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Observation of a fault tolerance threshold with concatenated codes
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We introduce a fault-tolerant protocol for code concatenation of a generalized Shor code using a butterfly
network architecture with high-noise thresholds and low ancilla overhead to allow implementation on current
devices. We develop a probability passing decoder using tensor networks that applies Bayesian updates to the
marginal error probabilities after each layer of checks, achieving a state-preparation threshold of e, =~ 0.089 for
erasure errors and ~0.015 for unheralded noise. We implement our state-preparation protocol on ion-trap hard-
ware with added noise to demonstrate the threshold behavior in a real quantum device. We further theoretically
test the performance of our scheme as a quantum memory and for universal quantum computation through the
preparation of low-noise magic states for state distillation and 7'-gate injection.
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I. INTRODUCTION

Recent years have seen dramatic experimental advances
in quantum error correction and fault tolerance, rang-
ing from demonstrations of fault-tolerant gadgets including
repeated rounds of error correction [1-6], fault-tolerant
algorithms with many logical qubits [7], and subthresh-
old scaling in topological codes [8]. Interestingly, however,
fault-tolerant threshold behavior has not been experimentally
observed in concatenated codes, despite their foundational
role in fault-tolerant quantum computing [9-15].

At the same time, recent years have seen steady theoretical
progress in the study of concatenated codes, from decoding
algorithms [16-19], to ancilla preparation [20-22] and as-
sociated overhead analysis [23-27], to the construction of
universal gate sets without magic state distillation [28-32].
More recently, there is an increasing interest in concatenated
codes from a practical quantum computing perspective now
that optimized schemes [33,34] have brought their perfor-
mance (measured asymptotically by noise threshold and/or
encoding rate) to a level on par with low-density parity check
(LDPC) codes like the surface code [35] or high-rate codes
on nonlocal geometries [36,37]. Moreover, from a statisti-
cal mechanics perspective, concatenated codes allow novel
realizations of spin-glass phases and transitions in treelike
geometries [16,18,38]. These developments motivate an in-
vestigation of the threshold behavior of concatenated codes
on current quantum devices.

“Contact author: gsommers @ princeton.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(4)/043271(12)

043271-1

In this work, we introduce a family of efficient fault-
tolerant protocols for code concatenation with high thresholds
and low ancilla overheads to enable their realization on
quantum hardware, at the expense of increased decoding com-
plexity. We begin in Sec. II by introducing the concatenated
code family, which consists of two-qubit repetition codes in
alternating bases, and designing a state-preparation circuit
that prepares the logical states |0) and |F) with zero an-
cilla overhead. In Sec. III, we evaluate the state-preparation
gadget’s threshold performance under both heralded and un-
heralded noise in classical simulations and on the Quantinuum
System Model H2, a trapped-ion quantum processor with
all-to-all connectivity and midcircuit measurement [39]. The
state-preparation gadget is then incorporated into a quantum
memory test in Sec. IV, theoretically demonstrating the sur-
vival of logical information through many rounds of Steane
error correction [40]. Finally, in Sec. V we analytically ex-
amine a protocol for preparing logical magic states below
the distillation threshold [41], establishing a path toward
universal quantum computation in our low-overhead and high-
threshold concatenation scheme. We conclude in Sec. VI.
The Appendices and Supplemental Material [42] contain a
detailed exposition of the error models and decoding methods.
The tensor-network-based approximate decoder introduced
therein, which combines methods from belief propagation
and weight enumerator tensor networks [43—45], may be of
independent interest.

II. SINGLE- AND MULTITREE ENCODINGS

The encoding circuit of a self-concatenated code, with a
base code on b physical qubits, can be written as a b-ary
tree, whose depth ¢ is the number of generations [18,38]. In
a previous work [38], we investigated the phase diagrams
of concatenated codes generated by binary (b = 2) trees;
although the base code necessarily has distance one, the
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FIG. 1. (a) Example depth-4 encoding circuit of a GS, code. In each layer, the left qubit entering a gate comes from the previous layer,
while the right qubit is in a fresh pure state. One logical qubit (purple leg at root) is encoded into 16 physical qubits (leaves of tree). (b) Multitree
(butterfly network) state-preparation circuit for |0) (purple legs all |0)) or |+) (purple legs all |+)). Thick solid lines trace the tree that encodes
the state on the “system,” corresponding to the branches of the singletree in panel (a), while dashed gray lines indicate qubits used as ancillas.
(c) Legend for panels (a) and (b). Blue and red circles denote CNOT (left qubit as control) and NOTC (right qubit as control), respectively. Each
square node of the butterfly network consists of (1) a “check gate” (CNOT for |0), NOTC for |F)), (2) a measurement of the ancilla qubit in the
corresponding basis (Z or X), used to read off the syndrome in that layer, (3) resetting the ancilla to a fresh stabilizer state, and (4) an encoding
gate (CNOT for blue square nodes, NOTC for red square nodes). Each of these steps can incur errors, as described in the main text.

appropriate choice of encoding isometry can generate codes
with distance growing exponentially in . One of these is the
binary tree version of a generalized Shor (GS) code [46,47],
which alternatively concatenates a two-qubit repetition code
in the Z basis and X basis. That is, as shown in Fig. 1(a) [48],
the encoding isometry alternates between

CNOT2]0), = [00)(0] + [1T){1] (D
and
CNOTy[+)2 = [+ (+] + [——){— . 2

In the ensuing discussion, we will drop subscripts and denote
NOTC = CNOTj;. Where a distinction is meaningful, we use
GS, (GS,) to denote the code family where Eq. (1) occurs
on odd (even) layers, mainly employing the former encoding
order.

The b=2 GS code family has the parameters [[n =
2,k =1,d =2"/]]. While there exist other binary tree
codes with superior distance scaling and performance under
Pauli errors, the GS code is well suited to fault-tolerant pro-
tocols because it is a Calderbank-Shor-Steane (CSS) code, in
which the logical operators and stabilizer generators can all
be chosen to be all Z’s or all X’s [49,50]. CSS codes are auto-
matically equipped with a transversal CNOT gate, and Steane
error correction reduces the task of fault-tolerant syndrome
measurement to the task of preparing ancillas encoded in |0)
and |+) [40].

The binary tree encoding circuit offers one way to prepare
a given logical state |1/): Feeding the single-qubit state |/)
into the root of the tree, the output on the leaves is [). When
|[¥r) is a stabilizer state, stabilized by the Pauli operator P, we
can think of this as setting the “logical leg” to be an additional
stabilizer; e.g., to prepare the state |0), the root is stabilized by
Z [51].

However, the encoding circuit inevitably suffers from
noise, and errors near the root of the tree can accumulate and
propagate through the circuit. Consequently, if we only read
out the syndrome in the final layer, at any finite noise rate p,
the logical failure probability Pr(p, t) is monotone-increasing
with tree depth ¢. Prior work [18,38] has demonstrated a
threshold pgngle below which some quantum information

survives to infinite depth, i.e., lim,_,» Pr(p,t) < 1/2. To
make the logical failure rate converge to zero as t — 00, we
could then perform state distillation [41], consuming many
noisy states to produce one less noisy state.

The protocol we present here, for preparing the logical
states |0) and |¥) used in Steane error correction, improves
upon that approach by introducing checks between each layer
of encoding, rather than just at the end. This method achieves
a higher threshold p. > pgingle and requires zero qubit over-
head, in the sense that the circuit preparing a depth-7 encoded
state requires only 27 total qubits.

While interleaving checks in the encoding circuit is not
a new idea—they are implicit in the hierarchical structure
of many Steane EC-style ancilla preparation circuits [22],
and a similar approach underlies the Knill-style Bell state-
preparation protocol in Ref. [24]—they take an especially
simple form for our code family, turning the singletree into
a multitree known as a butterfly network [Fig. 1(b)] [52]. The
same network geometry appears in the fast Fourier transform
[53,54] and in the encoding circuit of a quantum polar code
[55]. At level ¢, each depth-t state S is checked against a
depth-f ancilla A, yielding partial information about the errors
on the system up to that layer. The “checking” procedure for
state preparation of |0) in the GS, code family consists of the
following steps [Fig. 1(c)]:

(1) Perform a transversal CNOT between S and A.

(2) Measure each qubit of A in the Z basis. From these
measurement outcomes, we can infer the Z syndrome of the
joint system S ® A.

(3) After odd (even) layers, reset each qubit of A to |+)
(]0)), and feed it in as a fresh stabilizer to the next level of
encoding S, including the root stabilizers.

To prepare |+), we fix all the root stabilizers to be X,
replace the transversal CNOTs with transversal NOTCs, and
measure in the X basis. Therefore, at level ¢ of preparing
a depth-T state, there are 27~ identically prepared depth-t
states. After the T'th level of encoding, there is only one
state left. As is standard in fault tolerance, to analyze the
performance of this gadget in isolation, we conclude the cir-
cuit by perfectly measuring all the stabilizers, except the root
stabilizer. The decoder then uses the syndromes measured
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FIG. 2. Depth-2 multitree circuit for |0), with a round of perfect
stabilizer measurements appended to evaluate its performance. High-
lighted wires show how a fault (yellow starburst) propagates through
the circuit. The first round of checks (level 1 syndrome) distinguishes
this fault from a bit flip on the second system qubit, which would
propagate to a logically inequivalent error with the same level 2
syndrome.

in levels 1, 2, ..., T, which collectively form the “spacetime
syndrome,” to (1) find a Pauli error F in spacetime that pro-
duces this syndrome and (2) decide whether to apply eff(F')
or eff(F)L. Here, eff (F) is the fault propagated to the last
layer of the circuit [56] and L is the logical operator that
flips the root stabilizer (L = X for [0), L = Z for [T)). As a
minimal example, Fig. 2 shows a fault with eff (F') = X;. This
fault would be decoded incorrectly if we only measured the
syndrome in the final layer, but is correctly decoded using the
full spacetime syndrome.

In previous overhead analysis of fault-tolerant protocols
for concatenated codes [27], each round of stabilizer checks
consists of both X-type and Z-type checks. In contrast, our
protocol only performs one type of check, enabling zero qubit
overhead as each ancilla is eventually reset and fed into the
growing system. In the context of state preparation, this is
justified because the decoder succeeds as long as it correctly
fixes the sign of the root stabilizer (returns it to +1). There-
fore at each level, we need only measure the syndrome that
“matches” the root stabilizer, which for |0) is all Z’s (and thus
immune to phase flips) and for |+) is all X’s (and thus immune
to bit flips). This strategy is modified when using the prepared
states for Steane error correction, discussed below.

III. STATE-PREPARATION THRESHOLDS
A. Theoretical demonstration

To test the protocol introduced in the previous section, we
first consider a theoretical noise model with Pauli errors in
three different locations: (1) on each stabilizer input (that is,
on all the input legs before t = 1, and after every qubit reset in
subsequent steps), (2) after each two-qubit gate, and (3) before
each measurement on the ancilla (see Appendix A) [57].

1. Erasure errors

We first consider a model in which all errors are heralded:
Each error raises a flag on the noisy qubit, while unflagged
qubits are guaranteed to have suffered no errors. The most
common heralded error channel is the erasure channel, in
which the flagged qubit is replaced with a fully mixed state:

E(p)=(1—e)p®[0)(0] + e3 ® [1)(1], A3)

where e is the erasure rate and |0), |1) is the state of a classical
register. For CSS codes, the erasure channel is equivalent to
the composition of a heralded bit flip channel

Ex.e(p) = (1 —e)p ®10)(0] + ;(p +XpX") @ [1)(1], (4)

with a heralded phase flip channel £z,.

From the circuit architecture, we construct the stabilizer
generators of the spacetime code [56,58,59], wherein each
possible error location is assigned a qubit, and each bit of
syndrome information is associated with a stabilizer generator
in spacetime. Under fully heralded noise, optimal decoding of
this spacetime code can be done in polynomial time (see Sec.
II of the Supplemental Material [42]). For independent and
identically distributed (i.i.d.) erasures at rate e, the threshold
for both |+) and |0) is e. ~ 0.089, as shown in Fig. 3(a)(i).
The crossing between system sizes drifts to smaller e and
smaller Pr(e) with increasing 7. A fit to the one-parameter
scaling form

Pr(e,T) = f((e — ec)N(T)'), S

with f an unknown scaling function, e, = 0.089, v = 2.85,
and N(T) ~ T27 the number of spacetime qubits, is shown in
Fig. 3(a)(ii) [60].

2. Stacked probability passing

Next, we consider unheralded noise, taken to be indepen-
dent bit and phase flips at rate r:

N:(p) = Nx.r o Nz.,)(p), (6)
where

Nx,=0=rp+rXpX' (7a)

Nz, =0 =r)p+rZpZ'. (7b)

The lack of correlations between X and Z errors means
that, for CSS codes, we can decode the Z and X syndromes
independently.

Without perfect heralding, optimal decoding via the
spacetime code is no longer feasible. Instead, we use an ap-
proximate “stacked probability passing” decoder, detailed in
Appendix B and the Supplemental Material [42]. Under this
noise model, the stacked probability passing decoder has an
estimated threshold of r. = 0.015, as shown in Fig. 3(b).

To benchmark the approximate decoder, we also use it to
decode erasure errors, comparing its performance to that of
the optimal decoder. For that error model, the approximate
decoder achieves a similar threshold and subthreshold per-
formance to the optimal decoder, though further systematic
improvements could be made [42].
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FIG. 3. Logical failure probability of state preparation in classical simulations. (a) Erasure errors at rate e, optimal decoder. Left panel
(i) shows system sizes T =2 to T = 11, plotted on a log scale. Gray dashed line marks the threshold e. &~ 0.089. Right panel (ii) is a scaling
collapse to the form (5) with e, = 0.089, v = 2.85, plotted on a linear scale with depths 7" = 3-11. (b) Unheralded bit/phase flips at rate r,
decoded via stacked probability passing. Gray dashed line marks the threshold r, & 0.015. In all panels, the plotted quantity is averaged over
|0) and |F). In this paper, all logarithms are base 10, and uncertainties are determined as the standard error of the mean across independent
samples or the one sigma confidence interval across Bernoulli trials. We use a linear scale for the horizontal axis as our focus is on the

near-threshold behavior, not the behavior near p = 0.

B. Hardware implementation

Having demonstrated the effectiveness of our circuit layout
and decoding method in theory, we now test the protocol on
quantum hardware.

We implement state-preparation circuits using up to
32 qubits (depth T = 5) on the Quantinuum System Model
H2. The dominant error sources native to the device are two-
qubit gate errors and measurement errors, each occurring at
a rate <0.0025. Modeled as independent bit and phase flips,
this noise rate is well below r.. To tune through a transition,
we stochastically introduce gates in two different ways: (1)
incoherent noise and (2) coherent rotations. In the final layer
of circuit, each qubit in the system is destructively measured
in the basis of the root stabilizer; decoding is successful if the
decoder’s guess of the logical state, using the heralding record
and syndrome, matches the measured state.

We choose both types of added errors to be heralded, so
the threshold is at a large enough added noise rate to clearly
distinguish the subthreshold and above-threshold phases.

1. Added incoherent errors

The incoherent error model is heralded bit flips [4] (for |6))
and phase flips (for |+)) at rate e after each two-qubit gate and
before each measurement. Even at these modest system sizes,
Fig. 4(a) shows evidence of a threshold between e = 0.06
and e = 0.09. In the subthreshold phase, the logical failure
probability is exponentially suppressed in 7', as shown in the
Inset.

We stress that while the form of the added noise is artificial,
the exponential suppression of the logical failure probability
at low rates of added noise already demonstrates the success
of the protocol in handling the noise native to the device.
Injecting noise of our choosing increases the logical failure
rate, allowing the trend with system size to be resolved using
fewer shots.

2. Added coherent errors

We next benchmark the state-preparation protocol in the
presence of added coherent errors at rate g. That is, we

introduce coherent non-Clifford rotations (with perfect
heralding to boost the threshold): If a flag is raised (with
probability g), then a coherent rotation by 6 about the X (or
Z) axis on the Bloch sphere is applied:

Cx.q0(0) = (1 —q)p ®10)(0] + ge"*/> pe™*/> @ [1)(1].
(8)

We set the rotation angle 6 = m /4, so that the rotation is
maximally non-Clifford.

Our motivation for considering this second model is that
while incoherent noise is typically assumed when developing
decoders, real devices also suffer systematic small rotations
[61]. Part of the difficulty in studying coherent noise is
the phenomenon of quantum interference, which makes syn-
drome sampling classically inefficient in general and gives
rise to complex Boltzmann weights in the associated sta-
tistical mechanics mapping [62]. With quantum hardware,
the inefficiency of syndrome sampling is circumvented as the
syndromes are generated for us by the circuit. Though the
heralding is unphysical, it serves only to boost the threshold
and does not alter the implementation of the decoder.

(a) Added erasures
-1.0f , 1t

(b) Added coherent
errors

log10 [PF(T)]
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FIG. 4. Logarithm of the failure probability on Quantinuum Sys-
tem Model H2, native noise + added heralded bit/phase flips at rate
e [Eq. (4)] (a) and heralded coherent errors [Eq. (8)] at rate g (b).
The inset to panel (a) shows the subthreshold scaling at added noise
rate e = 0.02. In all panels, the plotted quantity is averaged over |0)
and |+).
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FIG. 5. (a) Steane syndrome measurement. Leftmost wire is an unknown logical state on the system. Yellow starbursts show the noise
locations modeled in this work. Arrows indicate the flow of Pauli errors. (b) Depth-3 preparation circuit for an ancilla encoded in |0), for use
in the gadget shown in panel (a). This preparation circuit includes X checks after the first layer and Z checks after the second layer. Legend is
the same as in Fig. 1(c). (c) Logical failure probability after (i) 217/? rounds and (ii) 1 round of Steane syndrome measurement, under a bulk
erasure model with optimal decoding. Apparent thresholds, achieving the best collapse to the scaling form (5), are indicated by dashed gray
lines. Uncertainties are determined as the standard error of the sample mean.

Although the added errors are coherent, our approximate
decoder still models the noise as incoherent by taking the
Pauli twirl,

Cx.q0(p) = qlcos’(©/2)p + sin*(0/2)X pX "] ® [1)(1]
+ (1= q)p @10)(0]. ©)

At small g, this decoder achieves modest suppression of
the failure probability with increasing 7', with an apparent
threshold around ¢ & 0.125 [Fig. 4(b)].

3. Future directions

A potential optimization, enabled by the hardware’s capac-
ity for midcircuit measurement and feedback, is to adapt the
checking procedure in real time based on syndrome informa-
tion from earlier rounds. While a rewiring protocol for a fully
heralded error model does not yield asymptotic improvements
for preparation of |0) and |¥), adaptive rewiring may be an
asset for other tasks [42].

Successful preparation of |0) and |+) only demonstrates
the code’s classical performance, since the measurements
are performed on a single basis. As a more stringent test
of the code performance, one could prepare a logical Bell
pair, which would require defense against both types of noise
simultaneously. In an experiment, the error-corrected cor-
relation between measurement outcomes would serve as a
measure of entanglement in the logical state [63]. However,
the logical Bell state uses twice as many qubits for a given
T as |0) and |F), thus limiting the number of generations
accessible on current hardware. We therefore opt not to pursue
this avenue, instead turning to a theoretical demonstration of
the code’s use as a quantum memory.

IV. QUANTUM MEMORY

For the quantum memory demonstration, we use the
encoded logical states as ancillas in a Steane syndrome ex-
traction gadget. A review of Steane error correction and
details of our implementation are provided in Sec. VI of the
Supplemental Material [42]. For the present discussion, it
suffices to recall [see Fig. 5(a)] that one round of Steane error
correction uses two ancillas, encoded in the states |0) and
|+) and coupled to the system via transversal CNOT gates, to

perform X and Z checks on a CSS code without learning the
logical state [40]. These ancillas are prepared via a modifi-
cation of the state-preparation protocol discussed above. The
state-preparation circuit in Fig. 1(b) defends against only one
type of errors; for example, the circuit for |0) uses Z checks
in each layer, allowing phase flip errors to accumulate since
they do not affect the logical state. In contrast, when |0) is
used in the Steane EC gadget, we must defend against both
bit flip errors (which otherwise will leak onto the system
during the transversal CNOT) and phase flip errors (since |0)
is used to learn the X syndrome). To address this issue while
maintaining the butterfly network structure of the circuit, we
simply alternate between X and Z checks in the multitree, as
shown for a depth-3 ancilla in Fig. 5(b).

Suppose that an unknown logical state has been perfectly
encoded in a depth-T tree code. We can think of this state
as being entangled with a reference qubit. We then use n > 1
rounds of the syndrome extraction gadget to read out the syn-
drome. Since the ancillas used in the syndrome extraction are
noisy, and the system can suffer additional errors after each
layer of gates, the decoder’s task is to predict the correction
operator that returns the system to its initial (unknown) state,
based on the syndrome information read out from the ancilla
measurements and from the perfect stabilizer measurements
at the end of the circuit.

When the errors are heralded, we infer the performance
of an optimal decoder by computing the mutual information
between the final state of the system S and the initial reference
R. Perfect decoding is possible when the mutual information is
maximal, /(S : R) = 2. Otherwise, for each lost bit of mutual
information, the recovery probability degrades by a factor
of 2, such that the logical failure probability of the optimal
decoder for a given I(S : R) is

1

To test the survival of logical information after many rounds
of syndrome extraction, we subject a depth-T logical state to
n=d(T) = 27/2) rounds of noisy syndrome measurement,
followed by a layer of perfect stabilizer measurements. To test
the performance of a single Steane error correction gadget
in isolation, we also examine the logical failure probabil-
ity for n = 1 round. The thresholds for the two circuits are
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e. ~ 0.0255 and e, =~ 0.031, respectively, as shown in Fig.
5. Both transitions are broadened with an exponent v ~ 2.75,
with “system size” N(T) ~ T2"n(T).

The approximate probability of passing decoder described
in Sec. VII of the Supplemental Material [42] has a much
lower threshold and inferior subthreshold scaling. Therefore,
a transition under unheralded errors is only visible if we
restrict to n = 1 rounds of checks. In this case, we attain a
pseudothreshold of r. ~ 0.003 below which the failure prob-
ability does not increase with depth. We leave improvements
of the decoder for unheralded and partially heralded noise to
future work.

V. UNIVERSAL GATES

Finally, we theoretically examine how to construct a
fault-tolerant universal gate set for the GS code family. For
this purpose, it suffices to implement the generators of the
Clifford group—CNOT, Hadamard, and the phase gate S—
supplemented with a logical T gate.

As a CSS code, the GS code automatically comes equipped
with a transversal CNOT, a fact exploited above in the state-
preparation and Steane-EC gadgets. We propose to implement
a logical Hadamard using a transversal gate + code switching
[64-70], discussed below. To implement the remaining gates
at the logical level, we rely on gate injection/gate teleportation
[41,71]: (1) prepare an ancilla in a logical resource state,
(2) couple the ancilla to the system via transversal CNOT,
(3) measure the ancilla, and (4) conditioned on the measure-
ment outcome, apply an (easier-to-implement) gate on the
system.

A. Magic state distillation

We first consider state preparation of logical T states,
which can be used for T'-gate injection [41]. Specifically, we
prepare the state [72]

IT) = e ™28 [F). (11)

Since this state does not point along the X or Z axis of the
logical Bloch sphere, it cannot be prepared using the multitree
circuit in Fig. 1(b). Instead, we prepare the state using the
singletree circuit [Fig. 1(a) with |T) = exp(—irZ/8)|+) fed
into the root], followed by state distillation.

Let A denote the noisy encoding isometry (from the state
|T) on the root to a noisy encoded state on the leaves) and
‘R the optimal recovery channel. If the noise + decoder im-
plements a logical P, with probability P, then the logical T
state fidelity is

F(T)= (TIRoN(TKTDIT) =1 - Pz — (Px + Py)/2.
12)

For models of bulk errors parameterized by p, with per-
fect syndrome measurement in the final layer, there exists a
“coding phase” in which F(T') converges, in the limit of infi-
nite depth, to a fixed point F'*(p) > 1/2 for p < pgingle- If the
noise is composed of single-qubit independent unheralded bit
and phase flips, the threshold can be determined numerically
to high precision as 7gingle = 0.0066 £ 0.0004, whereas under
erasure errors, an exact calculation yields egpge = 0.05505...

0.5
0.00 0.02 0.04 0.06 0.08 0.10

FIG. 6. Fidelity to the logical T state [Eq. (12)] after decoding
erasure errors on the branches of the singletree encoding circuit.
Colored curves are for even depths up to 100, using the GS, encoding
order [74]. Black curve shows the fixed-point fidelity. Dashed curve
shows the threshold for magic state distillation from Ref. [41].

[38]. Figure 6 shows the fidelity as a function of erasure rate
e, for even depths up to 100. The fixed-point fidelity within
the coding phase is marked as a black curve.

Optimal decoding of the singletree is followed by distil-
lation. To converge to zero failure probability, the fidelity of
the inputs to the distillation protocol must exceed a certain
value, which equals 0.859 in the 15-to-1 scheme introduced in
Ref. [41]. An analytic calculation for erasure errors finds that
for all e < egingle, F*(e) > 0.859, so distillation is successful
throughout the entire coding phase [73]. Additional details are
provided in Sec. III C of the Supplemental Material [42].

B. Logical Clifford gates

The standard T -gate injection circuit uses a logical phase
gate S, conditioned on the measurement outcome on the an-
cilla [71]. In turn, we can also implement S fault-tolerantly
using gate injection, with the resource state |i) = (|0) +
i|T))/~/2, the unique +1 eigenstate of Y. To prepare |i), we
once again use the singletree encoding circuit, now with the
logical leg fixed to be a —Y stabilizer, followed by a distil-
lation procedure that produces one less noisy |i) from seven
noisy |—i)’s [25]. The classically conditioned gate in step 4 of
the gate injection circuit is just a Pauli gate, which admits a
transversal implementation.

To complete our universal gate set, we need a fault-tolerant
Hadamard gate. Applying H transversally does not quite im-
plement a logical Hadamard: It also exchanges the X-type
stabilizers with Z-type stabilizers, switching between the GS,
and GS, code family. We can account for this by simply
keeping track of which of the two codes each logical qubit
is in. The only complication is that before performing a gate
between a GS,-encoded qubit and a GS.-encoded qubit, we
must code switch one of the two qubits to put them in the
same code.

The code-switching protocol works as follows. Suppose we
want to code switch from GS,(7) to GS,(¢). To do so, we need
to project onto the codespace of GS,, while preserving the
logical state [70]. Projecting onto the codespace is simple:
just measure the syndrome using GS,-encoded ancillas, and
fix up the signs of the wrong-signed stabilizers by applying
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Pauli corrections. As long as these Pauli corrections commute
with the logical operators, the logical state is preserved. To
meet this condition, we first permute the physical qubits,
mapping (for even ¢) the time-evolved operators (X (¢ ), Z.(t)),
which are logical representatives of the GS,(¢) code, onto the
operators (Xo(2), Zo(t)) of GSo(¢). Then, the permuted code
GS.(¢) and the target code GS,(¢) are different gauge fixings
of a common subsystem code [66], so the Pauli corrections
can be implemented using stabilizers of GS,, which preserve
the logical operators. Further detail is provided in Sec. VIII of
the Supplemental Material [42].

VI. DISCUSSION

In this work, we have taken steps toward universal fault-
tolerant quantum computation using a family of concatenated
CSS codes whose base code consists of two qubits. We
constructed optimal and approximate decoders for a zero-
ancilla-overhead state-preparation protocol, and demonstrated
thresholds on trapped-ion hardware. The state-preparation cir-
cuit was then adapted for use in a quantum memory test.
Finally, we showed how the bare (singletree) circuit, followed
by state distillation, can be used to prepare resource states
such as the logical T state, an essential ingredient for per-
forming universal logical gates.

Concatenated codes with Steane error correction, and
LDPC codes such as the surface code, are two paths toward
fault-tolerant quantum computing. One advantage of the for-
mer approach is that clever choices of concatenation enable
fault-tolerant implementation of universal gates without gate
injection, thus circumventing magic state distillation (or cul-
tivation [75]) entirely [27-32]. While Ref. [27] found that
such distillation-free concatenated codes still require more re-
sources to achieve the same logical error rate as surface codes
with magic state distillation, their approach is dominated by
the overhead associated with the preparation and verification
of ancilla states for Steane error correction, which we ap-
ply more sparingly. In particular, our state-preparation circuit
has zero qubit overhead, in contrast with many previously
introduced protocols that rely on postselection, incurring sig-
nificant time and qubit overhead [13,20,23,40]. The GS code
used for our demonstration does require magic states to per-
form universal gates, but the high-level strategy outlined in
this work—multitree state preparation with qubit reuse and
no postselection, made possible by a tensor-network-based
decoder—applies to general concatenated CSS codes. The
simplest way to generalize the multitree circuit to base codes
with b > 2 would be to replace Fig. 1(b) with a radix-b butter-
fly network, meaning that each layer of concatenation would
be followed by checking a system block against b — 1 ancilla
blocks, whose qubits are then reset and fed into the next layer.
A fault occurring in the last layer can only spread to at most
b qubits, which is a bounded error in a code with macroscopic
distance (t — o0, b fixed).

The appeal of the GS code lies in the simplicity of one con-
catenation level, which involves just a single two-qubit gate
in contrast to the larger base codes studied in earlier works.
With large base codes, analysis is often limited to one or two
concatenation levels, yet the “pseudothreshold” inferred from
just one concatenation level can differ significantly from the

asymptotic threshold [29,76,77]. With our small base code,
we can access multiple generations on the hardware, demon-
strating a suppression of the logical failure probability in the
subthreshold phase, and many more generations in classical
simulations, enabling a finite-size scaling analysis.

It is worth noting that while our multitree state preparation
avoids the qubit overhead involved in a protocol that applies
postselection or distillation of several singletrees, it incurs
a decoder overhead due to the relative complexity of the
stacked probability passing decoder vs the singletree decoder.
Decoding is more efficient, and the threshold is much higher,
when the errors are heralded. While perfect heralding of errors
is an idealized scenario, qubits on a range of experimental
platforms can be designed so that most errors are erasures,
via a technique known as erasure conversion [78-89]. A
preliminary investigation indicates that the threshold of the
state-preparation gadget increases sharply as the heralding
rate approaches 1, consistent with the findings of Ref. [78]
for the surface code.

Finally, as noted above, the butterfly network geometry ap-
pears in several other contexts, and an avenue for future study
is to consider how extensions in those contexts translate into
generalizations of the multitree state-preparation circuit. For
example, mixed-radix algorithms for the fast Fourier trans-
form when the input size is not a power of 2 [90] could
be useful for preparing codes with different base codes in
different layers. The encoding circuit of a quantum polar code
is also a butterfly network, with each node corresponding to a
CNOT gate rather than the “check and reset” black box in Fig.
1(c). As polar codes are a special case of branching MERA
codes [55], it may be interesting to explore the circuit that
results when each node of the branching MERA graph is
replaced with a check and reset.
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APPENDIX A: ERROR MODELS

In this Appendix, we summarize the various error models
considered in the work.

1. Types of errors

Three types of noise channels are considered in this work:
erasure errors [Eq. (3)], which in a CSS code are equivalent
to independent heralded bit and phase flips Ex z [Eq. (4)];
independent unheralded bit and phase flips Ny z [Eq. (6)];
and heralded coherent errors Cyx z [Eq. (8)]. To emphasize
the difference between the channels £, N/, C, we parametrize
them by different letters: r, e, and g, respectively [93]. When
not referring to a specific channel, we parametrize the noise
rate by p.

In the state-preparation gadget, noise can be treated clas-
sical, because the logical state |0) (|F)) is immune to Z (X)
errors. Thus, we need only consider Ex, Ny, Cx /4 in prepar-
ing |0) and vice versa for |F).

2. Error locations

All the error models considered in this work consist of
independent and identically distributed single-qubit errors, at
three different types of locations:

(1) On each stabilizer input, at rate p;.

(2) On the two output wires of each two-qubit gate, at
rate p,.

(3) Before each measurement (i.e., random bit flip of mea-
surement outcome), at rate p,,.

In classical simulations [Figs. 3(a) and 5], we take p; =
D¢ = Pm = p, though gate errors have the largest effect on
the performance due to the larger number of available error
locations and the potential for errors to spread in subsequent
layers.

In the experiment, we first infer the native unheralded noise
rates 7;, g, 'y, from the reported rate of two-qubit gate errors
and state preparation and measurement (SPAM) errors. At
the time of the experiment, pspam =~ 0.0025 and is dominated
by measurement errors, so we take r; = 0, r,, = 0.0025. The
probability of a nontrivial two-qubit Pauli operator following
a two-qubit gate was pygs S 0.002. Our decoder models these
errors as independent X and Z errors on each qubit [Eq. (6)],
ie, 1 —pyp=(01-— rg)4, yielding r, = 0.0005.

Then, we introduce either (1) heralded bit or phase flips at
rate e or (2) heralded coherent errors at rate g, after each gate.
For (1), we also add heralded bit flips of the measurement
outcomes in postprocessing.

In the logical T state preparation, we consider noiseless
measurements on the leaves and single-qubit erasure errors
on every branch of the tree, including the root.

APPENDIX B: DECODING METHODS

Consider a faulty circuit (for state preparation or syndrome
extraction) with several noisy measurement layers. To assess
the performance of this gadget in isolation, we include a layer
of perfect stabilizer measurements at the end of the circuit.
The decoding task then consists of the following steps:

(1) Given the syndrome information collected in each
layer of measurements, find a Pauli operator E that, when

applied to the system qubits at the end of the circuit, returns
us to the code space.

(2) Determine which of the logically inequivalent classes
is more likely.

(i) For state preparation, there are only two logical
classes to consider, EL and E, where L is the logical
operator that flips the logical state being prepared (X for
|0Y, Z for |F)).

(ii) For Steane syndrome extraction, there are four log-
ical classes, but if X and Z errors occur independently, the
decoder independently chooses from {1, X}, {I, Z}.

(3) Apply the operator EL*, where L* is the most likely
logical class in step (2). Decoding fails if the actual fault that
occurred propagates to an error that differs from EL* by a
nontrivial logical operator.

An optimal maximum likelihood decoder computes the
probability of each logical class in step (2) exactly. A sub-
optimal decoder approximates the likelihood of each logical
class, for example, by using a simplified error model (as when
we use the Pauli twirl approximation for coherent errors, or
model the native noise as independent bit and phase flips) or
by discarding some syndrome information.

1. Erasure errors

When the noise is perfectly heralded, we can decode op-
timally. In theory, this is achieved by mapping the faulty
circuit to a spacetime code, which is a subsystem code de-
scribed further in Sec. II of the Supplemental Material [42].
In practice, the logical failure probability of this decoder can
be determined without implementing the actual decoder, by
simulating the noisy circuit evolution in a stabilizer tableau.
The simulation is efficient because the erasure operation—
tracing out a qubit—can be done in the stabilizer formalism,
with worst-case complexity O(N?). In the state-preparation
protocol, each root stabilizer is set to Z or X, and the entropy
of the output state S(ps) is computed after the final round of
perfect stabilizer measurements. The decoder succeeds with
probability 1 /25(/’5), where S(ps) is either O or 1, so in a
given shot i, Pr(i) = S(ps(i))/2. This quantity is then aver-
aged over N5 shots, separately for |0Y and |+), to obtain
Pr(]0)), P=(|+)). In Fig. 3(a)(ii), we plot

Pr = 3[Pr(10) + Pr(IF))], B

with error bars

\/ [SE(Pr(10)))* + SE(Pr(10)))?]/2,

where SE(y) =,/ % is the standard error of the sam-
ple mean of y. In Fig. 3(a)(i) and figures in the Supplemental

Material [42], to better discern the subthreshold performance,
we plot the average of the log failure probability,

(B2)

log,o[Pr] = 1[log,y(Pr(|0))) + log,o(Pr(IF))].  (B3)

In the quantum memory demonstration, the input state is a
logical Bell pair (|0)5]0)z + |1)s|1)z)/+/2, and the decoder
succeeds with probability 1/227/5® where I(S : R) is the
mutual information between the system and reference [cf.
Eq. (10)].
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2. Probability passing

In the general case, the evaluation of logical class prob-
abilities can be implemented via the contraction of a tensor
network.

In the singletree setting used to prepare logical T states,
with measurements only performed in the final layer, this
tensor network has the same tree structure as the circuit itself
[Fig. 1(a)]. The tree has an open leg at the root, and an open leg
sticking out of each possible error location in the bulk. Since
faults at different locations occur independently, a vector of
error probabilities can be contracted locally on each bulk leg,
yielding a tree tensor network whose output (on the root leg)
is the vector of logical class probabilities.

In the fault-tolerant multitree setting, each layer of ancilla
measurements gives us partial information about the errors
occurring on the system. With this information, we can update
the distribution of errors on the system tree via Bayes’ rule.
Optimal decoding would entail updating the full distribution
exactly, introducing correlations between errors at different
locations. The resulting tensor network is no longer efficiently
contractible due to the large entanglement.

We therefore instead implement an approximate decoder
that uses the idea of probability passing. A simple approxima-

tion would ignore all correlations by applying the Bayesian
update marginally on each error location. For state prepara-
tion, this method achieves a pseudothreshold below which
the logical failure probability is roughly independent of sys-
tem size. To achieve a subthreshold phase in which the
logical failure probability decreases with system size, our
“stacked probability passing decoder” improves upon this
crude approximation by keeping the correlations that develop
from ancillas that interact directly with the system. The ten-
sor network implementation of this algorithm is detailed in
Sec. IV of the Supplemental Material [42].

Each shot of the state-preparation circuit yields a sample
y; € {0, 1}, where y = 0 denotes success and y = 1 denotes
failure. The average failure probability for preparing state
[¥) = 10), |+) is then

Pe([9) = —%hy
shots

(B4)
with estimated one sigma confidence interval o ~
N Pr(1 — Pp)/Nshors- The uncertainty on logo[Pr(|v/))]
and its average across |0), |+) is determined through error
propagation.
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