Precision Engineering 101 (2026) 256-273

Contents lists available at ScienceDirect

Precision Engineering

journal homepage: www.elsevier.com/locate/precision

ELSEVIER

Check for

Calibrating inter-target distances in a network with high accuracy using a [
terrestrial laser scanner

a,*

Bala Muralikrishnan , Meghan Shilling ®, Vincent Lee”, Mary Gregg"®, Dennis Everett

2 Sensor Science Division, National Institute of Standards and Technology, Gaithersburg, MD, 20899, USA
b Statistical Engineering Division, National Institute of Standards and Technology, Boulder, CO, 80305, USA

ARTICLE INFO ABSTRACT

Keywords:

Bundle-adjustment
Checkerboard/contrast targets
Network method

Performance evaluation
Self-calibration

Terrestrial laser scanner
Uncertainty

Self-calibration, as applied to terrestrial laser scanners (TLSs), is the process of estimating error model param-
eters from measurements made on a network of stationary targets from multiple TLS positions through a least-
squares bundle adjustment. While the typical objective of self-calibration is to improve the accuracy of the TLS,
we employ the technique to calibrate inter-target distances in the network with low uncertainty. We demonstrate
the technique using two TLSs: a short-range, high-accuracy TLS and a long-range, low-accuracy TLS, in a 11 m x
6 m x 3 m space with 20 targets and four TLS positions. We obtain inter-target distance uncertainties of under
0.2 mm (k = 2) for the short-range TLS even when it was fully uncompensated (i.e., internal error model turned
off) and under 0.35 mm (k = 2) for the long-range TLS. These uncertainties are substantially smaller, sometimes
an order of magnitude smaller, than the errors typically expected from a TLS measurement of the same targets
from a single position. We demonstrate the validity of our uncertainty estimates using a laser tracker as a
reference. The calibrated network of targets can subsequently be used to evaluate the performance of the same
TLS or other measurement instruments whose accuracy specifications are larger (typically, by at least a factor of

four) than the uncertainties obtained by this method.

1. Introduction

Terrestrial laser scanners (TLSs) [1,2] are portable three-dimensional
coordinate measuring instruments commonly used in geodesy and
surveying, reverse engineering, manufacturing and assembly, crime
scene investigation and reconstruction, historical monument digitiza-
tion, etc. Periodic performance evaluation is critical to ensuring the
instruments meet specifications, so the user has confidence in the data
acquired. There are published documentary standards available, such as
ASTM E3125-17 [3], ASTM E2538-15 [4], and ISO 17123-9 [5], that
prescribe performance evaluation tests for TLSs.

Note that ASTM E2538-15 only prescribes a ranging test; this test has
since been incorporated into the more comprehensive ASTM E3125-17.
The tests described in the main body of ASTM E3125-17 require
extensive equipment, a controlled environment, and are intended for
instrument comparation and to make purchasing decisions. On the other
hand, the tests described in ISO 17123-9 and Appendix X2 of ASTM
E3125-17 are designed for periodic or interim assessment of TLSs. But
these interim tests also require special targets and a large volume for
execution. These requirements can often be limitations for users with
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limited space or budget. More information on performance testing of
TLSs can be found in Muralikrishnan [6].

In response to a need within the forensics community for an interim
test that is inexpensive (i.e., requiring no expensive calibrated artifacts
or reference instruments), concise (in terms of time needed to execute
the test), and flexible (allowing for a variety of testing environments) [7,
8], the Crime Scene Investigation and Reconstruction subcommittee
(CSIR) of the Organization for Scientific Activities in Forensics (OSAC)
[9] is currently developing an interim performance assessment method
for TLSs. The procedure involves the measurement of a network of sta-
tionary contrast targets from multiple positions of the TLS. There are
two parts to the proposed test: Part I evaluates accuracy, while Part II
evaluates precision. In Part I, the goal is to compare a few inter-target
distances measured using the TLS against a reference value, likely
established using a calibrated tape measure. In Part II, the goal is to
quantify the precision of the TLS (i.e., the variability along the ranging
and angular axes) from measurements of stationary targets from mul-
tiple positions of the TLS. More information on Part II can be found in
Gregg et al. [7]. In this paper, we explore a technique that uses the TLS
under test to establish the reference values for inter-target distances with
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low uncertainty, thus obviating the need for even a calibrated tape
measure for part I. While this work was driven by a need in the forensics
community, we believe this has broader applications, particularly in
geodesy and surveying, and in manufacturing and assembly, where
performance testing of TLSs and other dimensional measurement
equipment is common.

The technique which we employ for this purpose is called self-
calibration, and it is well known in the TLS community (see Section 2
for the relevant literature). The primary focus of self-calibration is the
estimation of the parameters of a TLS error model to improve its accu-
racy. We employ this technique with a different objective, i.e., to pro-
duce coordinates of the targets, and therefore inter-target distances,
with low uncertainty so that these distances may be used as reference
values to evaluate the performance of the same TLS or other instruments
whose accuracy specifications are larger (typically, by at least a factor of
four) than the uncertainties obtained by this method. We explore the
technique, discuss its advantages, and highlight its limitations in this
paper.

Before we proceed further, we would like to clarify that the term
‘self-calibration’ as used in this paper does not conform to the definition
of calibration in the International Vocabulary of Metrology (VIM3) [10].
Calibration, according to VIM3, is a two-step process. The first step in-
volves establishing a relation between measurement standards and
corresponding indications (with uncertainty) and the second step in-
volves using this to determine the result from an indication. Specifically,
note 2 in Section 2.39 of VIMS3 states that “Calibration should not be
confused with adjustment of a measuring system, often mistakenly
called “self-calibration”, nor with verification of calibration.” In our
case, we do not use measurement standards and therefore do not
perform a true calibration per VIM3. We use the term ‘self-calibration’
much as a practitioner would in the field, to perform an adjustment of
the parameters.

The rest of the paper is organized as follows. We present an overview
of related literature in Section 2. We outline the approach, discuss the
computational techniques employed, and describe the targets and TLSs
used in Section 3. Results from the validation and demonstration ex-
periments are presented in Sections 4 and 5, respectively. Discussion and
conclusions are presented in Section 6.

2. Literature review

The process of estimating the parameters of a TLS error model
through measurements of a network of stationary targets from multiple
TLS positions is referred to as self-calibration. While the focus of our
work is not the determination of the model parameters themselves,
literature pertaining to self-calibration is indeed relevant. The earliest
reported literature in the area of TLS self-calibration is perhaps by
Rietdorfetal. [11] and Gielsdorf et al. [12]. They employed a network of
planes that were measured from multiple TLS positions to estimate pa-
rameters of their error model. Because they used planes, not contrast
targets, they were unable to reduce the target to a single point to
compute inter-target distances. That was not a concern for them anyway
as their objective was to improve the accuracy of their TLS, not to
calibrate inter-target distances. Lichti and Franke [13] proposed a
self-calibration approach using signalized targets (white circles on a
gray background) and demonstrated reduction in the residuals after
calibration. Lichti and Licht [14] reported on further studies showing
significant improvement in scanner accuracy. Lichti [15] described a
comprehensive self-calibration study using signalized targets performed
over a period of several months to assess the stability of the error model
parameters of their TLS. Using signalized targets would have allowed
Lichti to calibrate inter-target distances, but again, that was not their
focus. There have since been numerous studies in this area, see Reshe-
tyuk [16] for early discussions on this topic and Refs. [17-25] for sub-
sequent studies. The number and position of the targets, the number of
instrument positions, etc., have all been explored in these studies.
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The error model employed is an important aspect in ensuring the
efficacy of self-calibration. Early studies, such as those by Gielsdorf et al.
[12] considered a limited set of parameters such as collimation error,
trunnion axis error, and vertical index error. Early self-calibration
studies generally relied on the error models developed for theodolites
or tacheometers. While TLSs are similar in construction to theodolites,
there are some differences. For example, the collimation error is the
non-orthogonality between the telescope (collimation axis) and the
transit axis. In TLSs, non-orthogonality of the laser beam (collimation
axis, OP in Fig. A1, Appendix A) with the transit axis (OT in Fig. A1,
Appendix A) may be due to a tilt in the mirror or a tilt in the laser beam
emerging from the source, see Muralikrishnan [6]. This distinction is not
clearly highlighted in early literature [15-20,26-28], where it was
assumed that mirror tilt is the only cause of the non-orthogonality of the
laser beam. In this study, we have used the comprehensive National
Institute of Standards and Technology (NIST) error model comprising 15
parameters, proposed by Wang et al. [29], which was based on the
18-parameter model initially proposed by Muralikrishnan et al. [30].

This paper builds on work previously reported by Shi et al. [31] and
Icasio-Hernandez et al. [32]. Shi et al. [31] attempted to answer two
questions:

1) Are the error model parameters and their uncertainties obtained
using a self-calibrated network comparable with those obtained
using a network that is calibrated using a reference instrument of
higher accuracy?

2) Are the uncertainties in the inter-target distances in the self-
calibrated network sufficiently small for the purposes of evaluating
the performance of the TLS? That is, how do the uncertainties
compare against maximum permissible error specifications of the
instrument under test?

On the other hand, Icasio-Hernandez et al. [32] attempted to use a
self-calibrated network to quantify uncertainty in measurements made
using a laser tracker. While we adopt the self-calibration technique in
Shi et al. [31] and the model-fitting approach in Icasio-Hernandez et al.
[32], we attempt to answer a different set of questions:

1) How small are the errors in the inter-target distances calculated by
this technique when compared to measurements made from a single
position of the TLS?

2) Are the uncertainties in the inter-target distances calculated by this
technique realistic, i.e., are the observed errors smaller than the
calculated uncertainties?

3) Does the technique apply to both a short-range high accuracy and a
long-range low accuracy TLS?

4) What, if any, are the limitations of this technique?

3. Materials and methods
3.1. Approach

We placed checkerboard targets in a room so that they were well
distributed, covering as large a range of the horizontal and vertical angle
encoders as possible. We identified four positions in the room where the
TLS could be placed so that the angle of incidence to the targets was
between 5° and 45° for all targets from all positions [33]. We placed the
TLS as low as possible on the stand for two of the positions and as high
on the stand as possible for the remaining two positions, to increase the
range of angles on the vertical angle encoder. We rotated the TLS by 90°
between positions to cover the full range of horizontal angles. With the
TLS at the first position, we scanned all targets in the front-face and
extracted centers using the procedure described in Rachakonda et al.
[34]. With the TLS still at the same position, we scanned all targets in the
back-face and extracted centers. As we will show later, the ability to scan
targets separately in front-face and in back-face is critical for
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implementing this technique. We repeated this process for the other TLS
positions. Finally, we performed a least-squares bundle adjustment to
calculate the composite center coordinates (i.e., average from the four
TLS positions). The bundle adjustment can be performed with or without
fitting the error model of the TLS; however, incorporating the error
model of the TLS is an essential part of self-calibration.

The bundle adjustment produces not only the composite center co-
ordinates for all targets but also a measure of the TLS's intrinsic errors
captured as the standard deviation along the range and angular axes
directions. The inter-target distances can be calculated from the com-
posite center coordinates while the uncertainty in those distances can be
computed from a Monte Carlo simulation (MCS) using the TLS's intrinsic
errors. We describe the calculation process in more detail in the next
section. Fig. 1 shows a schematic of 20 targets (distributed across three
walls) measured from four positions of the TLS.

While the calculation of the composite center coordinates is
described in Section 3.2, we provide a brief explanation for purposes of
clarity. If repeated scans of a target are acquired from a single TLS po-
sition and the center coordinates are calculated from each scan, the
average center coordinates can be calculated easily, i.e., through a
simple arithmetic averaging process. Such arithmetic averaging is not
possible if the TLS position is moved between the scans. In order to es-
timate the target center coordinates that effectively averages the four
scans (one scan from each of the four TLS positions), we perform a
mathematical rotation and translation of the coordinate systems for TLS
positions 2, 3, and 4, so that the target centers acquired from those
positions overlap with that acquired from position 1, to the extent
possible. Because the targets centers are now in the coordinate system of
TLS at position 1, we may now perform a simple arithmetic averaging to
obtain the ‘average target center coordinates’. We refer to this average
as the composite center coordinates. The rotation and translation pro-
cess mentioned earlier is the core of the bundle adjustment process.

Clearly, including more TLS positions and targets will improve the
accuracy of the inter-target distances. We chose four TLS positions and
20 targets as a compromise between the desire for high accuracy and the
time taken to acquire and process the data. The targets themselves must
be well distributed spatially to achieve the best results; using all avail-
able walls, the floor and the ceiling is ideal. However, obstructions and
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other physical constraints, including the inability to orient the target to
meet the angle of incidence requirements, limited the positioning of
targets.

In this paper, we report the results from two sets of experiments, a
validation experiment and a demonstration experiment. The validation
experiment, described in Section 4, used a laser tracker (an instrument
that can provide substantially higher accuracy than a TLS) to establish
the validity of our proposed approach. We employed a specialized
contrast target that can be mounted on a laser tracker nest for this
experiment. The demonstration experiment, described in Section 5, used
paper targets fixed on walls. Because a laser tracker cannot be used to
establish the reference coordinates, we simply compared the results
from the two TLSs that we used for this study.

3.2. Data processing

We describe the calculation of the composite coordinates and the
uncertainty in the inter-target distances in this section. We first describe
the bundle adjustment process without fitting the TLS error model in
Section 3.2.1. This is based on the work described by Calkins [35] in his
dissertation. We then describe the process of including the TLS error
model in the bundle adjustment process in Section 3.2.2; this constitutes
the main contribution of this paper. We describe the calculation of the
uncertainty in the inter-target distances in Section 3.2.3.

3.2.1. Bundle adjustment, no error model fitting

Suppose a set of n targets are measured from m TLS positions. We
calculate the composite coordinates of the targets through a bundle
adjustment process as described here. Let Cy; represent the Cartesian
coordinates of the targets measured from position j in the front-face of
the TLS. Cy; is a matrix of size n x 3, where the ith row has the center

coordinates (xi > Yijs Zi J> of the ith target. Let Sf; represent the spherical
coordinates of the targets measured from position j (i.e., corresponding
to the Cartesian coordinates Cy;). Sy; is also a matrix of size n x 3, where
the ith row has the center coordinates (ri > 0ij, Di J-) of the ith target,

where r is the range to the target, and 6 and @ are the horizontal and
vertical angles to the target, respectively. Let Cy; represent the Cartesian

Fig. 1. Schematic showing targets in a room and four positions of the TLS. The target and TLS positions shown are for illustration purposes only, as these do not

represent the actual positioning in our experiments.
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coordinates of the targets measured from position j in the back-face of
the TLS and Sy represent the corresponding spherical coordinates.

Let R; represent the rotation matrix and T; represent the translation
vector for transforming the measured coordinates from the jth frame to
the first frame (i.e., the coordinate frame associated with position 1).
The rotation matrix R; is the product of rotation matrices about three
orthogonal axes and is given by

R; =RxjRyjRsj, @
where
1 0 0
Rij=(0 cosa sing |, 2)
0 —sing; cosa;
cosf; 0 sinf;
Ry;= 0 1 ,and 3
—sinf; 0 cosp
cosy; —siny; 0
R;j=| sin Yj cosy; 0 4
0 1

In Egs. (2)-(4) above, a;,f;, and y; represent rotation angles about
the x, y, and z axes, respectively. The translation vector is given by

()

where t.,t,;, and t,; represent translation along the x, y, and z axes,
respectively. Note that a;,5;,;, tv), ty;, and t;; are scalar quantities, R; isa
matrix of size 3 x 3, and T; is a vector of size 3 x 1. Without loss of
generality, we can assume the coordinate system at the first TLS position
as the reference for all calculations, thusay =f; =7, = tx1 = t1
t;1 = 0. With m positions, there are 6(m — 1) unknown rotation and
translation parameters.

Let C; represent the 3n unknown composite Cartesian coordinates in
frame 1 (subscript 1 indicates the frame). The composite coordinates
transformed to frame j (indicated by the superscript) are given by

G =R (G-T). ©)

Let 371 be the composite spherical coordinates corresponding to the

composite Cartesian coordinates Ejl. Then the front-face and back-face
residuals can be calculated as follows:

fi=S1 -5

foj=Sb; =S, ®

Note that f;; and f;; are matrices of size n x 3. We reshape the
matrices to vectors of size 1 x 3n. If we only consider front-face data, we

)

minimize the sum of squared residuals F = [fﬂ fr2Srm ] to find all 6(m
- 1) + 3n unknown parameters. If we only consider back-face data, we
minimize the sum of squared residuals F = [fm fo2--Som } to find all 6(m

—1) + 3n unknown parameters. If we consider both front-face and back-
face data, we minimize the sum of squared residuals F=

[ff_l fr2-Srmfo1 fo2-- Som ] to find all 6(m - 1) + 3n unknown parame-

ters. Note however that the residuals are all not in the same units. Re-
siduals along the ranging direction are in units of length while the
residuals along the angular axes are in units of angle. To ensure uni-
formity in units, we scale the residuals along the angular axes by the
composite range, so all residuals are in units of length.

The following points are worth emphasizing:
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e The coordinate system of the TLS at position 1 is chosen as the
reference, that is, the composite coordinates are calculated in that
frame. The choice of which position to use is arbitrary, this does not
affect the bundle-adjustment process.

The residuals can only be calculated in the frame of the TLS at each
position because the residuals are in spherical coordinates, and they
make physical sense only in the coordinate system of the TLS.
Because the composite coordinates are defined in frame 1, we must
transform them to the frame corresponding to each TLS position
before we can calculate the residuals, as shown in Eq. (6).

The computational process is illustrated in Fig. 2. Part (a) shows the
measurement of the targets from different positions (two-dimensional
data for illustration purposes), (c) shows the transformation of the
composite coordinates to the individual frames, and (d) shows the
calculation of the residuals for one target. We ignore part (b) in this
section because we are not fitting the TLS error model in this case.

We can further improve the target composite coordinate accuracy by
weighting the residuals as described by Calkins [35]. This is done iter-
atively, by calculating the standard deviation of the residuals along the
ranging and angular axes directions at the end of the bundle-adjustment
and then using the inverse of those values as the weights for the next
iteration, repeating this process until the weights do not change
significantly.

3.2.2. Bundle adjustment with error model fitting

In the preceding subsection, we only needed to estimate the 6(m-1)
rotational and translational parameters and the 3n unknown composite
coordinates. We can add a layer of complexity to the computational
process by also fitting the error model of the TLS. The error model is a
function of the measured spherical coordinates and some scalar pa-
rameters. These parameters capture the mechanical and optical mis-
alignments in the TLS, such as non-orthogonality of the horizontal and
vertical axes, the tilt in the laser beam, etc. The error model used here is
described in Ref. [29] and has 15 scalar parameters. We briefly describe
the error model in the appendix for completeness.

Let C; represent the composite coordinates in frame 1. The com-
posite coordinates transformed to frame j are given by

¢ =R (C-T). ©

Let §Q be the composite spherical coordinates corresponding to the

composite Cartesian coordinates C,. As before, let S;; and Sy, represent
the spherical coordinates of the targets measured from position j in the
front-face and back-face of the TLS, respectively. Given estimates of the
15 model parameters G (a vector of size 15 x 1), the corrected spherical
coordinates at the jth position, S, can be computed from the error model
E as

S =E(S1;,G). (10)
Sh; =E(Sb),G). (€8]
Then the front-face and back-face residuals can be calculated as

fri=8;-5 12)
fri=5;; 5, (13)

Note that f;; and f,; are matrices of size n x 3. We reshape the
matrices to vectors of size 1 x 3n. Our objective is to minimize the sum

of squared residuals F = [f}i fro--Sgm o1 foz- - Som ] to find all unknown

parameters. As before, to ensure uniformity in units, we scale the re-
siduals along the angular axes by the composite range, so all residuals
are in units of length.



B. Muralikrishnan et al.

Five Targets, three TLS positions
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Fig. 2. Process of transforming composite coordinates to individual measurement frames and calculation of the residuals, (a) showing the measurement of five
targets from three positions of the TLS, (b) fitting the error model of the TLS (this part is not applicable to Section 3.2.1), (c) the transformation of the composite
coordinates to the individual frames, and (d) calculation of the residuals for one target in the frame in which it was collected.

The computational process is illustrated in Fig. 2. Parts (a), (c) and
(d) are the same as in the preceding section. Part (b) is the additional
step and shows the correction of the measured data using estimates of
the error model parameters. As before, we can further improve the target
composite coordinate accuracy by weighting the residuals as described
by Calkins [35].

3.2.3. Uncertainty calculation

Bundle adjustment, whether we fit the TLS error model or not, aims
to reduce the residuals along the ranging and angular directions. The
standard deviations of these residuals are a measure of the TLS intrinsic
errors, which we can then use to estimate the uncertainty of any
measured point coordinate or other derived features such as the dis-
tances between points. Fig. 3 (a) and (b) show a flowchart and an
illustration of the uncertainty calculation process. Through a Monte
Carlo Simulation (MCS), we propagate these standard deviations
through the bundle adjustment computational process (as described in
Section 3.2.1 if we do not fit the TLS error model, and in Section 3.2.2 if
do fit the model) to calculate the standard deviation in the inter-target
distances. Specifically, for each iteration of the MCS, we perturb the
measured point coordinates (all n targets from m positions), perform the
bundle adjustment, calculate the composite coordinates, and the dis-
tances between all composite coordinate pairs. We repeat this process
1000 times as shown in Fig. 3(a). At the end of the repeats, for each
composite coordinate pair, we calculate the standard deviation of the
1000 distance values. We consider this standard deviation as the stan-
dard uncertainty for that distance. However, there are several additional
factors to consider, as discussed in Section 6. Note that we did not
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consider the correlation between the three directions when performing
the MCS; independent draws from the distributions along the three di-
rections were propagated in the MCS.

3.3. TLSs and targets used

Two TLSs were considered in this study, a short-range, high-accuracy
TLS (TLS A) and a long-range, lower-accuracy TLS (TLS B). The short-
range TLS had a range of about 20 m, range noise of about 0.1 mm at
3 m, and maximum angular point density of 90 points-per-degree (ppd).
The long-range TLS had a range of over 1 km, range noise of about 0.4
mm at 10 m, and maximum angular point density of 218 ppd. The in-
ternal error model of TLS A was turned off for the experiments so that
the instrument was at its worst-performance condition. This was inten-
tionally done to demonstrate the validity of our technique even with a
fully uncompensated TLS. The internal error model of TLS B could not be
turned off, we therefore performed the experiments with the internal
model turned on.

The contrast target employed for the validation experiment was
about 100 mm x 50 mm in size and had a partial 38.1 mm (1.5 in)
diameter sphere on the backside, see Fig. 4. We had six such targets
available for this experiment. The targets were designed so that the
center of the partial sphere in each target coincided with the center of
the target on the front face allowing for the interchangeability between
the target and a spherically mounted retro-reflector (SMR). Although
designed to be nominally coincident, the optical (as determined by the
TLS) and mechanical (center of the partial sphere) centers might be
offset. This offset may be resolved into an in-plane (in the plane of the
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Calculate the
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Fig. 3. (a) Flow chart showing the calculation of the distance uncertainty through an MCS, (b) pictorial representation of the same.

(c)

Fig. 4. Different views of the contrast target, (a) front face showing the target center, (b) side view showing the partial sphere and the SMR nest, and (c) back view
showing the partial sphere and SMR nest.
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target) eccentricity and an out-of-plane eccentricity. We did not measure
the in-plane eccentricity. Instead, we attenuated the effect of any in-
plane eccentricity by performing two scans, once with the target in a
certain orientation, and once after rotating the target by 180° about its
surface normal vector, then averaging the centers. To reduce the effect
of any out-of-plane eccentricity between the optical and mechanical
centers, the eccentricity of all six targets were measured on a Cartesian
coordinate measuring machine (CMM) with a maximum permissible
error specification of 0.5 + 0.7 pm/m. A 38.1 mm (1.5 in) SMR nest was
mounted on the table of the CMM. A 38.1 mm (1.5 in) steel sphere was
placed on the nest, 29 points were acquired on the sphere using the
contact probe, and the sphere center determined through a least-squares
fitting process. The coordinate system was translated so that the sphere
center was the new origin. The sphere was replaced by the target with its
face nominally horizontal. The table and the bridge were moved so that
the probe was located at x = 0 and y = 0. The probe was driven along the
negative Z direction and the point on the surface of the target was
recorded. The difference between this point (after correcting for probe
radius) and the sphere center was recorded as the out-of-plane offset. We
measured this offset for all six targets. The average was determined to be
0.05 mm (with a standard deviation of 0.005 mm), and all range mea-
surements by both TLSs were corrected for this offset.

The contrast target employed for the demonstration experiment was
about 203.2 mm x 203. 2 mm (8 in x 8 in) in size and printed on
cardstock using a laser printer, see Fig. 5. We printed 20 such targets.
The black portion of the target was printed at the maximum gray scale
intensity possible. Magnetic-adhesive sheets were procured, the adhe-
sive side was fixed to the back of the target while the magnetic side was
fixed to the walls in the laboratory. To ensure uniformity between TLSs,
the center of the contrast target in the TLS scans (for targets shown in
both Figs. 4 and 5) were determined using the procedure described by
Rachakonda et al. [34] for both TLSs.

4. Validation experiment

The purpose of the validation experiment was to demonstrate the
applicability of this technique by comparing the results against a more
accurate instrument, the laser tracker. We describe the experiment and
results in this section.
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4.1. Experimental setup

The validation experiment was performed ina 11 m x 6 m x 3 m
space. Twenty laser tracker nests were placed on stands and on the floor
so that they were roughly on three orthogonal planes. An SMR was
placed in each nest. The center coordinates of the SMRs were measured
using a laser tracker. To improve measurement accuracy, the center
coordinates were measured in the front-face and again in the back-face
of the laser tracker, and the results were averaged. Furthermore, mea-
surements were performed from four locations of the laser tracker, and
the composite coordinates were calculated as described in Section 3.2.1.
Following the laser tracker measurements, the SMRs were removed, and
a contrast target was mounted on each nest. All 20 targets were scanned
in the front-face and again in the back-face from each of the four TLS
positions. Because we only had six contrast targets available, we placed
a target in each of six nests, performed the scans, moved the targets to
the next set of nests, and repeated the process. The data were then
processed as described in Sections 3.2.1, 3.2.2, and 3.2.3. Fig. 6 shows
the relative location of the targets and TLSs.

4.2. Ranging errors in the TLSs

For each of the four TLS positions, we have 20 front-face center co-
ordinates and 20 back-face center coordinates. We can compute a total
of 190 inter-target (i.e., between target pairs 1-2, 1-3, 1-4, ..., 18-19, 18-
20, and 19-20) distances from 20 center coordinates. The errors in these
190 distances (with respect to the laser tracker) are shown in Fig. 7(a),
separately for the front-face and back-face measurements, for one po-
sition of TLS A. These errors are large, on the order of about +3 mm,
because the internal error model of the TLS was turned off. Fig. 7(b)
shows the corresponding errors for one position of TLS B. There is a clear
linear trend in Fig. 7(b), indicating the presence of a ranging error in TLS
B. Such a trend is not evident in Fig. 7(a) for TLS A.

To verify that the observed linear trend is in fact due to errors in the
ranging unit of the TLS, we performed a ranging test on TLS B. For
purposes of completeness, we also performed the same ranging test on
TLS A. These tests were performed using the contrast target shown in
Fig. 4 and a laser tracker as a reference instrument. The laser tracker and
the TLS under test were placed adjacent to each other, as shown in Fig. 8
(a). A stand with a 38.1 mm (1.5 in) nest was placed about 3.5 m from
the TLS. An SMR was placed in the nest and its center coordinate was

(a)

(b)

Fig. 5. (a) Contrast target drawing prior to printing, (b) as printed on cardstock, fixed to adhesive/magnetic sheet, and attached to the wall for the demonstra-

tion experiment.
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Fig. 6. Target and TLS locations in the validation experiment. The TLSs are shown in black. The seven targets shown in blue, the seven shown in red, and the six
shown in green are each nominally on a plane. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of
this article.)

3 T T T T 3 T T T T
. ®*  Front-face
*  Back-face
2 F <
1 E: =

Error (mm)

. ° *  Front-face
(@) ) ) ‘ ) *  Back-face ) ) ) )
2000 4000 6000 8000 10000 12000 2000 4000 6000 8000 10000 12000
Nominal length (mm) Nominal length (mm)

Fig. 7. (a) Inter-target distance errors for position 1 of TLS A, (b) inter-target distance errors for position 1 of TLS B indicating the presence of a linear (slope) error.
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Fig. 8. (a) Ranging error test setup schematic (top view shown), (b) TLS ranging errors.

measured using the laser tracker. The SMR was then removed, a contrast first position, and the process was repeated. For both the laser tracker
target was placed in the same nest, the TLS performed a scan, and the and the TLS, distances were computed with respect to the first position,
target center coordinate was computed from the scan data. The stand and ranging errors were calculated. These errors are shown in Fig. 8(b).
was then moved to the other positions along a line with the TLS and the TLS A does not show any noticeable slope, whereas a clear slope is
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visible for TLS B, about 0.1 mm/m. All range measurements performed
by TLS B were corrected using this scale factor prior to performing the
computations described in Section 3. The linear ranging error in TLS B, if
uncorrected, constitutes a critical limiting factor in achieving small
uncertainties with our technique. We discuss this further in Section 6.

4.3. Angular errors in the TLSs

As mentioned earlier, for each of the four TLS positions, we have 20
front-face center coordinates and 20 back-face center coordinates, for a
total of 80 front-face and 80 back-face coordinates. We converted the
coordinates from Cartesian to spherical and calculated the difference
between the front-face and back-face horizontal angle, A9, and vertical
angle, A@. We multiplied these angular differences with the range r (the
average of the front-face and back-face range values) and plotted them
as a function of horizontal angle ¢ and vertical angle & , as shown in
Fig. 9. It is clear from the figure that the scaled differences A0 and A@
are a function of the vertical angle @ for both TLSs, although for TLS A,
the differences are much larger because the TLS is uncompensated. Such
large differences indicate the presence of systematic angular errors that
can be compensated by the geometric error model, as we will show later.

4.4. Errors in the inter-target distances calculated from the composite
coordinates

Fig. 10(a) shows the errors in the 190 inter-target distances for one
position of TLS A; it is the same plot as in Fig. 7(a), shown here again for
reference. Fig. 10(b) shows the error in the inter-target distances at each
of the four TLS positions after averaging the front-face and back-face
coordinates. The errors are substantially smaller, about +£1 mm for the
longest lengths, due to averaging of the systematic errors which change

Precision Engineering 101 (2026) 256-273

sign between the front-face and back-face. Note that the errors shown in
Fig. 10 correspond to the raw data, i.e., the data as measured, prior to
the computation of composite coordinates described in Section 3.

We next present the errors in the 190 inter-target distances calcu-
lated from the composite coordinates. We consider three cases,
described below:

e Case I: Composite coordinates calculated using only the front-face
data from each of the four TLS positions, simple rigid body trans-
form, no TLS error model fitting, per Section 3.2.1. This is a simplistic
averaging approach expected to result in larger distance errors.

e Case II: Composite coordinates calculated using both the front-face

and back-face data from each of the four TLS positions, simple

rigid body transform, no TLS error model fitting, per Section 3.2.1.

This is a better approach and expected to result in lower distance

€errors.

Case III: Composite coordinates calculated using both the front-face

and back-face data from each of the four TLS positions, rigid body

transform with TLS error model fitting, per Section 3.2.2. This is the
approach we advocate in this paper and is expected to produce the
smallest distance errors.

Fig. 11(a) shows the errors in the 190 inter-target distances for Case
1. The errors are large, about +2.5 mm. Fig. 11(b) shows the errors in the
190 inter-target distances for Case II. The errors are within +1 mm.
These are smaller than those in Case I because averaging the front-face
and back-face coordinates attenuates the effect of several systematic
errors in the TLS. Fig. 11(c) shows the errors for Case III. The errors drop
significantly to within +0.15 mm. These errors are at least 20 times
smaller than the distance errors from any single TLS position (Fig. 10
(a)), thus, a significant improvement is achieved through our model-
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Fig. 10. (a) Inter-target distance errors for position 1 of TLS A, (b) inter-target distance errors at each of the four TLS positions after averaging front-face and back-

face data.
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Fig. 11. TLS A inter-target distance errors for (a) Case I, (b) Case II, and (c) Case III.

fitting approach.

Similar plots as above are shown in Figs. 12 and 13 for TLS B. Fig. 12
(a) shows the errors in the 190 distances for one position of the TLS A,
after correcting for the slope seen in Fig. 8(b). The errors are within
about +1.25 mm. Fig. 12(b) shows the error in the inter-target distances
at each of the four positions after averaging the front-face and back-face
coordinates. The errors are within about +1 mm. Note that the errors
shown in Fig. 12 are for the raw data, i.e., the data as measured, prior to
the computation of composite coordinates as described in Section 3.

Fig. 13(a) shows the errors in the 190 inter-target distances for Case
L. The errors are within about +1 mm. Fig. 13(b) shows the errors in the
190 inter-target distances for Case II. The errors are within about +0.5
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mm, lower than in Case I as expected. Finally, Fig. 13(c) shows the errors
in the 190 inter-target distances for Case III. The errors drop signifi-
cantly to within +0.25 mm. These errors are at least 5 times smaller than
the distance errors from any one position of the TLS (Fig. 12(a)), thus, a
significant improvement is achieved through our model-fitting
approach.

4.5. Uncertainty versus errors

The bundle adjustment process described in Section 3.2 not only
resulted in composite coordinates for the targets but also estimates of the
intrinsic instrument errors, as described by the standard deviation along
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the ranging and angular axes directions. These standard deviations are
listed in Table 1 for TLS A for the three cases. We propagated the values
listed in the table through an MCS to estimate the uncertainty in the
inter-target distances for each of the cases. The range of the un-
certainties for the 190 distances for each case is also listed in Table 1. We
assess the validity of these uncertainties by comparing them to the
measured errors (i.e., against a laser tracker as the reference instrument)
in this section.

We first consider the two cases where we do not fit the TLS error
model, i.e, Case I and Case II. For Case I, the standard deviation of the
angles is 2.3 arcseconds and 7.7 arcseconds while the standard deviation
of the range is 0.49 mm. For Case II, the standard deviation of the angles

increases substantially to 33.5 arcseconds and 44.4 arcseconds but the
standard deviation of the range decreases to 0.04 mm.

An uncompensated TLS has large mechanical/optical misalignments,
and these reflect as angular errors that change in sign between the faces.
When considering only the data in the front-face of the TLS (Case I), the
misalignment induced errors are not effectively captured, resulting in an
apparent agreement between the different TLS positions. This leads to
smaller angular standard deviations. However, the attempt to minimize
the angular residuals through the least-squares process inflates the range
residuals, hence the larger range standard deviation. It is worth noting
again that the larger range standard deviation is an artifact of the least-
squares process and does not represent actual TLS range variability
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Table 1
TLS A intrinsic errors in terms of standard deviation along ranging and angular
directions.

Precision Engineering 101 (2026) 256-273

captured, leading to larger and more realistic standard deviations. The
smaller range residuals, and therefore smaller standard deviation, is also
more realistic, and captures the actual range variability present in the
TLS.

Case  Description Horizontal Vertical Range Inter-target
angle angle (mm) distance The large range standard deviation for Case I and large angular
(arcseconds)  (arcseconds) uncertainty standard deviations for Case II result in distance uncertainties for Case I
k=2 and II that are similar in magnitude, see last column in Table 1. To assess
I Front-face 2.3 7.7 0.49 0.22 mm to whether these distance uncertainties are reasonable, we compare them
E:gg’e l“;’mmg 0.74 mm against the measured errors. Fig. 14(a) shows the uncertainties for Case I
I Front-face 33.5 44.4 0.04 0.05 mm to plotted against measured errors for the 190 inter-target distances. The
and back- 0.96 mm measured errors are smaller than the estimated uncertainties for only 82
face, no out of the 190 distances (i.e., 43.2 %) indicating that uncertainty esti-
model fitting mates are not reasonable. Fig. 14(b) shows the uncertainties for Case II
m Z;:lniﬁﬁe 3.0 76 0.04 g:g; EE o plotted against measured errors for the 190 inter-target distances. The
face, with uncertainty estimates improve, but the measured errors are smaller than

model fitting

Note: With 20 targets and 4 TLS positions, there are 80 residuals each along the
ranging, horizontal angle, and vertical angle directions. The standard deviations
are calculated on those 80 residuals.

across the four positions. When considering data from multiple TLS
positions in both faces (Case II), the angular errors are now effectively

the estimated uncertainties for only 96 of the 190 distances (50.5 %).
These values and percentages are summarized in Table 2.

We now consider the case where we do fit the TLS error model, i.e.,
Case III. The standard deviation along the angles is 3.0 arcseconds and
7.6 arcseconds, while the standard deviation of the range is 0.04 mm,
see Table 1. The angular standard deviations are smaller than those for
Case II, even though data from both faces are used, because the error
model accounts for mechanical and optical misalignments. As a result,
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model, (c) Case III, considering front-face and back-face data and fitting TLS error model, (d) same plot as in part (c) but rescaled to more clearly show the points.
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Table 2
Number of inter-target distances whose measured errors are smaller than the
estimated uncertainty (k = 2).

Case # (out of a total of 190) %

I 82 43.2
I 96 50.5
I 183 96.3

the data from the four TLS positions show better agreement (i.e., the
data overlaps more closely). Fig. 14 (c) and (d) show the uncertainties
for Case III plotted against the measured errors for the 190 inter-target
distances. The uncertainty estimates are smaller than those for Case I
and II. Moreover, the measured errors are smaller than the estimated
uncertainties for 183 out of the 190 distances (96.3 %), indicating the
validity of our method. Some error sources not captured by the model
described in Appendix A, such as angle of incidence effects [33], may
explain why the measured errors do not fall below the uncertainty es-
timates for all 190 distances.

For clarity, we note the following. Fig. 14 (a), (b), and (c) correspond
to the uncertainty versus error plots for the errors in Fig. 11 (a), (b), and
(c), respectively. Also, the values reported in Table 1, last column,
represent the range of the uncertainty values shown in the Y-axis in
Fig. 14 (a), (b), and (c).

A similar analysis is presented for TLS B below. Table 3 shows the
standard deviations of the angles and the range calculated for the three
cases. The uncertainty in each of the 190 inter-target distances are
estimated by propagating these standard deviations. Fig. 15 (a), (b), and
(c) show the uncertainty versus error plots corresponding to the errors in
Fig. 13 (a), (b), and (c), respectively. The uncertainty estimates for Case I
and Case II are not realistic, as the observed errors are larger than the
estimated uncertainties, as seen in Fig. 15(a) and (b). Fig. 15 (c¢) and (d)
show the uncertainties for Case III plotted against the measured errors
for the 190 inter-target distances. The measured errors are smaller than
the estimated uncertainties for 179 out of the 190 distances (94.2 %),
indicating the validity of our method. As mentioned earlier, some error
sources are not accounted for by the model described in Appendix A,
such as angle of incidence effects [33], which might explain why the
uncertainty estimates are not larger than the errors for all 190 distances.
The number (and percentages) of distances whose measured errors are
smaller than the estimated uncertainty is summarized in Table 4.

Before we proceed, we note an interesting difference between TLS A
and TLS B. For TLS A, Case III (Fig. 14(c)) resulted in a reduction in both
the errors and the uncertainty when compared to Case I. However, for
TLS B, Case III (Fig. 15(c)) resulted in a reduction in errors only, not the
uncertainty. TLS A had substantial systematic angular errors (as seen in

Table 3
TLS B intrinsic errors in terms of standard deviation along ranging and angular
directions.

Case  Description Horizontal Vertical Range Inter-target
angle angle (mm) distance
(arcseconds) (arcseconds) uncertainty
*k=2)

I Front-face 10.3 2.5 0.18 0.09 mm to
only, no 0.39 mm
model fitting

I Front-face 135 4.6 0.17 0.10 mm to
and back- 0.33 mm
face, no
model fitting

111 Front-face 3.7 2.3 0.18 0.10 mm to
and back- 0.35 mm
face, with

model fitting

Note: With 20 targets and 4 TLS positions, there are 80 residuals each along the
ranging, horizontal angle, and vertical angle directions. The standard deviations
are calculated on those 80 residuals.
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Fig. 9(b)). Fitting the error model produced better estimates of the
composite coordinates resulting in smaller errors. Fitting the error
model also resulted in better agreement between the data from the
different TLS positions resulting in smaller standard deviations and
therefore, smaller uncertainties. TLS B did not have large systematic
angular errors (as seen in Fig. 9(d)). Fitting the model captured some of
the ranging errors resulting in better estimates of the composite co-
ordinates resulting in smaller errors. Fitting the error model however did
not result in substantial improvement in agreement between the data
from the different TLS positions. Therefore, no significant change in
standard deviations occurred, and therefore, no change in uncertainties.

For a poorly compensated TLS (with systematic angular errors), we
have seen (from Fig. 14) that fitting the model improves agreement in
the data between the different TLS positions, resulting in lower standard
deviation of the residuals and therefore smaller uncertainties. Better
agreement in the data between the positions does not automatically
mean that the composite coordinates are closer to the true coordinates.
Because the model that we employ has been extensively validated, the
composite coordinates obtained through model fitting do result in
smaller errors. For an already well compensated TLS (with random
angular errors only), model fitting will not result in improved agreement
in the data between the different TLS positions, thus uncertainties for all
three cases will be the same. Because there are no underlying systematic
errors in the TLS, all cases are expected to result in similar errors as well.
That is, there is no advantage to model fitting over simple averaging for
a well compensated TLS, i.e., one with negligible systematic angular
€errors.

5. Demonstration experiment

This experiment demonstrates the more typical application of our
technique where planar targets are fixed at different positions in a room
and measured from multiple positions of a TLS. Because a laser tracker
cannot be used to establish the reference coordinates, we simply
compared the results from the two TLSs that we used for this study.

5.1. Experimental setup

The demonstration experiment was conducted ina13m x 6.5m x 3
m indoor space containing 20 contrast targets mounted on three walls.
Laser tracker measurements were not possible in this case. The two TLSs
were used to scan all 20 targets in both faces from four different posi-
tions. The data were processed following the procedure described in
Sections 3.2.1, 3.2.2, and 3.2.3. Fig. 16 shows the layout of the target
distribution and the TLS positions within the room.

5.2. Results

The composite coordinates of the 20 targets were computed for both
TLSs and for all three cases. The 190 inter-target distances were then
computed from these composite coordinates. For each of the TLSs, the
intrinsic errors for the three cases are listed in Tables 5 and 6. These
values were propagated to estimate the uncertainties in the inter-target
distances. The range of values of these distance uncertainties for the 190
distances are also reported in Tables 5 and 6

To determine whether the inter-target distances calculated from the
two TLSs agree with their respective uncertainties, i.e., their degree of
equivalence [36,37], we performed the following calculation. Let d4 be
the distance between a given pair of targets as measured by TLS A with
an associated standard uncertainty u4. Similarly, let dg be the distance
between the same pair of targets as measured by TLS B, with an asso-
ciated standard uncertainty ug. We then compute the absolute difference
between the two distances and the uncertainty in that difference as
follows:

A =|ds —dg| 14)
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Fig. 15. Uncertainty vs error plot for TLS B: (a) Case I, front-face data only, no TLS error model (b) Case II, considering both front and back-face data, no TLS error
model, (c) Case III, considering front-face and back-face data and fitting TLS error model, (d) same plot as in part (c) but rescaled to more clearly show the points.

Table 4
Number of inter-target distances whose measured errors are smaller than the
estimated uncertainty (k = 2).

Case # (out of a total of 190) %

I 64 33.7

I 91 47.9

III 179 94.2
uy =4/ (U2 +ud) 15)

Let the k = 2 expanded uncertainty in the difference, A, be U, =
2u, . If A < 2U,, we conclude that the inter-target distance measured
by the two TLSs agree within their uncertainties.

This computation was performed for all 190 inter-target distances for
each case. The results are summarized in Table 7. For case I, only 45 out
of the 190 distances (23.7 %) agree within their uncertainties. For case
11, 128 out of the 190 distances (67.4%) agree within their uncertainties.
Using only the front-face data (Case I) or using both front-face and back-
face data without fitting the TLS error model (Case II) results in large
distance errors, leading to poor agreement between the two TLSs. For
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case III, 189 out of the 190 distances (99.5 %) agree within their un-
certainties. This exceptional agreement demonstrates the effectiveness
of the proposed technique when the TLS error model is fit. For Case III,
the calculated (k = 2) uncertainty for the inter-target distances ranged
from approximately 0.06 mm to 0.23 mm for TLS A and from 0.09 mm to
0.39 mm for TLS B. These uncertainties are slightly larger than those of
the validation experiment likely because the measurement volume is
larger.

6. Discussion and conclusions

We have described the application of self-calibration to estimate
inter-target distances with low uncertainty in a stationary network of
targets using a terrestrial laser scanner (TLS). The technique was
demonstrated using two TLSs, a short-range, high accuracy TLS with its
internal error model turned off, and a long-range, lower accuracy TLS,
within a measurement volume of 11 m x 6 m x 3 m. We obtained inter-
target distance uncertainties below 0.2 mm (k = 2) for the short-range
TLS even when it was fully uncompensated (i.e., internal error model
turned off) and below 0.35 mm (k = 2) for the long-range TLS. The
validity of these uncertainties was confirmed by comparing the
measured distances against those obtained with a laser tracker. For more
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Fig. 16. (a) Targets 1-16 and TLS positions 1, 2, and 4, (b) targets 10-20 and TLS positions 2-4.

Table 5
TLS A intrinsic errors in terms of standard deviation along ranging and angular
directions, and inter-target distance uncertainty.

Table 7
Number of inter-target distances for which the distances calculated from the two
TLSs agree with each other to within their uncertainties (k = 2).

Case  Horizontal angle Vertical angle Range Inter-target distance
(arcseconds) (arcseconds) (mm) uncertainty (k = 2)
I 2.7 2.9 0.34 0.11 mm to 0.47 mm
I 335 44.2 0.06 0.06 mm to 0.73 mm
111 1.9 2.8 0.05 0.06 mm to 0.23 mm
Table 6

TLS B intrinsic errors in terms of standard deviation along ranging and angular
directions, and inter-target distance uncertainty.

Case  Horizontal angle Vertical angle Range Inter-target distance
(arcseconds) (arcseconds) (mm) uncertainty (k = 2)
I 4.3 2.2 0.15 0.07 mm to 0.22 mm
I 11.2 4.1 0.14 0.09 mm to 0.38 mm
111 2.4 1.7 0.10 0.09 mm to 0.39 mm

than 94 % of the inter-target distances, the measured errors were smaller
than the corresponding uncertainty estimates. In many cases, the inter-
target distance errors obtained with our technique were an order of
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Case # (out of a total of 190) %

1 45 23.7
I 128 67.4
III 189 99.5

magnitude smaller than those from a single TLS position.

There are two key requirements for implementing this technique:

First, the TLS must be able to scan each target in both the front-face
and back-face orientations. Although most TLSs can measure in both
faces, not all software packages allow users to export the scan data for
each face separately. This limitation can be addressed by manufacturers
providing software updates that provide users direct access to front- and
back-face data. For our long-range TLS, we were able to obtain such
access by collaborating directly with the manufacturer. The software for
TLS A did allow the user to export scan data for each face separately.

Second, the ranging unit of the TLS must operate without significant
linear (slope) or higher-order range errors, as these are not captured in
the error model. This requirement is more challenging. Using a laser
tracker, we determined that TLS B exhibited ranging errors on the order
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of 0.1 mm/m, which we were then able to correct. Without access to
such high-end equipment, users must rely on periodic manufacturer
calibration of their TLSs. However, this is a reasonable assumption given
that the ranging unit contains no moving components and is generally
stable over time.

Although not mentioned as a key requirement, temperature stability
over the period of testing is also important. The experiments we reported
on in this paper were performed in a laboratory that was temperature
controlled to 20 + 0.5 °C. Realizing uncertainties of 0.2 mm (k = 2) over
11 m in such a space is not an issue in such environment over a short
period of time. When this technique is applied in a more industrial
setting, temperature gradients and drift become an issue. Low-cost
temperature loggers are available that can be used to record tempera-
ture over the scanning period to assess if the predicted uncertainties can
in fact be met. Decreasing the scan resolution might also help speed up
the data acquisition process, although lower resolution might result in
larger composite center coordinate uncertainty.

Although our technique was motivated by the needs of the forensic
community for an interim performance test, its applicability is much
broader. It is well suited for geodesy, surveying, and manufacturing and
assembly domains, where periodic performance assessments of dimen-
sional metrology equipment are common. The method can be used to
establish a calibrated network of targets that subsequently serves as a
reference for the same TLS or for other lower-accuracy instruments.
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We present the TLS error model here for purposes of completeness. The TLSs under study (schematic shown in Fig. A1) consisted of a base, laser
source, spinning platform, horizontal angle encoder, vertical angle encoder, and a spinning prism mirror. The measured range (r,,,), horizontal angle
(0, and vertical (@) suffer from errors due to different geometric/optical misalignments in the system. In this paper we use the revised geometric
error model reported by Wang et al. [29] to determine the corrections to the measured coordinates. We specify the error model below for purposes of
completeness:

At =k(x Sin @) + X10 (A1)
X1z X: Xy 2X, . X .
Ab, =k E + : 3 527 . s Xgy Sin O, + Xg, COS Oy +2 + X5, + X114 €OS 20,, + X115 Sin 26,, (A2)
mtan @, rmsing, tang, sinJd, Tm
Xin COS @y X2 COS OB, X1, Sin @, . .
AGp = k{ In - my 22 - ™ 4 X4 + Xsnon COS B | — % — X305 SIN @B + X124 COS 2B + X125 SIN 2Fm (A3)
m m m

where:
k is 1 for the front-face measurement and —1 for the back-face measurement.
Tm, Om, and @, are the measured range, horizontal angle and vertical angle, respectively.
Arm, Ay, and AQ,, are corrections to the measured range, horizontal angle, and vertical angle.
Xx1n and x;, are beam offset along the N and Z axes, respectively.
Xo is the transit offset.
X3 is the mirror offset.
X4 is the vertical index offset.
Xsp, is the beam tilt along the N axis.
Xsz7 = Xsz — X7. X5z i the beam tilt along the Z axis. x7 is the transit tilt.
Xsnon = Xsn + Xon. Xop i the vertical angle encoder eccentricity along the N axis.
Xsz0z = X5z 1+ Xog. Xoz is the vertical angle encoder eccentricity along the Z axis.
Xg is the mirror tilt.
Xgx and xg, are horizontal angle encoder eccentricity along the X and Y axes, respectively.
X10 is the zero offset.
X114 and xj7, are second order scale errors in the horizontal angle encoder.
X124 and X5 are second order scale errors in the vertical angle encoder.
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measured point
P

Fig. Al. Schematic diagram of the TLS under study
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