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Abstract
Atomic force microscopy (AFM) is widely used for nanoscale mechanical testing. However, extracting Young’s modulus from the force vs. indentation depth data remains a challenge. In this regard, uncertainties about the AFM tip geometry have been recognized as a major source of errors. Here we propose a methodology in which the geometric approximation of the AFM tip is informed by the force vs. indentation depth data. The methodology is based on two least-square fits, one involving the force vs. indentation depth data and the other the tip profile. At the core of our methodology is the proposition that the tip geometry must be properly characterized in the interval bounded by the contact radius corresponding to the maximum indentation depth. This proposition has a solid geometric underpinning and does not require any additional assumptions. Further, there are no conceptual obstacles to applying the methodology to multi-parameter geometric models, including those based on raw image data. The methodology is successfully applied to both synthetic and physical data.

1. Introduction
[bookmark: _Hlk187324006]Atomic force microscopy (AFM) is extensively used for measuring mechanical properties at the nanoscale. One of the foundational AFM tests involves quasi-static indenting of a sample. The resulting force versus indentation depth curve or ‘force curve’ is then analyzed using a contact mechanics model to derive local material properties of the sample, most commonly Young’s modulus . Such tests have been proven insightful for applications including, but not limited to, cells and tissues[1–8], electronics and batteries[9–11], and geological materials.[12–14] Despite the widespread use of this approach, extracting accurate and precise values for  remains a challenge.

[bookmark: _Hlk213233300][bookmark: _Hlk213234779][bookmark: _Hlk188084361][bookmark: _Hlk188084482][bookmark: _Hlk188084494][bookmark: _Hlk188085799][bookmark: _Hlk213248435][bookmark: _Hlk213243024][bookmark: _Hlk213249665]For quantifying experimental  results, one needs two sets of inputs: the force curve and tip geometry. The latter is obtained from either electron microscopy images or the blind tip reconstruction (BTR) method.[15] These different methods have their associated trade-offs. Principally, electron microscopy can lead to carbon deposition and is time-consuming as it requires the user to take the tip out of the AFM. BTR does not have these issues, but can lead to tip wear and a loss of lateral resolution. [16,17] In all cases, manufacturing variability necessitates AFM tip shape characterization for accurate nanomechanical measurements. From the obtained profile, one must construct a geometric model of the tip, which consists of a function and a domain over which this function must provide an accurate fit to the experimentally determined tip profile. Uncertainties and inaccuracies associated with this step have been recognized as a major source of errors in the extraction of  .[18,19] In part, these errors arise because AFM tips are usually approximated with conical[4,14,20,21], parabolic[2,5,6,22,23], or power-law[19,24–26] shapes, which fail to accurately capture the actual geometry, especially for indentations much deeper than the characteristic tip size[27], such as the one shown in Figure 1. This issue has been investigated by evaluating the accuracy of various geometric models[28,29] and their influence on the predicted force curves.[30,31] Furthermore, efforts have been made to improve the accuracy with correction factors,[32,33] improved geometry calibration techniques,[22,34] and intentionally modified probes.[7,13,23,35] In many cases, larger spherical colloidal probes (with radii ) are utilized because of their well-defined shapes. However, these larger probes lack the lateral resolution of sharper AFM tips.[36,37] While many of these studies have explored how the geometric model selection influences the resulting value of, there is insufficient recognition that a reliable geometric model must include not only an accurate geometric shape but also the pertinent applicability range (i.e., the spatial domain over which the tip profile is fit with the geometric shape function). In general, this range is dependent on the tip geometry and the force curve.

[bookmark: _Hlk213140855]In this work, we aim to identify optimal bounds for fitting tip profiles with geometric shapes and demonstrate their usefulness through applications involving synthetic and experimental data. These bounds are chosen based on the portion of the tip in contact with the sample during indentation. Their application limits error in predicted  values regardless of the specific AFM tip geometry or chosen indenter model.

[image: ]
Figure 1. A scanning electron microscopy (SEM) image of an AFM tip.

2. Background
2.1 Model Problem
Consider a model problem which helps us better understand methodologies for extracting Young’s modulus from AFM indentation tests. This problem involves a rigid axisymmetric indentation of a sample, modeled as an isotropic linear elastic half-space. It is assumed that there is no friction or adhesion at the contact. The problem is described using a cylindrical coordinate system with the upward z-axis aligned with the tip symmetry axis and the origin at the initial point of contact between the tip and the sample (Figure 2). In this coordinate system, the tip surface is prescribed by the shape function . In the contact area, the axial displacements are 
	,	(1)
where  is the indentation depth. Sneddon[38] has shown that  and the conjugate force  can be expressed parametrically as
		(2)
and
	.	(3)


[bookmark: _Hlk185494251]Here  is the contact radius (Figure 2), and  is the reduced elastic modulus:
	,	(4)
where  is Poisson’s ratio of the sample. It is useful to combine (2) and (3) to obtain the force curve by eliminating . Also, (2) and (3) yield the relationship[39]
	.	(5)

[bookmark: _Hlk213160229][image: ]

Figure 2. An indenter described by the shape function  pressed into a sample with a force resulting in an indentation depth and contact radius .

2.2. Basic Indenter Models

Table 1 summarizes the functions  and  for three basic model indenters, conical, paraboloidal, and power-law indenters shown in Figure 3. It is straightforward to establish that both  and  for the paraboloid can be derived from the power-law model by setting  and .That is, paraboloidal indenters are particular power-law indenters. Also, for , the power-law model describes a cone with the complimentary angle . That is, as formulated, the power-law model is not general enough to include all cones. If needed, one can introduce an additional parameter into the power-law model, so that it includes all , but this is not necessary for our purposes. 

Table 1. The functions  and  for three basic model indenters. The symbol denotes the standard -function.

	[bookmark: _Hlk213143366]Model
	Shape function 
	Force curve 

	Cone[40]
	
	

	Paraboloid[41]
	
	

	Power-Law[40]
	
	




[image: ]
Figure 3. Model indenters: (a) Conical characterized by the complimentary angle , (b) Paraboloidal characterized by the local radius of curvature , (c) Power-Law characterized by a reference lengthand exponent .


2.3. Data

Current state-of-the-art methodologies for processing AFM data involve two sets of discrete data, the force curve  and the tip profile . The domain for  is naturally set by the maximum indentation depth , so that . In contrast, there is no consensus on choosing the relevant domain or range for . Typically, one defines the range , where  is chosen visually, independently of the force curve. For this reason, we refer to such methodologies as uninformed. In this work, we propose a systematic approach to identifying an optimal domain for , which takes the force curve into account. Therefore, we refer to the proposed methodology as informed. The proposed methodology is developed in two stages. First, in Section 3, we explain it using synthetic data. Then, in Section 4, it is applied to experimentally extract from data for polydimethylsiloxane (PDMS) samples.
3. Synthetic Data Analysis











[bookmark: _Hlk213254553]Synthetic data provides an ideal setting for assessing various methodologies for extracting the reduced elastic modulus, as it allows one to isolate intrinsic errors of the methodology from those associated with measurements. In this work, synthetic data are generated by choosing the model indenters in Figure 3 and Table 1. The goal is to fit synthetic data with an inappropriate model (i.e. a different tip) while varying the size of the probe and the depth of indentation. In what follows, we refer to the model chosen for synthetic data generation as the construction model, and we denote the corresponding , , and  as , , and , respectively. Thus, in this section, the discrete data  and  are replaced with continuous functions  and , respectively. The reduced elastic modulus of the construction model is denoted by .


[bookmark: _Hlk213254584]The model for extracting the reduced elastic modulus is referred to as the test model, and its attributes are denoted by , , , and . The test model is chosen such that, regardless of the parameters, [image: ] cannot equal  for all values of r. Our approach is based on two least-square-fit minimizations, one for the force curve, 
		(6)
and the other for the indenter shape function,
	.	(7)
In the first fit, we minimize the distance between the two force curves across the entire domain. In the second fit, the upper limit refers to the contact radius of the test model corresponding to the indentation depth , and it is calculated using (5) as 
	.	(8)












Figure 2 demonstrates that the function  must be an accurate approximation of  only in the interval . The definition of  implies that we seek the fit for the largest contact radius , which corresponds to and approximated by . Further, we hypothesize that the best approximated  is . Therefore, in (8), the slope of the force curve is evaluated at  and the corresponding contact radius  is approximated by .
The outlined methodology was applied to two cases. First, the power-law was used as the construction model and the paraboloid as the test model. In this case, the relative error is
	.	(9)
The relative error is plotted as a functionin Figure 4 for  (typical values seen with real AFM tips).[25] In this plot, the maximum error magnitude of 29 % is for , when the power-law shape represents a cone with the complementary angle . Of course, the error is zero for, when the power-law shape represents a paraboloid. The error also approaches zero as, when the power-law shape represents a flat punch.
[image: ]
Figure 4. The relative error  as a function of  for the informed model. The construction geometry is power-law, and the test geometry is paraboloid. To demonstrate that the error tends to zero for large n, the inset shows the same function in the interval .

In the second case, the paraboloid was used as the construction model and the cone as the test model. The relative error is
	
for any paraboloid. It is remarkable that both results are simple and force-curve independent. 
Let us now consider choices for the upper bound of  uninformed by the force curve, consistent with traditional methods[32,42]. In practice, those are specified by choosing an upper bound on  rather than . Thus, for a chosen upper bound , the corresponding upper bound on is . Because  is typically chosen arbitrarily, we examine a wide range of values. Specifically,  is varied from one tenth to ten times the characteristic length of the construction geometry. Accordingly, for the first case, where the construction model is the power-law, we consider three choices, , , and . The relative error corresponding to these choices is plotted in Figure 5 as a function of  for . This methodology leads not only to an error that is dependent on , but also to large errors which vary significantly among the three chosen upper bounds. For reference, for , the informed methodology predicts an error of -1 %.
[image: ]
Figure 5. The relative error  as a function of  for three upper bounds: is shown in orange, is shown in blue, and is shown in green. The construction geometry is a power-law with and the test geometry is a paraboloid.

Another option is to set , which we call the semi-informed methodology. This approach yields results independent of . However, a closer look at Figure 2 reveals that it includes the deformed surface region not in contact with the indenter, increasing error. In this case, we obtain an error of 14 %, which is a significantly worse than the error obtained with the informed methodology, less than 1 %.
Similarly, for the second case, where the construction model is the paraboloid, we consider three choices, , , and . The relative error corresponding to these choices is plotted in Figure 6 as a function of . This methodology is simply unacceptable for most practical purposes. If , we obtain an error of 23 %; for reference, the error for the informed methodology is -7 %.


[bookmark: _Hlk213254133]Overall, the synthetic data results indicate that the standard uninformed approach of arbitrarily selecting u can lead to extreme errors. Conversely, the informed methodology produced relatively small errors even in cases with extreme differences between  and . Therefore, the informed methodology deserves further consideration with discrete experimental data.

[image: ]

Figure 6. The relative error  as a function of  for three upper bounds: is shown in orange, is shown in blue, and is shown in green. The construction geometry is a paraboloid, and the test geometry is a cone.

4. Experimental Data Analysis
In this section, the methodologies described in Section 3 are applied to AFM test data generated by indentation tests on a PDMS sample. Two sets of measurements were collected, each with a different silicon AFM tip and consisting of hundreds of force curves. A typical force curve obtained from a single indentation test is shown in Figure 7a. Since there are many similar curves, the data  allows us to generate a statistical description of in each case. Further, for validation purposes, was also determined from standard uniaxial tensile tests; for details, see Supporting Information.

[image: ]
Figure 7. Force versus indentation depth data: (a) A typical force curve used for generating  data for the PDMS sample, (b) A heat map of overlapping force curves showing the approach sections for the 248 indentations performed in the first set of measurements. The color bar displays the percentage of the forces curves overlapping at each point.

Since we no longer deal with continuous data, expressions (6) through (8) must be modified. To this end, one can replace  with the sum
	,	(10)
and  with the sum
	.	(11)
Here,  is the number of data points satisfying  in . Likewise,  is the number of data points satisfying  in . Further, since, in this section, we used the power-law test model,  was minimized with respect to both  and , while, as before,  was minimized only with respect to .


[bookmark: _Hlk213139068][bookmark: _Hlk213139356][bookmark: _Hlk213140062]Applying the informed methodology to the discrete data requires further modification. Here,  is minimized repeatedley as a part of the  minimization, as illustrated in Figure 8. The iterative minimization scheme results in a higher computational cost compared to the uninformed methodologies. However, the example MATLAB implementation (seen in the Supporting Information) was able to process 248 experimental force curves in three minutes on a standard desktop computer. An initial order-of-magnitude guess for  based on a priori knowledge of the sample can speed up computation but is not required. Subsequent guesses for  will depend on the chosen optimization algorithm. 

[image: ]
Figure 8. The process for applying the informed methodology to discrete data assuming a power-law indenter model.


[bookmark: _Hlk213235244][bookmark: _Hlk213233336][bookmark: _Hlk213165984][bookmark: _Hlk213153006]For the first set of measurements, 248 force curves were collected. An SEM image of the silicon tip used for this testing is shown in Figure 9a. The tip geometry was extracted from this SEM image and fitted with the three basic models listed in Table 1 using varying fitting upper bounds for . A similar tip profile could have been extracted using BTR. The fit is poor for the conical model. In contrast, both power-law and paraboloidal models provided excellent fits for the fitting upper bounds above 2 nm. This is evidenced by Figure 9b, where the coefficient of determination  versus the upper bound is plotted for all three models. The tip is therefore treated as a true paraboloid with , the mean fitted value from the SEM tip profile (the fitted parameters for all the models and fitting regions can be found in the Supporting Information). This value is used for normalization of the uninformed bounds but is not required for the informed methodology.
The field of view for the provided SEM image limits the use of the force curve to . For the same reason, using is not possible. Therefore, the analysis was limited to two uninformed choices, and , the semi-informed choice , and the informed choice , with the understanding that the value of  is determined as part of the solution strategy. For all four choices, once  had been determined using (10) and (11), was calculated from a generalization of (4) which accounts for the tip compliance:
	.	(12)
Here, we used [43–45] and the tip stiffness for <100> Si is.[46]

[image: ]

Figure 9. The AFM tip used in the indentation tests: (a) SEM image and fitted geometries; (b) Coefficient of determination  vs. the fitting upper bound for the basic indenter models.
[bookmark: _Hlk204067039]
Figure 10 presents the predictions for  obtained using four different choices for the upper bound. These predictions are compared with the reference value of , measured using standard uniaxial tensile tests conducted on the same material. Along with the absolute magnitudes predicted for [image: ], Figure 10 reports the relative error compared to the mean reference value. Upon examining the results in Figure 10 we offer the following conclusions:
· As expected, for every choice of the upper bound, the predictions for the paraboloidal and power-law indenters are superior to their counterparts for the conical indenter.
· With one exception, the informed methodology, characterized by the upper bound , outperforms its competition. The exception is the power-law indenter, for which the informed methodology involves a 2 % error, whereas the uninformed methodology characterized by the upper bound  involves a 1 % error. Of course, these two predictions are accurate, but the latter one is somewhat fortuitous as the upper bound  results in a 15 % error.
· 
[bookmark: _Hlk213224755]In all cases, even for the conical indenter, the informed methodology predicts  with an accuracy better than 10 %. The result shows the informed methodology can yield acceptable accuracy for , regardless of the chosen model. 

[image: ]

Figure 10. Young’s modulus  for the PDMS sample from AFM indentation tests performed with the AFM tip in Figure 8a using the basic indenter models and four choices for the upper bound in (10). The standard deviations are shown as error bars. The reference value was found using standard uniaxial tension tests on the same material. The listed percentages are the error relative to this mean reference value (see the Supporting Information for plots of the relative error). 

In the second set of measurements, 209 indentations were performed on the same PDMS sample. These measurements used the AFM tip shown in Figure 1. The fits of the SEM image for this tip were poor for both the cone and the paraboloid shape functions (See the Supporting Information for more details). The tip was therefore treated as a true power-law with , the mean fitted value from the SEM tip profile (the fitted parameters for all the models and fitting regions can be found in the Supporting Information). Similar to the previous measurements, this value was used to normalize the uninformed bounds.

Also similar to the previous measurements, the force curves were fit up to . The analysis was performed for two uninformed bounds,  and , the semi-informed bound , and the informed bound .
Figure 11 presents the predictions for  obtained using four different choices for the upper bound with the second set of measurements. These predictions are again compared with the uniaxial tension benchmark value. Along with the absolute magnitudes predicted for [image: ], Figure 11 reports the relative error compared to the mean reference value. Upon examining the results in Figure 11 we offer the following conclusions:
· The measurements showed significantly more variation compared to the values reported in Figure 10, as evidenced by the depicted error bars. This variability is believed to be caused by greater instrumental noise, but additional studies are needed. Nevertheless, the mean values point to similar conclusions as the previous measurements.
· For every choice of the upper bound, the predictions for the power-law indenter are superior to their counterparts for the paraboloidal and conical indenters.
· With one exception, the informed methodology, characterized by the upper bound , outperforms its competition. The exception is the paraboloidal indenter, for which the informed methodology involves a 19 % error, whereas the uninformed methodology characterized by the upper bound  involves a 16 % error. This result again appears to be happenstance, as the upper bound  results in a 30 % error, and the upper bound  results in a 51 % error for the conical indenter. 
· [bookmark: _Hlk213224823][bookmark: _Hlk213224870]In all cases, the informed methodology predicts  with an error . Again, these results indicate that, regardless of the indenter model, the informed methodology leads to a systematic improvement in the prediction of [image: ].

[image: ]

Figure 11. Young’s modulus  for the PDMS sample from AFM indentation tests performed with the AFM tip in Figure 1 using the basic indenter models and four choices for the upper bound in (10). The standard deviations are shown as error bars. The reference value was found using standard uniaxial tension tests on the same material. The listed percentages are the error relative to this mean reference value (see the Supporting Information for plots of the relative error).

5. Conclusion
In this paper, we proposed a simple methodology for extracting the reduced elastic modulus from AFM indentation data, under the assumption of axial symmetry. We refer to it as informed because its geometric aspect is informed by the force curve. The methodology is based on two least-square fits, and at its core is the proposition that the tip geometry must be properly characterized in the interval , where  is the contact radius corresponding to the maximum indentation depth. This proposition has a solid geometric foundation (Figure 2) and does not require any additional assumptions. Further, the proposition is applicable to any axisymmetric tips. In Section 3, where we relied on synthetic data, we considered one-parameter test models only, the cone and paraboloid. In Section 4, where we used physical data, we also considered the two-parameter power-law model. There are no conceptual obstacles to applying the methodology to multi-parameter geometric models, including those based on raw digital data.
[bookmark: _Hlk213144799]In Section 4, we considered a tip whose geometry is well characterized by paraboloidal and power-law but not conical models. Nevertheless, the latter model resulted in  which was only 8.6% below the reference value. Encouraged by this result, we attempted to determine using the tip shown in Figure 1. With this more complex geometry, only the two-parameter power-law model had the fitting flexibility to predict  with an error of less than 10 %. However, the informed methodology again produced acceptable estimates for all three indenter models. Additional experiments with a tip whose geometry is well characterized by a conical model would have made the experimental evaluation more comprehensive. However, constraints on commercially available tip geometries do not enable such experiments.


[bookmark: _Hlk213230215]The proposed methodology is limited to axisymmetric tips. However, pyramidal AFM tips include an axisymmetric region near the apex, such as the tip in Figure 1. As such, the methodology is still valid for indentations below the transition point to non-axisymmetry ( for the tip in Figure 1). Moreover, the experimental results for this particular tip show the informed methodology continues to outperform the uninformed methodology beyond this  transition point.  Therefore, despite its limitations, the informed methodology will generally improve accuracy.
[bookmark: _Hlk213860261]The proposed methodology is also limited to indentations on homogenous, thick, fully elastic samples without adhesion. However, the method could be adapted using other force curve analysis techniques in the literature to account for non-ideal effects. Specifically, various techniques incorporate heterogeneity,[47] viscoelasticity,[31,48] depth-dependence,[49] plasticity,[31,50] adhesion,[51,52] and finite-size effects.[31,53] Because all these methods require knowledge of the tip geometry, they could be further improved by implementing the informed methodology for tip profile fitting.


[bookmark: _Hlk213852746]To practically implement the proposed approach, one begins with a force curve and a tip profile obtained from SEM, BTR, or some other tip shape characterization method. From this data and a test value , one will: (i) calculate a test contact radius from the Oliver-Pharr relation; (ii) fit the tip profile up to the test contact radius for a chosen indenter model; and (iii) calculate the predicted forces based on the tip profile fit. These steps are repeated with iterative values for  until the predicted forces best match the experimental force curve, as shown in Figure 8.
[bookmark: _Hlk213249790][bookmark: _Hlk213235288][bookmark: _Hlk213243801][bookmark: _Hlk213235304][bookmark: _Hlk213233797][bookmark: _Hlk213236094]Overall, we explored methods for fitting tip geometries that limit error in predicted [image: ] values, a topic not previously discussed in the literature. The proposed methodology defines the fitting region based on the portion of the indenter in contact with the sample during indentation, bounded by the maximum predicted contact radius [image: ]. We also provided an iterative scheme for applying the methodology to experimental data (Figure 8), along with an example MATLAB implementation in the Supporting Information. This scheme yields a systematic improvement in the accuracy of predicted [image: ] values. The method can be applied to tip geometries obtained from SEM, BTR, or any similar technique. It can also be used independently or in parallel with other AFM force curve analysis techniques. Broadly, this work provides a general path for more reliable quantitative AFM nanomechanical measurements.


6. Experimental Methods 
PDMS Sample Material: PDMS samples were cast using the Dow SYLGARD™ 184 Silicone Elastomer Kit with a 5:1 base to curing agent ratio. After mixing and pouring into molds, the material was degassed and cured in vacuum at 60 °C for approximately 12 hours. This recipe was found to minimize hysteresis and rate dependence in both uniaxial tensile and AFM indentation measurements (see the Supporting Information for more details). youngAll AFM and uniaxial tensile samples were prepared from the same initial mixture, poured into separate molds, and cured simultaneously in a single oven load to minimize variability in mechanical properties.
Sample Surface Preparation: Before indentation, the AFM cantilever and sample surface were soaked in a 2.8 wt. % commercial dish soap solution for ~10 minutes. This step is thought to produce a passivation layer that reduces the effects of adhesive surface interactions on force curves.[54]
Indentation Experiments: To generate the data processed in Figure 10, indentations were performed using an Asylum Cypher AFM with a Bruker SAA-HPI-30 AFM probe. The AFM cantilever spring constant was measured by the manufacturer as 0.182 N/m using a laser doppler vibrometer. A total of 248 indentations were conducted over a 5 μm x 5 μm lateral grid in DI water to eliminate capillary forces.[26,55].
For the data from Figure 11, indentations were performed using an Asylum MFP-3D AFM with a NANOSENSORS PPP-CONTR AFM probe. The AFM cantilever spring constant was measured as 0.374 N/m using the non-contact Sader method[56]. These indents were also performed in DI water over a 20 μm x 20 μm lateral grid.
Tip Profile Fitting: SEM images of the indenter tip were fit to the various indenter models. The secondary electron (SE) image in Figure 1 was captured with a Hitachi S-550 SEM using an accelerating voltage of 1.0 kV and an emission current of 1.2 μA. The SE image in Figure 9a was provided by the manufacturer. Using MATLAB, the tip boundaries were identified and translated such that the tip apex corresponded with the point (0,0). Following this translation, the boundaries were rotated about the origin point using a least-squares method to optimize symmetry about the y-axis. This step was carried out to best match the axisymmetric assumption of the contact mechanics model.
[bookmark: _Hlk213236292]Indentation Force Curve Processing: The uncalibrated cantilever deflection and z-sensor data were converted in MATLAB to force vs. indentation depth data.[57] The different contact mechanics models were subsequently fit to the first 100 nm of the extension portions of the resulting curves. 

Supporting Information
Supporting Information is available from the Wiley Online Library or from the author.
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Enhancing the Accuracy of Atomic Force Microscopy Measurements of Young’s Modulus via Force-Curve-Informed Tip Geometry Fitting
Atomic force microscopy tip profiles are fit up to the maximum contact radius of corresponding indentation experiments. Through a combination of synthetic and experimental data, this method is shown to significantly improve the accuracy of nanoscale Young’s modulus measurements.
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SI1. Example MATLAB Implementation Fitting Discrete Data Over 
Below is a simple example MATLAB script for determining the reduced elastic modulus of a sample from a defined tip profile and force-indentation data assuming a conical, parabolic and power law indenter geometry with a tip profile upper fitting bound of the maximum contact radius:
%%Start of Code%%

function [Er_Fit, a_max] = aMaxIndentationAnalysis(TipBoundaries,P,delta,dPddelta_max)
%%_______________________________________________________________________%%
% Overview
%   .Function calculates the reduced elastic modulus from force-indentation
%   data using the maximum contact radius as an upper bound for fitting the
%   provided indenter geometry boundaries
%   .All calculations assume frictionless contact between an axisymmetric
%   indenter and a linearly elastic sample
%   .Exact values of the initial guess and options used in the fmincon
%   non-linear solver may require alteration for the user's specific data
%
% Inputs
%   #TipBoundaries# (NX2 double array) concave up indenter tip boundaries 
%                   with the apex point positioned at (0,0)
%                       .Column 1: r
%                       .Column 2: f(r)
%   #P# (double) Mx1 vector containing the applied forces
%   #delta# (double) Mx1 vector containing the indentation depths
%   #dPddelta_max# (double) Slope of the P(delta) curve at the maximum
%                  indentation depth
%                  .Experimental data will likely require the use of
%                  smoothing splines to calculate the 1st derivative
%
% Outputs
%   #Er_Fit# (1X3 double vector) Calculated reduced elastic modulus E* for:
%                       .Column 1: Conical indenter model
%                       .Column 2: Paraboloid indenter model
%                       .Column 3: Power law indenter model
%   #a_max# (1X3 double vector) Calculated maximum contact radius
%                               corresponding to the above fits
%%_______________________________________________________________________%%

%Initial Guess for Reduced Elastic Modulus E*
Er0 = 1;%Initial guess for reduced elastic modulus

%Conical Indenter Model
Er_Fit(1) = fmincon(@(x) ConeObjfun(x,TipBoundaries(:,1),TipBoundaries(:,2),P,delta,dPddelta_max),Er0);

%Paraboloid Indenter Model 
Er_Fit(1) = fmincon(@(x) ParaboloidObjfun(x,TipBoundaries(:,1),TipBoundaries(:,2),P,delta,dPddelta_max),Er0);

%Power Law Indenter Model
Er_Fit(1) = fmincon(@(x) PowerLawObjfun(x,TipBoundaries(:,1),TipBoundaries(:,2),P,delta,dPddelta_max),Er0);

%Calculate maximum contact radius for all cases
a_max = dPddelta_max(end)./(2*Er_Fit);
end

%%Indenter Model Objective Functions
%Conical Indenter Model
function ObjFun = ConeObjfun(Er,TipBoundaries,P,delta,dPddelta_max)
%%Calculate contact radius at maximum depth from force-indentation curve slope relation
a = dPddelta_max/(2*Er);

%%Fit f(r) for r<=a_max
%Determine cutoffs r = a_max on the left and right hand sides of the y-axis
StartFit = find(TipBoundaries(:,1)+a>=0,1,"first"); %Find r = -a_max
EndFit = find(TipBoundaries(:,1)<=a,1,"last"); %Find r = +a_max

%Perform least-squares geometry fitting for the specified bounds
f_r = @(x,r)tand(x(1))*abs(r); %Conical indenter shape function f(r)
theta0 = 45; %Initial guess for complimentary cone angle [°]
xFit = lsqcurvefit(f_r,theta0,TipBoundaries(StartFit:EndFit,1),TipBoundaries(StartFit:EndFit,2)); %Fit f(r)

%%Calculate P_fit using P(delta) relation and fitted geometry
P_fit = 2*Er/(pi*tand(xFit))*(delta.^2); %Fitted indentation force

%%Calculate error for fitted force values
ObjFun = sum((P-P_fit).^2);
end

%Paraboloid Indenter Model
function ObjFun = ParaboloidObjfun(Er,TipBoundaries,P,delta,dPddelta_max)
%%Calculate contact radius at maximum depth from force-indentation curve slope relation
a = dPddelta_max/(2*Er);

%%Fit f(r) for r<=a_max
%Determine cutoffs r = a_max on the left and right hand sides of the y-axis
StartFit = find(TipBoundaries(:,1)+a>=0,1,"first"); %Find r = -a_max
EndFit = find(TipBoundaries(:,1)<=a,1,"last"); %Find r = +a_max

%Fit Geometry
f_r = @(x,r)1/(2*x(1))*abs(r).^2; %Paraboloid indenter shape function f(r)
R0 = 1; %Initial guess for approximate paraboloid radius
R = lsqcurvefit(f_r,R0,TipBoundaries(StartFit:EndFit,1),TipBoundaries(StartFit:EndFit,2)); %Fit f(r)

%%Calculate P_fit using P(delta) relation and fitted geometry
P_fit = 4/3*Er*sqrt(R)*delta.^(3/2); %Fitted indentation force

%%Calculate error for fitted force values
ObjFun = sum((P-P_fit).^2);
end

%Power Law Indenter Model
function ObjFun = PowerLawObjfun(Er,TipBoundaries,P,delta,dPddelta_max)
%%Calculate contact radius at maximum depth from force-indentation curve slope relation
a = dPddelta_max/(2*Er);

%%Fit f(r) for r<=a_max
%Determine cutoffs r = a_max on the left and right hand sides of the y-axis
StartFit = find(TipBoundaries(:,1)+a>=0,1,"first"); %Find r = -a_max
EndFit = find(TipBoundaries(:,1)<=a,1,"last"); %Find r = +a_max

%Fit Geometry
f_r = @(x,r)x(1)^(1-x(2))*abs(r).^x(2); %Power law indenter shape function f(r)
Geom_guess = [1,2]; %Initial guesses for r_0 and n respectively
Geom_fits = lsqcurvefit(f_r,Geom_guess,TipBoundaries(StartFit:EndFit,1),TipBoundaries(StartFit:EndFit,2)); %Fit f(r)
r0 = Geom_fits(1); %Fitted r_0 value
n = Geom_fits(2); %Fitted n value

%%Calculate P_fit using P(delta) relation and fitted geometry
Kappa = sqrt(pi)*gamma(n/2+1)./gamma((n+1)/2); %Geometry function Kappa(n)
P_fit = Er*r0^((n-1)/n)*2*n/(n+1)*Kappa^(-1/n).*delta.^(1+1./n); %Fitted indentation force

%%Calculate error for fitted force values
ObjFun = sum((P-P_fit).^2);
End

%%End of Code%%

SI2. Macroscale Uniaxial Tension Test Reference Values
While casting PDMS samples for AFM experiments, ASTM D412-A dumbbell uniaxial tensile specimens were cast in an ABS mold. These specimens included a linear pyramidal feature at the gauge length (50 mm) for tracking displacement with digital image correlation (DIC). After marking this feature with black dye, the specimens were subjected to displacement controlled uniaxial tension tests at a 50 mm/s crosshead velocity. These experiments were analyzed with DIC and the resulting force vs. displacement data was converted into stress vs. strain curves using measurements of the specimen cross sectional area taken prior to testing. The reported Young’s modulus values were found by fitting a second-degree polynomial to the entire stress vs. strain curve and calculating the tangent of this fit at the median strain for the initial linear region. These tests were repeated for five cycles on each of five different samples.
SI3. Rate-Dependent Uniaxial Tension Tests and AFM Force-Indentation Curves
[image: ]

Figure SI1. (a) Stress vs. strain curves for macroscale uniaxial tension tests performed on the PDMS material used in the AFM indentation experiments at two strain rates. Based on the slope of these curves, there is no appreciable difference in the Young’s modulus of this material at the studied strain rates. The presented strain rates were chosen due to limitations in testing equipment. (b) Applied force P vs. indentation depth  curves for AFM indentation experiments performed on the same PDMS material at varying indentation rates. They further display that the samples exhibit no significant rate dependent material behavior at the rates and length scales of interest for this study. Because the AFM tips are not geometrically self-similar, the strain-rates experienced by the sample will vary and cannot be simplified to a scalar value. 



SI4. Tip Profile Fits for the First Set of Measurements 

[image: ]


Figure SI2. The magnitude of the relative error  for the PDMS sample from AFM indentation tests performed with the AFM tip in Figure 9a of the main text using the basic indenter models and four choices for the upper bound. The standard deviations are shown as error bars. The reference value for  was found using standard uniaxial tension tests on the same material.

Table SI1. Tip parameter fits for the different indenter models and fitting regions for the set of measurements on the tip shown in Figure 9a of the main text. 
	Model
	Tip parameter
	Fitting region

	
	
	
	
	
	
	
	
	
	

	Cone
	θ
	78.3°
	53.5°
	35.7°
	
49.6  0.9°

	Paraboloid
	R
	
	
	
	
	
	
	
	

	Power-Law
	B
	
	
	
	
	
	
	
	

	
	n
	1.94
	2.12
	1.66
	
	







SI5. Tip Profile Fits for the Second Set of Measurements
[image: ]


Figure SI3. The magnitude of the relative error  for the PDMS sample from AFM indentation tests performed with the AFM tip in Figure 1 using the basic indenter models and four choices for the upper bound. The standard deviations are shown as error bars. The reference value for  was found using standard uniaxial tension tests on the same material.

[image: ]
Figure SI4. Coefficient of determination vs the fitting upper bound for the basic indenter models when fitting the profile of the AFM tip shown in Figure 1 of the main text.









Table SI2. Tip parameter fits for the different indenter models and fitting regions for the set of measurements on the tip shown in Figure 1 of the main text. 
	Model
	Tip parameter
	Fitting region

	
	
	
	
	
	
	
	
	
	

	Cone
	θ
	76.9°
	48.0°
	16.6°
	
24.7  0.8°

	Paraboloid
	R
	
	
	
	
	
	
	
	

	Power-Law
	B
	
	
	
	
	
	
	
	

	
	n
	2.98
	2.48
	2.94
	
[bookmark: MTBlankEqn]	
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