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cement paste and hydration products. Poisson’s ratio 
is commonly neglected, despite natural and recycled 
aggregates generally exhibiting different values. This 
study presents a multiphase and multiscale computa-
tional framework for predicting the elastic modulus 
of RAC. The model integrates nanoscale, microscale, 
and mesoscale interactions using the Mori–Tanaka 
and Generalized Self-Consistent schemes, incorporat-
ing cement paste and clinker hydration products and 
investigating the influence of differences in Poisson’s 
ratio between natural and recycled aggregates on the 
predicted elastic modulus. The framework was vali-
dated in two stages and demonstrated good agreement 
with experimental results, with errors below 10%. A 
parametric study was performed, showing that the 
macroscale elastic response is governed primarily by 
the aggregate volume fraction and elastic stiffness, 
while the influence of Poisson’ratio is comparatively 
small.

Keywords  Recycled aggregate concrete · Elastic 
modulus · Multiscale-multiphase model · Generalized 
self-consistent · Micromechanics

1  Introduction

The growing demand for construction materials 
has led to a significant increase in the production of 
concrete, the most widely used construction mate-
rial worldwide [1, 2]. The multiscale and multiphase 

Abstract  Concrete is a multiscale, multiphase 
composite material whose elastic properties are chal-
lenging to predict, particularly when recycled aggre-
gates are used. The inclusion of recycled aggregates 
introduces greater heterogeneity due to residual mor-
tar, microcracks, and variable material properties, 
all of which complicate modeling efforts. Growing 
demand for concrete, scarcity of natural aggregates, 
and the environmental impacts of cement produc-
tion have increased interest in recycled aggregate 
concrete (RAC) from construction waste as a sus-
tainable alternative. However, RAC often exhibits 
reduced mechanical performance due to residual 
mortar, pre-existing microcracks, and variability in 
particle properties. While numerous experimental and 
numerical studies have explored the elastic modulus 
of RAC, existing theoretical models remain limited. 
Most simplify concrete as a two-phase system of 
mortar and aggregate, overlooking the influence of 
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nature of concrete complicates the computational 
prediction of its mechanical behavior. In parallel, the 
scarcity of natural resources and the environmental 
impacts of concrete production have driven research 
into recycled and eco-friendly alternatives in con-
crete mixtures [3–5]. One promising approach is the 
use of recycled aggregates derived from demolished 
concrete structures. Whether reinforced or non-rein-
forced, such structures generate large volumes of 
waste, which can be processed and reused as recycled 
aggregate in new concrete [6]. However, combining 
recycled and natural aggregates increases the mate-
rial’s heterogeneity, making it more challenging to 
develop computational prediction models.

Since aggregates account for 55% to 80% of the 
total concrete volume [7], the recycling of this mate-
rial offers significant potential to mitigate resource 
depletion and landfill disposal [8]. Consequently, 
recycled aggregates have received growing atten-
tion as a sustainable alternative to natural aggregates 
[9–11]. The recycled aggregates are processed and 
blended with fresh cement paste to produce recycled 
aggregate concrete (RAC) [12, 13]. RAC consists of 
aggregates, residual mortar, commonly referred to as 
“old mortar”, and may also include supplementary 
cementitious materials such as fly ash, silica fume, or 
other additives [14, 15]. In practice, recycled aggre-
gates can be used to replace both coarse and fine 
aggregates in conventional concrete [8].

In general, RAC is of lower quality than natural 
concrete for several reasons. The old cement paste 
adhering to their surfaces leads to higher water 
absorption capacity, while the crushing of waste con-
crete reduces stiffness. Furthermore, the weak bond 
between old and new mortar, along with the cracks 
generated during the crushing process, significantly 
reduces the quality of RAC [16–18]. Additionally, 
the irregular particle shape and surface texture of 
recycled aggregates contribute to greater variability 
in the resulting concrete properties [8, 19]. Recycled 
aggregate typically has a lower specific gravity com-
pared to natural aggregate [8]. The complex interac-
tions between new and old materials in RAC remain 
an active area of research [20–24], and numerous 
experimental studies have investigated its mechanical 
behavior [25–31]. Increasing the replacement ratio 
of recycled aggregates with natural aggregates has 
been shown to reduce the elastic modulus, compres-
sive strength, and compressive toughness of concrete 

specimens [32]. Recycled brick aggregates have also 
been investigated as substitutes for natural aggregates 
in concrete and studies have consistently concluded 
that their use leads to reductions in the concrete per-
formance [5, 32–36].

Although RAC contains pre-existing microcracks, 
failure tends to localize primarily in the old and new 
cement paste, as well as in the interfacial transition 
zones (ITZs), rather than within the aggregate par-
ticles themselves [14, 37, 38]. Various constitutive 
and damage mechanics models have been developed 
to study recycled aggregate replacement numerically 
and statistically [3, 12, 18, 39], where Poisson’s ratio 
was neglected. In parallel, a few theoretical models 
have been proposed [40, 41], though they focused on 
two-phase consisting of mortar and aggregates with-
out accounting for the cement paste, as is done in the 
present study. Sae-Long et al. [14] developed a com-
bined theoretical–numerical model for RAC to study 
post-peak behavior, but without considering cement 
paste hydration characteristics or Poisson’s ratio, both 
of which are considered in the present framework. 
Investigating the mechanical properties of the differ-
ent phases is essential, as they play a critical role in 
evaluating the elastic and overall mechanical behavior 
of concrete containing recycled aggregates. Natural 
and recycled aggregates also generally differ in Pois-
son’s ratio, in addition to elastic modulus; the present 
study incorporates Poisson’s ratio into the model for-
mulation and investigates its influence on the pre-
dicted elastic response.

A theoretical model using multiphase and multi-
scale approach is presented for predicting the elastic 
properties of recycled concrete. Moreover, the model 
integrates the nanoscale, microscale, and mesoscale 
using micromechanics-based homogenization, spe-
cifically the Generalized Self-Consistent (GSC) and 
Mori–Tanaka schemes. The advantage of this frame-
work lies in evaluating each scale independently and 
then linking them through composite mechanics, 
namely homogenization theory. The accuracy of this 
approach can be further enhanced as more detailed 
information becomes available on the mechanical 
properties of the different phases associated with 
RAC, such as old mortar and ITZ.

Unlike previous models that typically considered 
two phases, mortar and aggregate, this model incor-
porates the cement matrix as failure often initiates in 
the ITZ between mortar and aggregates and mortar 
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composite of sand and cement paste. Including the 
cement matrix is therefore essential, as it represents 
the weak layer where cracking is most likely to occur. 
In this framework, cement, sand, and aggregates are 
accounted. The cement matrix, comprising clinker 
phases and hydration products, is modeled using the 
Mori–Tanaka scheme at the nanoscale and microscale 
levels. The GSC model is then applied to incorporate 
sand and aggregates at the mortar and concrete levels 
(mesoscale). Moreover, an analytical approach based 
on composite materials theory is developed to evalu-
ate the elastic modulus of RAC. Finally, a parametric 
study has been conducted to examine how the prin-
cipal parameters in the model influence the predicted 
macroscale elastic response.

2 � Multiphase composite models for concrete

Concrete is a composite material consisting of several 
distinct phases: coarse aggregate, fine aggregate, and 
cement paste, which itself contains numerous phases. 
The properties of these phases strongly influence 
the effective mechanical behavior of the composite. 
Over the past decades, numerous composite models 
have been developed to simplify the internal structure 
of concrete and to predict its performance. For mul-
tiphase composite models, three primary factors gov-
ern the effective elastic properties of the material:

1.	 The elastic properties of each phase (e.g., elastic 
modulus).

2.	 The volume fraction of each phase.
3.	 The orientation and spatial arrangement of the 

phases. Note that different modeling approaches 
based on varying assumptions about phase 
arrangement are to be presented in the following 
section.

The GSC model uses multiscale and multiphase 
approaches to describe the internal structure of com-
posite materials and to develop theoretical predic-
tions of their behavior [42]. Originally proposed by 
Christensen [43] for estimating the elastic proper-
ties of composite materials. A fundamental require-
ment of the model is that the characteristic size of the 
inhomogeneities, such as aggregate particles, is sig-
nificantly smaller than the characteristic dimensions 
of the specimen or representative volume element 

(RVE). Based on this assumption, a heterogeneous 
composite can be represented by discrete regions or 
elements, within which the volume fraction of each 
phase is considered to be uniform.

To simplify the internal structure, the material is 
divided into multiple elements, or partitions, as illus-
trated in Fig.  1a. Each element is represented by a 
spherical inclusion, Fig. 1b, with radius r1 embedded 
in a concentric matrix sphere with radius r2 and this 
composite unit is then embedded in an effective 
medium, Fig. 1c. It is always assumed that the ratio 
r1∕r2

 remains constant across all elements.
A key requirement of this modeling approach is 

a broad particle size distribution, which ensures that 
smaller particles fill the voids between larger ones. 
This condition reflects the case of concrete, where 
particle sizes of cement, fine aggregate and coarse 
aggregate span from micrometers to decimeters, ena-
bling efficient packing across multiple scales. For this 
reason, the GSC model is employed in this study to 
evaluate the elastic modulus of recycled concrete. At 
each scale, the effective elastic modulus is calculated 
using the following expression:

where keff and Geff represent the effective bulk modu-
lus and effective shear modulus, respectively, with 
their formulations given as follows:

Subscripts i and m refer to the inclusion and matrix 
phases, respectively. Here,  is the bulk modulus, G is 
the shear modulus, and c represents the volume frac-
tion. The dimensionless coefficients,  and  can be 
obtained following the formulations in Appendix A, 
which were derived in [44].

2.1 � Other schemes for evaluating the elastic modulus

Several classical two-phase models are considered 
here as theoretical reference formulations for com-
parison with the GSC model. These models employ 

(1)Eeff =
9keffGeff

3keff + Geff

(2)keff = km +
ci(ki − km)

1 + (1 − ci)
(ki−km)

km+4∕3Gm

(3)C1

(

Geff∕Gm

)2

+ 2C2

(

Geff∕Gm

)

+ C3 = 0
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different idealized assumptions regarding phase 
arrangement and are not all intended to reproduce the 
actual microstructure of concrete. The parallel (Voigt) 
and series (Reuss) schemes represent limiting phase 
arrangements, while the Hashin–Shtrikman model 
provides more restrictive bounds. The Counto and 
Hirsch models provide additional analytical estimates 
based on different assumptions regarding the interac-
tion and arrangement of the constituent phases [45]. 
Collectively, these models provide theoretical bounds 
or analytical estimates for the effective elastic mod-
ulus, while the GSC model is employed here as the 
predictive homogenization scheme. To illustrate their 
differences, Fig. 2 presents the schematic representa-
tion of a two-phase system, where phase 1 denotes 
the inclusion and phase 2 the matrix—correspond-
ing, in the case of concrete, to aggregate and mortar, 
respectively.

In the parallel scheme, the two phases are aligned 
with the loading direction, Fig.  2a, which produces 
the highest upper bound. In contrast, the series model 
assumes that the phases are arranged perpendicu-
lar to the loading direction, Fig.  2b, resulting in the 
lowest bound [46–49]. The Hashin–Shtrikman (H–S) 
model [50–52], derived from variational principles 
in the linear theory of elasticity and effective mag-
netic permeability of composites, provides both an 

upper bound (Fig.  2c) and a lower bound (Fig.  2d); 
the lower bound is excluded from the present com-
parison, as it corresponds to an arrangement in which 
aggregate surrounds the mortar, contrary to the actual 
microstructure of concrete. The Counto model [53] 
combines features of the parallel and series schemes, 
where the matrix orientation differs but inclu-
sions remain centered. This leads to two variations: 
Counto-I (Fig. 2e) and Counto-II (Fig. 2f). Lastly, the 
Hirsch model [54] represents an average of the par-
allel and series schemes (Fig.  2g) and yields results 
very close to those of Counto-I. Table 1 summarizes 
the effective elastic modulus formulations for these 
models, where the effective modulus of concrete is 
expressed in terms of two phases: inclusion (i) and 
matrix (m).

The phase arrangements of the models are illus-
trated in the schematic diagrams in Fig.  2. The 
elastic moduli of the inclusions and matrix were 
assumed to be 60 GPa and 30 GPa, respectively. To 
compare their predictive performance, the normal-
ized elastic modulus ( Eeff∕Ei ) is plotted against the 
inclusion volume fraction (cᵢ) in Fig. 3. These mod-
els provide reasonable estimates at low inclusion 
volume fractions; however, at higher fractions their 
predictions deviate significantly, and as mentioned 
earlier the coarse aggregate volume fractions would 

Fig. 1   a Partitioning multi-phase composite into different elements; b simplified internal structure (spherical elements); c repre-
sentative basic unit of the GSC model
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range from 55 to 80%. Since the elastic modulus is 
expressed in the order of 109 (Pa), even small dis-
crepancies in the volume fraction can lead to mag-
nified stress differences. It is worth noting that the 
GSC model consistently lies between these bounds. 
Since natural and recycled aggregates differ in both 
elastic modulus and Poisson’s ratio, the GSC model 
accounts for both properties in the homogenization 
process.

The GSC model is applied to predict the elas-
tic modulus of concrete containing both natural and 
recycled aggregates. Numerous experimental studies 
have investigated the elastic properties of concrete 
made with natural aggregates, recycled aggregates, or 
a combination of both, where recycled aggregates are 
used as a replacement for natural ones [8, 32, 36, 40, 
55]. In this study, the GSC model is employed in two 
stages:

a)	 Stage I: The effective elastic modulus is first 
evaluated for concrete made entirely with natu-
ral aggregates, and separately for concrete made 
entirely with recycled aggregates.

b)	 Stage II: The elastic modulus of concrete contain-
ing both natural and recycled aggregates, coexist-
ing within the same mix, is then predicted using 
the GSC model.

2.2 � Stage I: elastic modulus for natural aggregate 
concrete (NAC) and RAC​

In this work, three distinct phases are considered: 
aggregate, sand, and cement paste. Using the GSC 

Fig. 2   Schematic of a two-
phase system with different 
composite models a Paral-
lel; b Series; c H–S upper 
bound; d H–S lower bound; 
e Counto-I; f Counto-II; g 
Hirsch

Table 1   Effective elastic modulus of concrete based on differ-
ent composite models

Model Effective elastic modulus

Parallel E
eff

= E
m
c
m
+ E

i
c
i

(4)
Series 1

E
eff

=
cm

Em

+
ci

Ei

(5)

H–S E
eff

= K
i
+

cm
1

Km−Ki
+

3ci

3Ki+4Gi

(6)

Counto-I E
eff

= E
m
+

Emci
√

ci−ci+
Em

Ei−Em

(7)

Counto-II E
eff

= E
m
+

Emci
Ei

Ei−Em
−
√

ci

(8)

Hirsch E
eff

=
1

2
(E

m
c
m
+ E

i
c
i
) +

cm

2Em

+
ci

2Ei

(9)

GSC E
eff

=
9k

eff
G

eff

3k
eff
+G

eff

(10)
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scheme, the model is divided into two subsystems, 
each involving two phases at a time, as illustrated in 
Fig. 4a and b. In the first subsystem, sand is treated as 
the inclusion and cement paste as the matrix, together 
forming the new mortar. In the second subsystem, this 
mortar (the effective medium obtained from the first 

subsystem) is treated as the matrix, while aggregate 
is considered as the inclusion; together, these consti-
tute the effective medium representing concrete. For 
clarity, new mortar refers to the mortar formed by the 
cement paste and sand of the new concrete, whereas 
old mortar refers to the residual mortar adhered to the 
recycled aggregate. The present study focuses on the 
replacement of coarse aggregate, with natural sand 
considered as the fine aggregate. For concrete con-
taining recycled fine aggregate, the proposed frame-
work could be extended by introducing an additional 
phase at the mortar level to represent the recycled fine 
aggregate, resulting in a four-phase model.

2.3 � Mori–Tanaka model

The elastic modulus of cement paste is evaluated 
using the Mori–Tanaka scheme. Cement paste con-
tains a variety of hydration products and crystals 

Fig. 3   Elastic modulus of two phase composites

Fig. 4   Three-phase model illustration using the GSC schemes
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that are randomly distributed, making it quite differ-
ent from the other phases at higher scales e.g., coarse 
and fine aggregates. In addition, certain phases, such 
as ettringite, exhibit non-spherical shapes. Therefore, 
the Mori–Tanaka scheme is best suited for modeling 
cement paste, as it can account for these microstruc-
tural characteristics and heterogeneities [56]. The 
stiffness tensor of a designated component is given by 
the following expression [57]:

here, fp represents the volume fraction of phase p ; 
Cp is the fourth-order stiffness tensor of phase p ; and 
Ap is the fourth-order strain concentration tensor of 
phase p , which accounts for the shapes of the constit-
uent phases and depends on the Eshelby tensor, and 
given by Eq. (12). Further elaboration on Eq. (11) is 
given in Eq. (13), where � and � are the Euler angles 
which describe the orientation of the rigid body with 
respect to a fixed coordinate system.

where I denotes the fourth-order identity tensor, and 
�p is the fourth-order Eshelby tensor associated with 
phase p . Herein, an equivalent homogeneous medium 
is considered, consisting of a matrix phase (M) and 
multiple inclusion phases with different shapes and 
orientations ( P1 , P2 , P3 ), as illustrated in Fig.  5 and 
discussed in the following section.

The hardened cement paste is a multiphase 
composite made up of clinker, calcium hydroxide 
(CH), aluminates, and capillary pores, all embed-
ded within a calcium silicate hydrate (C–S–H) gel 
matrix. The C–S–H phase can be further differen-
tiated into three categories: a) Low-density (LD) 

(11)Ccomp =
∑

p=p1,p2,M

fpCp ∶ Ap

(12)Ap = [I + Sp ∶
(

C−1
M

∶ Cp − I
)

]
−1

∶

{

∑

p=P1,P2,P3

fp[I + Sp ∶
(

C−1
M

∶ Cp − I
)

]
−1

}−1

(13)

C
comp

=

{

∫
�

�=0∫
2�

�=0

f
p3
C

p3
∶ [I + S

p3
(�,�) ∶ (C−1

M
∶ C

p3
− I]

−1 sin(�)

4�
d�d�

+
∑

p=P1,P2

f
p
C

p
∶ [I + S

p
∶ (C−1

M
∶ C

p
− I]

−1
+ f

M
C

M

}

∶

{

∫
�

�=0∫
2�

�=0

f
p3
∶ [I + S

p3
(�,�) ∶ (C−1

M
∶ C

p1
− I]

−1 sin(�)

4�
d�d� +

∑

p=P1,P2

f
p
∶ [I + S

p
∶ (C−1

M
∶ C

p
− I]

−1
+ f

M
I

}−1

C–S–H; b) High-density (HD) C–S–H; c) Ultrahigh-
density (UHD) C–S–H [58, 59]. In this framework, 
clinker particles are concentrated and surrounded 
by UHD C–S–H, which in turn is enveloped by HD 
C–S–H, see Fig. 5(a). LD C–S–H is considered the 
matrix of the cement paste. Accordingly, the sys-
tem can be treated as a multiscale scheme where 
the clinker and UHD C–S–H together form the sub-
inclusion, while this combined inclusion with HD 
C–S–H constitutes the equivalent inclusion.

Moreover, the theoretical morphology of each 
component of hardened cement paste is illustrated 
in Fig.  5. Clinker is modeled as half of a prolate 
spheroid and half of an oblate spheroid, with an 
aspect ratio of 0.81 [60]. The UHD and HD C–S–H 
phases are assumed to be oriented parallel to the 
clinker and therefore share the same aspect ratio. 
Calcium hydroxide is modeled as a prolate spheroid 
with an aspect ratio of 0.70. Ettringite (aluminate), 
which exhibits an intrinsic needle-like morphol-
ogy, is also represented as a prolate spheroid with 

an aspect ratio of 0.69 [61]. Voids are assumed to 
be spherical. Additional details on aspect ratios and 
shape factors can be found in [60, 62].

The theoretical model for clinker takes into 
account the cement type and water-to-cement ratio. 
Clinker is composed of four principal phases: (1) 
Alite (C₃S), (2) Belite (C2S), (3) Tricalcium alumi-
nate (C3A), and (4) Ferrite (C4AF). It is therefore 
more reasonable to treat clinker as a composite mate-
rial consisting of these four phases rather than as an 
isotropic and homogeneous solid. Based on the mor-
phology described in [63] and modeled using the 
Mori–Tanaka scheme, the theoretical clinker model is 
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illustrated in Fig. 5(b). In this representation, C3S is 
considered the matrix, while the remaining phases act 
as inclusions, as shown in Eq. (14). This representa-
tion is used to obtain the effective elastic properties of 
clinker for subsequent homogenization at the cement-
paste, mortar, and concrete scales.

2.4 � Phase volume fractions for multiscale 
homogenization

The volume fractions of the constituent phases are 
required to determine the elastic properties at each hier-
archical level. The total volume of cement paste ( Vcp ) is 
defined as the sum of the volumes of unreacted clinker 
(core), capillary pores (capillary), and hydration prod-
ucts such as CSH and CH, hydrated calcium aluminates 
phases (AFm), ettringite (Aft). This relationship is 
expressed as follows:

The volume fractions of these phases are defined by 
Xi and Jennings [64] as follows:

(14)
Cclinker =

{

∑

p=C2S,C4AF,C3A

f
clinker
p

Cp ∶
[

I + Sp ∶
(

C
−1
C3S

∶ Cp − I

)]−1

+ f
clinker
C3S

CC3S

}

∶

{

∑

p=C2S,C4AF,C3A

f
clinker
p

[

I + Sp ∶
(

C
−1
C3S

∶ Cp − I

)]−1

+ f
clinker
C3S

I

}−1

(15)
Vcp = Vcore + Vcapillary + VCSH + VCH + VAFm + VAFt

(16)fcore = C

[

(1 − �)

�c

]

P

(17)fcapillary = [(1 − C) − CΩ]P

(18)C =
1

1 + w∕c

(19)P =
1 + w∕c

1 + w∕c(�c∕�w)
�c

(20)
Ω = 0.437�

C3S
W

C3S
+ 0.503�

C2S
W

C2S

+ 0.397�
C3A

W
C3A

+ 0.136�
C4AF

W
C4AF

(21)fCSH = fgel pores + fCSH solid

(22)
fCSH solid = C(0.278�C3S

WC3S
+ 0.369�C2S

WC2S
)P

(23)fgel pores = 0.219fCSH solid

(24)fCH = C(0.189�C3S
WC3S

+ 0.058�C2S
WC2S

)P

(25)
fAFm = C(0.849�C3A

WC3A
+ 0.472�C4AF

WC4AF
)P

(26)fAFt = 1 − (fcore + fCH + fAFm + fcapillary + fCSH)

Fig. 5   Theoretical model for cement paste a inclusion morphology b clinker
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where �c and �w denote the densities of cement and 
water, respectively, expressed in g/cm3, with a density 
ratio of �c∕�w = 3.15 . The volume fractions of the 
remaining constituent phases are defined in Appendix 
B. The degree of hydration ( � ) is approximated using 
the Avrami equation, given in Eq.  (27). The overall 
degree of hydration is computed as a weighted aver-
age of the individual clinker phase contributions, as 
detailed by Taylor [65]. Here, Wi represents the ini-
tial mass fraction of each reacting clinker phase 
( i = C3S, C2S, C3A, C4AF).

where t represents time (days); the coefficients ai , bi , 
and ci are listed in Table 2, together with the corre-
sponding elastic moduli and Poisson’s ratios of the 
constituent phases. The overall degree of hydration 
of the cement-based material is then evaluated as 
follows:

The volume fractions of gravel, sand, cement 
paste, and water are determined from the mix design 
parameters as follows.

1- At the mortar scale, the volume fractions of 
sand ( fs ) and cement paste ( fcp ) are computed as:

where Vs , Vc , and Vw denote the volumes of sand, 
cement, and water in the concrete mixture, respec-
tively, expressed in cm3. The volume of a generic 
phase p(Vp ) is computed as the ratio of its mass to its 
density, i.e., Vp = Wp∕�p , where Wp is given in grams 
and �p in g/cm3.

2- At the concrete scale, the volume fractions of 
gravel ( fg ) and mortar ( fm ) are computed as:

where Vg is the volume of gravel in concrete given in 
cm3.

(27)�i = 1 − exp
[

−ai
(

t − bi
)ci

]

(28)� =

∑

i �iWi
∑

i Wi

(29)fs = Vs∕(Vs + Vc + Vw)

(30)fcp = 1 − fs

(31)fg = Vg∕(Vs + Vc + Vw + Vg)

(32)fm = 1 − fg

In this framework, natural aggregate is modeled 
solely as the inclusion, as shown in Fig.  6a, while 
recycled aggregate is modeled solely as the inclu-
sion, as shown in Fig.  6b. It should be noted that 
recycled aggregate typically contains adhered old 
mortar and ITZ, as illustrated in Fig. 6c. In the pre-
sent framework, recycled aggregate is represented 
as an effective medium, such that the collective 
influence of its heterogeneous constituents, includ-
ing adhered old mortar and ITZ, is reflected in its 
overall effective elastic behavior rather than mod-
eled as separate phases. Because reliable experi-
mental data on the elastic properties of old mortar 
and ITZ are limited, these phases are not modeled 
separately but could be incorporated as more data 
become available.

In summary:

•	 Scale 1 (Concrete): At this largest scale, the effec-
tive elastic modulus of concrete is evaluated. 
The inclusions are the coarse aggregates, while 
the surrounding mortar (sand + cement paste) is 
treated as the matrix.

•	 Scale 2 (Mortar): At this intermediate scale, sand 
particles are modeled as inclusions embedded in a 
cement paste (CP) matrix.

•	 Scale 3 (Cement Paste): The effective elastic 
modulus of cement paste is determined using the 
Mori–Tanaka scheme, where the different hydra-
tion products, clinker phases, and voids are taken 
into considered.

A flowchart illustrating the overall workflow is 
shown in Fig. 7.

2.5 � Stage II: elastic modulus for concrete

At this stage, the GSC model focuses on mixtures 
of natural and recycled aggregates. Since the elastic 

Table 2   Elastic modulus, Poisson’s ratios and Coefficients of 
the reacting compounds

Compound E (GPa) � a
i

b
i

c
i

C3S 135 0.3 0.25 0.9 0.7
C2S 130 0.3 0.46 0 0.12
C3A 145 0.3 0.28 0.9 0.77
C4AF 125 0.3 0.26 0.9 0.55
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modulus of RAC is lower and consists of heterogene-
ous phases (e.g., old mortar and old ITZ), it is more 
appropriate to treat RAC as the matrix, with NAC 
serving as the inclusion. The elastic moduli of both 
RAC and NAC were evaluated in the previous stage. 
Accordingly, the GSC scheme is represented in 
Fig. 8. The results and implications of the developed 
model are presented in the next section.

3 � Results and discussions

3.1 � Stage I validation

To validate the first stage of the developed model, 
experimental data on concrete containing either natu-
ral aggregates (NA) or recycled aggregates (RA) were 
considered. Several relevant experimental studies are 
available in the literature. Table  3 summarizes the 
experimental datasets, including the sample labels 
as in the references, mix proportions, densities, and 
Poisson’s ratios. The values were obtained from the 
references or assumed where not reported. For the 
three-phase model described earlier, the cement and 
moisture contents, material densities, and Portland 
cement type are required as inputs to the Mori–Tan-
aka scheme. Unless otherwise specified in the refer-
ences, Type I cement with a density of 3.14  g/cm3 
was assumed for the theoretical model. The chemical 
compositions of the main components required for 
the Mori–Tanaka scheme are given in Table  4. For 

the GSC model, the fine aggregate (FA) and coarse 
aggregate (CA) contents, along with their densi-
ties and elastic properties, were also required. For 
the theoretical validation, the elastic modulus was 
evaluated at 28 days for all datasets, except for Nas-
sar and Soroushian [66], for which it was evaluated 
at 14  days. A comparison between the experimen-
tal results and the GSC predictions is presented in 
Table 3. The maximum error across all samples was 
found to be less than 10%, demonstrating good agree-
ment between experimental and theoretical values. 
However, it is noteworthy that RAC mixes (indicated 
by “*” in Table 3) exhibited slightly higher prediction 
errors than mixes containing natural aggregates. This 
discrepancy arises from the inherent heterogeneity of 
RAC, including the presence of adhered old mortar, 
the ITZ, increased water absorption, and microcracks. 
Finally, it should be noted that the proposed frame-
work simplifies the complex microstructure by com-
bining the different sub-phases into effective phases, 
as schematically illustrated previously in Fig. 6

3.2 � Stage II validation

The second stage of the GSC model relies primarily 
on the elastic moduli of natural aggregates concrete 
( ENCA ) and recycled aggregates concrete ( ERCA ), 
which were validated in the previous section. Con-
veniently, the same experimental datasets can also be 
used to validate this stage, where a range of replace-
ment ratios are examined. Zheng et al. [32] and Ji and 

Fig. 6   Schematic diagram 
of the GSC representation 
for a NAC, b RAC, and c 
conceptual representation of 
recycled aggregate with ITZ 
and old mortar
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Wang [36] studied five levels (0%, 25%, 50%, 75%, 
and 100%), Yan et  al. [40] tested ten levels in 10% 
increments from 0 to 100%, Liu et  al. [55] used six 

levels (0%, 20%, 40%, 60%, 80%, and 100%), and 
Yang et  al. [8] investigated four levels (0%, 30%, 
50%, and 100%). As described earlier, in the GSC 

Fig. 7   Flowchart of the proposed computational framework
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framework ENCA is treated as the inclusion and 
ERCA as the matrix. The predicted results are com-
pared with experimental data in Fig.  9. Overall, the 
theoretical GSC model shows good agreement with 
experiments across the different replacement ratios of 

natural coarse aggregate with recycled coarse aggre-
gate. To provide further insight, the error between 
experimental and theoretical predictions is plotted in 
Fig. 10.

4 � Parametric study

A parametric study was conducted to examine the 
macroscale response of the developed model to 
variations in the principal parameters governing the 
NAC–RAC system: the stiffness ratio ( ENAC∕ERAC ), 
the RAC volume fraction, and the ratio of the Pois-
son’s ratios ( �NAC∕�RAC ). Figure  11a shows that 
increasing the RAC volume fraction reduces Eeff , 
with a more pronounced reduction at higher stiffness 
ratios. At 0% RAC volume fraction, the inclusion 
phase consists entirely of natural aggregate concrete, 
whereas at 100% RAC volume fraction it consists 
entirely of recycled aggregate concrete. Furthermore, 

Fig. 8   The GSC model for concrete including recycled aggre-
gates

Table 3   Mix proportion and materials properties for Stage I validation

* Indicates the samples with 100% recycled coarse aggregate (RCA)

Specimen Type Mix proportions kg/m3 Density (g/cm3) Poisson’s ratio Elastic modulus (GPa) Error (%)

Cement Water FA CA FA CA FA CA Analytical Exp

Natural[8] 350 175 730 1016 2.58 2.6 0.25 0.23 32.16 31.72 1.39
RG I*[8] 350 175 730 989 2.53 0.18 27.42 29.22 6.17
RG III*[8] 350 175 730 938 2.4 0.18 22.29 23.72 6.00
W0[36] 487 195 613 1138 2.61 2.19 0.18 0.22 23.28 22.65 2.77
W100*[36] 487 195 613 900 2.7 0.15 11.64 11.86 1.79
Mortar[40] 461 175 512 1252 2.61 2.66 0.18 0.25 34.22 33.96 0.76
NAC[40] 461 175 512 1252 2.59 0.20 26.80 24.44 9.66
RAC-100*[40] 461 175 512 – – 0.15 21.72 22.00 1.27
ORC0[32] 555.5 250.4 674.1 1243 2.61 2.75 0.25 0.16 33.36 33.90 1.59
ORC100*[32] 555.5 250.4 674.1 1243 2.27 0.24 20.25 21.10 4.05
C25 [55] 341.7 205 666.2 1237.2 2.67 2.746 0.25 0.23 30.57 30.42 0.47
C35 [55] 386.8 205 650.4 1237.2 2.491 0.18 21.13 20.12 5.02
C25*[55] 341.7 205 666.2 1207.8 2.746 0.23 31.36 31.41 0.14
C35*[55] 386.8 205 650.4 1207.8 2.491 0.18 21.77 22.91 5.01
C-Ref[67] 335 161 750 907 2.62 2.49 0.25 0.23 29.83 31.1 4.08
C-100-0*[67] 335 161 682 882 2.26 0.18 30.04 27.1 10.85
NA[68] 350 175 874 1170 2.55 2.635 0.25 0.23 25.67 30.60 16.12
RA100[68] 350 175 874 1170 2.315 0.18 27.64 26.63 3.79
M1[66] 468 178 651 952 2.65 2.57 0.25 0.23 30.11 30.46 1.15
M4*[66] 468 178 651 797 2.3 0.18 25.11 26.08 3.74
M6[66] 468 234 651 952 2.57 0.23 27.29 27.41 0.42
M9*[66] 468 234 651 797 2.3 0.18 23.03 24.38 5.51
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Fig. 11b shows that, for a given stiffness ratio, a lower 
RAC replacement produces a higher effective elastic 
modulus. Both trends are physically consistent with 
the lower stiffness of RAC relative to NAC, which is 
generally associated with adhered old mortar, higher 
porosity, and microcracking. Consequently, a higher 
RAC fraction increases the proportion of the lower-
stiffness phase, thereby reducing the overall elastic 
stiffness of the composite.

The influence of Poisson’s ratio is shown in 
Fig. 11c, where �NAC∕�RAC was varied from 1 to 2 at 
a fixed stiffness ratio ( ENAC∕ERAC = 3). The result-
ing change in Eeff is small, with a maximum change 
of approximately 0.35% across the RAC volume frac-
tions considered. This indicates that, although the 
Poisson’s ratios of natural and recycled aggregates 
may differ, their influence on the predicted effective 
elastic modulus is relatively small within the investi-
gated range.

5 � Conclusions

This study developed a multiscale, multiphase theo-
retical framework based on the generalized self-con-
sistent model and Mori–Tanaka scheme to evaluate 
the elastic modulus of RAC. The main conclusions 
are summarized as follows:

1.	 Most existing models treat concrete as a two-
phase system (mortar and aggregate) and neglect 

the cement paste phase. Natural and recycled 
aggregates generally exhibit different Poisson’s 
ratios, an effect commonly neglected in existing 
formulations. The present framework incorpo-
rates cement paste as a distinct phase and inves-
tigates the influence of this Poisson’s ratio differ-
ence on the predicted elastic modulus.

2.	 The Mori–Tanaka approach was used to account 
for the heterogeneity and shape orientation of 
cement hydration products and clinker phases, 
resulting in a more representative multiscale 
model of the cementitious matrix.

3.	 The GSC model was developed and validated in 
two stages:

a.	 Stage I: The elastic moduli of NAC and 
RAC were evaluated separately, achiev-
ing errors of less than 10% compared with 
experimental data.

b.	 Stage II: The full model, in which natural 
and recycled aggregates coexist, was vali-
dated against experimental data, showing 
good agreement with errors below 10%.

4.	 The parametric study showed that the macro-
scale elastic response is primarily influenced 
by the RAC volume fraction and the stiffness 
ratio ENAC∕ERAC . Increasing the RAC frac-
tion reduces the effective elastic modulus, with 
a more pronounced reduction at higher stiffness 
ratios. Although natural and recycled aggregates 
may have different Poisson’s ratios, varying 
�NAC∕�RAC over the investigated range produced a 
relatively small change in the predicted effective 
elastic modulus.

5.	 The proposed framework provides a basis for 
further refinement as more experimental data 
become available on the ITZ and old mortar. 
Incorporating these phases could further improve 
the prediction accuracy of the model.

Table 4   Properties of cement, chemical Composition

References Cement Type Chemical Composition

CaO SiO2 Al2O3 Fe2O3

[8, 32, 36, 
40, 55], and 
[66]

I 0.58 0.16 0.02 0.12

[67] III 0.478 0.3052 0.0884 0.0114
[68] I 0.635 0.201 0.049 0.036
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Fig. 9   A comparison of experimental data (symbols) with 
analytical predictions (dashed lines): a Zheng et al. 2023 [32], 
b Çakır 2014 [68], c Ji et al. 2023 [36], d Yan et al. 2021 [40], 
e and f Liu et al. 2023 [55], g and h Yang et al. 2008 [8], i and 
j Nassar and Soroushian 2012 [66]

◂

Fig. 10   Comparison of experimental and analytical results 
with identity line (y = x, 45◦ ) and ± 10% error bounds. Data 
from: a Zheng et al. 2023 [32], b Çakır 2014 [68], c Ji et al. 

2023 [36], d Yan et al. 2021 [40], e Gebremariam et al. 2021 
[67], f Liu et  al. 2023 [55], g Yang et  al. 2008 [8], h Nassar 
and Soroushian 2012 [66]
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Fig. 11   Effect on the 
normalized effective elastic 
modulus, E

eff
∕E

RAC
 , of a 

RAC volume fraction at 
different E

NAC
∕E

RAC
 ratios, 

b E
NAC

∕E
RAC

 at different 
RAC volume fractions, and 
c �

NAC
∕�

RAC
 at different 

RAC volume fractions

(a)

(b)

(c)
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Appendix A

The coefficients for the effective shear modulus, C1, 
C2, and C3, in Eq. (3) are given as follow:

where
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Appendix B

The volume fractions of the remaining constituent 
phases in hardened cement paste are given as follows:

(37)�2 = 5�1

(

G1∕G2
− 8

)

+ 7
(

G1∕G2
+ 4

)

(38)�3 =
(

G1∕G2

)

(

8 − 10�2
)

+ 7 − 5�2

(39)fLDCSH = 0.7fCSH

(40)fHDCSH = 0.3fCSH − fUHDCSH

(41)
For 0.2 <

w

c
≤ 0.4 ∶ f

nanoCH
= 0.6308

f
UHDCSH

, f
UHDCSH

= 0.2f
CSH

(42)For
w

c
> 0.4 ∶ fUHDCSH = 0, fnanoCH = 0
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