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Nonlocal transport in Cr-doped (Bi,Sb)2Te3: Absence of nonchiral edge states
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The quantum anomalous Hall effect shows great promise for the realization of the ohm without the need for
an external magnetic field. The most mature material platform is magnetically doped topological insulators. In
these materials, precise quantization is limited to low temperatures, with the activation energy for dissipative
transport typically in the range of 1 K. One potential source of dissipative transport is nonchiral edge states.
These states are expected to be present in sufficiently thick samples. In this work, we perform extensive Hall
and nonlocal resistance measurements in a Hall bar geometry at 2 K. We perform 15 distinct measurements on
a single device, each independent with respect to device symmetry and Onsager reciprocity. By comparing the
results to different transport models, we find that the system behavior is well described by a simple continuum
Ohm’s law model. The addition of nonchiral edge states to the model does not significantly improve the fitting,
and we conclude that there is not strong evidence for these states. We discuss the implications of our results for
the prospect of a high-temperature quantized anomalous Hall effect in these materials.
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I. INTRODUCTION

The quantum anomalous Hall effect is a quintessential
manifestation of topology in condensed matter systems [1].
It leads to a Hall resistance which is quantized at the von
Klitzing constant h/e2 (where h is Planck’s constant and
e is the elementary charge) in the absence of an applied
magnetic field. Efforts to utilize the quantum anomalous
Hall effect as a resistance standard have made substantial
progress, with relative combined standard uncertainty reach-
ing values of 10−9 [2–4]. A key advantage of the quantum
anomalous Hall effect over the quantum Hall effect is that
it requires no external magnetic field. This is particularly
attractive because it enables integration with the voltage stan-
dard, which requires a superconducting Josephson junction
and is therefore incompatible with the large magnetic fields
needed for the quantum Hall effect [5]. Indeed, the combi-
nation of the quantum anomalous Hall effect resistance and
Josephson junction volt was recently utilized to realize the
ampere [6].

The most well-developed material class to exhibit the
quantum anomalous Hall effect is magnetically doped topo-
logical insulators. These materials are inherently disordered
and therefore exhibit rather low thermal activation energies
for longitudinal transport, on the order of 1 to 2 K [2,7–11].
For this reason, they exhibit metrologically relevant quantum
anomalous Hall resistance values at low temperatures, on the
order of tens of millikelvin. Pushing the operating temperature
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to about 2 K would markedly reduce the cryogenic overhead
and enable a smaller cooling footprint [12].

In addition to bulk disorder, a potential source of non-
ideal behavior in these materials is the possible presence of
nonchiral edge states [13]. The occurrence of these states can
be anticipated from the underlying material properties, as we
discuss next. The “recipe” for these materials begins with a
topological insulator, which, in three dimensions, possesses
nonchiral surface states with a Dirac dispersion on all of its
surfaces. The material is then doped with magnetic atoms,
and under appropriate conditions, a magnetically ordered state
can emerge. The Dirac cone on the surface whose normal
direction is collinear with the magnetization is gapped, while
other surfaces may remain gapless [see Fig. 1(a)]. These
“sidewall” surface states are nonchiral and can backscatter,
introducing dissipation and reducing the Hall quantization.
The details of nonchiral sidewall states are highly dependent
on sample thickness. For quantum anomalous Hall devices,
the thickness is typically on the order of several quintuple
layers (QLs), so that the spectrum of sidewall surface states
is discretized from quantum confinement effects. The energy
gap between quantum well states straddling the Fermi energy
is a key parameter governing the transport in these materials
at finite temperature. Recent work [14] provided a numeri-
cal evaluation of this gap as a function of sample thickness
and other parameters. It is important to experimentally deter-
mine whether these sidewall states contribute to dissipative
transport.

Previous works argued for the presence of nonchiral edge
states in quantum Hall devices based on transport measure-
ments [15,16]. These experiments considered thicker samples
with thicknesses of 10 to 11 QLs, facilitating the formation of
nonchiral edge states on the sidewalls. The device thickness
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FIG. 1. (a) Schematic of a three-dimensional Chern insulator
with magnetization along the z direction. Surfaces with normal along
z are gapped, while other surfaces remain gapless. (b) Experimental
sample with lead index labeling.

for metrology applications is notably smaller, typically 5 to 6
QLs. However, previous work also argued that thinner devices
(4 QLs thick) can exhibit thermally activated nonchiral edge
state transport [17]. This indicates the potentially important
role of these states in the quest for high-temperature quan-
tum anomalous Hall devices. Other experiments attributed
deviations from quantization solely to bulk transport [18]
and imaged the bulk current directly [19]. Reference [20]
utilized Hall and Corbino geometries to compare the relative
contributions of bulk and edge modes to dissipation, finding
no evidence of nondissipative edge states. Experiments on
samples with thicknesses of up to 106 nm showed no evi-
dence for nonchiral states at low temperature (∼25 mK) [14].
Given the range of experimental conclusions on the role of
dissipative edge states, it is important to clarify the relevance
of these states to device behavior for relevant thicknesses
and at the elevated temperatures sought for next-generation
devices.

In this work, we perform transport measurements on a
magnetically doped topological insulator to determine the role
of nonchiral edge states on the transport. Previous works often
used gate voltage and temperature as the experimental knobs
to discern possible transport mechanisms. In this work, we
use the measurement configuration as our primary experi-
mental parameter. The motivation for this is that different
gate voltages and temperatures can change the nature of the
charge transport, which complicates the model fitting proce-
dure: Different measurement parameters can lead to different
model parameters or even different models. On the other hand,
through the symmetry analysis presented here, we show that
there are 17 independent resistance measurements available
on our eight-terminal Hall bar. We present an analysis of 15
independent measurements and critically assess the fitting of
our data to transport models with and without nonchiral edge
states. We find that a two-parameter continuum Ohm’s law
model, as described in Ref. [18], provides the best description
of the data and that, therefore, there is not strong evidence for
nonchiral edge states in our sample.

II. EXPERIMENT

The device presented in this work is a 6
QL thick heterostructure composed of 4 QLs of
(Cr0.12Bi0.26Sb0.62)2Te3 grown between top and bottom
QLs of (Cr0.24Bi0.22Sb0.54)2Te3. The Cr-doped bismuth

antimony telluride (BST) structure was grown in an ultrahigh
vacuum molecular beam epitaxy system on a GaAs (111)B
substrate annealed at 630 ◦C. The device was fabricated via
direct-write optical photolithography. The device geometry
was defined via Ar ion milling and shaped into a Hall bar.
Electrical contacts, composed of a 5 nm Ti layer and a 90 nm
Au layer, were deposited via electron beam evaporation. The
top gate was formed by depositing a 1 nm Al layer which
was subsequently oxidized, followed by the deposition of a
40 nm AlO2 layer via atomic layer deposition.

Direct current (dc) electrical measurements were taken in
a 4He cryostat system, with a temperature range from 1.6 to
400 K and magnetic field capabilities up to 14 T. An 8.5
digit multimeter, with a 10 G� input impedance, was used to
measure the dc voltage drop between two leads along the path
of an applied dc current (I = 50 nA) through the device. The
current is directly measured by another 8.5 digit multimeter.
The gate voltage of the device was set to −0.7 V, which was
determined to locate the Fermi level near the center of the
exchange gap. To improve accuracy, the reported resistance
values are the average results of two current directions, mea-
sured over 50 power line cycles. While slightly noisier relative
to widely used lock-in measurements, our dc measurements
are more accurate, with an uncertainty smaller than 2% of
the resistance value. In addition, we observe that some con-
ventional lock-in measurements do not satisfy the symmetry
constraints outlined in the next section. We attribute this to
alternating current (ac) effects, which are present even at very
low frequencies; this is a topic for future investigation. It
should be noted that specialized metrological equipment can
be used to determine the resistance more accurately (see, for
example, [7]). However, such high-accuracy measurements
are not necessary for this investigation.

We present results in terms of the resistance between two
voltage tabs of the device, which we define as

Ri j,k� = Vk − V�

Ii j
, (1)

where Ii j is the applied current between source and drain
leads i and j and Vk − V� is the measured potential difference
between leads k and �. Note that in the following sections,
we use the notation (i, j; k, �) to denote the measurement
configuration for the resistance Ri j,k�.

Figure 2 shows the resistance values for nine different
measurement configurations as a function of applied mag-
netic field. All measurements are taken at T ≈ 2 K. For
the purposes of comparing different transport models, we
focus on the high and low field saturated resistance values.
Figures 2(h) and 2(i) show configurations corresponding to
the conventional Hall and longitudinal resistance measure-
ments, respectively. Figures 2(b) and 2(c) show three-terminal
measurements, where one lead is among both the source-drain
contact pair and the measured voltage pair. The measured
voltage therefore includes a contribution from the contact re-
sistance of the lead that carries current. In our measurements,
the relevant lead is either 1 or 5, which are the “large” contacts
[see Fig. 1(b)]. As we reference in Sec. IV A, we find that the
contact resistance of these leads is negligible.
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FIG. 2. Experimental data for resistance for different measurement configurations. Blue and green curves show upward and downward
B-field sweeps, respectively, as indicated by the arrows in (b). The red stars in (d), (h), and (i) indicate symmetry-equivalent measurement
configurations at +M and −M. The blue (green) solid lines correspond to upward (downward) sweeping of the magnetic field. The subplot
titles (i, j; k, �) indicate the current source and drain leads i and j and leads k and �, across which voltage is measured. See Fig. 1(b) for lead
labeling. The y axis is the resistance Ri j;k� scaled by the von Klitzing constant RK .

III. MODELS

A. Symmetry analysis

In this section, we provide a symmetry analysis of the
system, which provides rigorous constraints on the system
response. The primary experimental knob in this work is
the applied current lead pair and the measured voltage lead
pair. In an eight-terminal device, there are nominally

(8
2

) ×(8
2

) = 784 measurement choices. However, by virtue of the
system symmetry and the assumption of linear response,
many of these measurements are symmetry equivalent. The
symmetry analysis we present below shows that there are
17 symmetry-independent measurements available for this
system.

We begin by specifying the notation to describe our mea-
surements. As described in the previous section, the four-tuple
(i, j; k, �) specifies the current lead pair i, j and voltage lead
pair k, �. We vary the magnetic field to align the magnetization
to both out-of-plane orientations. We label the magnetiza-
tion orientation as σ , which takes a value of ±1. This is
denoted with a subscript, so that a measurement is given
by (i, j; k, �)σ . In the text, we also use the more suggestive
notation M to denote the out-of-plane magnetization direction,
where ±M corresponds to σ = ±1.

Next, we analyze the system symmetries and the resulting
constraints on the measurement set. The system shown in
Fig. 1 possesses the following symmetries: rotation by 180◦
along the axis perpendicular to the plane (C2) and the com-
bined action of mirror operation about the x axis or y axis,
denoted by Mx and My, respectively, and the time-reversal
operation T , MxT and MyT . These three operations, to-
gether with the identity operation I , yield the generators of the
system’s symmetry group: {I,C2,MxT ,MyT }. The mapping
of the leads under the spatial operations is given by

C2(1, 2, 3, 4, 5, 6, 7, 8) = (5, 6, 7, 8, 1, 2, 3, 4), (2)

Mx(1, 2, 3, 4, 5, 6, 7, 8) = (1, 8, 7, 6, 5, 4, 3, 2), (3)

My(1, 2, 3, 4, 5, 6, 7, 8) = (5, 4, 3, 2, 1, 8, 7, 6). (4)

Two measurements, (i, j; k, �)σ and (i′, j′; k′, �′)σ ′ , are
symmetry equivalent if there is a symmetry operation U
that maps the indices of one measurement to the indices of
the other measurement: i′ = U (i), j′ = U ( j), k′ = U (k), �′ =
U (�), and σ ′ = U (σ ).

An additional constraint on the system response is Onsager
reciprocity. Onsager reciprocity states that the response is the
same when switching the driving force index (in our case, the
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applied current lead pair) with the response index (in our case,
the voltage lead pair) and performing time reversal. In our
notation, this reads (i, j; k, �)σ = (k, �; i, j)−σ .

Additional constraints are derived from linearity. If the
current is applied between two leads i and j and the voltage
difference is measured between two sets of leads k and �

and � and m, then the sum of these two voltages will yield
the measured voltage between k and m. Symbolically, this is
represented as (i, j; k, m)σ = (i, j; k, �)σ + (i, j; �, m)σ . Lin-
earity also implies that switching the order of current lead
indices i and j (or reversing the source and drain electrodes)
or voltage lead indices k and � merely changes the sign of the
measured voltage. A switch of current indices and/or voltage
indices is therefore not an independent measurement. With
these constraints, there are a total of 17 independent measure-
ments for the system. See the Appendix for a derivation of this
number.

For the purposes of illustration, we describe two
symmetry-equivalent measurements. Consider the nonlocal
measurements of opposite corner pairs evaluated at opposite
orientations of the magnetization +M and −M: (1, 2; 5, 6)+
and (1, 2; 5, 6)−. The first measurement can be transformed
to the second as follows: First, apply Onsager reciprocity,

(1, 2; 5, 6)+
Ons−−→ (5, 6; 1, 2)−, and next apply a C2 rota-

tion, (5, 6; 1, 2)−
C2−→ (1, 2; 5, 6)−. The two measurements are

therefore symmetry equivalent: (1, 2; 5, 6)+ ≡ (1, 2; 5, 6)−.

B. Landauer-Buttiker description of transport

We describe electronic transport through the system with
a Landauer-Buttiker picture of transport [21]. The current
through lead i is given by

Ii = e2

h

∑
j

Tj,iμi − Ti, jμ j, (5)

where Ti, j is the probability for a state injected in lead j to be
collected by lead i (i.e., the transmission probability from lead
j to i) and μi is the electrochemical potential of lead i.

A model is fully specified by its transmission matrix T ,
and a measurement is specified by the boundary conditions
Ii = −I j = Iapp and Ik = 0 for k �= i, j. The electrochemical
potentials satisfy

Ii = e2

h
Gi, jμ j, (6)

where

Gi, j =
{

Ti, j for i �= j,

−∑
k Tik for i = j.

(7)

Equation (6) is numerically solved by choosing a zero of
energy; this amounts to setting the chemical potential of one
lead to zero and removing this lead from the set of equations.
The matrix is then nonsingular, and the solution is easily
computed.

For a perfectly chiral system, Ti,i+1 = 1, and Ti, j = 0 for
j �= i + 1. We adopt the convention that the leads are num-
bered in clockwise order [see Fig. 1(b)], so that for an

N-terminal lead, index N + 1 is mapped to 1, and index 0 is
mapped to N .

C. Nonchiral edge state model

As discussed in the Introduction, nonchiral edge states can
be generically expected in a sufficiently thick magnetically
doped topological insulator. In this section, we review a model
for nonchiral edge states and present their impact on the
quantization of the anomalous Hall effect. We find that these
states can lead to rapid deterioration of the Hall quantization,
particularly with respect to the levels relevant for metrology
applications. This is a primary motivation for carefully diag-
nosing the presence or absence of nonchiral edge states.

To model coexisting chiral and nonchiral edge states in a
Landauer-Buttiker model, we let Ti,i+1 = 1 + k and Ti,i−1 =
k. (Previous models [13] considered different transmission
probabilities of the nonchiral edge state to the two adjacent
leads, introducing two parameters, k1 and k2. Here, we sim-
plify the model and consider k1 = k2 = k.) Reference [13]
provided an analytical expression for the voltage of a six-
terminal device in a conventional Hall measurement. Here, we
provide a general solution for an injected current lead pair i, j.
For Vi = 0, Vj = 1, and i < j, the potential at the remaining
leads k �= i, j is given by

Vk =
{(

1−r(k− j)

1−r( j−i)

)
for i < k < j,(

1−r−mod(i−k,N )

1−r−mod(i− j,N )

)
otherwise,

(8)

where r = k/(1 + k).
The impact of nonchiral edge states on the quantization

of the anomalous Hall resistance can be found directly from
Eq. (8). As discussed in previous works, the number of leads
entering the expression is not necessarily equal to the number
of physical leads on the device. “Virtual” Buttiker probes are
also included in this model to describe phase-breaking scat-
tering. The total number of leads along an edge is therefore
the sum of the number of physical leads and the number
of phase-breaking scattering events when transiting from the
source to drain electrode along an edge. Let the total number
of leads along both edges (and source and drain contacts) be
N . For a conventional Hall measurement, the Hall resistance
in the middle of the device is

Rxy = h

e2

(
2

1 + rN/4
− 1

)
. (9)

The above equation is derived when the total number of leads
N is divisible by 4. However, the overall scaling should be
applicable for any number of leads.

The reduction in quantization is shown in Fig. 3 as a
function of k and the number of leads. For a wide range
of parameter values, the reduction is significant, particularly
for metrology applications. The presence of nonchiral edge
states is therefore an important consideration for device per-
formance, particularly at higher temperatures. One notable
feature of nonchiral edge states is that their impact on quan-
tization is mitigated by adding more scattering (or increasing
N). The introduction of phase-breaking scattering suppresses
the nonchiral contribution to transport, while the chiral edge
modes remain topologically protected and thus unaffected.
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FIG. 3. Deviation of the Hall resistance in the center of the de-
vice δRxy from the von Klitzing constant due to nonchiral edge states
(δRxy = 1 − Rxy/RK ). Left: The variation of δRxy with the nonchiral
edge scattering parameter k for a varying number of leads, as shown
in the legend. Right: The same versus the number of leads for various
k values, as shown in the legend.

D. Continuum Ohm’s law model

We next present a description of the bulk dissipative model
of transport. We begin with a statement of linear response for
charge transport (Ohm’s law in continuum form):

J = ←→
σ E. (10)

We consider a two-dimensional system confined to the xy
plane. We assume the material is isotropic, so that σxx = σyy.
The conductivity tensor includes antisymmetric off-diagonal
components, associated with the time-reversal symmetry
breaking due to the out-of-plane magnetization. The conduc-
tivity tensor is then

←→
σ =

(
σxx σxy

−σxy σxx

)
. (11)

Given specific boundary conditions, the electric field is
uniquely determined by the continuity equation ∇ · J = 0,
and the electric potential V is in turn determined by E =
−∇V . We utilize the finite-element method to evaluate
Eq. (10). The contacts are located on the vertical edges and on
the notches along the horizontal edges [shown as dark lines in
Fig. 4(b)]. For larger values of σxy/σxx, we find mesh refine-
ment near edges and charge current “hot spots” is necessary.
A representative mesh is shown in Fig. 4(a). In this case, the
hot spots are at the top left and bottom right corners of the
device [see Fig. 4(b)].

As described in Ref. [18], for σxy/σxx → ∞, this model’s
predictions for transport experiments are indistinguishable
from a conventional chiral edge state model. Equivalently,
both models yield an identical transmission or conductivity
matrix in this limit. We note that with our geometry and mod-
erate values of σxy/σxx (e.g., σxy/σxx < 6), a majority of the
dissipation occurs in the “bulk” of the devices, where “bulk”
corresponds to the area away from the hot spots of current at
the contact edges.

Continuum Ohm’s law with nonchiral edge state model

To incorporate the continuum Ohm’s law model with the
nonchiral edge state model, we reformulate the transport de-
scription of the continuum Ohm’s law in terms of an effective
conductivity matrix. To do so, we perform a calculation with

FIG. 4. Results from the continuum Ohm’s law model. (a) shows
the mesh, where refinement near corners where current crowding
occurs is important. In this case, this is around the top left and bottom
right corners. (b) shows the electrostatic potential for σxy/σxx = 3.1,
along with arrows depicting the magnitude and direction of the
current. For this simulation, the source and drain are the left and right
vertical edges, and all other edges’ boundary condition is a vanishing
normal component of the current.

the boundary condition Vi �= 0, Vj = 0 for j �= i. The current
collected by lead j per voltage difference is denoted as a
conductivity Gbulk

i, j . To form the full Gbulk
i, j matrix, we perform

calculations with eight different boundary conditions; each
boundary condition is associated with a specific choice for
current injection lead.

To combine this bulk transport with nonchiral edge state
transport, we simply add the bulk conductivity matrix to
the nonchiral model transmission matrix, as described in the
previous section. Note that we include only nonchiral contri-
butions to the transmission matrix, so that Ti,i±1 → Ti,i±1 + k.
This description is clearly approximate, as we neglect cou-
pling between bulk and nonchiral edge states. Generally,
edge-bulk coupling is expected to increase conductivity, inso-
far as additional scattering channels provide more conduction
paths. Therefore, we take our simplified treatment as a lower
bound on the conductivity for a system with coexisting bulk
and nonchiral edge states.

We account for the system geometry in our model of
nonchiral edge states. These states are subject to backscat-
tering, and we therefore assume that the probability for
interlead transmission is inversely proportional to the in-
terlead distance. This introduces a slight modification of
the transmission probabilities; there are two different inter-
lead distances in our system, with a ratio between them of
1.8. Therefore, for the more closely spaced leads Ti, j = k,
while for the less closely spaced leads, Ti, j = k/1.8. This
modification to match the device geometry makes only a slight
impact on the results.

IV. RESULTS

In this section, we present the results of the fitting
for various models and discuss the measurement configu-
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FIG. 5. Results for the best fit of various models to the experimental dataset.

ration for which the nonchiral state would be most easily
identified. Figure 5 compares the experimental data to the
least-squares model fits, and Table I lists the corresponding
fit parameters. The continuum Ohm’s law model describes
the data well across all measurement configurations, and
the inclusion of a nonchiral edge state yields only marginal
changes, suggesting the absence of nonchiral edge states in
our (Cr0.12Bi0.26Sb0.62)2Te3 samples. The chiral plus nonchi-
ral edge state model does the poorest job of describing the
experimental data. In the following section, we analyze the
difference between these models in more detail. First, we
discuss the chiral plus nonchiral edge state model.

For the chiral plus nonchiral edge state model, the mea-
surement configuration (1, 8; 1, 2) should provide the clearest
signature of nonchiral edge state transport. Figure 6(a) shows
the potentials obtained for the chiral plus nonchiral edge state
model with source and drain terminals of 1 and 8 for both
+M and −M. For a perfectly quantized sample, the nonlocal
resistance values are R1,8;1,2 = 0 for +M and R1,8;1,2 = RK

for −M. For +M, the addition of a nonchiral state with
transmission probability k leads to R1,8;1,2 = k6RK for +M
and R1,8;1,2 = (1 − k)RK for −M. The deviation from ideal
quantized behavior is minimized at +M (of order k6) and
maximized at −M (of order k). The signature of nonchiral
edge states is therefore quite distinctive for this measurement
configuration: The discrepancy between the measured nonlo-
cal resistance and the ideal, quantized value is very different
for +M and −M.

To illustrate the origin of this behavior, we show a
schematic of the lead potentials and current distribution for
this measurement configuration in Fig. 6(b). Leads 8 and 1
are the source and drain, respectively, and the chiral edge state
propagates clockwise. In an ideal quantized case, the potential

at lead 2 is zero. The nonchiral edge state which propagates
opposite to the chiral edge state modifies the lead 2 potential
from its ideal, quantized value. For the case of +M, this cor-
responds to the counterclockwise propagating nonchiral edge
state. Each intermediary lead between the source lead (lead 8)
and lead 2 reduces the impact of the nonchiral edge state by a
factor of k, leading to a contribution of k6 on the potential of
lead 2. For −M, the clockwise nonchiral edge state between
leads 1 and 2 affects the potential on lead 2. There are no
intermediary leads in this case, leading to a modification of
the potential on lead 2 which is linear in k.

In our measurements, the departures from the quantized
value at +M and −M are 0.075 RK and −0.077 RK , respec-
tively. In the model with both chiral and nonchiral edge states,
the deviations are expected to scale as δR1,8;1,2(+M ) ∝ k6

and δR1,8;1,2(−M ) ∝ −k, as explained in the previous para-
graph. The near equality of the observed offsets therefore
provides immediate evidence that dissipation from nonchiral
edge states is negligible.

Statistical analysis of model fits

We next quantify the difference in the model performance
between the continuum Ohm’s law model with and without
the nonchiral edge state. The fitting obtained with the addi-
tional parameter describing the nonchiral edge state is slightly
better (see the model errors in Table I). This is not surprising:
The inclusion of additional fitting parameters generally leads
to a superior fit. The key question is whether the improvement
is significant enough to conclude that the additional parameter
is warranted. To determine this, we perform additional statis-
tical analysis.

We first review our least-squares model fitting procedure
and parameter uncertainty determination. Each model has a

TABLE I. Fitting parameters and corresponding error for each model.

Ohm’s law Continuum Ohm’s law + nonchiral edge state Chiral + nonchiral edge states

Best-fit parameters
σ̃xx = 0.302 ± 0.002,

σ̃xy = 0.937 ± 0.005

σ̃xx = 0.302 ± 0.003,

σ̃xy = 0.937 ± 0.008,

k = (1.6 ± 1.7) × 10−3
k = 0.141 ± 0.011

Model error standard deviation [�] 64.8 64.5 613.4

195402-6



NONLOCAL TRANSPORT IN Cr-DOPED … PHYSICAL REVIEW B 113, 195402 (2026)

FIG. 6. (a) Electrochemical potential versus terminal for both
orientations of magnetization for the chiral plus nonchiral edge state
model. The source and drain are terminals 8 and 1, respectively, and
the nonchiral transmission probability is k = 0.3. (b) The terminal
voltages (to lowest order in k, normalized by Vapp) and resulting
current flow for the +M configuration. The thick red arrows depict
chiral states, while the dashed blue arrows depict nonchiral states.

number of parameters which we arrange in a vector p. A given
parameter choice yields a set of predictions for measured
resistance values fi(p), where i = 1, . . . , N labels the exper-
iment number. To find the optimum parameters, we perform
a weighted least-square fit between measured values yi and
model predictions fi:

σ =
√∑N

i=1 wi[yi − fi(p)]2∑N
i=1 wi

, (12)

where wi are the weights. We set wi = 1/(�Ri )2, where
�Ri is the experimental uncertainty of the ith measurement.
The measurement uncertainty �R is determined through re-
sistance measurements on calibrated resistors. Using three
different resistor values (100, 1000, 25001) �, we find
that the measurement uncertainty obeys the empirical relation
�R = 0.003R + R0, where R0 = 1.7 �. There is additional
uncertainty in the geometry used for the modeling, which is
idealized and does not capture the exact geometry of the de-
vice. To estimate the effect of nonideal sample geometry, we
compare the resistance values between nominally symmetry-
equivalent measurements. We find a discrepancy that is within
the range of the �R specified above and therefore use �R as
our measurement of total uncertainty.

The best-fit parameters poptimum are chosen by minimizing
the root-mean-square error. To find the uncertainty of the
least-squares fit parameters, we evaluate the Jacobian Ji j =
δ fi/δp j numerically at the optimum parameter poptimum. From
this, we compute the covariance matrix of the model parame-
ters, given by C = (JT J )−1. The parameter uncertainty δpi is
given by δpi =

√
σ 2Cii, where σ is evaluated at the optimum

parameter.
We comment on the potential role of contact resistance

in the three-terminal measurements. To determine this, we
repeated the least-squares fitting procedure with the contact
resistance as an additional fitting parameter. The value ob-
tained from the continuum Ohm’s law model is 0 ± 39 �,
with similar values obtained for the other models. We there-
fore conclude that the contact resistance is negligible for our
measurements; it is not included in the fits presented here.

Next, we describe the procedure for discriminating be-
tween different models’ performances, focusing on the

difference between the bulk continuum Ohm’s law model with
and without the nonchiral edge state. In this case, the two-
parameter bulk continuum Ohm’s law model is a special case
of the three-parameter bulk plus nonchiral edge state model.
For such a case of “nested models,” the three-parameter ver-
sion will naturally yield a lower error than the two-parameter
version. To decide if this extra complexity is justified by the
data, we employ an F -statistic test. This allows us to assess
whether the improvement is statistically significant or merely
a result of increased degrees of freedom (see Sec. 6.1 of [22]).
The F statistic is given by

F =
(
σ 2

A − σ 2
B

)
/(nA − nB)

σ 2
B/(N − nB)

. (13)

The subscripts A and B label different models; in this case,
model A is a special case of model B. nA,B is the number
of parameters of models A and B (nB > nA), and N is the
number of fitted data points. The F statistic obtained from the
data fits is compared to the F distribution function FnA−nB,N to
determine statistical significance. For our case, nA − nB = 1,
and N = 15, leading to the requirement that F > 4.54 for a
>95 % confidence level in the statistical significance of the
additional parameter. For our data, we obtain F = 0.11, which
is very far from statistical significance. Indeed, examination
of the fits obtained with the two- and three-parameter fits,
shown in Figs. 5(a) and 5(b), shows that there is very marginal
improvement with the addition of the nonchiral edge state to
the model. We therefore conclude that the data do not support
the presence of a nonchiral edge state.

V. DISCUSSION

The results of the analysis show that, at 2 K, this material
is well described by a continuum Ohm’s law, in which all
of the microscopic physics controlling transport behavior is
effectively captured with two phenomenological parameters.
This is consistent with the energy scales governing transport,
where the activation energy is in the range of 1 K [2,7,8].
The activation energy is much smaller than the energy scale
of the magnetic exchange gap, which is reflected in the much
higher Curie temperature (∼20 K) [23,24]. This mismatch
of energy scales is well-known and has been quantitatively
explored in previous works. For example, scanning tunneling
microscopy measurements used Landau level spectroscopy on
Cr0.08(Bi0.1Sb0.9)1.92Te3 to map the spatially inhomogeneous
band edge and band gap [10]. Statistical analysis revealed that
the band gap between separated regions (that is, the difference
between the conduction band edge energy at one position
and the valence band edge energy at another position) is
100 μeV (or 1 K) for regions within <1 μm, potentially within
the localization length of carriers [7]. The macroscopically
averaged transport of the device at T = 2 K is then well
described by a bulk conduction model. This transport picture
has also been invoked to explain experiments on current-
induced breakdown [25]. Previous nonlocal measurements at
higher temperatures also found that bulk transport is largely
responsible for the loss of quantization [26]. For these reasons,
we believe that the current iteration of this materials class
is unlikely to realize metrologically relevant levels of Hall
quantization at 2 K.
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In addition to characterizing the properties of a specific
material, this work presents a systematic analysis of transport
measurements in which the measurement configuration is the
primary experimental parameter. We emphasize that this pa-
rameter can be particularly powerful for constraining transport
models. Prospective transport models should generally pos-
sess the same symmetry properties as the underlying system,
so that discriminating between alternative models is essen-
tially a quantitative exercise. For this reason, larger datasets
enable stronger conclusions. A consideration for future work
is to utilize Hall bar geometries with lower symmetry by,
for example, intentionally displacing lead positions to re-
move spatial symmetries. That would increase the number
of possible independent measurements and enable more data
collection from a specific sample.
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APPENDIX: SYMMETRY ANALYSIS

In this Appendix we describe the procedure for counting
the number of independent measurements. This is equal to the
number of independent entries in the T -matrix. To find this, a
simple method is to average a general transmission matrix T
over the elements of the system’s symmetry group G. Begin
with a general matrix Tinit of an N-terminal device consisting
of N2 independent numbers. Next, average over elements of
the symmetry group:

Tsym = 1

NG

∑
i∈G

U −1
i TinitUi, (A1)

where NG is the number of elements of the symmetry group.
By construction, the resulting matrix Tsym satisfies all sys-
tem symmetries. The number of unique entries provides
the number of symmetry-independent measurements. For the
symmetry group in the main text and an eight-terminal sys-
tem, this procedure yields a matrix with 17 different entries.
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