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then offer an alternative approach, using simple scripts along with a data structure
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for 3He, “He, Ne, and Ar, and the software and data tables are made available for
general use.
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1. Introduction

Thermodynamic metrology for temperature and pressure increasingly utilizes the ability
to make very accurate acoustic [1, 2], dielectric [3, 4, 5], or refractive [6, 7, 8,9, 10, 11, 12]
measurements of gases. These gas-phase measurements in turn take advantage of the
ability to calculate from first principles properties of noble gases, especially helium, with
uncertainties much smaller than those attainable by experiment [13].

In this work, our concern is the virial coefficients that enable rigorous calculation
of thermodynamic properties as an expansion from the zero-density limit. The virial
expansion is given by

&:1+B(T)p+C(T)p2+-~-, (1)
where p is the pressure, p is the molar density, R is the molar gas constant, and 7' is
the thermodynamic temperature. The second virial coefficient B(T) depends only on
the interaction between a pair of molecules, C'(T') depends on interactions among three
molecules, etc.

A similar expansion for the square of the speed of sound w introduces a second
acoustic virial coefficient 3,(7'), third acoustic virial coefficient 7,(7"), etc.:

2 _ WRT 2 ”o
w? = L 11+ Bu(T) o+ (T o+ )

where g is the ratio of the isobaric to the isochoric heat capacity in the ideal-gas limit

(exactly 5/3 for a monatomic species) and M is the molar mass. The acoustic virial
coefficients are functions of B and C and their first two temperature derivatives. For
example, the second acoustic virial coefficient is
dB(T —1)2_,d*B(T

dT Yo d7?

In the past 30 years, improvements in computational quantum mechanics have

Pu(T) = 2B(T) + 2(y0 — )T

allowed the pair potential between two helium atoms to be calculated with extraordinary
accuracy. Since fully quantum-mechanical computations of B(T") and £,(7") from the
pair potential can be performed with an exact phase-shift method, these coefficients can
be obtained rigorously with very small uncertainties. For the state-of-the-art helium
pair potential published in 2020 [14], the relative uncertainty in computed values of B
near room temperature is on the order of 107°.

However, it may not be appreciated that it is not easy to maintain these tiny
uncertainties for temperatures other than those at which the virial coefficients are
tabulated. Added uncertainty due to interpolation between the tabulated points can
be larger than the uncertainty of the calculated values. This is analogous to the
“nonuniqueness” uncertainty that arises in thermometry, where the small uncertainties
at fixed calibration points increase for temperatures between the fixed points due to
the use of different interpolation functions and/or different thermometers that do not
behave identically [15].
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In this paper, we will show (using the state-of-the-art results for B(T") and [,(T))
that these interpolation errors can be significant. After finding that no interpolation
method based on the tables for helium in Ref. [14] is fully adequate, we offer a different
approach that allows B(T') and (3,(T") to be computed at any temperature of interest
for metrology without loss of accuracy.

The two other noble gases used in metrology are neon and argon. The greater
number of electrons on these atoms results in pair potentials that do not achieve the
tiny uncertainties attained for helium, but they are still accurate enough to be useful.
The state-of-the-art potential for neon [16] produces second virial coefficients whose
uncertainty is similar to that of most of the best experimental data (although it is
inferior to a very accurate experimental result [17] at 273.16 K). The state of the art for
argon [18] does not quite match the uncertainties of the best experimental data (see Fig.
7 in Ref. [18]). Calculated virial coefficients for neon and argon are, however, needed
for metrology outside the temperature range of the low-uncertainty experimental data.
We apply our new approach to these gases as well.

2. Interpolation for B(T') and (,(T)

We begin with B(T') and (,(T) for helium, because those quantities can be calculated
with extremely small uncertainties, making small errors from interpolation more
significant on a relative basis. These coefficients can be calculated exactly with a phase-
shift method, as described by Hurly and Mehl [19] among others. The implementation
of this calculation is challenging, but once the phase shifts are found for a given
pair potential they can be used to compute the virial coefficients at any temperature
(limited at the high-temperature end only by the number of phase shifts calculated,
since the number needed for convergence increases with temperature) with relatively
little additional effort. This allows us to obtain results at other temperatures with
uncertainties as small as those tabulated in Ref. [14].

Czachorowski et al. [14] tabulated (as Supplemental Material) B(7T) and [,(T")
and their uncertainties for both *He and 3He at 122 temperatures ranging from 0.5 K
to 1000 K. While they did not assign a statistical meaning to their uncertainties,
metrologists typically treat them as expanded uncertainties with coverage factor k = 2,
roughly corresponding to a 95 % confidence interval. No guidance was given for
interpolating between the tabulated points.

The simplest physically reasonable interpolations one might consider are linear
interpolation in 7" and linear interpolation in 1/7". One could also consider interpolation
that makes use of additional points in the table, the most familiar of which is the cubic
spline.

In Fig. 1, we show different interpolation schemes for B(T) of “He between the
tabulated points at 5 K and 5.5 K. The baseline is linear interpolation in 7', and curves
are plotted representing interpolation linear in 1/7" and cubic spline interpolation. We
also plot the correct value at 5.25 K that we calculated with the phase-shift method,
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Figure 1. Comparison of interpolation to rigorous calculation for B(T) of “He at
5.25 K. The baseline for the plot is linear interpolation in 7. Error bars represent
expanded (k = 2) uncertainties.

with error bars corresponding to its expanded uncertainty. The interpolation approach
clearly matters; the discrepancies among different interpolation methods are many times
larger than the expanded uncertainty of the B(T') points. At this temperature, both
the cubic spline and the simpler 1/7" interpolation perform well.

Since cubic spline interpolation is not trivial (for example, it is not a native function
in common spreadsheet software), one might hope that 1/7T interpolation would be
adequate everywhere. Alas, this is not the case. In Fig. 2, we show a similar plot
between 500 K and 550 K, with a rigorously calculated value at the midpoint of 525 K.
This time 1/7 interpolation is worse than linear interpolation, and both of them are
in error by more than 10 times the expanded uncertainty of the calculation. Only the
cubic spline interpolation is acceptable in this case.

Rather than examining one temperature at a time, we can perform this comparison
for all 121 temperature midpoints from Ref. [14], allowing us to assess different
interpolations throughout the temperature range. For this, we define the interpolation
error in the second virial coefficient B:

AB = Binterp - Briga (4)

where Bipierp is the value obtained by interpolation and B, is that obtained from the
rigorous phase-shift calculation. We define an analogous quantity for the second acoustic
virial coefficient (,:

Aﬁa = 5a,interp - Ba,rig- (5)

We then normalize AB and Ap, by the expanded uncertainties of the rigorously
computed values, U(B) and U(f3,). Ideally, we want the magnitude of this ratio to
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Figure 2. Comparison of interpolation to rigorous calculation for B(T) of “He at
525 K. The baseline for the plot is linear interpolation in 7. Error bars represent
expanded (k = 2) uncertainties.

be less than approximately 0.3 so that interpolation errors do not add significantly to
the overall uncertainty.

Figure 3 shows the results of this exercise for B(T) of *He with both linear and
1/T interpolation. Each point represents one temperature at the midpoint of adjacent
tabulated values. In this figure and also in Figs. 4-6, the basis for interpolation is
values of B computed in this work. As discussed in Sec. 5.1, these differ slightly at
higher temperatures from the results tabulated in Ref. [14], and we do not want that
difference to distort our analysis.

It is clear from Fig. 3 that neither interpolation method is suitable for the table in
Ref. [14]. 1/T interpolation is accurate between about 4 K and 40 K, but not at lower
or higher temperatures, and linear interpolation is poor at almost all temperatures.

We display the same information for cubic spline interpolation on a figure with
a different vertical scale. Figure 4 shows that the cubic spline, while generally much
better than linear or 1/T interpolation, produces an error that is larger than desired at
the very lowest temperatures and above roughly 500 K.

An alternative “interpolation” method that is convenient in practice is to use an
empirical fitting equation. For purposes of differentiation for computing acoustic virial
coefficients, Binosi et al. [20] developed an equation for B(T') of helium that passed
through the tabulated points of Czachorowski et al. [14] between 2 K and 1000 K within
their expanded uncertainties U(B). [Unfortunately, some exponents were improperly
truncated in Ref. [20]; corrected values for the B(*He) fit in Table IIT of that paper
are b3 = 0.8015647, by = 0.3014178, b5 = 0.2604875, bg = 0.2259761.] The solid
curve in Fig. 4 shows the error of the (corrected) smoothing equation of Binosi et al.; at
most temperatures it introduces more error than cubic spline interpolation. While the
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Figure 3. Magnitude of error of linear and 1/T interpolations for B(T) of “He,
normalized by expanded uncertainty in B.
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Figure 4. Magnitude of error of cubic spline interpolation for B(T) of “He, along
with that of the corrected smoothing equation of Binosi et al. [20] that was fitted for
2 < T/K < 1000, normalized by expanded uncertainty in B.

smoothing equation could have been improved somewhat by adding additional terms,
it would be quite difficult to produce an equation that even approached the accuracy
of the cubic spline. The lesson from examination of this equation is that, for highly
accurate calculated data, a fitted equation does not eliminate the errors arising from
interpolation, and will likely be worse than spline interpolation.

The situation for linear, 1/T', and cubic spline interpolation is similar for (,; the
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Figure 5. Magnitude of error of linear and 1/T interpolation for £,(T) of *He,
normalized by expanded uncertainty in S,.
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Figure 6. Magnitude of error of cubic spline interpolation for 3,(T) of *He, along with
that of the smoothing equation of Gokul et al. [21] that was fitted for 1 < T'/K < 1000,
normalized by expanded uncertainty in 3,.

ratios shown in Figs. 5 and 6 are similar in magnitude to those in Figs. 3 and 4
for B(T). The range of temperatures where errors of cubic spline interpolation are
undesirably large extends to below 300 K. A point in Fig. 6 near 262 K is an outlier;
this results from poor spacing in a spline that uses tabulated points at 273.15 K and
273.16 K. Other points lying above the general trend are also a consequence of splines
through unevenly spaced tabulated points; distortion when the spacing of the points is
very uneven is an underappreciated danger when using spline interpolation.
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Figure 6 also provides another illustration of an empirical smoothing equation.
Gokul et al. [21] provided a 10-term equation fitted to the values of (3, tabulated by
Czachorowski et al. [14]. The solid curve in Fig. 6 shows the normalized error of their
equation as a function of temperature. Its performance is adequate above 10 K (better
than the cubic spline above 200 K), but not at lower temperatures, especially below
5 K where the error metric is mostly off the scale of the plot, exceeding 100 at some
temperatures below 2 K.

We conclude that no straightforward interpolation approach can be consistently
trusted to provide B(T) and (,(T) without the possibility of introducing significant
additional uncertainty:.

Similar analysis can be performed for neon and argon, based on literature
tabulations from state-of-the-art potentials [16, 18]. Since the relative uncertainties
of these pair potentials (and therefore of the calculated B and f3,) are somewhat larger,
the requirements for interpolation are not as severe, and cubic spline interpolation might
be expected to be adequate. Unfortunately, that turns out to not always be the case.

In Fig. 7, we show the interpolation errors for cubic spline interpolation based on the
B(T) tables published by Hellmann et al. [16] for neon (calculated for natural neon as
described below) and of Lang et al. [18] for argon. For the majority of temperatures for
both substances, the interpolation error is indeed negligible. For neon, the interpolation
error becomes large below 10 K; this appears to be due to the large spacing (in relative
terms) of tabulated temperatures in this region (such low temperatures are unlikely to
be of practical importance for metrology using neon). Four points near 273 K also have
larger errors; this is caused by splines with uneven spacing due to tabulated points at
273.15 K and 273.16 K. For argon, there are many points with significant interpolation
errors, with the normalized error reaching a maximum near 16.5 at 316.7395 K. This is
caused by a number of cases where the table contains points that are only 0.01 K or
even (0.001 K apart in temperature.

We conclude that the existing state-of-the-art tabulated B(T') for neon and argon
cannot be reliably used with cubic spline interpolation without the possibility of
introducing interpolation errors that are significant compared to the uncertainty of the
calculated B(T). Most of these errors can be reduced by manually deleting one of each
pair of closely spaced points in the tables before applying cubic splines, but that is an
awkward solution. In the following, we describe an approach that allows users of these
state-of-the-art virial-coefficient calculations to avoid interpolation altogether.

3. Avoiding Interpolation with Precalculated Phase Shifts

One of us initially had the idea of a brute-force approach to minimize the aforementioned
interpolation errors by generating a more finely spaced table. A criterion for the spacing
could be that simple linear interpolation (or perhaps cubic spline interpolation) give a
ratio |[AB| /U(B) less than 0.3 at all temperatures. This would require thousands or
millions of temperatures in each table.
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Figure 7. Magnitude of error of cubic spline interpolation for B(T) of neon and
argon, based on the potentials of Hellmann et al. [16] for Ne (calculations performed
for natural neon) and Lang et al. [18] for Ar. Three points for neon at 5.5 K, 6.5 K,
and 7.5 K and two points for argon at 316.7395 K and 319.075 K are above the vertical
scale of the figure.

It was realized that a more elegant approach is to avoid interpolation completely
by calculating and publishing data structures containing the quantum-mechanical phase
shifts and bound-state energies for each pair potential. This information takes several
megabytes for each pair, but that is not a problem for modern computers. Simple
scripts can then be provided to calculate B(T) and 5,(T") at any temperature desired.
In the following sections, we will describe the calculation of phase shifts and their use
in calculation of low-density thermodynamic properties.

4. Thermophysical Properties at the Two-Body Level

The second virial coefficient of a monatomic gas is given by [22, 23, 24]

B(T) = Bth(T) + Bbound(T) + BXC<T)7 (6>
where
L& (— 1)+

Bw(T) = — NaA;, g(?l +1) (1 + 2.7-|—1> X

/ooo e‘Aﬁ’“”(“”)Mk) @W) o (7)

00 I\ N

Bhouna(T) = 2 ( %) Z:O (e_ﬁE’“’ - 1) (8)
BT - NAA3 b )

16 2I+1’
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where—with N, the Avogadro constant, kg the Boltzmann constant, i = h/(27) the
reduced Planck constant, and p the reduced mass of the particles—we have defined
B = (kgT)~" and A, = hy/B/(2mp). In Eq. (7), 6,(k) is the absolute phase shift for
scattering at energy E = h’k?/(2u) and relative angular momentum %l, while in Eq. (8)
the quantity F,,; is the energy of the n-th bound state when the particles are in a state
with relative angular momentum %l. In Egs. (7)—(9), I denotes the nuclear spin of the
gas particles. These equations are also valid for calculation of the cross virial coefficient
for non-identical particles (e.g., “He with 3He), provided that in this case one takes the
limit I — oo. Note that in the case of spinless particles (I = 0), only even values of [
contribute to the sums in Eqs. (7) and (8).

The second acoustic virial coefficient of a monatomic gas is given by Eq. (3)
and requires B(T) and its first two temperature derivatives. The evaluation of the
temperature derivatives of B(T) from Egs. (7)-(9) is straightforward, recalling the
definition of 8 and that

dA, Ay
dr 2T
It is convenient to define

S(k) = S (20 +1) <1+(_1)H21> 5,(k) (11)

(10)

2 ol + 1
A5 21.2
1(T) = = Na s / oAU G (1) kLR, (12)

so that By, (T') = Iy(T). Performing the temperature derivatives, one finds:

dB 5 A2
g d]zh = =5 0(T) + - 1(T) )
dBhound ]\/vA/\5 el (_1)l+2[
g = -S4 1) (14—
dT 2 lzz;)( + ) + 57 1
N, 5
2 [_2 <e7ﬂEn'l N 1) + BE, e Fn (14)
n=0
d By, 3
and
d2B 35 A2 A2 2
2 th _ 99 A A2
Tar T TR <4w> L(T) (16)
dQBb d NAA3 00 (_1)[-1—2]
T2 ound 1 5 . . (A
d7T? 9 ZZ(:)( [+1) + T %
M5
Z [4 (e_ﬁEn,l — 1) + ﬂEnJ (BEn,l _ 5) e—ﬁEn,z] (17)
n=0
2B 1
T2d XC _ 5BXC(T) (18)
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5. Calculation of Phase Shifts and Bound States

We computed the absolute phase shifts by solving the radial Schrodinger equation
using the renormalized Numerov approach [25] and following the procedure described
in Ref. [26].

5.1. Helium-3 and helium-/

In the case of helium isotopes, we used the latest pair potentials by Czachorowski et
al. [14], which incorporate corrections beyond the nonrelativistic Born-Oppenheimer
approximation—including adiabatic, nonadiabatic, relativistic, and quantum electrody-
namic effects—that lead to slight isotopic differences in the pair potential. The phase
shifts were computed for N logarithmically spaced energies ranging from 10~° K to
1 hartree (=~ 315775 K); we used Np = 1536 for “He and Ng = 1024 for *He and for
the cross value. We integrated the radial Schrodinger equation for angular momenta up
to L = 1600 for *He and L = 1000 for *He and the *He-*He system, using the same
integration step suggested by Hurly and Mehl [19].

These choices were enough to obtain converged values that matched the published
values of B(T') within their quoted uncertainty [14] up to a temperature Ty, = 1500 K,
as shown in Fig. 8. We notice a slight systematic deviation between our computed
values of B(T) and those reported in the original paper [14]; in particular, our values
are lower. We checked the convergence as a function of the angular momentum states
used in the calculation, and verified that the limiting value is approached from above.
Therefore, our findings suggest a slightly incomplete convergence with respect to the
number of angular momentum states in the values reported in Ref. [14]. Nevertheless,
we note that the difference in this case is roughly 1/3 the magnitude of the expanded
uncertainty propagated from the imperfect knowledge of the potential, so that our results
and those in the original publication are consistent. A comparison of our calculated £,
to those from Ref. [14] is very similar to that for B in Fig. 8.

When solving for the bound states, we diagonalized the pair Hamiltonian using
LAPACK’s dstebz routine [27]. The bound halo state of the “He dimer [14] was
resolved by using a radial cutoff of R = 50 nm and a discretization step of h = 10~* nm.

5.2. Neon

In the case of neon, we used the pair potential by Hellmann et al. [16]. In this case,
we used 1024 logarithmically spaced values for the collision energy in the same energy
range as for helium. Phase shifts were computed up to L = 1200, and bound states
were computed using a radial cutoff of R = 10 nm with the same discretization step as
for helium.

Neon has three stable isotopes: 2°Ne, ?!Ne, and ??Ne; we computed phase shifts and
bound states for all six pairwise combinations of these. The resulting values of B;; for
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Figure 8. The ratio §B/U(B) for “He (left panel) and 3He (right panel). §B is the
difference between the values of B(T') computed in this work and those reported in [14],
while U(B) is the k = 2 uncertainty of B(T") computed by propagating the uncertainty
of the pair potential [14].

each pair can be used to compute B(T) for neon of any isotopic composition according
to

.3
where x; is the fraction of isotope i.

For naturally occurring neon, the nominal composition [28] is 0.9048, 0.0027, and
0.0925 for isotopes 20, 21, and 22, respectively. Calculations of B(T') for this composition
agree with the published ones [16] within mutual uncertainty up to a temperature of
1500 K, as shown in the left panel of Fig. 9.

5.8. Argon

In the case of argon, we used the pair potential by Lang et al. [18]. We considered
the same collision energies as for neon, but we computed phase shifts up to L = 2000.
Bound states were computed using the same procedure as for neon. Also in this case, we
verified that the values of the second virial coefficient agree with the published results
in the temperature range 10 < 7" < 1500 K, as reported in the right panel of Fig. 9.
The arrow-like shape of this plot is unusual; we could not identify its origin but it may
reflect some calculational detail in Ref. [18]. This feature does not affect the agreement
between our calculations and those of Ref. [18], which remains within approximately
10 % of the expanded uncertainty.

The argon results are computed for the “°Ar isotope. Because this isotope is 99.6 %
of natural argon, and because mass-dependent quantum effects are smaller for argon
than for Ne and (especially) He, the error introduced by this simplification is negligible
compared to the effect of the uncertainty of the pair potential.

The agreement with published 3, for both neon and argon is similar to that shown
for B in Fig. 9.
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Figure 9. The ratio 6 B/U(B) for ?°Ne (left panel) and “°Ar (right panel). 6B is the
difference between the values of B(T') computed in this work and those reported in
[16] for 2°Ne and [18] for “°Ar. U(B) is the k = 2 uncertainty of B(T) computed by
propagating the uncertainty of the pair potential [16, 18].

5.4. Format of the data file

All the phase shifts and bound-state energies required to perform the computation
have been collected into compressed JSON [29] files and are available, together with
a Python [30, 31, 32| program to compute the second virial coefficient, its first two
temperature derivatives, and the second acoustic virial coefficient, at the web address
https://www.github.com/gioGarbe/TAPPS. The relevant files are also available in the
NIST Public Data Repository [33]. Once uncompressed, the JSON files present all the
information organized hierarchically in text format: some metadata describe the content
of the file and reference the pair potential used. These are followed by the minimum and
maximum temperature for which we expect the calculation to be reliable, data about
the system being computed (reduced mass and nuclear spin), followed by a list of bound
states, the angular momenta and relative energies for which the phase shifts have been
computed, and the phase shifts themselves.

It is intended that the JSON files can be replaced with updated versions if and
when an improved pair potential is developed for any of these three gases; the Python
programs would not need to be modified.

6. Discussion and Conclusions

We showed in Sec. 2 that, with the existing state of the art for second density and
acoustic virial coefficients for helium, neon, and argon, interpolation of published tables
can lead to errors that are significant compared to the uncertainty of the tabulated
values. Cubic spline interpolation is often adequate if the points are not too far apart,
but it can produce unexpectedly large errors if the spacing of temperatures in the table
is uneven. By providing simple Python scripts along with data structures containing
phase shifts calculated from state-of-the-art potentials, we have provided the ability for
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researchers to calculate these quantities at any temperature of metrological interest,
completely avoiding interpolation.

The phase shifts provided in conjunction with this paper are sufficient to calculate
B(T) up to 1500 K with relative uncertainty due to omitted phase shifts less than 1076
for “He, 5 x 107° for Ne isotopes, and 10~* for “°Ar. This upper temperature limit is
chosen because of efforts in progress to apply acoustic gas thermometry up to the copper
point, which is approximately 1358 K [2, 34]. Reaching higher calculated temperatures is
straightforward, but would require computing phase shifts for higher angular momenta,
resulting in substantially larger data files.

At very low temperatures, the bound-state contribution to B(T') diverges as
—exp(1/T). This requires setting a lower temperature limit in the software, which we
have chosen as 0.01 K for He and *He, 1 K for Ne, and 10 K for Ar. These temperatures
are below the ranges relevant to any gas-based metrology that we can envision.

We have produced data structures containing accurately calculated phase shifts for
3He, *He, Ne, and Ar, including the *He-*He interaction and the isotopic combinations
required to rigorously describe neon. Simple Python scripts then allow the calculation
of B and (3, at any temperature up to 1500 K (and above 0.01 K for He, 1 K
for Ne, and 10 K for Ar). The data files and scripts for these calculations are
freely available at https://www.github.com/gioGarbe/TAPPS and in the NIST Public
Data Repository [33]. These calculations can be used directly in data analysis for
thermodynamic metrology, eliminating uncertainty due to interpolation. In some cases,
software that runs experiments may require faster calculations than can be achieved by
this method; in those cases, our approach can be used to generate in advance a fine grid
of points in the temperature range of interest that can be used for interpolation within
the software.

In principle, uncertainties in B(T) and (5,(T) could be computed similarly by
computing upper and lower values from additional tables of phase shifts precalculated
for positively and negatively perturbed potentials corresponding to the uncertainty of
the potential. However, because there is substantial subjective judgment involved in
estimating the uncertainties of the pair potentials, the uncertainties in the second virial
quantities are themselves rather uncertain. Therefore, nothing meaningful is lost by
simply linearly interpolating the tabulated uncertainties.

A natural extension of this work would be the computation of transport properties
(e.g., viscosity, thermal conductivity). No additional potential-specific data apart from
the phase shifts is required, but additional scripts of moderate complexity would be
necessary to implement the calculation of the generalized cross sections and higher-
order correction factors needed to compute the transport properties [19, 35].
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