scale was not stated; based on the year of publication we assumed it to be IPTS-68 with conversion to ITS-90 as described above. 
Kogan et al. [44] reported the dielectric constant of saturated n-H2 between approximately (14 and 20.4) K. Their temperature measurement was based on the vapor pressure of p-H2 as given by Woolley et al. [39]. We converted those temperatures to ITS-90 by finding the temperature at which the same vapor pressure was given by the reference equation of state of Leachman et al. [21]; the adjustments were no greater than 0.01 K.
Michels et al. [45] measured the dielectric constant of hydrogen at high pressures (up to 145 MPa) and two temperatures (298 and 373) K. The spin-isomer composition for the measurements was not stated, but the hydrogen can be reasonably assumed to be n-H2 based on the experimental temperatures. The temperature scale used was not explicitly stated. However, Michels et al. described the work as a continuation of an earlier study [46], in which temperatures were measured with mercury thermometers calibrated against standards from the Physikalisch-Technische Reichsanstalt in Berlin. The measurements were therefore likely reported on ITS-27, which, in this temperature range, is identical to ITS-48 [23]. These temperatures were subsequently converted to IPTS-68 using the relations from Douglas [47], and then to ITS-90 as described above.
Milenko and Sibileva [38] reported results for the saturated liquid at several o-p compositions, including o-H2 compositions above 75% achieved through preferential adsorption of o-H2 on alumina (following Ref. [48]). In the present work, only the n-H2 measurements were included in the fitting procedure, while the remaining non-equilibrium o-p composition data were reserved for independent validation of the correlation (see Sec. 4.4). The temperatures reported in Ref. [38] were converted to ITS-90 as described for their p-H2 data in Sec. 3.1.
Pashkov and Lobko [40, 41] reported dielectric constants for saturated liquid n-H2 between approximately (15 and 32) K. As discussed for the corresponding p-H2 measurements in Sec 3.1, the relationship between the two reports is unclear, with several measurements appearing to be duplicated between the sources. Consequently, points exactly repeated between the datasets were removed for fitting purposes; these corresponded to measurements at (17, 18, and 29) K. The reported temperatures were converted to ITS-90 as described for the corresponding p-H2 data in Sec. 3.1.
Pashkov et al. [49] reported dielectric constants for saturated liquid mixtures of n-H2 and neon; this included endpoints corresponding to pure H2 at four temperatures. Of the four points, three are identical to measurements reported in Pashkov and Lobko’s previous 1980 work [41], and so were unlikely to have been measured independently. As such, for fitting purposes, these three points (corresponding to the data at (25, 29, and 31.14) K) were removed. As with other works from Pashkov [40, 41], the temperature scale was not stated but assumed to be IPTS-68 with conversions to ITS-90 as described above.
As well as estimates of p-H2 (described above), Sellner et al. [5] also estimated the dielectric constant of n-H2 at four different liquid and supercritical phase conditions in their experiments. Temperatures were measured directly on the ITS-90 scale using calibrated cryogenic resistance thermometers, while densities were calculated directly from the measured conditions with the equation of state of Leachman et al. [21].
Finally, Watson et al. [50] reported the dielectric constants of various gases at room and liquid air temperatures reduced to standard conditions with the ideal gas law (298.15 K and 1 atm). However, the original measurement conditions were also given allowing for reconstruction of the original experimental data. For hydrogen, the spin-isomer composition was not stated. Since purification was performed with activated charcoal at liquid-air temperatures, some o-p conversion may have occurred prior to measurement [51]. The temperature scale was not specified. The room-temperature measurements were assumed to be on ITS-27 and converted to ITS-90 as described above for Ref. [45]. The liquid-air temperatures (~80 K) were determined from oxygen vapor-pressure thermometry, likely using the correlation of Cath [52]. As such, the oxygen vapor pressures were back-calculated using the correlation in Ref. [52] and then used to determine the ITS-90 experimental temperatures using the oxygen saturation curve of Stewart et al. [53] as implemented in the software REFPROP 10.0 [54].

[image: ]
[bookmark: _Ref231151372]Fig. 3 Dielectric data available in the literature for p-H2 and n-H2 converted to molar polarization ( by a rearrangement of Eq. (1). (a) p-H2 data of (+) Charignon et al. 2007 [27], (×) Guillien 1940 [36], (△) Milenko & Sibileva 1975 [38],  (●) Pashkov & Lobko 1979 [40], (□) Pashkov & Lobko 1980 [41], (✱) Sellner et al. 2026 [5], (○) Stewart 1964 [8], and (×) Younglove 1968 [42]. (b) n-H2 data of (+) Constable et al. 1975 [43], (◇) Kogan 1971 et al. [44], (■) May et al. 2009 [1], (▲) Michels et al. 1935 [45], (△) Milenko & Sibileva 1975 [38], (●) Pashkov & Lobko 1979 [40], (□) Pashkov & Lobko 1980 [41], (◆) Pashkov et al. 1987 [49], (✱) Sellner et al. 2026 [5], and (◆) Watson et al. 1931 [50].

4 Correlations

4.1 Higher-order coefficients  and  

, the second dielectric virial coefficient in Eq. (1), represents the contribution of intermolecular pair interactions to the dielectric response. As with ,  can theoretically be calculated from quantum statistical mechanics using ab initio intermolecular pair potentials together with interaction-induced pair polarizabilities, as demonstrated by Garberoglio and Harvey [34] for helium, neon, and argon. Whilst highly accurate ab initio intermolecular potentials have been developed for hydrogen [55, 56], the published collision-induced polarizabilities [57] have relatively high uncertainties due to the complexity of the calculation for anisotropic molecules, and so no corresponding calculation of  has been performed for H2. For molecules without permanent dipoles, such as hydrogen,  has been shown to vary approximately linearly with  [58]. 
The higher-order terms  and beyond become increasingly important at higher densities; however, they are extremely difficult to calculate theoretically due to the large number of degrees of freedom associated with three-body and higher-order intermolecular interactions. As such, for this work, we approximate the dielectric virial coefficients  and above by a single empirical term, , a function of temperature that multiplies density raised to the power of a temperature-independent empirical exponent . Hence, we come to the empirical form of the correlation as in Harvey and Lemmon’s work [6]:
	
	 
	[bookmark: _Ref231154950](10)


with  for p-H2 and o-H2 as determined above in Sec. 2. In the absence of correlations for  and , we approximate both as linear functions in , following Harvey and Lemmon [6]: 
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with  K. The coefficients , , , and  for p-H2 and o-H2 are determined through fitting to the experimental literature data summarized in Sec. 3.

4.2 [bookmark: _Ref231244712]Correlation for para-hydrogen

The dielectric data sources described in Sec. 3.1 were used to fit the four coefficients for p-H2 in Eq. (11) and Eq. (12). The exponent () was not treated as a free parameter and was fixed at , consistent with the original Harvey and Lemmon [6] correlation, as there were insufficient data to justify the introduction of an additional degree of freedom. This was also the case for the correlation for o-H2 in Sec. 4.3 below.
The fitting procedure first converted the measured dielectric constants (), to electric polarization (, as in Eq. (10)). The low-density contribution, , was fixed using the SITH function developed in Sec. 2.4. The remaining density-dependent terms were then fitted by weighted linear least-squares regression to Eq. (10), with free parameters , , , and . Experimental weighting factors were determined from the combined uncertainty associated with the dielectric constant and molar density. The uncertainty contribution arising from density was estimated using a relative uncertainty of 0.1% for densities calculated from the Leachman et al. equation of state (the predicted equation of state uncertainty at temperatures below 250 K [21]), and 0.2% for the Stewart [8] data based on the estimate discussed in Sec 3.1. To limit the influence of measurements that were inconsistent with their assigned uncertainties, an iterative “sigma-clipping” procedure was applied [59, 60] where after each weighted regression, any point with a calculated absolute normalized residual greater than three standard deviations () was excluded. The regression was then repeated until the set of retained points remained unchanged. The final correlation coefficients (, , , and ) were then rounded to the minimum number of digits required to ensure that the induced rounding error remained below 1% of the combined experimental uncertainty of all the data.
Data from Charignon et al. [27], Guillien [36], and Sellner et al. [5] were excluded from the fitting procedure. As shown in Fig. 3(a), the datasets of Refs. [27] and [36] exhibit systematic deviations relative to the remaining literature data. For Ref. [36], these deviations are likely associated with the experimental methods together with the substantial uncertainty introduced through our data extraction method and reconstruction of temperatures from historical vapor-pressure data (see Sec. 3.1). The data of Charignon et al. [27] display a pronounced systematic offset that follows the experimental isobars, suggesting a pressure-dependent systematic error, potentially associated with the capacitance calibration procedure in which the authors reported a 4% increase in vacuum capacitance following their hydrogen measurements. The data of Sellner et al. [5] were not included because the reported dielectric constants were inferred from fitted o-p conversion curves rather than measured directly. Comparisons of these excluded data with the optimized model are nevertheless presented in the residual plots below (Fig. 4).
The residuals of the experimental data relative to the resulting correlation are shown in Fig. 4, together with those of the previous Harvey and Lemmon correlation [6], which employed a linear approximation for  and was fitted only to the Stewart [8] data above 50 K. The fitted coefficients obtained in the present work are reported in Table 3. Strong correlations were observed between several fitted coefficients in the covariance matrix, reflecting the limited independence of the temperature-dependent basis functions over the available experimental data range. Examination of the fitted parameters indicated that the principal improvement relative to the Harvey and Lemmon correlation [6] arose from two effects: the revised low-density representation of  developed in Sec. 2.4, and the introduction of a non-zero temperature dependence in  through the  parameter. In particular, retaining the Ref. [6] values for  and  (listed in Table 3) while substituting only the revised  did not fully remove the systematic residual trends observed at high densities (as apparent in the previous model in Fig. 4(b)). The fitted  term was found to play the dominant role in correcting these remaining deviations, substantially improving the representation of the high-density cryogenic data.
Of the 275 data points included in the fitting procedure, only two exhibited normalized residuals exceeding three standard deviations () after convergence of the iterative regression and were therefore classified as outliers. One point belonged to Stewart [8] and the other to Younglove [42]. It should also be noted that all available p-H2 experimental data are below 100 K, meaning that no direct low-density gas-phase measurements were available to constrain the correlation at higher temperatures. Consequently, while the low-density behavior remains primarily constrained by , the absence of data at higher temperatures makes it difficult to fully justify the use of the linearized forms for   and  in Eq. (11) and Eq. (12) respectively. The predicted behavior of these functions at higher temperatures therefore remains largely an extrapolation of the available high-density cryogenic data.
The root-mean-square of the residuals of the retained points normalized by their combined experimental uncertainties () was 0.45, indicating that the retained data were reproduced well within their assigned uncertainties. The average absolute deviation (AAD) in dielectric constant was 0.0060%. Rounding each of the four fitted coefficients , , , and  to three significant figures changed the predicted values by less than 1% of the combined experimental uncertainty for every data point, and hence is determined as the level of precision required for the correlation coefficients. With the Harvey and Lemmon correlation [6], the same data produced a  of 0.52 and an AAD of 0.0098%.
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[bookmark: _Ref231157537]Fig. 4 Residuals of the p-H2 literature data to the fitted model in Eq. (10) (100 times scaling) against molar density of (a) this work, and (b) Harvey and Lemmon [6]. Each panel includes an inset zoomed into the (-0.1, 0.1) residuals range. Experimental uncertainties of the dielectric data as reported in the literature sources are shown as error bars. The data included are those listed in Sec 3.1: (+) Charignon et al. 2007 [27], (×) Guillien 1940 [36], (△) Milenko & Sibileva 1975 [38],  (●) Pashkov & Lobko 1979 [40], (□) Pashkov & Lobko 1980 [41], (✱) Sellner et al. 2026 [5], (○) Stewart 1964 [8], and (×) Younglove 1968 [42]. Note, the data from Refs. [5, 27, 36] (✱, +, ×) were not used in the fit for this work ((a)), and only data from Ref. [8] (○) above 50 K were used in the fit of Harvey and Lemmon [6] ((b)).

[bookmark: _Ref231158117][bookmark: _Ref236056709]Table 3.
Fitted coefficients for , , , and  for the p-H2 and o-H2 correlations in this work and Harvey and Lemmon (H&L) [6].
	
	para-hydrogen
	ortho-hydrogen

	
	This work*
	H&L
	This work
	H&L

	
	0.2096
	0.181
	0.2076
	0.181

	
	0.02870
	0.021
	0.03552
	0.021

	
	-6.031
	-7.4
	-7.564
	-7.4

	
	-0.7348
	0
	-0.1381
	0


*Only 3 digits are required to maintain the fit quality, however 4 are shown for consistency with o-H2

4.3 [bookmark: _Ref232012847]Correlation for ortho-hydrogen

Unlike for p-H2, direct dielectric measurements for pure o-H2 are not available in the literature. The o-H2  and  correlations were therefore determined indirectly from the experimental n-H2 dielectric-constant measurements using polarization () mixing with the p-H2 correlation defined in Sec. 4.2. Mixture polarization can be defined by combining pure-fluid polarizations according to the mixing rule proposed by Harvey and Prausnitz [61], which uses scaled volume fractions dependent on critical volumes of the pure components. For hydrogen, the critical volumes of o-H2 and p-H2 predicted by the Leachman et al. equation of state [21] differ by only 0.6%, and the critical volumes of o-H2 and n-H2 have not been experimentally validated. More elaborate Onsager-type treatments for combining o-p dielectric constants have been considered [62], but these approaches are highly complex and were reported to yield only marginal differences compared to a simple linear mixing assumption. Given both the minimal expected deviation from ideal polarization mixing and the limited availability and consistency of the experimental n-H2 dielectric data (see Fig. 3(b)), the additional complexity introduced by higher-order mixing treatments cannot presently be justified and the polarization of o-p mixtures was therefore approximated in this work as a linear combination of the pure-component polarizations at fixed temperature and molar density.
For all the n-H2 datasets listed in Sec. 3.2, the o-H2 composition was not independently measured, with the sources either specifying the hydrogen as “normal” or not defining it at all. In this work, all n-H2 experimental data were therefore assumed to correspond to a composition of 0.749 mol/mol o-H2, representative of e-H2 between (272 and 313) K. The polarization of n-H2 () for the experimental data considered in this work may therefore be taken to be
	
	 
	[bookmark: _Ref232271515](13)


with  and  being the p-H2 and o-H2 pure-component polarizations, respectively. 
The fitting procedure otherwise followed a similar methodology as that described for p-H2 in Sec. 4.2, including iterative “sigma-clipping” for outlier exclusion, and weighting based on the combined dielectric and density uncertainties. Density uncertainties of 0.1% were assigned below 250 K and 0.04% above 250 K based on the estimated uncertainty of the Leachman et al. equation of state [21] in the corresponding temperature regions. 
However, the fitting procedure differed from that used for p-H2 in several minor respects. First, the coefficients were determined using bounded weighted least-squares optimization implemented with the “least_squares” function in SciPy [63]. The default “Trust Region Reflective” algorithm [64] was used to impose lower and upper bounds on each fitted coefficient. These bounds restricted the coefficients to be within the same order of magnitude as the corresponding p-H2 coefficients listed in Table 3. Secondly, soft prior constraints were imposed on each coefficient based on the fitted p-H2 values. These priors were introduced because the available n-H2 data provided only weak constraints on the intermediate-density temperature dependence of the correlation. In particular, the available measurements consist primarily of saturated-liquid cryogenic data together with low-density room- and high-temperature measurements, leaving a substantial gap in moderate-density intermediate-temperature states. The only available moderate-density measurements were those of Michels et al. [45], which possess comparatively large uncertainties, uncertain spin-isomer composition, and discrepancies with the low-density data of May et al. [1] (see Sec. 3.2 and Fig. 3(b)). The values of the priors were determined to be that which minimized the resulting  and AAD of the fit.
Without these additional constraints, the optimization was found to converge toward non-physical parameter combinations with unrealistically large coefficients while producing only modest improvements in residuals. The prior constraints therefore served to stabilize the optimization while remaining physically reasonable, as o-H2 and p-H2 possess identical electronic structure and nearly identical intermolecular potentials, and so significant differences in the higher-order dielectric terms are not expected despite the differing rotational-state populations that primarily influence .
The n-H2 data of Constable et al. [43], Watson et al. [50], and Sellner et al. [5] were excluded from the fitting procedure. The data of Sellner et al. [5] were excluded for the same reason as discussed above for p-H2. The low-density data of Watson et al. [50] exhibit a clear systematic offset from the more recent measurements of May et al. [1] and do not extrapolate toward the theoretically predicted low-density limit discussed in Sec. 2.4. Moreover, it is likely that the H2 measured was not n-H2 because the purification step intended to remove impurities used activated charcoal at liquid-air temperatures. This would have facilitated at least partial o-p conversion, resulting in an unknown spin-isomer composition [51]. The data of Constable et al. [43] similarly display a systematic offset relative to the remaining literature data (see Fig. 3(b)) and contain one point reported below the n-H2 triple-point temperature which is classified as liquid data, suggesting possible issues with experimental temperature determination or phase identification. As for p-H2, these excluded datasets are still presented in the residuals plots below (Fig. 5).
The resulting residuals relative to the new fitted correlation are shown in Fig. 5 together with those of the Harvey and Lemmon correlation [6]. The fitted coefficients are reported alongside the p-H2 coefficients in Table 3.  As would be expected, the parameters for o-H2 are similar to those for p-H2; all the same sign and order of magnitude. With an extended density range for fitting compared to p-H2, only moderate correlations were observed between the fitted coefficients in the covariance matrix, save for the temperature-dependent terms  and . Compared with the Harvey and Lemmon model [6], the present correlation substantially improves the representation of the high-density saturated-liquid data of Pashkov and colleagues [40, 41, 49], Milenko and Sibileva [38], and Kogan et al. [44]. However, a residual structure remains evident across the full density range. Attempts to fully remove these trends through unconstrained fitting resulted in non-physical parameter values and unstable extrapolation behavior.
These remaining systematic deviations likely reflect the limited availability and consistency of the experimental n-H2 dielectric data. In particular, the absence of intermediate-temperature moderate-density measurements makes it difficult to fully justify the applicability of the linearized forms for  and  over the entire temperature range considered, especially for liquid H2 where it is possible the simplified three-term virial form in Eq. (10) may be insufficient to reflect the higher-order interactions. It is therefore possible that the true temperature dependence of the higher-density dielectric terms cannot be adequately represented by only the simple forms of Eq. (11) and Eq. (12). However, the currently available experimental data are insufficient to justify the introduction of higher-order temperature terms or additional fitting coefficients.
Of the 171 data points included in the fitting procedure, 16 exhibited normalized residuals exceeding three standard deviations () after convergence of the iterative regression and were therefore classified as outliers. Fifteen of these outliers belonged to mid-range densities of Michels et al. [45] and the remaining one belonged to Pashkov and Lobko [40]. The final correlation yielded an AAD in dielectric constant of 0.0215% and an  of 1.03. The fitted coefficients (, , , and ) required rounding to a minimum of four digits to preserve the fit to deviations of less than 1% of the combined experimental uncertainty. With the Harvey and Lemmon correlation [6], the same data produced a  of 2.11 and an AAD of 0.0389%, indicating a significant improvement.
To assist users in computer-program verification of these new correlations, we supply a table of calculated values in the Appendix (Table 6) for , , , , and  for four different  and  points and four different spin-isomer compositions, including pure o-H2 and p-H2, a 50/50 o-p mixture, and n-H2. The values for n-H2 were calculated with coefficients as defined in Table 5 in the Appendix.
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[bookmark: _Ref231322716][bookmark: _Ref232018632]Fig. 5 Residuals of the n-H2 literature data to the fitted model in Eq. (10) (100 times scaling) against molar density of (a) this work, and (b) Harvey and Lemmon [6]. Each panel includes an inset zoomed into the (-0.1, 0.1) residuals range. Experimental uncertainties of the dielectric data as reported in the literature sources are shown as error bars. The data included are those listed in Sec 3.2: (+) Constable et al. 1975 [43], (◇) Kogan 1971 et al. [44], (■) May et al. 2009 [1], (▲) Michels et al. 1935 [45], (△) Milenko & Sibileva 1975 [38], (●) Pashkov & Lobko 1979 [40], (□) Pashkov & Lobko 1980 [41], (◆) Pashkov et al. 1987 [49], (✱) Sellner et al. 2026 [5], and (◆) Watson et al. 1931 [50]. Note, the data from Refs. [5, 43, 50] (✱, +, ◆)  were not used in the fit for this work ((a)), and only p-H2 data from Ref. [8] above 50 K were used in the fit of Harvey and Lemmon [6] ((b)).
2

4.4 [bookmark: _Ref236898652]Comparisons with other literature

 has previously only been reported in studies of low-density n-H2 [1, 16]. Because  dominates the dielectric response in the low-density limit, literature estimates of  are subject to substantial uncertainty. A comparison of the literature values with those predicted by the present correlation and the correlation of Harvey and Lemmon [6] is shown in Table 4 where  (and ) have been calculated as an appropriate linear molar combination of o-H2 and p-H2 at the temperature and density conditions.
The new correlation predicts slightly larger values of  than Harvey and Lemmon [6], although both correlations yield values above the experimental estimates. Given the relatively large uncertainty associated with the experimental determinations of , the currently available data are insufficient to determine whether this difference reflects limitations in the adopted functional form or uncertainty in the experimental estimates themselves. Nevertheless, despite being fitted primarily to cryogenic measurements, the present correlation predicts room-temperature values of  that remain comparable to the independent estimates of May et al. [1] and Orcutt and Cole [16], suggesting that the adopted temperature dependence provides a physically reasonable extrapolation beyond the temperature range of most of the fitted data. 
[bookmark: _Ref231996828]
[bookmark: _Ref236732044]Table 4.
Reduced second dielectric virial coefficient for n-H2 () as reported in the literature compared to new correlations in this work and the Harvey & Lemmon [6] correlation.
	Source
	 / K
	 / cm3·mol-1
	Reported Uncertainty / cm3·mol-1
	 This Work / cm3·mol-1
	 Ref. [6] / cm3·mol-1

	May et al. [1]
	273 - 293
	0.03
	0.05
	0.10
	0.09

	Orcutt & Cole [16]
	322.15
	0.03
	0.1
	0.10
	0.09



One motivation for this work was the findings of Sellner et al. [5], in which the relative shift in dielectric constant measured between n-H2 and p-H2 showed clear discrepancies with the Harvey and Lemmon correlation [6], but was consistent with the measurements of Pashkov and Lobko [41]. Fig. 6 reproduces the same comparison presented in Fig. 14 of Ref. [5], now including the relative dielectric-constant shift predicted by the new correlations developed in this work. While the n-H2 and p-H2 measurements of Pashkov and Lobko [41] contributed to the fitted correlations (see Secs. 4.2 and 4.3 above), the measurements of Sellner et al. [5] were excluded from the fitting procedure.
As well as n-H2 and p-H2, Milenko and Sibileva [38] also investigated the variation of dielectric constant with ortho-fraction in saturated liquid H2. High ortho-fraction mixtures (up to 94.4 mol%) were prepared through preferential adsorption on alumina following the methods of Cunningham et al. [48] with composition monitored using a thermal-conductivity analyzer calibrated against n-H2 and p-H2. Since ortho-fractions above 75 mol% required extrapolation of the calibration, the reported compositions likely possess additional uncertainty of an unknown magnitude. Consequently, only the n-H2 measurements were used in the fitting procedure described in Sec. 4.3. The resulting model residuals in Fig. 7 therefore provide an independent test of the model at non-equilibrium o-p compositions by comparing the residuals of all dielectric-constant measurements reported by Milenko and Sibileva [38] with both the present correlation and that of Harvey and Lemmon [6]. Overall, the scatter in the residuals is significantly reduced with the new correlations. As a quantitative comparison, the total RMS of the residuals is approximately halved for the present work (RMS = 0.053) compared with Harvey and Lemmon [6] (RMS = 0.097). As is evident from Fig. 7(b), the largest improvement occurs at low ortho-fractions, reflecting the significant improvement of the high-density description of p-H2 in this work (see Fig. 4). The increased scatter observed at higher ortho-fractions could reflect either greater uncertainty in the reported ortho-fractions above the n-H2 composition, limitations of the derived o-H2 correlation at high density, or a combination of both. 


[image: ]
[bookmark: _Ref232012638]Fig. 6 (Reproduced from Sellner et al. [5]). Relative change in dielectric constant arising from the transition between n-H2 and p-H2 as a function of average density. Shown are the experimental data from Pashkov and Lobko [41] (□) and Sellner et al. [5] (✱), compared to the new model of this work (+) and the Harvey and Lemmon model [6] (×). Note: the data from Ref. [5] were not used in developing the new correlation in this work.
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[bookmark: _Ref232273099]Fig. 7  Residuals of the new model in this work (+) and the Harvey and Lemmon model [6] (×) from the dielectric-constant measurements from Milenko and Sibileva [38] of liquid H2 at various o-p compositions.  uncertainty of the reported dielectric measurements in Ref. [38] are also shown (---). (a) Residuals as a function of density. (b) Residuals as a function of ortho-fraction. Note: only the data at ortho-fractions labelled 0 and 0.75 from Ref. [38] were used for the new correlations in this work.

5 Conclusion

Improved correlations have been developed for the static dielectric constant of p-H2 and o-H2 over temperatures from 1 K to 1000 K. The work extends and revises the correlations of Harvey and Lemmon [6], with particular emphasis on conditions relevant to cryogenic hydrogen applications.
The low-density contribution, represented by the first dielectric virial coefficient (), was recalculated from modern ab initio rovibrational energy levels and state-dependent polarizabilities. Unlike the previous correlation of Harvey and Lemmon [6], which employed a simple linear temperature dependence, the resulting SITH function accurately reproduces the calculated behavior of  over the full temperature range considered, including the strong curvature and asymptotic behavior observed at cryogenic temperatures. The new representation is also consistent with available experimental determinations of molecular polarizability and low-density dielectric behavior.
An extensive review of the available dielectric-constant measurements for hydrogen was performed, including reassessment of historical temperature scales, density determinations, and calibration procedures. Using this database, a revised correlation for the higher-density dielectric behavior of p-H2 was developed. Relative to Harvey and Lemmon [6], the new correlation provides a substantially improved description of the available cryogenic experimental data, particularly in the liquid and supercritical regions where the previous correlation exhibited systematic deviations. A correlation for o-H2 was also developed for the first time by fitting to the available measurements of n-H2 (approximated as 74.9 mol% o-H2) through linear polarization mixing with the p-H2 correlation.
Independent tests were performed using literature data not included in the fitting procedure. The new correlations provide improved agreement with measurements of the dielectric contrast between p-H2 and n-H2 at high densities reported by Sellner et al. [5]. Improved agreement was also observed for dielectric-constant measurements of non-equilibrium o-p mixtures reported by Milenko and Sibileva [38].
Despite these improvements, several limitations remain. The higher-density terms ( and )  are represented using empirical forms originally developed for gaseous systems, yet much of the experimental information available for fitting originates from liquid hydrogen. While the resulting correlations reproduce the available data well, it remains unclear whether the adopted dielectric-virial functional form fully captures the behavior of the dielectric constant in the liquid region. Similarly, the temperature dependences assumed these higher-density terms are only weakly constrained by the available experimental database and should therefore be regarded as provisional. The limitations are particularly significant for o-H2 where the absence of direct dielectric measurements necessitates indirect determination through n-H2 data and mixture assumptions.
Future improvements will require both new experimental measurements and theoretical developments. In particular, dielectric-constant measurements of p-H2, n-H2, and well-characterized o-p mixtures at moderate densities and intermediate temperatures would significantly improve constraints on the higher-order dielectric terms. Additional low-density measurements for p-H2 would also provide insight into the temperature dependence of . From a theoretical perspective, ab initio calculations of , analogous to those available for the noble gases, would provide valuable guidance for future correlation development and may ultimately allow the empirical treatment of the term to be replaced by a more physically rigorous description.
Overall, the correlations developed in this work provide the most comprehensive representation currently available for the static dielectric constant of hydrogen spin isomers and significantly improve the predictive capability of dielectric property calculations at cryogenic conditions relevant to hydrogen liquefaction, storage, and sensing applications.
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Appendix

Correlations for n-H2
For readers wishing to calculate the dielectric constant for n-H2 (defined as 25 mol% p-H2 as in Ref. [21]) without requiring a mixture calculation, we present here coefficients for , , and  for the same functional forms as those presented above for o-H2 and p-H2.  for n-H2 was determined through the same fitting procedure as in Sec. 2.4 (the SITH function Eq. (9)), where the value at each discrete temperature point is the linear combination of those for o-H2 and p-H2. The functional forms of  and  result in the , and  coefficients simply being the linear combination of those for o-H2 and p-H2. The coefficients are available in Table 5.
The computer implementation verification values reported in Table 6 also include implementation of these coefficients for n-H2 for each () point, represented by  = 0.25 mol·mol-1.

[bookmark: _Ref236814512]Table 5.
Dielectric model coefficients for n-H2.
	
	

	SITH parameter
	Value
	Parameter
	Value

	
	0.7069294
	
	0.2081

	
	-2.5563191
	
	

	
	5.0316856
	
	

	
	-5.1502338
	
	0.033815

	
	3.3316738
	
	

	
	-0.6182756
	
	

	
	-3.6163233
	
	-7.18075

	
	7.1199637
	
	

	
	-7.2945737
	
	

	
	4.7296826
	
	-0.287275

	
	-0.8861433
	
	






[bookmark: _Ref236736426]Comparison values for computer-implementation
[bookmark: _Ref237416988]Table 6.
Test values for computer implementation of the o-H2 and p-H2 dielectric model with coefficients as in Table 1 and Table 3.  is the p-H2 fraction. , ,  are each the linear combinations of those calculated for o-H2 and p-H2.

	 / K
	 / mol·cm-3
	 / mol·mol-1
	 / cm3·mol-1
	 / cm6·mol-2
	 / cm9·mol-3
	
	

	20
	0.036
	0
	2.0286703
	0.65721216
	-9.3120698
	7.3449413 × 10-2
	1.2378157

	20
	0.036
	0.25*
	2.0277704
	0.63613027
	-10.817077
	7.3319476 × 10-2
	1.2373617

	20
	0.036
	0.5
	2.0268732
	0.61504838
	-12.322084
	7.3189638 × 10-2
	1.2369081

	20
	0.036
	1
	2.0250761
	0.57288460
	-15.332098
	7.2929863 × 10-2
	1.2360011

	50
	0.01
	0
	2.0286712
	0.36613286
	-8.1803679
	2.0315145 × 10-2
	1.0622092

	50
	0.01
	0.25*
	2.0277719
	0.35902311
	-8.4629158
	2.0305159 × 10-2
	1.0621780

	50
	0.01
	0.5
	2.0268701
	0.35191335
	-8.7454636
	2.0295147 × 10-2
	1.0621467

	50
	0.01
	1
	2.0250690
	0.33769384
	-9.3105594
	2.0275149 × 10-2
	1.0620842

	100
	0.001
	0
	2.0286796
	0.26910643
	-7.8031340
	2.0289409 × 10-3
	1.0060992

	100
	0.001
	0.25*
	2.0278583
	0.26665405
	-7.6781954
	2.0281172 × 10-3
	1.0060967

	100
	0.001
	0.5
	2.0270370
	0.26420168
	-7.5532568
	2.0272936 × 10-3
	1.0060942

	100
	0.001
	1
	2.0253944
	0.25929692
	-7.3033797
	2.0256464 × 10-3
	1.0060893

	273.16
	0.00004
	0
	2.0304211
	0.20760000
	-7.5640000
	8.1217176 × 10-5
	1.0002437

	273.16
	0.00004
	0.25*
	2.0303425
	0.20810000
	-7.1807500
	8.1214032 × 10-5
	1.0002437

	273.16
	0.00004
	0.5
	2.0302626
	0.20860000
	-6.7975000
	8.1210838 × 10-5
	1.0002437

	273.16
	0.00004
	1
	2.0301041
	0.20960000
	-6.0310000
	8.1204500 × 10-5
	1.0002436

	500
	0.0001
	0
	2.0351674
	0.19148529
	-7.5013468
	2.0351864 × 10-4
	1.0006107

	500
	0.0001
	0.25*
	2.0351660
	0.19275881
	-7.0504191
	2.0351852 × 10-4
	1.0006107

	500
	0.0001
	0.5
	2.0351643
	0.19403234
	-6.5994914
	2.0351837 × 10-4
	1.0006107

	500
	0.0001
	1
	2.0351613
	0.19657938
	-5.6976359
	2.0351809 × 10-4
	1.0006107


* Uses correlation coefficients for n-H2 in Table 5.
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