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Abstract

This paper constructs the first efficient implementation of a quantum wavelet packet transform with
a “parabolic scaling” tree structure, sometimes called a quantum wave atom transform. Classically,
wave atom transforms are used to construct sparse representations of differential operators, which
enable fast classical algorithms for solving wave equations. Compared to previous work on quantum
wavelet transforms, our quantum algorithm can implement a larger class of wavelet and wave atom
transforms, by using an efficient representation for a larger class of possible tree structures. Our
quantum implementation has O(poly(n)) gate complexity for applying a transform of dimension
2™ while classical implementations use O(n2™) floating point operations. This is potentially useful
for designing quantum algorithms for solving wave equations that achieve an exponential speedup
over classical algorithms.

1 Introduction

The quantum Fourier transform plays an important role in many quantum algorithms that achieve an
exponential speedup over classical algorithms [1, 2]. Thus it is natural to ask whether quantum wavelet
transforms could be similarly useful? Here, a quantum wavelet transform is a unitary operation that can
be performed on a quantum computer with n qubits.1 It acts on quantum superposition states:
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i.e., given a superposition state whose complex amplitudes encode some complex-valued function f on
the spatial domain {0,1,...,2" — 1} C R, the quantum wavelet transform returns a superposition state
whose complex amplitudes encode the coefficients ¢;,» € C that appear when f is expanded in some
wavelet basis. Typically these coefficients ¢; , », are indexed by variables (j,m,n) that range over some
set I', and have an interpretation in terms of scale, frequency and position. Here we have assumed that
f is defined on a 1-dimensional spatial domain, but generalizations to more dimensions are also possible.
There are two natural questions that arise, when using wavelets to design quantum algorithms:

Hn principle, one can also consider more general kinds of operations, such as isometries or quantum channels. These can be
implemented using a quantum computer with ancilla qubits, or an open quantum system.



Question 1. Can a quantum wavelet transform be implemented efficiently on a quantum computer,
that is, can it be implemented using a family of quantum circuits whose size grows at most polynomially
with the number of qubits n?

This is different from the implementation of classical wavelet transforms on classical computers, in two
respects: the number of gates in the quantum circuit is only allowed to grow polylogarithmically (not
polynomially) with the dimension of the vector (f(0), f(1),..., f(2" — 1)), and the individual gates in
the quantum circuit can act simultaneously on the entire vector “in superposition” (though the action
of each gate can only depend on a constant-sized subset of the qubits).

Question 2. Can one use a quantum wavelet transform to design a quantum algorithm that solves a
useful computational problem, exponentially faster than any classical algorithm?

Here, the adjective useful expresses the idea that one ultimately wants to solve a computational problem
that has a broader motivation, beyond the mathematical theory of wavelets. This requires combining
the quantum wavelet transform in Eq. (1) with other techniques that are relevant to the problem being
solved.

The answers to Questions 1 and 2 both depend crucially on the choice of a particular wavelet trans-
form. In this paper, we consider a family of wavelet transforms, known as wave atom transforms [3-5],
which are used in classical algorithms for solving wave equations and simulating wave propagation [6, 7],
but (to the best of our knowledge) have not been applied to the design of quantum algorithms.

There is a particularly strong motivation for studying quantum wave atom transforms: if such an
operation can be implemented efficiently on a quantum computer, then there is a promising (albeit
heuristic) approach for using this operation to obtain fast quantum algorithms for solving wave equations.
(We will describe this in more detail below.) If these steps could be made rigorous, they would provide
positive answers to both Questions 1 and 2, which would have practical applications in optics, seismology
and other fields.

Yet for wave atoms, both of the above questions have remained open, due to the complexity of the wave
atom construction. For example, wave atoms are constructed using a tree structure, which is not handled
in previous works on efficient implementation of quantum wavelet transforms [8-15]. Furthermore, in
order to use a wave atom transform to solve a wave equation, one constructs sparse approximations of
the solution operator, which are quite delicate. These sparse approximations have been studied in the
context of classical algorithms [3, 4, 16, 17], but not in the context of quantum algorithms, which depend
on different notions of sparsity and approximation error.

Our main contribution in this paper is to overcome the first difficulty (involving the tree structure),
leading to the first efficient implementation of a quantum wave atom transform. This provides a positive
answer to Question 1, and is a step towards addressing the technical issues involved in Question 2. In
the following sections, we will describe the background and motivation for wave atoms, the strengths
and weaknesses of our results, and how this relates to previous work, in more detail.

1.1 Wavelets and wave atoms

In classical signal processing, wavelets are a powerful tool for constructing sparse representations of
complicated signals, using specially-tailored basis functions that are well-concentrated in both time and
frequency. This has motivated the study of a vast variety of different wavelet families, characterized by
various choices of vanishing moments, size of wave packet support, symmetry, smoothness, and other
properties: Shannon, Meyer, Haar, Battle-Lemarié, or Daubechies compactly supported wavelets [18, 19],
Coiflets [20], Ricker hats [21], Gabor atoms [22], wave atoms [3—6], and curvelets [3, 16].

Among these families of wavelets, wave atoms and curvelets are known to provide especially sparse
representations for certain differential operators that arise in the study of wave equations [3-6, 16, 17].
This allows their application as a potentially effective preconditioner for partial differential equations
[3, 7]. So, some wave packet bases can be valuable for creating sparse representations of linear operators.

These sparse representations depend on a specific geometric property of the wave atom basis functions:
the basis functions obey a so-called parabolic scaling law,

(wavelength) oc (diameter)?, (2)



where the wavelength (of each wave packet) is proportional to the square of the diameter (of the set
on which the wave packet is supported). This is in contrast to conventional wavelets, which obey a
linear scaling law (wavelength o< diameter), and Gabor wavelets, where the diameter is fixed while the
wavelength is allowed to vary [4].

In order to satisfy this scaling law, the wave atom basis functions are constructed by a recursive
procedure, which can be viewed as building a wave packet tree [19], where the branching pattern of the
tree is determined by the scaling law. This branching pattern is one of the main features that distinguish
wave atoms from other wavelet bases. For most wavelet bases, the branching pattern is simple, e.g., it
corresponds to a complete binary tree, or a dyadic tree, shown in Fig. 6. Wave atoms require a branching
pattern that is less regular, and lies somewhere in between a complete binary tree and a dyadic tree, as
shown in Fig. 7.

1.2 Our results

In this paper, we address Question 1, by constructing efficient quantum circuits for implementing a large
family of quantum wavelet transforms that are characterized by wave packet trees (Theorems 3.1 and
4.5). This construction is quite general, subject to some mild technical conditions (e.g., the existence
of efficiently-computable encodings of the branching patterns of the trees, and the existence of efficient
quantum circuits for performing certain 2-dimensional unitary rotations that are related to the shape of
the mother wavelet).

By making appropriate choices for the mother wavelet and the branching pattern of the tree, we
obtain the first efficient implementation a quantum wave atom transform that satisfies a parabolic scaling
law (Corollary 4.6). As mentioned above, this parabolic scaling law is crucial for constructing sparse
representations of linear operators that appear, e.g., in solving wave equations [4].

Note that there is an issue of approximation error, when running the quantum circuits described in
this paper. These quantum circuits provide an ezxact implementation of the desired quantum wave atom
transform, assuming the ability to perform arbitrary 1- and 2-qubit gates. In practice, however, one only
has the ability to perform 1- and 2-qubit gates that are chosen from a fixed, finite set G, which generates
a dense subgroup of SU(2). Thus, one must use the gates in G to approximate the arbitrary 1- and 2-
qubit gates that appear in our quantum circuits for the quantum wave atom transform. This will increase
the size of the quantum circuits, and produce some nonzero error in their output. However, these effects
can be controlled, while preserving the efficiency of the implementation, using standard techniques. For
example, using the Solovay-Kitaev theorem [23], for any e > 0, one can ensure that the error in the
output of the quantum circuit is at most € in operator norm, while the size of the quantum circuit is
increased by at most a multiplicative factor that is polylogarithmic in n and 1/e.

1.3 Related work

There is a large literature on quantum wavelet transforms [8-15]. Many of these works are complementary
to ours: they solve technical problems related to generating quantum superposition states that have
more complicated shapes (compared to the ones used in our work), but they do not handle wave packet
trees with complicated branching patterns (which is the main focus of our construction). As discussed
in Section 1.1, the use of wave packet trees with complex branching patterns is crucial for applications
that involve solving wave equations.

Among these previous works, the work of Ni et al [15] is particularly relevant, because it provides
efficient implementations of quantum transforms using wavelets and Gabor atoms, using a “blending”
technique, which we adapt to our setting in Section 4.3. Our main contribution, compared to [15], is to
handle a much larger class of wave packet trees, namely “monotonic trees,” defined in Section 2.3; these
include parabolic-scaling trees as a special case.

Our results are a first demonstration that a quantum wave atom transform can be implemented
efficiently. This raises an interesting question: can one extend these techniques to work with different
choices of the mother wavelet? Recent work by Bagherimehrab et al [14], on implementing quantum
wavelet transforms using a powerful technique called linear combinations of unitaries, may be helpful here.
(Note that the constructions in [14] are quite flexible, and can already handle some wavelet transforms
that have simple tree structures. The hope is that these techniques can be extended to handle wave atom
transforms, where the tree structure is more elaborate.)



Finally, we expect that our results can be extended to handle wave atoms defined on R?, by adapting
ideas from the existing literature on classical wave atom transforms [3, 4].

1.4 Potential applications of our results

Turning to Question 2, we now describe how our results are potentially useful for quantum algorithms
for solving wave equations. At a high level, we argue that the special properties of wave atom bases
(namely, the existence of sparse representations of wave propagators using wave atom bases) can be used
to improve the performance of quantum algorithms for solving wave equations and differential equations,
such as those developed in Costa et al [24] and Bagherimehrab et al [25].

Suppose one wants to solve a linear wave equation, describing wave propagation in an inhomogenous
medium in some finite region of space 0 C R?, with appropriate boundary conditions. One can use
standard techniques to encode this problem into a linear system of equations Ax = b in dimension N,
where N is proportional to the number of points used to discretize the domain Q. (One can also use
similar techniques to encode the problem into the dynamics of a quantum Hamiltonian [24].)

One can then run a quantum algorithm, such as the HHL (Harrow-Hassidim-Lloyd) algorithm [26,
27], to solve this system of equations, with running time that scales polylogarithmically with N — an
exponential speedup over classical algorithms. (A large body of work has shown similar speedups for
solving differential equations, and simulating Hamiltonian time evolution; see, e.g., [28-30].)

However, in order to use the HHL algorithm, certain conditions must be satisfied: the linear system
must be well-conditioned, and it must have an extremely compact description, which is efficiently com-
putable, using space and time polylogarithmic in N. Furthermore, there must be ways to prepare the
quantum state that encodes b, and read-out interesting properties of the solution x, which are similarly
efficient (i.e., running in time polylogarithmic in N). While these are conditions are quite restrictive,
they can be satisfied in certain cases, particularly using techniques that involve sparsity [31, 32].

The hope is that the above conditions can be satisfied by transforming the system of equations Ax = b
into a wave atom basis, using a quantum wave atom transform. That is, one computes matrix elements of
A with respect a wave atom basis, and one performs state preparation and read-out in a wave atom basis.
Note that this necessarily requires a quantum wave atom transform, rather than a classical transform,
since we are seeking an algorithm that runs in time polylogarithmic in N.

There are heuristic reasons why this approach might satisfy the conditions needed by the HHL
algorithm. First, in cases where the solution to the wave equation satisfies a conservation law (e.g.,
conservation of energy), one may expect the system of equations Az = b to be well-conditioned. (A
similar intuition was used in the quantum algorithm of [24].)

Second, in light of classical results on sparse representations of wave propagators [3, 4, 16, 17], one
may hope that the system of equations Ax = b will be sufficiently sparse in the wave atom basis, so that
the computation of A, the preparation of the state encoding b, and the read-out of the solution z, can
all be performed in time polylogarithmic in N. (Some aspects of this idea were investigated previously
in [25], which showed that a quantum algorithm for solving differential equations can be sped up by
preconditioning using a wavelet basis. The new elements in our work are the choice of a wave atom basis,
and the role of sparsity.)

Our construction of an efficient quantum wave atom transform is an important step towards real-
izing this approach to solving wave equations on a quantum computer. However, significant obstacles
remain. One obstacle is that this approach requires sparse approximations of wave propagators, where
the approximation error is small in operator norm. It is an interesting question whether these kinds of
bounds can be proved by adapting the known techniques for bounding the approximation error, which
often use the vector /o, norm.

If this approach is successful, it would provide a new quantum algorithm for solving wave equations,
which performs well when the solution of the wave equation is sparse in the wave atom basis. In such
cases, this quantum algorithm might achieve an exponential speedup over classical algorithms, and it
might also outperform existing quantum algorithms that use discretization on a grid [24] or a wavelet
basis [25] (rather than a wave atom basis).

Finally, we mention a few other ways in which our efficient implementation of a quantum wave atom
transform might be useful for quantum algorithms. One possibility is to use a quantum wave atom
transform to post-process the quantum state that is obtained from a quantum differential equation solver,
as studied in [33] (using wavelet bases). Another (more speculative) possibility is to use a quantum wave



Fig. 1 Circuit representations of standard quantum gates.

Left column (from top to bottom): phase shift Pg-, X-, Z- and
H-gates.

Center-top: SWAP gate.

Center-bottom: controlled-U gate, which is equivalent to |1) (1| ®
U+10) (0] ® I

Right: example of controlled-U gate, when applied to qubits 3 and
4 if qubit 1 is |0) and qubit 2 is |1). In this case controlled-U is
equivalent to |01) (01| @ U + (14 — |01) (01]) ® I4.

atom transform to solve certain geometric problems in R™, or to prepare quantum superpositions that
are potentially useful for solving high-dimensional lattice problems, as studied in [34, 35] (using curvelet
bases).

1.5 Organization of this paper

Section 2 discusses methods, including notation and background information about wave packets and
wavelet packet trees. In particular, in Section 2.4 we discuss the encoding of wave packets and frequen-
cies, along with an important discussion of the reverse procedure, decoding. This section establishes a
foundation to build wave packet transform generated by multilevel wavelet packet trees. In Section 3 we
demonstrate the use of encoding/decoding procedures on the example of the Shannon wavelet transform.
Section 4 provides a quantum algorithm for the wave atom transform, which is the main result of the
paper. Finally, Section 5 discusses directions for further research. Additional details of the algorithms
can be found in the Supplementary Material.

2 Methods

2.1 Notations and assumptions

A universal gate set, such as Clifford+7', enables the approximation of any unitary transformation with
arbitrary precision e [23, 36]. In analyzing gate complexity, this work assumes unrestricted access to
all single-qubit and two-qubit gates. Consequently, the gate complexity is expressed in terms of the
number of single-qubit and two-qubit gates, while disregarding the O(1/¢) factor associated with the
approximation. This paper implicitly assumes that a given quantum circuit and its controlled version,
with a constant number of control qubits, exhibit the same asymptotic gate complexity. However, the
gate complexity may increase when accounting for the quantum device topology, particularly in scenarios
where qubits are not fully connected [37].

Throughout the paper, we use some standard quantum gates given in Eq. ( 3) with circuit representa-
tions described in Figure 1. X, Z and H represent X-Pauli, Z-Pauli, and Hadamard gates, respectively.
The SWAP gate swaps the state of two qubits. Phase shift gates P, map basis states as Py |0) = |0)
and P |1) = €27/2" 1), where i is the imaginary unit and |-) are vectors in the Dirac notation such that
|0y = (1,0)T and |1) = (0,1)7, (| is a conjugate transpose of the vector. UT is a conjugate transpose of
matrix U and Z is a conjugate of a complex number z. ® denotes the tensor product of matrices, and @
represents a direct sum of subspaces in one case and a modulo 2 sum in another, with the meaning clear
from the context. Finally, I(-) is an indicator function with some condition, for example, I(x < 0) =1 if
x <0, and 0 otherwise, while I, is an identity matrix of size M x M.
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We denote a subroutine of integer comparison on j qubits to some value k as Comparatorj(k), formally,

Comparator; (k) [x) [b) = |z) |b+ I(z > k) mod 2) , (4)

which can be implemented by adding two’s complement of —k with carry bit representing the result,
which in turn requires O(j) gates. We denote a subroutine of cyclic shift of j qubits by some value k as
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Fig. 2 The circuit of the QFT on L qubits, consisting of QFT rotations QZR, followed by a QFT swap Qf (see Eq. (6)).

Adder;(k), formally,
Adder; (k) |z) — |a: + k mod 27) . (5)
There are various implementations of this operation [38-40] with various numbers of ancilla qubits
required. [38, 39] require O(j) gates and O(j) ancilla qubits. [40] implements the cyclic shift with the use
of the quantum Fourier transform (QFT) [41] that requires at most O(j2) gates and no ancilla qubits.
We extensively use QFT and its subroutines. Recall the transform of size N = 2F,

N-1

QFT 2mizk /N |]€

€
k=0

%\H

where |z) and |k) are basis states of L qubits. Moreover,
|k> = ‘kL—l . k0> = |kL_1> ® |kL_2> R...Q0 |k0>

where k = Zf;ol 27 kj or kr_1...ko is a binary representation of k. This also implies that we follow the
big-endian convention.
The implementation of the QFT of L qubits, @1, has a decomposition:

L
Q1 = QSQR ... QF - 0F (HQﬁ), 0

i=1

where QF is a QFT rotation of i qubits and Q7 reverses the order of L qubits. QFT rotation QF
comprises of H-gate applied to qubit ¢ —1 followed by phase gates P;_;41 applied to qubit ¢—1 controlled
by j for j =0,...,i — 2. Q7 reverses the order by swapping each pair of qubits i and L — i — 1. Figure
2 depicts a circuit of the QFT of L qubits and highlights its subroutines such as QFT rotations Q and
QFT swap Q7.

The classical counterpart of the QFT is the discrete Fourier transform (DFT) which has a different
sign of the exponent. Specifically, the DF'T of size N in Dirac’s notation is

N—
DFT : Z —2mizk/N ‘k’
k:—O
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Fig. 3 Shannon wavelet @Zn one bump per each side of the axis in the frequency domain.

Therefore, matrix of the DFT of size 2% is QTL The DFT, in turn, is a counterpart of the continuous
Fourier transform. The Fourier transform of a measurable function f € Lo(R) is given by the following
equation

£ 1 Ji —i27x
f6) = 7= [ f@ereta. ™

We refer to f as a function in the spatial domain, and f(x — x¢) is a shift by ¢ in the spatial domain by
2. The functions with the circumflex, for example f , are considered in the (ordinary) frequency domain,
and f(€ — &) is a shift by & in the frequency domain.

When we consider f : [0,1] — R and uniform discretization in the interval [0,1], x = k/N for
k=0,...,N —1 where N = 2" for some integer L > 1. We use brackets to denote the discretization of
a function and let f[k] = f(k/N). In the (ordinary) frequency domain, we emphasize that k € Z by the
square brackets and f[k] = f(k). Then in the discrete case,

(FI0),- ., FIN = 1)T = QL (f[0],- ..., FIN — 1])7.

Notice that we use a different range {—N/2,..., N/2 — 1} in the discretization of f, however, f[—N/2+
k] = fIN/2 + K.

2.2 Wave packets

In the paper, we design algorithms that implement wave packet transforms for wave packets with compact
frequency support. Moreover, we define wave packets exclusively in the frequency domain, although the
wave packets in the spatial domain can be obtained via inverse Fourier transform. We index wave packets
go{mn by three indices: their scale j € Z \ {0}, frequency m € Z,, and position in space n € Z. Here,
Z4 denotes nonnegative integer numbers.

First, we consider wave packets with sharp frequency windows such that generating functions are
based on perfect filters:

Go(&) = I{26 € [=m — 1, —=m) U [m,m + 1)},
Pal6) = 271280, (2776), 5)
P () = €72 TG (6),

(See Figure 3.) The support of @{nn is centered in frequency around £¢; ., = +27~1m and in space
around z;,, = 27/n. The resulting wave packets are Shannon wavelets. The classical indexation arising
from multipass filters differs from the above and requires a simple permutation (see Chapter 8 of [19] for
details).

The 1D wave atoms introduced in [4] are based on non-standard wavelets of [5], and are similarly
centered in frequency around =£¢; ,,, = £27"'m and centered in space around z; , = 277n:

D3 (6) = 2777207, (277¢),

¥ —i2rn279.¢ 7 j (9)
mn(€) =€ Ui (8)-
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Fig. 5 Wave atoms. ¢8 is unique, 1/1? is an example of odd m’s, wg represents even m’s.

Its mother wave packets demonstrate an elegant way to deal with the problem of frequency localization
[4, 5] and involve symmetric pairs of compactly supported bumps in the frequency domain:

(&) = e [ g((—1)™(27E — 2a4m)) + €7 g((—1)™ T (27E + 20im))], (10)
where a,, = (m + ) and ¢ is a continuous real-valued function compactly supported on an open
interval (— 7 ¢ 3. Furthermore g must satisfy the following requirements: for any w € [—% s g],

95 —w) +g°(5 +w) =1, (11)
9(=2w —3) = g(5 +w). (12)

The above construction can be understood qualitatively in the following way. First, one can write the
support of g as the union of two intervals:
7, Ay = [im, 2n]. (13)
(See Figure 4.) Typically g is chosen to be monotonically increasing on A;, and monotonically decreasing
on Ay. In Eq. (11), g(§ — w) and g(F + w) can be understood as mirror images of each other, reflected
around the midpoint of the interval Ag In the wave atom transform, these mirror images are associated
with neighboring wavepackets, and Eq. (11) says that their squares sum to 1. Eq. (12) says that the
increasing part of g (on the interval A;, centered at —7/2) is a mirror image of the decreasing part of g
(on the interval As, centered at m/2), stretched by a factor of 2. This asymmetric property (12) of profile
g is important to preserve the orthogonality of the ﬁfnn In contrast to Shannon wavelets, wave atoms
have overlapping support in the frequency domain.

One can describe the wavepackets 90, (£) qualitatively as follows. (See Figure 5.) In Eq. (10), 92, (€)
consists of a complex phase factor of e ~1™¢ times a linear combination of two bumps, which are supported



near +ay,/m = :I:%(m + %) These two bumps are mirror images of each other, with a relative phase

difference of e%®m = i(—1)™. Furthermore, when comparing wavepackets ¢/, (€) and 42, 11(&) that are
adjacent to each other in the frequency domain, one sees that the bumps corresponding to m overlap
with, and are mirror images of, the bumps corresponding to m + 1. In other words, the shapes of the
wavepackets 1/321 (&) change according to the parity of m.

Because of the above properties, these wavepackets form an orthonormal basis so that for the square-
integrable function f € L?(R),

f ZZ .fv mn mn chjmn¢mn (14)

jm n jm n

For all (j,m), the coefficients ¢; ,,, can be interpreted as a convolution at scale 277 and are defined by
Plancherel’s theorem as follows:
Cjm,n = m n /¢m n

A (15)
= [ hte—2mpe = o [ G @ fode

2.2.1 Approximation and Discretization

Since we are interested in numerical computations (both classical and quantum), the question naturally
arises: is there a way to implement these wavelet transforms approximately, while preserving the orthog-
onality of the wavepackets? The answer is yes. Intuitively, the reason is that the orthogonality only
depends on the overlaps between pairs of neighboring wavepackets Iﬁfn and 1%;/, i.e., it does not depend
on relationships involving more than two wavepackets at a time. Even if both of the wavepackets 1&5,1 and
1%,;, are computed approximately on the region where they overlap, one ensure that the approximation
errors “cancel out,” so that the wavepackets are still orthogonal.

The above argument can be made precise, by noticing that the orthogonality of the wavepackets
follows from Egs. (11) and (12), involving the function g. We can ensure that these equations hold exactly,
even if g is only computed approximately, in the following way. Recall that the support of g consists of
the set A; U As defined in Eq. (13). We can split this set into four subsets: the left and right halves of
the interval A, and the left and right halves of the interval As. Then we can compute the function g
approximately on one of these subsets, and then use Eqgs. (11) and (12) to determine the values of g on
the rest of the set A; U As. In this way, even though ¢ is only computed approximately, Egs. (11) and
(12) are still satisfied with high precision, hence the wavepackets are still orthogonal.

Finally, we introduce the discrete version of the wavelet transform. For simplicity, we make some fairly
strong assumptions about the function f, in order to motivate the definition of the discrete transform.
We consider f : [0,1) — R, and we extend its domain to all of R while imposing periodic boundary
conditions, i.e., f(x + 1) = f(z). Then f can be represented by a Fourier series. We assume that f is
band-limited, so it can be recovered from the first N terms in its Fourier series, where N = 2% for some
integer L > 1. By the Shannon sampling theorem, f can also be recovered from its uniform discretization
on the interval, f[k] = f(k/N) for k = 0,..., N — 1. In this setting, it is natural to define a discrete
version of the wavelet transform:

Clomn = > Do, () K] (16)

k=—N/2,..,N/2—1

Therefore, the operation of our interest is
(f[()], ey f[N - 1}) = {Cfm,n}(j,m,n)Ef‘v (17)

where {@%,n}(jymm)ep organize an orthogonal basis for some set of index triplets I'. We discuss the
selection of orthogonal bases in the next section.
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Fig. 6 Examples of trees that generate wavelet packet bases. Left: a perfect binary tree, which generates a uniform wavelet
packet basis. Right: a dyadic tree, which generates a dyadic wavelet packet basis.

Fig. 7 Example of a tree that generates a wave atom basis, due to [4]. The branching pattern of the tree is chosen so that
the wave atom basis functions obey the parabolic scaling law in Eq. (2). To simplify the picture, the labels on the nodes
of the tree are not shown.

2.3 Wavelet packet trees

Coifman, Meyer, and Wickerhauser introduced wavelet packets by linking multiresolution approximations
(a sequence of embedded vector spaces (V) ez for approximating Lo(R) functions) with wavelets [42].
They decompose a multiresolution approximation space V; into a lower-resolution space V;;; and a
detail space W, by splitting the orthogonal basis into two new orthogonal bases. Intuitively, when
wavelets are used for image processing, we may lose some details when reducing the resolution. [42] also
show that, instead of just dividing the approximation spaces to create the so-called detail spaces and
wavelet bases, we can split the detail spaces to generate new bases. This process of dividing vector spaces
can be represented in a structure of a binary tree (see Chapter 8 of [19]). Any node in this binary tree
can be labeled by (j,m), where j is the level of the tree, and m is the number of nodes on its left at the
same level. To each node we associate a space WY, , which admits an orthogonal basis {%,n}nez-

We adopt the notion of wavelet packet trees and associate W7, with an orthogonal basis {Q/A’gn,n}nel
which in the discrete case becomes {'lj;gn,n}ogn<2j for wave atoms or {@%7n}0§n<21 for the Shannon
wavelet. Then, all W7 can be organized into a binary wavelet packet tree. We will abuse the notation
and refer to W7, as both the space spanned by the basis {'(Z)%%n}ogn<2j (or {4, nYo<n<oi) and the node
in the tree.

Definition 2.1 (Admissible wavelet packet binary tree, adapted [19]). A binary tree of height L — 1
with nodes {W3 } is admissible if

1. The root of the tree is Wk, ‘ ‘
2. Every non-leaf node WY, has two children W}, and W;;nlﬂ, and j > 2.

Using Definition 2.1, one can construct wavelet bases {go{nn | (j,m,n) € T'p}, where I'r is the set of
index triplets generated by the wave packet admissible tree T":

Ty = {(j,m,n) | Wi € Ap and 0 < n < 27}, (18)

Ar = {WJ |WJ is a leaf-node in T'}. (19)
Two of the more popular bases generated by wavelet packet trees [19] are the following:

* Uniform {¢}, .}, where j’s are equal to some fixed value (call it jo), and I' = {(G,m,n) |0 <m <
2Ll=i 0<n<2,j= jo}. This type of basis is generated by perfect binary trees.
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* Dyadic {¢}, ,}. In this case, most of the basis function has m = 1, and T' = {(1,0,0),(1,0,1)} U
{(j,1,n)|1 < j < L,0 < n < 27}. This type of basis is generated by dyadic trees (such that every
right node is a leaf while every left node is nonleaf unless the node is on the minimal level).

The examples of wavelet packet trees generating orthogonal bases discussed above can be found in
Figure 6. One can verify that both approaches render an orthogonal basis for Shannon wavelets and wave
atoms.

In addition, we will consider another class of trees that generate orthogonal bases for the wave atom
transform, and have a special property, “parabolic scaling,” defined in Eq. (2), which is desirable for many
applications of the wave atom transform [4]. We briefly describe how Eq. (2) constrains the structure
of the wavepacket tree. Recall that Eq. (2) says that, for each wavelet basis function, wavelength o
(diameter)?. From the discussion in Section 2.2, the basis function 17, has wavelength oc (1/m)277 and
diameter o< 277, Hence Eq. (2) implies that:

moc 27, (20)

This condition must be satisfied at every leaf of the wavepacket tree. Hence, the tree resembles a complete
binary tree whose lower-right branches have been cut away at the points specified by Eq. (20). An
example of such a tree is shown in Fig. 7.

Finally, we define a class of “monotonic” trees that is easier to work with, and contains the “parabolic
scaling” trees described above:

Definition 2.2. An admissible wave packet tree T is called monotonic if, when the tree’s leaf nodes
W, are visited from left to right, the sequence of j values is nondecreasing.

Proposition 2.1. If T is an admissible wave packet tree that satisfies the parabolic scaling relation
(20), then T is monotonic.

Proof. Suppose T' is not monotonic. Then there are leaf nodes W7, and WT],:, such that W, appears to

the left of WT{;, and j > j'. Since both of these leaf nodes satisfy Eq. (20), we must have m > m’. Since
T is admissible, we have m < m/, leading to a contradiction. O

We will develop algorithms for monotonic trees (which will apply to parabolic scaling trees, as a
special case) in Sections 2.6 and 4.2.

We would also like to state a few properties of admissible wave packet trees that will be helpful in
the later discussion.

Proposition 2.2 (enumeration properties of admissible wave packet tree). For wave packet admissible
tree T (by definition 2.1) with a root W§ and K leaf nodes {Wi; |i=1,...,K} traversed from left to
right,

1. my = 0,

2. Fori=1,...,K —1, (m; +1)2Ji = m; 120+,

3. (mg + 1)29x = 2L,

Proof. We traverse the tree as follows:

1. We start from the root node W& and descend the tree while always moving down to a left child, so
at each level W — W', Suppose that we stopped at node W , then W{ is a leaf node; otherwise,

it should have left and right children. Therefore, the first node in the traverse is Wg ,, i.e. m; = 0.

2. Imagine that we will add nodes to the tree T" until it becomes a perfect binary tree of height of L,
that is, for each leaf node W7, we append a perfect binary subtree of height j at that node. Then the
leftmost leaf node in the subtree with root Wﬂnl is Wiﬂji, and the rightmost leaf node is W9 , where

m’ = (m; + 1)2% — 1. The leaf node next to WY , is the leftmost leaf node in the subtree with root
Wistt,, which is W?ni+12-7i+1' Therefore, (m; + 1)27i = mj127i+1.

3. Observe that the rightmost node in the expanded perfect binary tree (constructed in 2) is Wg _; and
is also the rightmost node of the subtree with root Wix . Therefore, (mg + 1)27% = 2L

O
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2.4 Encoding

The transform of interest in equation (17) does not define an order of the coefficients cfmm.

words, ¢J, ,, and dAann need to be indexed. Moreover, in equation (16) the sum goes over negative and
positive integer frequencies. We would like to encode both the wave packet indices (j,m,n) and the

(integer) frequencies k such that each is represented by L bits.

In other

2.5 Frequency encoding

This section introduces frequency encoding and decoding procedures, where encoded frequencies are
represented by L bits. It also covers the concept of retaining decoding, allowing a subset of bits to be
decoded without affecting others, and involves constructing corresponding quantum circuits.

Given that both Shannon wavelets and wave atoms are symmetric around zero, we would like to
map the frequencies of the same absolute value with different sign in such a way that they would have
consecutive indices when encoded. Moreover, it is natural to expect that the nonnegative frequency k
would have a smaller encoded index than the frequency k + 1.

In order to accomplish this, we introduce a frequency encoding procedure as a bijection e
{-N/2,...,N/2 -1} = {0,...,N — 1} given by

2k, k>0
k _ ) - Y 21
e(k) {mm_1,k<o. (1)

We call the reverse procedure of (21) frequency decoding procedure and define it by the inverse mapping
d:{0,...,N—1} - {—=N/2,...,N/2 — 1} given by

1

dli) — 5%, 1 even , 99
@ {é@+1%iO&L (22)

We also introduce a retaining decoding procedure d(-,j,m) : {0,...,27 —1} — {0,...,29 — 1} such
that for ¢ € {0,...,27 — 1}
d(c, j,m) = d(m2’ + ¢) mod 2. (23)
Note that this is function d is not the inverse of the encoding function introduced above. Rather, this
function will be used in our implementations of quantum wavelet transforms, later in this article. The
word “retaining” refers to the idea of staying in range of size 2/ (which will be fully explored in section
3) and the argument ¢ corresponds to the indices within the range of desired size. We can compute d as
follows
d(c,jim) = {2{—1](Tlis od(.i) + 3¢, iflc is evenz . (24)
2/ =207 (m is odd) — 5(c+ 1), if ¢ is odd.

2.5.1 Frequency encoding circuit

Both Shannon wavelet and wave atom transforms include DFT (inverse QFT) as the initial step to
transform the spatial domain into the frequency domain. However, the result of DFT is defined on a grid
{0,... N — 1}, but our transforms are defined on a grid {—N/2,..., N/2 — 1}. Due to the periodicity of

Fourier transform f[k] = f[k — N], we have the initial stage as follows
N—1 N-1 N/271A -1
QL (Zf[k] |k>> =Y JIEIK) = JIk] k) + > fIK] [k + N) .
k=0 k=0 k=0 k=—N/2

We transform |k) into |e(k)) when k > 0 and |k 4+ N) into |e(k)) when k < 0 as described in (21). The
further steps of the transforms are based on

N/2-1 N-1
> fRe(k) = fld(k)] k). (25)
k=—N/2 k=0

12
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Fig. 8 Frequency encoding circuit which implements function e(-) combined with the inverse QFT Q‘LL
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Fig. 9 Retaining decoding circuit D]- which implements function J(-,j, m)

The two initial steps of the transforms, the inverse QFT and frequency encoding, are carried out
by the circuit shown in Figure 8 (see Supplementary Material for details). The gate complexity of the
algorithm is O(L?) due to the QFT step.

2.5.2 Retaining decoding circuit

Recall the retaining decoding procedure defined by (23). Notice that d(c, j,m) = d(c, j,m mod 2) meaning
that the retaining decoding procedure depends on the parity of m rather than the value. Considering
the parity of m we may construct the quantum circuit of d(-,j,m) that operates on j + 1 qubits: j
qubits in representation of ¢ and 1 qubit of my where myg is the least significant qubit of m. See Figure
9. (Additional details are presented in the Supplementary Material.) We refer to this circuit as Dj. The
implementation of Dj has gate complexity of O(j).

In the special case of j = L, we do not pass the parity of m to the algorithm and assume that mqy = 0.

2.6 Wave packet encoding

The wavelet packet transform (17) can be written as

N—

D FIRR) = D R |G n)).

k=0 (j,m,n)elr

=

where N = 2% each cfm’n ~ (f, ﬂnn> and |(j, m,n)) is a representation of the triplet (j,m,n). In this
section, we discuss the encoding of such triplets using L bits. To do this, we will introduce data structures
for representing wave packet trees.

Consider an admissible wave packet tree T' (in the sense of Definition 2.1), described by the set of its

leaf nodes A7 = {W/_}. By Proposition 2.2, the mapping

(jsm,n) = p=m2 +n (26)
is a bijection between the set of index triplets I'r = {(j,m,n) | W/ € Ar,0 <n < 27} and the range of
{0,..., N —1}. Observe that j least significant bits of the encoded index p represent n in binary form,

while the remaining bits represent m. Therefore, to decode the index, we need to know j. This requires
information about the structure of the tree T

13



2.6.1 Encodings of wave packet trees

We will construct algorithms for implementing wave packet transforms, given access to information about
the wave packet tree T' through the following mechanism. Let us define a function h: {0,...,N — 1} —
{1,...,L — 1} such that 3
Y(j,m,n) € Ty, h(m2’ +n) = j. (27)
In other words, the function h maps the encoded index p back to j.
Furthermore, we define a family of helper decoding boolean functions h; : {0,..., N —1} — {0,1} for
1 < j < L such that
hj(p) =1 if and only if h(p) > j. (28)

Note that the function A(-) and the family of functions h;(-) allows us to decode p’s.
In this paper, we assume that there is an efficient implementation of functions h;, specifically

Ip) |b1...bp—1) — |p) |b1 @ ha(p),...br—1 ® hr_1(p))

can be implemented using O(L?) gates. We demonstrate that this is possible for specific kinds of wave
packet trees, including those described in Section 2.3:

e Tree generating uniform basis. All j’s of leaf nodes in the wave packet tree are equal, say j = 5/, so
hj(p) = I(j > j'), with the implementation using one X-gate.
® Dyadic tree. Observe that hy_1(p) = pr—1, hp—2(p) = hp—1(p) V pr—2 = pr—1 V pr—2, in general,

hi(p) = ViZipy = hiy1(p) V p; for i =2,... L -2,

and hy(p) = 1, where V is a logical OR operator. The procedure requires O(L) gates.
® Monotonic tree. Denote by m7, index m of the leftmost leaf node on the level j. If no leaf nodes are
on the level, m} is the index of the node which could be next to the most right node on level j, that
is, m7 — 1 is the index of the most right node. If there are no nodes on the level, let m; = 0. Then

hi(p) = I(p > mj;2’).
Given that p is an L-bit value, the comparison requires O(L) classical bit operations or quantum gates.

The total number of gates for the procedure to compute all h;(p), 1 < j < L, is O(L?).

Recall from Section 2.3 that the wave atom transform requires a parabolic tree, which is covered by the
case of monotonic trees. In the paper, we focus on monotonic trees and assume that all trees of interest
are encoded by the indices of the leftmost leaf nodes at each level, mj’ s. This tree representation requires
O(L?) bits and, therefore, does not increase the complexity of circuit construction.

3 Results: Quantum Shannon wavelet transform

In this section, we demonstrate how the retaining decoding function d and the helper decoding functions
hj can be used to construct an efficient implementation of the quantum Shannon wavelet transform for
a monotonic tree (see Theorem 3.1).

Recall the definition of Shannon wavelets @7, by equation (8),

P1,(6) = 27721 {2791 € [~m — 1,—m) U [m,m + 1)} .
(See also Figure 3.) It is straightforward to see that for any wave packet admissible tree T' generating a

transform of size N = 2%, each frequency k € [~N/2, N/2) is in the support of one Shannon wavelet @7,
corresponding to a leaf node W7, € Ar. With the inclusion of shifts in the spatial domain,

Bl (€)= 7227600 (6, (29)

and following the definition of the discrete wave packets transform (16), we can formally define the
quantum Shannon wavelet transform.
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Fig. 10 Block-diagonal structure of matrix C*® with the blocks F*(1,0), F¥(1,1) and F¥(2,1) corresponding to leaf nodes
of T = {W}, Wi, W2}

Definition 3.1. Consider an admissible wave packet tree T with a root node W . Define a matrix C° as

05121' +n,i = @inn(d(l))’ (30)

where W7 € Az, d is the decoding function in equation (22), and n,i € Z such that 0 < n < 27 and
0 < i < N. The following transform of size N = 2L, where Q, is QFT,

N-1
Z Cfl2j+n,if[d(i)}> Im27 + n)

=0

N—-1 27 1
S s Y z(
k=0 W%EAT n=0 (31)
SN N Qi flil, ik >0,

where f[k] =
ere f[k] {Zf\iol(QTL)(HN)if[i]’ if k <0,

is called a quantum Shannon wavelet transform.

3.1 Block structure

The Shannon wavelet transform has a block structure, which allows it to be implemented efficiently by
a quantum circuit, as follows. When we consider a leaf node W/, € Ar andn =0,...,27 —1, Cfﬂuni
can be expressed as follows

Ci2j+n’i = @g’n’n(d(z))
_ 2—j/26i2ﬂ'27j”‘d(i)_[ {d(w e [_(m =+ 1)2j—1’ _m2j—1) U [m2j—1, (m + 1)2j_1)}
— 9=0/2,i272 I n-d(i) {i e [m2, (m+1)27)}.

Denote ¢ =i —m?27, then

OS

S i nmai e = 9=i/2gi2n2 I n-d(m2? +c) [ {O <c< Qj} )

This implies that C*¥ is a block diagonal matrix with blocks of size 27 x 27 for each leaf node W7 € Ar.
Let us denote the block corresponding to W7 by F¥(j,m). See Figure 10 for an example of the block-

diagonal structure of C'. Furthermore, given the periodicity of the exponent term of C;i 2 fmm2i 40 W

can replace d(m27 + ¢) with d(j, m, c) by definition (23). Then for Wi, € Ap,0 < n,c < 27,

CS

S b m2i e = (FS(j, m))n,c — 2*j/26i2_j27'rn»d~(c,j,m)' (32)
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This can also be written more compactly as:

c¥= P F@,m). (33)

Wi, €A

3.2 Implementation on a quantum computer

T
1q0) —
’(J1> ]
|(I2> I
! =
IQL—2>— f
lg—1)— =
Q
0)+ £
0)— &
0+ 8
10)
0) —
i ¥ NinEc
or ¥ Qi-tlos[ ] =
HE i i U Ll E L
! o L2
L & TR
: g - £
I - — © 0)
| [l | %
; Ho—e— — £ 10
| ¥ o | E |
| : - Ho
e T 2 —_ 10

Fig. 11 Quantum circuit implementing Shannon wavelet transform C'S of size 2L. The family of boolean functions hj is
defined in (28), the retaining decoding circuits D; are shown in Figure 9. Qf and QJS are steps of the quantum Fourier
transform, see Figure 2.

As shown above, F¥(j, m) consists of two actions: (1) decoding d, and (2) applying a QFT on j qubits.
For the decoding d we pass 7 + 1 qubits to the retaining decoding circuit f)j (see Figure 9), where the
most significant qubit gives parity of m. To know j we use the helper decoding functions h; by definition
(28). Finally, we apply QFT on j qubits controlled by ancilla qubits that contain the value of h;.

Combining these steps, we get the quantum circuit shown in Figure 11. For a detailed description,
see the Supplementary Material. The total gate complexity of the algorithm is O(L?). In summary, we
have shown:

Theorem 3.1. Let T be a monotonic wave packet admissible tree defined for discretization of size O(2%).
If T is represented by the leftmost node on each level, then the gate complexity of quantum Shannon
wavelet transform generated by the tree T is O(L?). The complexity of the circuit construction is O(L?).
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4 Results: Quantum wave atom transform

In this section, we define and implement the quantum wave atom transform in one dimension, and we
prove that it is efficient, for a variety of choices of the mother wave atom and the wave atom tree structure
(see Theorem 4.5 and Corollary 4.6). This is a step towards implementing two-dimensional wave atoms,
which have numerous applications [4], on a quantum computer.

To do this, we address two technical issues. First, in contrast to the Shannon wavelet transform, wave
atoms have supports that overlap in the frequency domain; therefore, the wave atom transform requires
considering the “blending” of the elements of f .

Second, for many applications, it is desirable to use wave atoms that obey a “parabolic” scaling
relationship, i.e., wavelength ~ (diameter of support)? [4]. In order to do this, it is necessary to use more
general classes of wave packet trees (introduced in Section 2.6), combined with a specific construction
of wave packets that allows neighboring wave packets to have different scales (due to Villemoes [5], and
described in Section 2.2).

These techniques are quite flexible, and can be used to implement quantum wave atom transforms
based on a variety of wave packet tree structures (see Theorem 4.5), including monotonic trees (see
Corollary 4.6).

4.1 Wave atoms’ support over the frequency domain

Recall the definition of wave atoms v, by equations (9) and (10),
Ph(©) =272 27¢),
Um(€) = e [ g(—1)" (276 — 2am)) + e g((=1)" (276 + 2am))],

where a,, = F(m + %) The structure of wave atom is dictated by the function g and its properties.

Given that the support of function g is (*%T(, %71’), we derive the support of the wave atom 1/3% over the

frequency domain:
2 (-4 VP (3 =2 (). im0,
271 (— (m+ g) ,— (m - %)) u2i-t ((m - %) , (m—l— %)) , if m is odd, (34)
2/t (— (m+ %) ,— (m — %)) y2i-t ((m — %) , (m+ %)) , if m is even.
(See Figure 5.) The support of each wave atom consists of two intervals, one for negative and one

for positive frequencies. This can be rewritten as a union of four intervals with centers +27~!m and
+2/71(m + 1), as follows:

49i—1 (_2’ %) U492i—1 (1 — %’ 1+ %) , ifm=0,

+277 (m = m+ UL (m+1)— 2, (m+1)+ 2), if m is odd, (35)
277 m =2 m+ ) U2 (m+1)— %, (m+1)+2), if mis even.

Let us denote those intervals centered around 427 ~'m and £27 =1 (m+1) as x49i-1,,, and X+2i-1(m+1)
correspondingly. Then (34) can be rewritten in general case as

X—2i-1(m+1) Y X—2i-1m U X2i-1m U X2i-1(m+1) (36)

We will implement a discrete wave atom transform, by restricting to integer frequencies only. For
this purpose, let us denote the integer part of the half interval lengths of x49i-1,, and X42i-1(m41) DY
to(4,m) and pq(j, m) respectively. Observe that they are equal to

po(jym) = (27710 0AD 31y (j,m) = [27710n B even) /3, (37)

Proposition 4.1 (Integer support of wave atoms). An integer frequency k € 7 is in the support of 1/3%1
if and only if _ 4
[1E] = 277 m| < po(j,m) or |[k] = 277 (m + 1)] < pa(j,m).
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Proof.  Given that the support is symmetric around zero. Without loss of generality, we consider only
the non-negative frequencies. For odd m, the support of ¥/, is

(277 (m — 3),277 (m + 1+ 2))
=27 m—-3), 27" m+ ) u {2 m+ DU (m+1-2),27 (m+ 1+ 2)).

Given that 29~ (m + %) is never an integer, we can ignore this point. Further, as 2/~"1m and 2/~ (m +1)
are integers, the integer support of 1[){,1 becomes

(207 m — (2771 /3], 27 e+ (2771 /3] U 277 (m + 1) — [27/3), 27 (m + 1) + [27/3]] .

Given that for odd m, ug(j,m) = |2771/3] and u;(j,m) = |27/3], this concludes the proof for the case
of odd m. Similarly for even m. O

One can notice that the intersection of the intervals consists of one point Xoi-1 (1) X2i-1m = {29 tm+
29— I(m is 0dd) /31 and this value is always fractional, so there is no k € Z such that

k| — 27" | < po(j,m) and [|k| — 27~ (m + 1)| < p1(j,m).

4.2 Wave atom admissible trees

We would like to construct a (discrete) wave atom transform based on an admissible wave packet tree
T. Here, we state some conditions on 7' that are sufficient to ensure that the resulting wave atom basis
is orthogonal.

We would like every integer k € {—N/2,...,N/2—1} to lie in the support of two wave atoms, unless
k is close to zero (which is covered by a single wave atom) or close to =N (which is treated as a special
case). As such when we consider two neighboring leaf nodes an,Wf;;, € Ar, where WY, is the left
neighbor, we require that the intervals centered around 4 (m + 1)27 related to the two nodes are of equal
length,

pa(d,m) = po(s',m'). (38)

We define the subset of all wave packet admissible trees that satisfy the condition in equation (38).

Definition 4.1. Consider an admissible wave packet tree with a root W§ and K leaf nodes {W7i | i =
1,..., K} traversed from left to right. If the following conditions hold for all i € {1,..., K — 1}:

L |ji = jimal <1,
2. if j;+1 = j; + 1, then both m; and m;41 are odd,
3. if jiy1 = ji — 1, then both m; and m; 1 are even,

we call such a tree a wave atom admissible tree.

It is straightforward to see that other admissible wave packet trees do not satisfy the condition (38)
for some pair of neighboring leaf nodes of the tree. Given the Definition 4.1 and its reliance on the
condition (38), we state an evident property of the wave atom admissible trees.

Proposition 4.2. Consider a wave atom admissible tree T with a root node W} Denote by ng and
Wi the leftmost and rightmost leaf nodes respectively. For any k € {—N/2,...,N/2 — 1}, where
N = 2%, the following holds:

1. If |k] < po(41,0), then k is in the support of only zﬁgl;
2. If |k| > m,277 =1 + uo(jr, m,), then k is in the support of only w%,,;
3. Otherwise, k is in the support of exactly two wave atoms.

Proof. Follows directly from condition (38), observation that uo(j,m) + p1(j,m) = 27! — 1 and
X42i-1(m+1) N X+2i-1m has no integer points. (I

In addition, we would like the discrete wave atom transform to be a unitary operator. This requires
special treatment of the lowest and highest frequencies, corresponding to the left-most and right-most

wave packets in the tree 7. So we define a modified basis {zﬁ{n} as follows: we straighten the right-
most wave packet corresponding to W/ € Ar as its support extends beyond the interval of interest
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Fig. 12 Wave atoms 'Jjﬂn corresponding to the wave atom admissible tree on the top (absolute values). The figure shows
only the positive side of the frequency domain. The negative side of the frequency domain is symmetric.

{=N/2,...,N/2—1}. Moreover, we also modify the wave packet corresponding to the leftmost leaf node
W' € Ar as its support approaches the origin, as follows:

Q_j/2€_i7r27jk:€(_1)k<0ia0 if |k3| < ,UO(jl»O)ngn = W6l7
~q . « o—j k<Os . . .
Ui (k) = § 277/2e71m2 T he(2D) e it (k| > me27r 4 o (G, mr), Wi, = W5 (39)
b otherwise.
P (k) oth

Similarly to equation (9), we then define wave atoms with the shift of 27/n in the spatial domain to be

B, (k) = €722 IR (1), (40)

An example of this construction is shown on Figure 12. Now, we can formally define the quantum wave
atom transform.

Definition 4.2. Consider a wave atom admissible tree T with a root node W}. Define a matrix C* as

C;?L2J'+n,i = ﬁ%@n(d(l)% (41)

where W, € Ar, d is the decoding function in equation (22), and n,i € Z such that 0 < n < 27 and
0 < i < N. The following transform of size N = 2& where Qp, is QFT,

N-1 29-1 /N—1 R '
PNILIGEED DS (Z c,ﬁymf[d(i)}) Im27 + n)
k=0 Wi eAp =0 i=0 (42)
where flk] = | Zico (@Lwif . if k20,
SNHQE) e ni I, ik <0,

is called a quantum wave atom transform.

4.3 Decomposition of C4

Recall that the Shannon wavelet transform was implemented using a Fourier-like transform that had a
block-diagonal structure determined by the wave packet tree T' (see Section 3). To implement the wave
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Fig. 13 The implementation of the operation C4, defined in Eq. (41). This represents a wave atom transform, omit-
ting the initial step of applying a discrete Fourier transform (DFT). In other words, one starts from the state |f> =

kN:/i;Vl/Q flk] le(k)) = zg;ol fld(k)] |k) from Eq. (25). Each box in the diagram represents one component of the state-
vector, when the quantum state is written as a superposition of standard basis vectors (denoted by |---) symbols on the
right side of the diagram). First the permutation p from Eq. (46) is applied, which rearranges the components of the state-
vector. This is followed by the “blending matrix” G4 from Eq. (48), which forms linear combinations of pairs of components
of the state-vector, with coefficients given by g4 [j, m,s] and g_[j, m,s] in Eq. (47). To illustrate this, the diagram shows
the intervals x4 ,,9; (see Eq. (36)) that represent the intersection of supports of two wave atoms: an, on the left side and

Wgn on the right side. Finally the inverse permutation p~—! is applied, followed by the operation F, which implements

a Fourier transform adapted to the tree structure 7', defined in Eq. (43). On the parts of the state-vector that are shown
here, the action of F4 consists of two blocks: F4(j,m’) (acting on the top half of the vector) and F“(j,m) (acting on the
bottom half of the vector). This produces the desired state C4|f).

atom transform, one can use the same idea, combined with a new technique: redistribution of weights
between elements of the vector f , sometimes called “blending” [15]. This is needed because of the overlaps
between the supports of neighboring wave atoms over the frequency domain (which did not occur in the
case of Shannon wavelets).

In this section, we will decompose the matrix C* (from Definition 4.2) into a product of a blending
operation, and a Fourier-like transform.

Classically, for a given node W7 in the tree T, the wave atom transform blends 27 pairs of elements
of the vector f into a vector of size 27 and applies the Fourier transform of size 27 to obtain the vector

of wave atom coefficients {cfmyn}ij;ol [4]. Unless we consider border cases of WY, the transform blends

f[¥] and f[k'], for all pairs (k, k') of the form:

(=m277 4 5,m27 " +5), Vs < polj,m),
(—(m+1)277 45, (m+1)277  +5),  V|s| < pi(f,m).

(This can be seen by recalling Definition 4.2, equations (39)-(40), and the fact that dAan is supported on
two intervals in the frequency domain, as in equation (34).)

In order to implement the blending efficiently, we permute elements of the vector f such that the
pairs involved in the blending become adjacent to each other. Given that the encoding procedure (21)
orders frequencies by increasing absolute values, for some W7, and |s| < (4, m), the pair of frequencies
—m27~! + s and m2/~! + s are not neighboring indices when encoded unless s = 0. Therefore, the
blending procedure becomes a three-stage process.

1. Permute elements of the vector f such that —m2/=1 +s and m27/~! + s become neighbors by swapping
—m29~t + 5 with —m2/~! — s.

2. Redistribute the weights between adjacent elements according to the function g.

3. Reverse the permutation in Step 1.

Figure 13 schematically illustrates the decomposition of C4 by tracking the actions on pairs +m27 ! +s.
In the following, we define the building blocks that are used to construct C4.
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Definition 4.3. For each W}, € Ar, consider matrix FA(j,m) € C%*2 defined by elements

o §9r—d 1 j ct1s )
(FA(j,m))n,c _ 9-3/2,i2727 (n+3)d(m2 +¢) (1) +110¢m, for 0 < mn,c< 2. (43)

Let us define matrix FA € CN*N of Fourier transform adapted to tree structure of T as a composition
of matrices F4(j,m),

FA= @ FGm), (44)
WgnEAT
that is to say,
FA

M2 tnm2ite = (FA>, M), for Wi € Ap, 0 < n,c< 2. (45)

Definition 4.4. Let us define permutation of indices p : {0,...,N—1} — {0,..., N—1} by its non-trivial
actions as

VWi € Ap sit. Wi £ W V|s| < po(j,m), p(m27 +2s —1) = m2/ —2s — 1. (46)
Define its permutation matrix R € CN*¥ such that nonzero elements of the matrix are
Rp(i)i =1 fOFi S {O,...,N— 1}
Let us use the following shorthand for function g. For j > 1,m > 0 and s € Z,

g-Li.m.s] = g(=1)" (27 rls| = 5)), -
g lim.s] = 3(=1) COg((-1)" @ | + 7))

Definition 4.5. Let us define blending matriz GA € CNXN as follows: for any Wi € Ap such that
Wi, # W}, and for any s € Z such that |s| < po(j,m),

GA GA . .
m2i+2s—1,m29+2s—1 T m2i+4+2s—1,m2i+2s | _ [ 9— [J, m, 8] g+ [37 m, 5] 48
GA GA - [ - ] [ - ] ) ( )
m2Ji4+2s,m2i4+2s—1 m2J 4+2s,m2i+2s 9+1J, ™M, 8] g—1J, ™M, 8

and G* is the identity on other diagonal blocks.

Theorem 4.3. The matrix C4 (from Definition 4.2) is a product of matrices given by Definitions 4.3,
4.4, 4.5,
CA = FAR'TGAR. (49)

Before proving Theorem 4.3, we note that it implies the following:

Corollary 4.4. The matrix C* is unitary.

Proof. This follows from the observation that each matrix in the product of equation (49) is unitary.
The blocks of G# are unitary due to properties (11) and (12) of the function g. Note that G will still be
unitary, even if g is only computed approximately (not exactly), when ¢ is computed using the methods
in Section 2.2.1. O

We now prove Theorem 4.3. First, we state two identities due to periodicity of the complex exponential
function and the definition of oy, = 5 (m + 3):

ei%Tj("+%)(_7'L2j71+s)ei°‘*"’ = ieiQWTj(”+%)(m2j71+s)67ia’" (50)
A2727 (0 ) (m1)29 7 ) e _ 312727 (n43)(— (mA1)27 1 s) i, (51)

Also we state a simple identity:
g(=)™ (277 (=s) = §)) = g((=1)" " (277 7ms + 3)) (52)
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Our goal is to implement the operation described in Definition 4.2:
N—1 R N-1__ R
> Cosinif1AD] =Y Phn(d(0)) fld(0). (53)
i=0 i=0

Recall that gZ{n is related to 1[13” via equations (39)-(40), and 1[)£n is supported on two intervals in the
frequency domain, described by equation (34) and proposition 4.1. This motivates us to state and prove
the following two lemmas.

Lemma 4.1. For any W, # W%’,

S (Chonm2 =+ ) fm2 4 5] + G (-2t 4 ) flem2 T 4]
[s|<po(5,m)
m29 +2p0(j,m) N1 (54)

= D Fhani O Gonfld(@):

i =m2J c=0
Proof. For s > 0 we use identity“(563 for points on negative side.

~ - . s —j 1 G— . .
T 1 3) = 279227 O ) i (1) (374 ]| — )

_ A A
- Fm2j +n,m2J +25Gp(m21 +25),m27 4251

e - . . —j 1 j—1 . .
7]71,n(_m2j71 + s) _ 2—]/26127r2 7 (nt3)(m2’ +S)6_1amig((—l)m+1(2_J+17T‘S‘ + g))

_ A A
- Fm,Qj +n,m2i4+2s Gp(mQJ +2s),m294+2s—1"

For s < 0 we use the identity (50) for points on positive side. Moreover, we use the identity (52) for
points on both sides.

~ - . . —j 1 i— . .
P (m2i—1 4 5) = 9=3/2i27277 (n+3)(—m2’ 1+S)elam(_i)g((_l)m+1(2—]+lﬂ_|s| +1))
— A v al .
— S m2i4n,m2i42|s|-1 p(m2742|s|—1),m27 —2|s|>
ry o 1o 0—i 1 i— . .
(2 1 1 s) = 279/ R ) o (12 ] — )

_ A A
- Fm?-i+n,m2-7+2|s\—le(m2-7+2|s\—1),m2-7—2\s|—1'

Therefore, the left-hand side of equation (54) becomes

S (Phalm2 =+ 5) fim2 T 4 )+ G (—m2 L) flom2i ! 4]
[s|<po(d,m)
po(d,m)

> Fitarinmarsas (Gotmarsas) mor o fdp(m2? + 25))
s=0

Gl ae) s s2e—1 /1AM + 25 = 1))])
o (j,m)

+ > F£2J‘+n,m2j+2\s|—1(Gf(mzj+2|s\—1),mzj_2|s|f[d(ﬂ(m2j—2|S|))]

s=1

+ G211y me—afs| 1/ [dp(m2 = 25| = 1))])
2H0(j,m) ~
= Z Frﬁ2j+n,m21+s Z G;?(m2J+s),cf[d(p(c)>]
c=0

s=0

The latter step is due to the block diagonal structure of matrix G4 with blocks of size 2 x 2. O
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Lemma 4.2. For any W/, # W%T,

Z (A7;7'7"((m+1)2j_1 —‘,—S)f[(m_‘_l)Q]*l_'_S}

[s|<p1(d,m)
Fn(—(m+ 1271+ 5) fl—(m + 1)27 +5]) (55)
(m+1)27 -1 N-1
= > Figinie O, Gatiey o F1d(p(e))]:
ik=m274+2u0(j,m)+1 c=0

Proof. Before reviewing the sum, we show that for any W7, # Wir and s € Z such that |s| < p1(j, m)

GA . ) GA )
(72«%1)23 +2s—1,(m+1)2742s—1 (nz+1)27 +2s5—1,(m+1)2742s
G(m+1)27+25,(m+1)2j+2371 G(m+1)21+25,(m+1)2j+25

(56)
_ (g—[]7m+ 158] g-‘r[.]am_" 17S]> .
g+[.77m+ 1a8} g—[.]am+ 173]
Denote the right neighbor of W#, by WZ,,L,, then
® If j/ = j, then m’ = m + 1 and (56) is simply the definition the block of matrix G*;
o If j/ = j+ 1, then both m and m’ are odd and by properties of the function g.
g((=1)™ (277 s — §)) = g(=277 s + 5) 57
=g(=5 +27 " ws) = g((-1)"F (27 T ws — ),
and
g(=1)"H @ s + 5)) = g(277 s + 5) (58)

=g(~5 — 277" ms) = (=)™ (27 7ws + 5)).

® For j/ = j — 1, then m and m’ are even and the derivation is analogous to case of j' = j + 1.

For s > 0 we use the identity (51) for points on the positive side.

P ((m +1)2771 + 5)
. . —j 1 G— . .
— 973/2,i2m277 (n+3) (= (m+1)2 1+s)elamig((—l)m(2_7+1ﬂ"8| + g))

_ FA ) ) GA ) )
— T m2i4n,(m+1)27 —2s—1" p((m+1)27 —2s—1),(m~+1)2742s>

m,n(_(m + 1)2j71 + S)
. . —j 1 j— . )
— 2—]/26127r2 (n+3)(=(m+1)2 1+S)€lamg((—1)m+1(2_]+17T‘8‘ _ g))

— FA . . a4 . .
— T m2i4n,(m+1)27-25s—1" p((m+1)27 —2s—1),(m+1)27 +2s—1"

For s < 0 we use the identity (51) for points on the negative side. Moreover, we use the identity (52) for
points on both sides.

Whnn((m +1)20-1 + 5)
. . —j 1 G . .
— 97/2,i2m27 (n+3)((m+1)2 1+s)€—1amg((_1)m+1(27]+1ﬂ_|8| _ g))

_ FA ) ) GA ) )
T S m2i4n,(m+1)27 =2|s| Y p((m+1)27 —2|s|),(m+1)27 —2|s|>

m,n(_(m + 1)2j71 + 5)

. . —j 1 G- . .
_ 2—]/26127r2 (n+3)((m+1)2 l+s)€_lam(—i)g((—l)m<2_]+lﬂ"8‘ + %))
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= FA_. . G4 : :
= T m2i+4n,(m+1)27 =2|s| T p((m+1)27 —2|s]|),(m+1)27 —2|s|—1"*

Therefore, the left-hand side of equation (55) becomes

S (Fhnllm+ D27 4 ) fl(m+ 127" + 4]

[s|<pa(g,m)
(12 4 ) f[-(m + )2 48]

pa(g,m)
Z m29+n (m+1)2i—25—1 X (G;‘((m+1)2j72571),(m+1)23+25f[d(p((m +1)27 4 2s))]

+ G;‘((mﬂ)zj—25—1),(m+1)2j+2s_1f[d(P((m +1)27 425 — 1))])
pi(gm) A ‘
+ Z (1225 (G129 229 22 f1d(p((m 4+ 1)27 = 29))]

Gl i1y 20 (2 —2e—1 flAp((m + 127 =25 = 1))])

2p1 (J,m)+1 N-1
= Z Figi tn(mi1)2i—s Z Goimi1)2i—s.ed [d(p(c))]
c=0
The latter step is due to the block diagonal structure of matrix G with blocks of size 2 x 2. O

Proof (of Theorem 4.3). First, we consider two special cases. Observe that for W(j)" and i, < 2u0(j1,0)
and n € {0,...,2% — 1} we have
Cit, =F2 and R, ,;, =Gi, =

n,ik N,k Tkylk Tkyik

Also for Wir and iy > m, 27 + 2p0(jr, m,) and n € {0,...,27 — 1} we have

and R; =G4

A A
Cm 29 +m,ig Fm 20T +n, iy Tkylk ke
The general case can be handled using Lemmas 4.1 and 4.2, and Proposition 4.1. Combining all of

the above, we get
N—1

ot Z fld(e)]le) = FARTGAR ) fld(o)] ). (59)

Observe that (59) holds for any f and conclude the proof. O

In the following subsections, we discuss the implementation of each of the operators, F4, G and R.

4.4 Quantum circuits for F4

In this section we will implement the operation F'4 defined in (43), for a variety of wave packet trees 7.
This is similar to the implementation of the Shannon wavelet transform in (32), modulo some technical
details.
First, equation (43) involves a complex phase factor that has a periodicity of 21 (rather than 27,
in the case of (32)):
ei27j27r(n+%)d(m2j+c) _ ei27j27r(n+%)(d(7rL2j+c)+p2j+1) )

Recall that in the wave packet encoding (26), the j least significant bits represent ¢ in binary form while
the remaining bits represent m. So the (5 4+ 1)-th bit represents the parity of m, which determines the
shape of the wavepacket (see Section 2.2).

Recall functions d and d defined by (22), (24) correspondingly and observe that

d(m2’ + ¢) = d(c,j,m) + (=1)°| 2] - 27 — I(c is odd) - 27. (60)



TR f Vo)
|90) —w —izH=iz}{§ |
) : 15 .1
|q2> : L 4 -- : g ViR:
; [y | 1 - SN
. ~— | ] 2
lqr—2) < : ——e : : \_/" i
lgr—1) = : - T E &
o) — £ imey 15
0) — & [h2(k)) - o HE of
0) — S |hs(k)) - SR AT
i : I
I X O
0) —f  Flho-a(R)) s
0) — JlheaW) ——e—% |
Step 5
: P | Py Pr,_4 @ \:fé \—fg R
: 0] S [ 1P 12 OME <
' Pr_ Pr_ HE _Hz2 9 H 2 -
| = = e v |E vl <
: e |8 = =
I ARME VIOE A 2 [
e o118 =1 2 [
II Je @lde €4 5 10
18 5 g —10)
: s K. g N o
e R
. 2 202 20 O
I e o ey > '
I | o = ° < E !
! ' en <t
' I 1 o | ] —0)
: o —o— o —o+ 5 L1 Z L —0)
R e R ) A )

Fig. 14 Quantum circuit implementation of the operation F4 of size 2L. The boxes labeled Step 3 and Step 5 apply
the first two phase factors in Eq. (61). For more details, see the Supplementary Material. The third factor in Eq. (61) is
handled using the same techniques as in the Shannon wavelet transform. Steps 2-4 of the Shannon wavelet transform can
be found in Figure 11.

Like in the case of Shannon wavelets, the decoding d keeps us within the same block of size 27. However,
(60) shows that some adjustment is required due to the change in periodicity. Then, each block of the
matrix F'4 can be expressed as the product of three factors:

(FA(j7 m))n,c _ e(fl)ciﬂ'l_%Je—I(c is odd)iwe(—l)c+1iam ei.wzﬂ'd(c,j,m) 2—j/2ei~2w2*jnd(c,j,m) ) (61)

Tm Phase QFT

The first two factors in Eq. (61) are new, compared to the analogous formula (32) for the Shannon
wavelet transform.
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The first factor of (61) represents the necessary adjustment. Consider combination of values of ¢ and
m:
. 62
—el™/* if m # ¢ mod 2. (62)
For quantum realization, we would like to have a unitary corresponding different cases of m and c. We
may apply the following operators to the qubit corresponding to the least significant bit of ¢ which defines
its parity.

{e‘i”/4 if m = ¢ mod 2,
Tm(c) =

—in/4 0 ]
Ry = (e 0 —ei”/4) . Ri=Ry-(—i2). (63)

We apply Ry if m is even and R; if m is odd.
The complete procedure is implemented by the quantum circuit shown in Figure 14. Additional details
are presented in the Supplemental Material. The gate complexity of the algorithm is O(L?).

4.5 Quantum circuits for G4

Recall Definition 4.5, where each block of matrix G4 is defined by equation (48). It will be convenient to
shift the indices of this matrix by 1. In other words, let us define the block-diagonal matrix GA e CN*N
as follows: for W, # W{ and |s| < puo(j, m),

G G g+[jam?5] g*[jvmvs]

m2J+2s+1,m279+2s m2Ii4+2s+1,m29 +2s+1

( GA2J+25 m2i+2s NGA21+25 m29 +2s+1 ) _ (g[j}m,s] g+[j,m,s]> ) (64)
This satisfies

G4 = Adder;,(1)GAAddery,(—1),
where Addery,(+1) is the unitary operation defined in equation (5).

Furthermore, the definition of G involves both positive and negative shifts s from m27. The challenge
with this approach is that when we work with wave packets in WY, , it requires knowing information
about the left neighbor of W7 in the tree. It would be more practical if we could define the operation
G4 in a way that involves only positive shifts (which we denote by n), and only one leaf node W7, at a
time. This can be done in the following way.

We can re-write the formula (64) for G4 in terms of n € {0,...,2/~1 — 1} for WJ, € Ap. Then for
Wi, # Wy and 0 < n < po(j,m), we have the same expressions as in (64)7 but substituting s — n:

3O, m,n] = g (~1)™x (270 — 1)),
3 lym, ) = ig (~1)™m(2 i 1 1))

A A 0 0
( G M2 4+2n,m29 +2n Gm27+2n m24+2n+1 ) _ ( 7' )[]7m n] gi)[],m Tﬂ)

GA GA 30, m,n) 395, m,n]

m2J +2n+1,m27+2n m29 +2n+1,m25 +2n+1
and for Wi, # Wir and po(j,m) <n < 297!, we have the same expressions as in (64), but substituting

(j,m) + (jym+1) and s — n — 2971

3V G.m,n] =g ()" w270 = 1)),
31, m,n] = —ig ((~1)"r(27 0 - 3), (66)

~NA A 1 ~(1);.
NGm21'+2n,m2j+2n ~Gm2f+2n,m21'+2n+1 _ ( )[]7m7n] gi)[j,m,n]
GA A - g 1) .

m2J+2n+1,m27+2n GmQj +2n+1,m29 +2n+1

So far, the discussion of wave atoms did not rely on the exact form of function g. Each block of
matrix G depends on the value of 277715, and there are O(27) distinct such values, where j,, is the
maximum level of leaf nodes in the tree. Therefore there are O(2/) different types of blocks in G4.
So, in the general case, the number of gates in the implementation of G4 without any approximation is
O(27m). However, the complexity can be reduced for certain choices of the function g.
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Fig. 15 Quantum circuit that implements a linear Pauli rotation with slope 2a and offset 2b, defined in equation (70).

4.5.1 Efficient quantum circuits for G4

We give an example of a function g for which G* can be implemented exactly and efficiently. Consider
the following function g:

cos(%w — 1“—6), if — %ﬂ' <w< %,
g(w) =S cos(Bw — %), if T <w< 3m, (67)

0, otherwise.

This is a simple example of a function that resembles an asymmetric “bump” and satisfies the require-
ments in equation (11) and equation (12). Other types of functions satisfying these requirements also
can be considered.

For this choice of g, let

. T (3n — 271 9ISkl i g is odd,
v(j,m,n) = 2y 1 . 9l(n>po(Gm)) 4 i .
S (3n . QJ) .9 rol3,m)) = if m is even,

then

A “ A . . . .
< Gm2-7+2n,m2-7+2n Gm2-7+2n7m2-7+2n+1 ) _ (COS(U(],’I’)’L,TL)) 18111(1)(],’{7’7,,7’},)))

szzj +2n+1,m27 +2n Ggm‘ +2n+1,m2i +2n+1 isin(v(j,m,n)) cos(v(j,m,n))

B cos(v(j,m,n)) sin(v(j,m,n))

_ gt <— sin(v(j, m,n)) cos(v(j, m, n))) S, (69)

Linear Pauli Rotations

where S denotes the single-qubit gate S = ((1) ?)

The middle factor in (69) can be implemented, by using the formulas (68), and applying a controlled
single-qubit gate of the form

[2) ly) > [2) (cos(az +b) ly) + (~1)? sin(az + b) [y @ 1)), for y € {0,1}, (70)

which we call a “linear Pauli rotation” with slope 2a and offset 2b. This can be implemented using the
quantum circuit shown in Figure 15. This procedure is described in detail in the Supplementary Material,
and has gate complexity of O(L?).

Finally, to implement G4, we need to call the above procedure controlled by the predicates I(q >
2110(j1,0)) and I(q < m,.29" + 20 Jr, M)

4.6 Quantum circuits for R

Recall that, by Definition 4.4, the action of R is described by a permutation p, and p permutes odd
indices as follows. For any W7 # W' and s € Z such that |s| < po(j,m),

p(m27 +2s —1) =m2/ — 25— 1.

Let us exclude even indices from consideration. We identify the set of odd indices {1,3,5,...,N — 1}
with the set of all indices up to N/2 — 1, that is {0,1,2,...,N/2 — 1}. We let p denote the permutation
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acting on {0,1,2,..., N/2 — 1} that corresponds to p. Note that p is related to p as follows:
p(2k —1) = 25(k) — 1. (71)

Given an implementation of p, one can implement the operation R (i.e., the permutation p) as follows:
given that
p(2k+1)=p2(k+1) — 1) =2p(k + 1) — 1,
the implementation of R consists of: a shift by 2; the circuit that implements p on qubits 1,..., L — 1,
controlled by the parity of qubit 0; and a shift by —2. This transforms the initial state of |2k + 1)
into |2(k 4+ 1) 4+ 1); then the state after applying p is |2p(k + 1) + 1), which we need to transform into
[2p(k+1) —1).

4.6.1 Applying the permutation p

It remains for us to show how to apply the permutation p. For a fixed leaf node W7, such that W/ Wg’,
let us denote the permutation associated with leaf node W7, by p7.. Then p/, has non-trivial action as

Pl (m227t 4 5) =m2i7t — s for s € Z s.t. |s| < po(f,m). (72)

Combining all permutations p/, together we get the permutation p:

p= 11 #h (73)

Wi #Wy!

The order in the product is not important since all permutations pJ, generated by wave atom admissible
tree T' pair-wise commute. This follows from the observation that no two such permutations have non-
trivial action on the same index. One can notice that equation (71) does not work in case of k = N/2 or
k = 0. However, p and p act trivially on the boundaries, so we do not consider such k’s.

Each pJ, acts non-trivially on 2ug(j, m) indices. Let us combine permutations that share the same
value of 219 (j, m). Suppose this common value is 24 (j, 0), for some j,. Then let p/* denote the combined
permutation. By the definition of p( in equation (37),

po= I A= || (74)

W Wit W
Ho(F,m)=p0(j,0) Jj—I(m is odd)=j.

For permutation p, let us define a helper function he {0,...,N/2 =1} — {0,..., L — 2} that says,
for each index, which permutation ¢’ acts nontrivially on it. Formally, we have:
YWI, 4 Wi and |s| < po(j, m), hP(m27~1 4 5) = j — I(m is odd),
and (75)
ilp(k) =0if (k < MO(jl)O) or k> m7'2jril + MO(jT'?mT‘)).

Furthermore, for j € {1,..., L — 1}, define a family of boolean functions A/ : {0,...,N/2 — 1} = {0,1}
such that
p o .
hi (k) = I(h*(k) = j). (76)

With such boolean helper functions, the quantum implementation of p/* in equation (74) becomes
a three-stage process listed in Algorithm 1. One can notice that p keeps indices within their respective
intervals centered around m27~! for some W/, . This means that

R (k) = h#(p(k)) for any k € {0,...,N/2 — 1}, (77)

which implies that the calculation of h]p- ’s can be reversed after p is applied.
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Algorithm 1 Applying permutation p’+, given values of helper function A (-)

Input: Zii;l_l aq |q) ’hg (q)>, that is, a superposition over indices |¢), with labels ‘hf* (q)> computed
by the helper function A% (-).
2L71_1 s
Result: 3. a4 ‘pJ*(q)> |h”-* ())-
Notation:
uantum register R, of L — 1 qubits; R,[i] denotes the i-th qubit, s =0,...,L — 1;
q q
Quantum register Ry, of 1 qubit.

1. Apply Addery,_1(uo(js,0)) to Ry controlled on Ry, = |1).
2. For each i =0,...,j. — 2 apply X-gate to R,[i] controlled on Ry, = |1).
3. Apply Addery_1(—u1(js,0)) to Ry controlled on Ry, = |1).

Finally, we show a way to compute the helper functions hf(-), using the helper functions h;(-) defined

in (28). We start by examining a leaf node W7, & {W{/, W/ }. Consider an index m2/~* + n where
n € {0,...,N/2 — 1}. There are two cases:

e Ifn < up(j,m), then iLf(mQj’l +n) = j—I(m is odd) as m2’~! +n is affected by the permutation pJ, .
® If n > uo(j,m), then h?(m27=1 4+ n) = j — I(m is even) as m2/~1 + n is affected by the permutation
p), where W/ , is the right neighbor of Wi .

For Wi, € {Wél,ngr}, in one of the above cases h?(m2/~' 4+ n) = 0 according to the definition in
equation (75). Finally, one can evaluate these expressions, by obtaining the value of j from the functions
hj(-). The above procedure is described in detail in the Supplementary Material. Its gate complexity is
O(L?).

Altogether, the complexity of implementation of the permutation p is O(L?), given that we need to
call the above procedure two times to compute and uncompute h? ’s, and call O(L) times Algorithm 1
(we care about 2 < j < L).

4.7 Computational Complexity

The classical complexity of the 1-D wave atom transform is the same as the complexity of the fast Fourier
transform O(N log N) where N is the number of points in discretization [4].
The quantum implementation of the wave atom transform that combines all the steps in decomposi-
tion
C* = FAR'G*R,
depends on

1. Efficient computation of the family of boolean functions h;(-),j = {1,...,L — 1} for tree T,
2. Efficient computation of blocks of G4.

Here, efficient computation means polynomial time in the number of qubits, in other words, polyloga-
rithmic in N. The results are summarized in the following theorem.

Theorem 4.5 (Quantum complexity of 1D wave atom transform). Take a wave atom admissible tree
T defined for discretization of size O(2F). If

e function g of the wave atom transform allows the implementation of matrix G* with gate complexity
of O(L?),
e the family of functions h;(-) has a quantum implementation that requires O(L?) gates,

then the gate complexity of quantum wave atom transform generated by tree T and function g is O(L?).
In Section 4.5, we provided a concrete implementation of the matrix G4 for a specific function g¢.

In addition, recall from Section 2.6 that the family of functions h; can be efficiently implemented for
monotonic trees. This implies the following Corollary.

Corollary 4.6 (Quantum complexity of 1D wave atom transform for monotonic trees). Let T be a
monotonic wave atom admissible tree defined for discretization of size O(2F). If T is represented by the
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leftmost node on each level, then the gate complexity of the quantum wave atom transform generated
by the tree T and the function g defined in (67) is O(L?). The complexity of the construction of the
quantum circuit is O(L?).

Finally, note that the above result applies to parabolic scaling trees as a special case, as shown in
Section 2.3.

5 Discussion and Conclusion

The first result of this paper is a quantum implementation of Shannon wavelet transform with a hierar-
chical tree structure of shifts and scales (Theorem 3.1). This construction made use of helper decoding
functions h;(-) (equation (28)) that map indices to their respective levels in the wave packet tree. With
such functions, the hierarchical quantum Shannon wavelet transform becomes a product of Fourier trans-
forms of different scales. The type of wave packet trees dictates the circuit implementation of functions
hj. We demonstrated that for monotonic trees, the implementation of helper decoding functions is effi-
cient and requires O(L?) gates, when implementing a wavelet transform of dimension 2. Together, this
allows us to achieve exponential speedup with the quantum gate complexity of O(L?) for the entire
procedure of Shannon wavelet transform.

The wave atom transform with a hierarchical tree structure is more intricate as it requires “blending,”
similar to [15], due to the overlaps between the supports of neighboring wave packets in frequency space
[4, 5]. A crucial contribution of this paper is to show how to implement blending that also follows the tree
structure, on a quantum computer, i.e., acting on quantum superposition states. Using this technique,
we showed that for monotonic admissible trees with wave atoms satisfying some technical conditions, the
quantum wave atom transform also achieves an exponential speedup with the gate complexity of O(L?)
(Theorem 4.5). We demonstrated this exponential speedup for wave atoms constructed from a particular
function ¢(-) (Corollary 4.6). In particular, this family of wave atoms has “parabolic scaling,” which is
useful for constructing sparse representations of solutions to wave equations [4]

Generalizing this construction is an interesting topic for future work. In particular, can this construc-
tion be carried out efficiently for different choices of the function g(-) (besides the choice described in
Section 4.5.1), perhaps by adapting the techniques introduced recently by [14]?

Using tree-structured wavelet bases, one has additional flexibility to construct wavelet bases with
desirable properties. This suggests considering other wave packet trees that satisfy our admissibility
conditions (Definition 4.1). However, one is unlikely to find a single “universal” quantum algorithm that
is efficient and applicable to all admissible trees. The general tree representation requires at least O(QL)
bits as there are more than 22° ' different admissible wave packet trees [19]. If there is a classical step,
the decoding of the tree representation is already ©(2%).

Another potential future direction involves higher-dimensional wave packet transforms, which could
help solve wave equations and systems of hyperbolic differential equations in general, as its basis offers
a sparse representation of the solution operator [3, 6, 16, 17]. This paper shows a 1-dimensional wave
atom transform, which can be extended to construct a multi-dimensional transform. For example, taking
products of 1-D wavelet packets allows for constructing two-dimensional orthonormal basis functions with
four bumps in the frequency plane. Although the construction is not a straightforward tensor product
since both dimensions share the same scale [3], the results in 1-D are easily extendable to the 2-D case.
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