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Abstract 

Critical nozzles and critical flow venturis are widely used gas flow meters because of their excellent calibration stability 

and well-developed flow theory. It is often desirable to calibrate them using one gas (dry air or nitrogen) and extrapolate 

that calibration to other gas species. The primary effects of gas species on the flow through critical nozzles are accounted 

for by the molar mass (ℳ) and the ideal gas critical flow function (𝐶I
∗). Prior researchers derived how secondary gas 

species corrections enter through real gas effects, the inviscid core flow, the velocity and thermal boundary layers, and 

vibrational relaxation phenomena. This paper compares theoretical predictions of nozzle discharge coefficients to 

experimental measurements made using gases with specific heat ratios between 1.09 and 1.67, including some with 

vibrational relaxation effects (CO2, SF6, and N2O) as large as 2.3 %. We introduce an approximate method for calculating 

the vibrational relaxation correction using an effective critical flow function 𝐶I,eff
∗  that does not require a computational 

fluid dynamics simulation. For the cases examined, the agreement between experimental discharge coefficients and 

calculated values is better than 0.7 %. 

 

1. Introduction 

Critical flow venturis and critical nozzles are converging-

diverging orifices with a large enough pressure 

difference across the smallest cross section (the throat) 

that the fluid attains the speed of sound. Specifications 

for the shape and usage of critical nozzles are given in the 

documentary standards ISO/DIS 9300 (2022) [1] and 

ASME MFC-7 (2016) [2]. Critical nozzles are widely 

used as gas flow meters because of their simplicity, low 

uncertainty and calibration stability (< 0.1 %), and well-

developed theory of operation. 

 
Figure 1. Geometry of a critical flow venturi as specified by ISO and 

ASME. 

The primary effects of gas species on the mass flow (𝑚̇) 

through critical nozzles are accounted for by the molar 

mass (ℳ) and the ideal gas critical flow function (𝐶I
∗): 

 

 Note that there are different versions of experimental 𝐶d  possible 

depending on which corrections are applied during the processing of 

𝑚̇＝𝐶d 𝐴∗ 𝐶I
∗ 𝑃0√

ℳ

ℛ 𝑇0

 (1) 

where 𝐴∗ = 𝜋𝑑∗2 4⁄  is the area of the nozzle throat (* 

denotes throat value),  𝑃0 and  𝑇0  are the stagnation (or 

total) inlet pressure and temperature, ℛ = 8.314462 J / 

(mol K) is the universal gas constant, and 𝐶d  is the 

discharge coefficient that corrects errors in the ideal 

model. 𝐶d  is usually determined experimentally by 

calibration versus a flow reference, but it can also be 

calculated by combining several corrections [3]: 

𝐶d＝𝐶real𝐶inv𝐶vbl𝐶tbl𝐶vib𝐶𝛼 , where (2) 

• 𝐶real accounts for real gas effects and equals the ratio 

of the real [4] to ideal gas critical flow functions: 

𝐶real =
𝐶R

∗

𝐶I
∗ =

𝐶R
∗

√𝛾0(
2

𝛾0+1
)

𝛾0+1
𝛾0−1

     , (3) 

where 𝛾0 = 𝑐p 𝑐V⁄  is the specific heat ratio at 𝑃0 and  𝑇0. 

• 𝐶inv  accounts for 2-dimensional inviscid core flow 

effects [3], 

• 𝐶vbl  corrects laminar [ 5 ] and turbulent velocity 

boundary layer effects with an adiabatic wall [3], 

experimental data. For example, an alternative version of Equation 1 

could use 𝐶R
∗  rather than 𝐶I

∗  in which case the correction 𝐶real  in 

Equation 2 would be redundant. 
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• 𝐶tbl  accounts for thermal boundary layer effects 

resulting from heat transfer from the CFV wall to the 

flowing gas [6], 

• 𝐶vib  corrects vibrational relaxation (thermodynamic 

non-equilibrium) effects [7, 8] and 

• 𝐶𝛼 accounts for the effects of thermal expansion on the 

diameter of the throat (𝑑∗ ) [1]. 𝐶α  depends on the 

nozzle material and temperature and is independent of 

the gas species. 

These corrections are defined relative to a baseline mass 

flow calculated via Equation 1 that was derived by 

assuming 1) 1-dimensional flow, 2) isentropic behavior 

(inviscid, adiabatic, and reversible), 3) ideal gas, and 4) 

constant 𝛾. 

Figure 2: Critical nozzle corrections for 𝑅𝑒 =  1000 to ∞ for the 

conditions described in the text. 𝐶real and 𝐶vib are not shown but are 

significant for many gases and conditions. 

 

Figure 2 shows the relative magnitudes of the correction 

factors versus the inverse square root of the Reynolds 

number 𝑅𝑒 =
4𝑚̇

𝜋𝑑𝜇0
, where 𝜇0  is the dynamic viscosity 

evaluated at the inlet conditions. The strong effect 𝐶vbl is 

plotted on the left vertical axis which has scaling 

20 × larger than the right axis where 𝐶𝛼, 𝐶inv, and 𝐶tbl, 

are plotted. The conditions used in Figure 2 are:  

1) standard nozzle geometry with normalized wall 

curvature 𝑅n = 𝑅w 𝑟∗⁄  = 4 where 𝑅w  is the radius of 

curvature of the nozzle wall inlet and 𝑟∗ = 𝑑∗ 2⁄ ,  

2) the nozzle wall temperature  𝑇w is 10 K hotter than the 

inlet gas temperature  𝑇0,  

3) real gas effects are negligible. Note that this is not the 

case, particularly for certain gases at high pressures, and  

4) vibrational relaxation effects are negligible, i.e. the 

internal energy modes of the gas are in equilibrium. Note 

that this is often not the case for polyatomic gases like 

CO2, SF6, and N2O (see Section 3).  

𝐶vbl and 𝐶tbl are proportional to the velocity and thermal 

boundary layer thicknesses, hence they are nearly linear 

when plotted versus 𝑅𝑒−0.5 . The discontinuity in 𝐶vbl 

near 𝑅𝑒−0.5 = 0.001 is caused by boundary layer 

transition. 

The cited literature on theory predicts 𝐶d as a function of 

nozzle geometry, flow, temperatures, and gas properties 

allowing us to extrapolate a calibration performed in N2 

to usage in other gases. In this paper, we will compare 

theoretical and experimental values of 𝐶d  at 𝑅𝑒  < 106 

(laminar boundary layers). 

Section 2 shows the performance of the theoretical 

models for gases that do not have significant internal 

energy stored in vibrational modes at room temperature 

or that reach thermodynamic equilibrium rapidly. 

Section 3 covers cases where vibrational relaxation 

effects are significant. For polyatomic molecules like 

CO2, SF6, and N2O, the transit time from the nozzle inlet 

to the throat can be so rapid that the internal energy 

modes of the gas molecules remain partially “frozen” at 

the upstream conditions and using equilibrium values for 

thermodynamic quantities overpredicts the flow by 2 % 

or more. 

2. Species effects from 𝑪𝐢𝐧𝐯, 𝑪𝐯𝐛𝐥, and 𝑪𝐭𝐛𝐥 

The derivation of the baseline nozzle flow model 

(Equation 1) assumes that flow in the nozzle is 1-

dimensional when in fact inviscid momentum effects 

cause a curved sonic line near the throat. Solutions 

derived by Hall and by Kliegel and Levine [3] show that 

the necessary correction coefficient 𝐶inv is a function of 

the normalized inlet wall curvature 𝑅n = 𝑅w 𝑟∗⁄  and the 

specific heat ratio 𝛾. 

Geropp’s 1987 solution [6] for the non-adiabatic velocity 

and thermal boundary layers produces the corrections 
𝐶vbl  and 𝐶tbl . Geropp 1987 shows that the nozzle 

discharge depends on its geometry ( 𝑑∗  and 𝑅n ), the 

temperature ratio (𝑇wall − 𝑇0) 𝑇0⁄ , and the gas properties 

𝛾 , viscosity 𝜇 , and the Prandtl number 𝑃𝑟 = 𝑐P𝜇 𝑘⁄  
where 𝑘  is thermal conductivity. Geropp 1987 
simplifies to Geropp 1971 [5] for the adiabatic wall 
case (𝑇wall = 𝑇0 ) and 𝑃𝑟 =  1. How to calculate the 
inviscid core flow and boundary layer corrections is 
well explained elsewhere (e.g., [3]) and will not be 
repeated here. 

Publications by Nakao et al. [9], Nakao and Takamoto 

[10], Bobovnik et al. [11], and Wright [12] provide 

experimental measurements of 𝐶d  in 11 gases for 8 

nozzles that can be compared to theoretical calculations. 

Other data sets are available but are not presented here 

because there was insufficient information to calculate 

𝐶d using the same database for property values.  

Because species effects are most significant at low 

Reynolds numbers, the nozzles have small diameters and 

are difficult to manufacture to meet the ISO / ASME 

shape specifications. Hence, the geometric parameters 𝑑∗ 

and 𝑅n for each nozzle were adjusted from their nominal 

values so that the experimental measurements made with 

N2 agreed well with theory: 𝑅n changes the slope of 𝐶d 

versus 𝑅𝑒−0.5  plots while 𝑑∗  varies the zero intercept. 

Then those values of 𝑑∗  and 𝑅n  were used to calculate 

theoretical 𝐶d’s for the other gas species. The geometric 

values and test gases for the 8 nozzles are listed in 

Table 1. The wide range of 𝑅nvalues for the 8 nozzles 

means that the slopes of the 𝐶d versus 𝑅𝑒−0.5 curves are 

quite different and would be confusing if plotted in the 

same figure. 
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Table 1. Parameters for the 8 nozzles used in the following data plots. 

Source of 

data 

Nominal 𝒅∗ 

[mm] 

Adjusted 𝒅∗ 

[mm] 
𝑹𝐧 Gases 

Nakao et al. 

[9] 
0.5935 0.5929 4.1 

N2, O2, Ar, He, 

C2H6, C2H4, CH4, 

CO2, SF6 

Nakao and 

Takamoto 

[10]  

0.295 

1.1830 

2.3580 

0.2947 

1.1838 

2.3595 

3.4 

4.4 

4.9 

N2, CO2, SF6 

Bobovnik et 

al.  [11] 
0.1750 0.1750 20 

N2, air, H2, Ar, 

N2O 

Bobovnik et 

al. [11] 
0.4360 0.4362 5.5 

N2, air, H2, Ar, 

N2O 

Wright  [12] 0.3937 0.3866 2.2 
N2, air, Ar, He, 

CO2 

Wright 0.2921 0.2853 0.5 N2, Ar, He, CO2 

 

Figure 3 compares the experimental discharge coefficients 

𝐶d,   expt  measured by Nakao et al. [9] to theoretical 𝐶d 

values 𝐶d,   theo  calculated via Equation 2. All of the 

calculated theoretical 𝐶d  values in this section used the 

solutions of Kliegel and Levine for 𝐶inv and Geropp ’71 for 

𝐶vbl . The calculations assumed 𝑃𝑟 =  1 and 

(𝑇wall − 𝑇0) 𝑇0⁄ = 0, so 𝐶tbl = 1. Note that N2, O2, H2, and 

air have nominal specific heat ratios of 𝛾 ≈ 1.4, Ar and He 

have 𝛾 ≈  1.67, and that gases with similar specific heat 

ratios (same symbol shapes) are clustered together and in 

generally good agreement with theory (except for H2). The 

theoretical values were calculated for the precise specific 

heat values for each gas and test condition, but the 

differences between the precise calculations and the generic 

lines shown in Figure 3 would be imperceptible. The 

differences between theory and experiments are between 

0.09 % and -0.13 % for N2, O2, and He. The Ar data have 

differences as large as -0.27 % and H2 as large as 0.62 %. 

The expanded uncertainty of the Nakao et al. 𝐶d 

measurements is 0.18 %. 

 
Figure 3: Experimental data from Nakao et al. [9] (symbols) and 

theoretical values (lines) of 𝐶d plotted versus 𝑅𝑒−0.5 for gases that do 

not have significant vibrational relaxation effects at room temperature. 

 

Surprisingly, using the more sophisticated Geropp 1987 

solution, the actual Prandtl numbers for each gas (𝑃𝑟 ≠ 1), 

and (𝑇wall − 𝑇0) 𝑇0⁄ = 0 worsens the agreement between 

experimental and theoretical results. The disagreement 

between calculated and experimental values 

approximately doubles for the gases with 𝛾 ≠  1.4 (the 

value for N2, the gas used to fit the geometric parameters). 

This is due to thermal boundary layer effects and the 

adiabatic wall assumption. When 𝑃𝑟 =  1, the recovery 

factor 𝑅f = √𝑃𝑟 = 1 and the wall temperature matches 

the inlet gas temperature 𝑇0 . For 𝑃𝑟 <  1, 𝑇wall < 𝑇0 , 

especially for gases with high 𝛾 like He and Ar. Colder 

𝑇wall causes increased mass flux in the boundary layer and 

higher theoretical 𝐶d  values. But in real nozzle 

applications using a conductive metal nozzle body 

material like stainless steel, the wall temperature remains 

close to the inlet and room temperature, especially for 

small Reynolds numbers where boundary layer effects are 

most significant. Hence the assumption 𝑃𝑟 =  1 and 

(𝑇wall − 𝑇0) 𝑇0⁄ = 0 in the simpler Geropp ’71 and Tang 

models produce better agreement with experiments than 

the more sophisticated Geropp 1987 model. Perhaps using 

the theory of Geropp 1987 along with nozzles equipped 

with sensors to measure 𝑇wall would produce even better 

results than shown in Figure 3 and the following plots 

comparing experimental and theoretical 𝐶d’s. 

 
Figure 4: Experimental data from Bobovnik et al. [11] for 𝑑 = 0.1750 

mm (points) and theoretical values (lines) of 𝐶d  plotted versus 

𝑅𝑒−0.5 for gases that do not have significant energy in their vibrational 

modes at room temperature. 

 

Experimental results from Bobovnik et al. [11] for the 

nozzle with 𝑑∗ =  0.175 mm are plotted along with 

theoretical 𝐶d  values in Figure 4. The agreement 

between theory and experiment is better than 0.2 % 

except for H2, for which experimental results are higher 

than theory by as much as 0.41 % (similar to the results 

of Nakao et al.). The expanded uncertainty of the 

Bobovnik et al. 𝐶d measurements is 0.17 %. 

 
Figure 5: Difference between the theoretical and experimental 𝐶d 

values for nozzles listed in Table 1 and for gases that do not have 

significant vibrational relaxation effects. 
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The difference between the experimental and theoretical 

𝐶d values for 5 nozzles is plotted in Figure 5. Due to 

fitting of geometric parameters, the differences for N2 are 

nearly zero so they are not plotted to reduce clutter. The 

differences in Figure 5 are generally less than 0.15 %, 

less than the uncertainty of the experimental 

measurements. Four data sets, marked with 2nd order 

polynomial curves, fall outside that limit at 𝑅𝑒 < 104, 

and we make the following observations: He data 

measured by Bobovnik et al. and Wright are lower than 

theory predicts while H2 data measured by Nakao et al. 

and Bobovnik et al. are higher. The explanation for these 

trends, observed in different laboratories, is not known, 

but they could be related to leaks which are difficult to 

eliminate for He and H2. Also, the large differences 

happen at low Reynolds numbers where velocity and 

thermal boundary layer effects are strongest. It seems 

unlikely that the poor agreement for H2 is caused by 

thermodynamic differences between the ortho and para 

hydrogen spin states: while their heat capacities differ 

significantly, their proportions were likely in equilibrium 

and unchanging during these experiments. 

3. Vibrational relaxation effects 

In the absence of molecular disassociation and chemical 

reactions, the internal energy of a set of gas molecules is 

distributed between three types of motion: translation, 

rotation, and vibration that are illustrated in Figure 6 for 

diatomic nitrogen. When a gas undergoes a change in 

temperature, the energy stored in the three modes 

undergoes a change via molecular collisions. The number 

of collisions necessary to equilibrate the vibrational 

modes is larger than for the translational and rotational 

modes since the vibrational phases of two colliding 

molecules need to match during the collision in order to 

efficiently transfer energy. This leads to a longer 

equilibration (relaxation) time for the vibrational modes 

𝜏vib , as compared to the translational and rotational 

modes.  

If the residence time 𝜏res  = ∫ 𝑑𝑥 𝑢(𝑥)⁄
𝑥1

𝑥0
 for a gas 

molecule to move from the nozzle inlet to the throat is 

comparable to or faster than 𝜏vib, the vibrational modes 

will be out of equilibrium with the translational and 

rotational modes of the gas. A consequence of the 

vibrational modes being out of equilibrium with the other 

modes is that the internal energy is not simply 

proportional to temperature as given by the equipartition 

theorem; therefore, 𝛾  is not well defined and 

approximations are needed. For the ISO / ASME nozzle 

geometry (see Figure 1) with a 0.5 mm diameter, the 

residence time is approximately 10 µs, which is 

comparable to the vibrational relaxation time for some 

gases. The vibrational relaxation time depends on the 

specifics of the molecule and the gas temperature and 

pressure, which here is modeled as the temperature 

derived only from the translational and rotational modes. 

This model assumes the vibrational modes are a 

thermodynamic subsystem at temperature 𝑇vib in thermal 

contact with the reservoir of translational and rotational 

modes at temperature 𝑇trans + rot = 𝑇 . This framework 

gives rise to the Landau-Teller relaxation law for 

vibrational energy along a streamline [ 13 : 

 0P 0T

3 to 6° (ISO)

2.5 to 6° (ASME)

Geometry of a critical flow venturi as specified by ISO and ASME.

 

d𝜖vib(𝑇vib)

d𝑥
=

𝜖vib(𝑇)−𝜖vib(𝑇vib)

𝑢(𝑥) 𝜏vib
 , (4) 

where 𝑢(𝑥) is the gas speed at axial position 𝑥.  

The effect of non-equilibrium vibrational modes on the 

flow depends on the fraction of the internal energy stored 

in the vibrational modes compared to the translation and 

rotational modes. If there is nearly no energy in the 

vibrational modes, there will be nearly no effect on the 

flow physics. The energy stored in each mode depends 

on the structure of the molecule, e.g., a monatomic gas 

like He has no vibrational mode while complex 

polyatomic molecules can have significant vibrational 

energy. Some polyatomic gases hold significant portions 

of their internal energy in the vibrational modes at room 

temperature, e.g., 𝜖vib 𝜖 ≈⁄  10 % for CO2 and N2O and 

50 % for SF6. 

  
Figure 6: Schematic representation of the three modes of molecular 

motion for a diatomic molecule. 

 

Two conditions lead to vibrational relaxation effects in 

critical nozzles: 

1) The time constant for vibrational energy 

redistribution with the translational and rotational 

modes τvib is comparable to the flow residence time, 

i.e., 𝜏vib ≳ 𝜏res and 

2) Vibrational energy makes a significant contribution to 

the total internal energy of the gas, i.e., 𝜖vib 𝜖 >⁄  0. 

Simpler molecules (e.g., N2, H2, and O2) relax slowly, 

but do not have sufficient vibrational energy at the 

typical nozzle operating temperatures for relaxation 

effects to be important. However, larger polyatomic 

molecules do (e.g., CO2, SF6, N2O, CH4). 
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4. Correcting Vibrational Relaxation 
Effects, 𝑪𝐯𝐢𝐛 

Uncorrected vibrational relaxation effects cause higher 

than expected experimental values for the discharge 

coefficient, by 2 % or more for some gases and nozzle 

sizes. Explanations and approaches for correcting 

vibrational relaxation effects in critical nozzles were 

independently developed by Babiano [7] and Johnson [8, 

14 ]. Johnson’s computer simulations that included 

relaxation effects for CO2 and SF6 produced discharge 

coefficients that agreed with Nakao’s [9] experimental 

measurements within 0.5 %. Johnson’s simulations 

capture vibrational relaxation effects by solving the 

Landau-Teller vibrational rate equation simultaneously 

with the mass, momentum, and energy conservation 

equations.  

Now we present an approximate method to calculate a 

vibrational relaxation discharge correction Cvib based on 

Babiano’s and Johnson’s model. By definition, 𝐶vib  is 

the ratio of the mass flow when the gas vibrational 

temperature is in its non-equilibrium state to the mass 

flow when the vibrational temperature is in equilibrium 

with the external (translational and rotational) 

temperature 𝑇 . 𝐶vib  can be calculated via an effective 

specific heat ratio 𝛾eff
∗  for the partially frozen flow that 

differs from the equilibrium value at the throat 𝛾∗: 

𝐶vib =
𝑚̇vib

𝑚̇eq
=

𝐶I eff
∗

𝐶I eq
∗ =

√
𝛾eff

∗ (
2

𝛾eff
∗ +1

)

𝛾eff
∗ +1

𝛾eff
∗ −1

√𝛾∗(
2

𝛾∗+1
)

𝛾∗+1
𝛾∗−1

  .  
(5) 

Here, 𝐶I
∗ is the ideal critical flow function with subscripts 

“eq” and “eff” to indicate values of 𝐶I
∗ that are calculated 

from equilibrium values of the specific heat ratio at the 

throat 𝛾∗ or partially frozen values 𝛾eff
∗ .  

 

The process for numerically calculating 𝛾eff
∗  is: 

Use the subsonic branch of the isentropic area-Mach 

relation to calculate the area ratios that correspond to 

𝑁 ≥ 90 equally spaced Mach number 𝑀 values between 

0 and 1, the value at the nozzle throat: 

𝐴(𝑥)

𝐴∗ =
1

𝑀(𝑥)
[

2

𝛾0+1
(1 +

𝛾0−1

2
𝑀(𝑥)2)]

𝛾0+1

2(𝛾0−1)
  . (6) 

Here, 𝑥 is the axial position and 𝛾0 is the specific heat 

ratio for the inlet stagnation conditions. The axial 

positions associated with those area ratios (with 𝑥 = 0 at 

the throat) are: 

𝑥 = − 𝑟∗ 𝑅n cos (sin−1 {1 + [𝑟∗ (1 − √
𝐴(𝑥)

𝐴∗ ) /𝑅n]}) . (7) 

Then calculate the static temperature, pressure, and speed 

at each axial position using the equations for an 

isentropic one-dimensional flow of a perfect gas:  

 

 To calculate 𝐶vib via REFPROP, use the ideal-gas commands “CV0” 

and “E0” to eliminate real gas effects. It is also necessary to subtract 
the rotational and translational contributions and an arbitrary offset that 

𝑇(𝑥) =
𝑇0

1+
𝛾0−1

2
𝑀(𝑥)2

  , (8) 

𝑝(𝑥) =
𝑝0

[1+
(𝛾0−1)

2
𝑀(𝑥)2]

𝛾0
𝛾0−1

  , and 
(9) 

𝑢(𝑥) = 𝑀(𝑥)√𝛾0 (
ℛ

ℳ
)  𝑇(𝑥)   . (10) 

The relationship between the fast-evolving external 

temperature 𝑇  and the vibrational temperature 𝑇vib  can 

be calculated along a streamline at speed 𝑢(𝑥)  by a 
backward-Euler numerical integration of the Landau-

Teller equation (Equation 4) over the N axial positions. 

Assume equilibrium as the initial condition at the nozzle 

inlet, i.e. 𝑇vib = 𝑇  at 𝑖 = 0. The vibrational internal 

energy at steps 𝑖 =1 to 𝑁 is  

𝜖vib(𝑇vib𝑖
) =

𝜖vib(𝑇vib𝑖−1)+𝜆𝑖𝜖vib(𝑇𝑖)

1+𝜆𝑖
  , where (11) 

𝜆𝑖 =
(𝑥𝑖−𝑥𝑖−1)

 𝑢𝑖 𝜏vib𝑖

  . (12) 

The vibrational time constant depends on the pressure, 

the temperature, which vibrational modes exist, and 

which modes are energetic for the particular gas species. 

An empirical equation for the vibrational time constant is 

[13]: 

𝜏vib = 𝐾1
exp [(𝐾2/𝑇)1/3]

𝑝
 . (13) 

A gas that is hotter and denser gas has a smaller time 

constant and relaxes to equilibrium faster. The 

coefficients 𝐾1 and 𝐾2 for gases studied in this paper are 

listed in Table 2. 

 

Table 2. Coefficients for the vibrational relaxation time 

constant of gases studied in this paper [14, 15, 16, 17]. 

Gas 
𝑲𝟏 

(Pa-s) 

𝑲𝟐 

(K) 

CO2 0.0420 10635 

SF6 0.0589 0 

N2O 0.0024 15379 

CH4 0.0043 9352 

C2H2 0.0003 11080 

C2H6 0.0011 0 

 

The vibrational internal energy 𝜖vib can be calculated via 

equations using the vibrational mode degeneracies and 

characteristic temperatures [13, 18] or from REFPROP 

[4].  

The effective heat capacity at the throat is: 

𝑐v eff
∗ =  φ ℛ +

𝜖vib𝑁−𝜖vib𝑁−1

𝑇𝑁−𝑇𝑁−1
  , (14) 

where φ  is the number of translational and rotational 

modes divided by 2 and is equal to 2.5 for linear 

is included in the REFPROP internal energies, i.e. 𝜖vib(𝑇) = 𝜖(𝑇) −
φ ℛ(𝑇 − 𝑇ref) − 𝜖(𝑇ref)  where 𝑇ref  is a reference temperature cold 

enough (e.g. 𝑇ref = 200 K) that vibrational modes are not excited. 
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molecules (e.g., CO2, N2O, and C2H2) and equal to 3 for 

non-linear molecules (e.g., SF6 and CH4).  

For an ideal gas, the effective heat capacity ratio at the 

throat is: 

𝛾eff
∗ =

𝑐v eff
∗ +ℛ

𝑐v eff
∗   . (15) 

With the values of 𝛾eff
∗   and the equilibrium value of 𝛾∗ 

in hand, 𝐶vib can be calculated using Equation 5. Note 

that 𝛾eff
∗   applies at the nozzle throat and that the 

equilibrium value of 𝛾∗  also must be for the throat 

conditions 𝑝∗  and 𝑇∗  so that 𝐶vib = 1 when 𝑇vib
∗ = 𝑇∗ . 

This is counter-intuitive because the equation for 𝐶I
∗  is 

derived partially to account for the isentropic evolution 

of temperature and pressure between the stagnation and 

throat conditions. But it is necessary to use an 

equilibrium value for 𝛾∗ calculated from Equation 15 and 

𝑐V(𝑝∗, 𝑇vib
∗ ) to properly normalize the 𝐶I eff

∗ . 

 

Figure 7 plots 𝑇 and 𝑇vib versus the streamwise position 

calculated by the methods described herein for CO2 and 

SF6, 𝑝0 =  50 kPa, 𝑇0 =  300 K, 𝑑∗ =  0.5929 mm and 

𝑅n =  4.1. For CO2, the vibrational energy is nearly 

completely frozen (relaxed fraction at the throat 

d𝑇vib
∗ d𝑇∗⁄ ≈ 0) and 𝑇vib

∗ = 298.15 K is nearly equal to 

the inlet temperature. For SF6, d𝑇vib
∗ d𝑇∗⁄ = 0.41. 

 
Figure 7. Plots of equilibrium and vibrational temperatures versus 

streamwise position for CO2 and SF6. 

 

Experimental measurements by Nakao and theoretical 𝐶d 

values calculated by the method described above are 

plotted in Figure 8.  

 
Figure 8. Experimental results of Nakao et al. for 𝑑∗ = 0.5929 mm 

plotted versus the theoretical 𝐶d  values for gases with significant 

vibrational relaxation effects. Nitrogen (no relaxation effects) is shown 

for reference.  

Figure 9 shows the improvement in 𝐶d values that results 

when 𝐶vib  is applied to all the available experimental 

measurements listed in Table 1. The maximum 

differences are reduced from -2.3 % to 0.7 %. The 

theoretical 𝐶vib  values are generally high relative to 

experimental ones, i.e. the calculated relaxed fraction is 

too low. This can be due to using too long 𝜏vib or errors 

introduced by assumptions in the calculation method. 

 
Figure 9. A comparison of experimental and calculated 𝐶d values with 

and without application of 𝐶vib. The legend lists the data source, gas, 

and 𝑑∗ in mm. 

 

5. Conclusions 

A goal of this work was to use available experimental 

data to assess the ability of theory to predict species 

effects in critical nozzles. Figures 5 and 9 present the 

results for gases with and without significant vibrational 

relaxation effects. 

A second goal was to develop an engineering 

approximation to calculate 𝐶vib  that would avoid the 

need for a full computational fluid dynamics simulation. 

The method in Section 4 allows nozzle users to estimate 

or correct relaxation effects more easily. We plan to 

follow up this work by computing exact numerical 

solutions for Cvib based on one-dimensional flow of 

perfect gas not in vibrational equilibrium. This will allow 

us to directly assess the accuracy of our approximate 

model.  

We found that the theoretical calculations of 𝐶vib 

generally overestimate the vibrational effects. This may 

be because of our assumption of a constant specific heat 
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ratio in the area-Mach number relations or values of 𝜏vib 

that are too large. 

Other topics warranting further investigation are: 

• The possibility of a further simplification of the 

engineering approximation for a particular nozzle 

geometry based on the ratio of 𝜏vib 𝜏res⁄ . 
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