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We present a method for measuring the angle of arrival of 37-GHz radio-frequency (rf) radiation by
mapping the standing waves generated in a rectangular glass vapor cell. These standing waves have regu-
lar and well-defined structure from which we can infer the angle and sign of the wavevector of the rf field.
We map the field using spatially resolved light sheet spectroscopy of Rydberg states of rubidium atoms in
the cell. Unlike traditional phased arrays, this detection scheme is compact, has an active area of nearly
4π steradians, and is sensitive to all rf polarizations. For in-plane measurements (φ = 0), we demonstrate
quantitative angle-of-arrival measurements with an uncertainty of the order of 1◦ in an 11-s measure-
ment, and for out-of-plane measurements (arbitrary θ , φ), we demonstrate angle-of-arrival detection with
uncertainty of the order of several degrees.
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I. INTRODUCTION

Angle-of-arrival measurements of radio-frequency (rf)
radiation have many applications in industry and
defense [1], including wireless communication [2], radar
tracking [3], electronic warfare [4], and navigation sys-
tems [5]. Classically, angle of arrival is determined using
phased-array antennas [6], which consist of spatially sepa-
rated receivers that detect the relative phase at each point.
While phased arrays are effective, they have several draw-
backs: they are technologically complex, they scatter and
absorb the incoming radiation, their active area is often
limited to one hemisphere, and they tend to have a large
radar cross section. We develop a detection scheme that
solves these issues by imaging the rf standing waves
formed between the walls of a rectangular glass cell of
atomic vapor.

Rydberg states of alkali atoms in atomic vapor have
been demonstrated as effective traceable sensors of elec-
tromagnetic radiation with minimal perturbation to the
fields they intend to measure [7,8]. These sensors measure
the electric field’s perturbation to these states spectro-
scopically using electromagnetically induced transparency
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(EIT). A resonant rf field will induce a splitting in the
energy of the Rydberg state proportional to the amplitude
of the electric field. With a local oscillator, the phase of the
incoming radiation can be measured [9], which allows for
angle-of-arrival detection in Rydberg sensors [10–16], but
at the cost of the local oscillator emitting radiation (some
recent techniques can resolve phase without a local oscil-
lator, but these require extra lasers and a k-vector-aligned
rf field [17,18]). To avoid this, an all-optical technique was
demonstrated [19] for measuring angle of arrival by gener-
ating a standing wave using a metal plate inside of a vapor
cell and taking a two-point measurement of the resulting
standing wave. Limitations of this technique arise due to
limited active angle and difficulty in determining the sign
of the angle of arrival.

Recently, we developed a spatially resolved detection
method using fluorescence imaging that allows the EIT
spectrum to be measured simultaneously at every point in
a plane, thus allowing us to “image” the rf field inside a
vapor cell [20]. After using this technique to study surface
effects [21], we now turn it to angle-of-arrival measure-
ments. It has been demonstrated that the dielectric walls of
atomic vapor cells cause reflections and standing waves of
the rf incident fields inside the vapor cells [22,23]. Here
we use a rectangular vapor cell with thick walls of the
order of 1/4 of the rf wavelength in order to generate
strong standing-wave patterns, which have well-defined
structure that is dependent on the angle of incidence. We
then image these standing waves using fluorescent detec-
tion, and fit the profiles to determine the angle of arrival. In
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FIG. 1. Scheme for measuring the electric field in a plane
using Rydberg atoms. (a) Energy-level diagram of the spec-
troscopic readout. (b) Layout of the detection scheme. (c) The
fluorescence F is recorded on the image as the detuning of �c as
the coupling laser is scanned. The profile of the change in fluo-
rescence �F as a function of the laser frequency is fitted at each
pixel to find the induced splitting �rf. (d) The result is a spatial
profile of |E| using Eq. (1).

this scheme, the interaction of the radiation with the vapor
cell walls, which limits the accuracy of previous phase-
based angle-of-arrival measurements [24], is actually the
interaction that gives angle-of-arrival resolution.

II. DETECTION SCHEME

Our detection scheme uses the same principle as that
of Ref. [20]. We probe the Rydberg state via two-photon
EIT in 85Rb [Fig. 1(a)]. Here, |r1〉 and |r2〉 are two Ryd-
berg states, with which the rf is resonant. We read out the
transparency via the decrease in fluorescence of the inter-
mediate 5P3/2 state, which we image with a camera in the
y axis to give spatial resolution in x and z [Fig. 1(b)]. Due
to the Autler-Townes effect, the rf field induces an energy
splitting in |r1〉 given by

��rf = μrf|E|, (1)

where � is Planck’s constant, �rf is the Rabi frequency of
the rf field, μrf is the transition dipole moment between
states |r1〉 and |r2〉, and |E| is the amplitude of the rf field
applied. We read out this energy splitting spectroscopi-
cally by scanning the frequency of the coupling laser [Fig.
1(c)]. Fitting the spectrum measured at each pixel to find
the Rabi frequency �rf, and thus the field magnitude via
Eq. (1), we get a spatially resolved image of the magnitude
of the rf field [Fig. 1(d)]. One field distribution measure-
ment takes approximately 11 s, limited by the integration
time required for adequate signal-to-noise ratio.

(a) (b)

FIG. 2. Principle of the angle-of-arrival scheme. (a) Definition
of the coordinate system used in this paper. (b) Modeled
standing-wave pattern of light incident on two orthogonal par-
tially reflective surfaces. The field is presented in the x-z plane
with a k-vector at θ = 60◦, φ = 0.

III. PLANAR MEASUREMENTS (φ = 0)

Consider the case of wavevectors constrained to the x-z
plane, or in spherical coordinates, φ = 0 [Fig. 2(a)]. In the
presence of two partially reflective surfaces in the z-y and
x-y planes, the reflected fields interfere with each other,
creating the field distribution shown in Fig. 2(b).

The result is a standing wave whose amplitude is a
regular grid of points with a well-defined spacing that is
dependent on θ . This can be approximated by summing
the incident and reflected waves, and integrating over time
to find the the root mean square (RMS) amplitude of the
field. Doing this yields

ERMS = E0 + E1| cos(kxx) cos(kzz)| (2)

= E0 + E1
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where �k is the wavevector and λ is the wavelength of the rf
field. Here, E0 is a constant field amplitude due to the non-
interfering portion of the field and E1 is the amplitude of
the standing waves. From this we can get the node spacing:

⎧

⎨

⎩

dnode,x = λ
2 sin θ

,

dnode,z = λ
2 cos θ

.
(4)

Note that we get purely vertical fringes at θ = 0 and only
horizontal fringes at θ = π/2.

In a rectangular vapor cell, the glass walls of the vapor
cell are partially reflective to rf radiation, representing the
set of partially reflective surfaces described above. The
other two walls of the vapor cell also cause reflections,
but this mostly acts to attenuate the field inside the cell
and introduces phase distortions due to its finite thickness.
The simple model still qualitatively predicts the standing
waves observed inside the vapor cell and encapsulates the
relevant degrees of freedom.

024056-2



ANGLE-OF-ARRIVAL DETECTION... PHYS. REV. APPLIED 24, 024056 (2025)

(a) (b)

(c)

(d)

(arb. units)

fit
 e

rr
or

(a
rb

. 
un

it
s)

(deg)

(deg)

(d
eg

)
at

om
-m

ea
su

re
d

FIG. 3. Standing waves of 36.8951-GHz radiation measured via the |r1〉 = 39D5/2 → |r2〉 = 40P3/2 level scheme at various values
of θ . (a) Left: the geometrically measured angle to the horn antenna. Middle: grayscale images of the vapor cell, with the measured
field overlayed in color. The field is masked by the signal-to-noise ratio of the EIT spectrum such that the field is only shown where it
is accurately measured. Right: finite-element simulation of the vapor cell in two dimensions assuming an incident plane wave. (b) At
θ = −32.2◦, the fluorescence image of the field is integrated in x and z, and fitted to Eq. (4) to find θ . (c) The fit error defined in Eq.
(5) is plotted for this field distribution. (d) The fit is performed over a series of field distributions measured at different angles and the
fitted atom-measured θ is compared with the geometrically measured θ from the vapor cell to the rf horn.

The standing waves are measured at φ = 0 for a vari-
ety of θ as shown in Fig. 3(a). We compare the mea-
sured field distributions with a finite-element simulation
using the measured cell geometry. To make the simulation
computationally tractable, we simulate in two dimensions
(assuming the vapor cell is infinitely long in y). We get
qualitative agreement between the measured and simulated
fields. One feature of note is that the fields have compli-
cated structure near the entry point, and have stronger and
more regular standing-wave patterns on the other side of
the cell. This is most likely due to warping of the phase
front as the wave enters the cell due to refraction through
the glass. By the time the wave reaches the other end of the
cell, these near-field effects are minimized since the wave

has traveled several wavelengths, and the reflections off the
far side do not exhibit this effect since they have not passed
through any glass. While these distortions near the entry
point may reduce fitting robustness, they can differentiate
the entrance and exit ports, i.e., the sign of the k-vector.

To quantitatively determine the angle of arrival, we crop
the image to the region where the fields are well resolved
and integrate the measured field distributions along x to
produce a one-dimensional profile Ix(z) and along z to
produce a one-dimensional profile Iz(x) [Fig. 3(b)]. These
profiles will then exhibit the periodicity given by Eq. (4),
and the integration will average away the complicated
near-field structure at the location of incidence. As we
know λ and have calibrated the pixel size using the width
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FIG. 4. Standing waves of 37.0727-GHz radiation measured via the |r1〉 = 40D5/2 → |r2〉 = 39F7/2 level scheme at various values
of θ and φ. (a) The field distributions are given for each angle. Above each field distribution, the geometrically measured angle of
arrival is indicated with a red arrow. We then calculate the likelihood estimator given by Eq. (8) and shade the unit sphere to indicate
the estimated three-dimensional angle of arrival. Unlike in the planar measurements, it is not clear that we can discern the sign of the
angle of arrival, so all quadrants are shaded. (b) All measurements are overlaid, with circles representing the set angles and the shading
representing the resulting likelihood estimator.

of the vapor cell, we can then perform a combined fit of
these two profiles to recover θ . We minimize the residual
of a sinusoid-magnitude floating θ and an initial phase for
each dimension φ0,x and φ0,z. We define the fit error as

fit error(θ) ≡ min
φ0,x
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(5)

where Lx and Lz are the lengths of the region of measured
field in x and z, respectively. The fitted θ is found by mini-
mizing this function, and the uncertainty of the fit is taken
to be the width at which the minimum in fit error increases
by 5% of the overall dip height [Fig. 3(c)]. In Fig. 3(d), we
perform this fit over a range of angles limited by our opti-
cal setup. We find agreement between the geometrically

measured angle between the vapor cell and the horn and
the fitted angle of arrival, with about 1◦ of uncertainty in
the θ measured with the standing waves.

IV. THREE-DIMENSIONAL EXTENSION

Let us now consider a general k-vector in three dimen-
sions, allowing a nonzero φ. The equivalent node spacing
as in Eq. (4) becomes

⎧

⎪⎪⎨

⎪⎪⎩

dnode,x = λ
2 sin θ cos φ

,

dnode,y = λ
2 sin θ sin φ

,

dnode,z = λ
2 cos θ

.

(6)

Since we are measuring in the x-z plane, we do not have
access to dnode,y , but dnode,x and dnode,z contain enough
degrees of freedom to constrain θ and φ.

For a field incident from an arbitrary direction, the polar-
ization of the radiation is most likely not aligned in a
particular axis. The D5/2 → P3/2 transition used in the pre-
vious section is sensitive to the polarization, as the relative
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polarizations between the optical and rf photons can lead to
population in mF = 5/2, which does not have any dipole-
allowed transitions for π -polarized microwaves and is thus
insensitive to rf radiation. This leads to a central peak in
the EIT spectra. While this can be used to extract informa-
tion about the polarization [19], it significantly reduces the
signal-to-noise ratio of the split portion of the population
for certain polarizations. To make a robust angle-of-arrival
detector for an arbitrary polarization, we now move to a
D5/2 → F7/2 transition for sensing so that there will be no
rf-insensitive population. In this scheme, the polarization
can affect the strength of the splitting (due to the different
transition dipole moments between mF states), but this acts
as an overall scaling factor of the standing-wave profile,
which still allows accurate angle-of-arrival estimation.

We perform the measurement at a variety of θ and φ

values in Fig. 4, demonstrating the cos θ dependence in
tilting axis and the cos φ dependence in the other axis. For
each angle, we once again integrate both dimensions and
perform a simultaneous fit to find the angle of incidence.
Now, the objective function is given by

fit error(θ , φ) ≡ min
φ0,x
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min
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We then define a “likelihood” estimator as

likelihood(θ , φ) =
(

max(fit error) − fit error(θ , φ)

max(fit error) − min(fit error)

)N

,

(8)

where N is empirically chosen to have value 12 in order to
give contrast.

With this, we are able to discern |kx|, |ky |, and |kz| with a
single planar measurement. We are not able to discern the
sign of the k-vectors, so there exists ambiguity as to which
octant the wave is incident from. The angular uncertainty
in the three-dimensional case varies for different angles of
incidence, but is generally of the order of several degrees
for both θ and φ. Note that φ is not well defined at θ = 0,
which is why our algorithm cannot determine φ in this
case in Fig. 4(b). The uncertainties are generally greater
compared with the planar case because the same spatial
structure is used to fit two degrees of freedom instead of
one, and the patterns are less ideal due to near-field scat-
tering structure from the windows along the y axis. In this
configuration, we are subject to some error due to misalign-
ment between the light sheets and the x-z plane of the vapor
cell, as this can cause the spatial distribution to reflect the

z-axis nodes. We believe this is responsible for the field
“hot spots” that appear in our θ = 90◦ measurements.

V. CONCLUSION

We have demonstrated angle-of-arrival detection of
37-GHz radiation by measuring the periodicity of the
standing-wave pattern in a rectangular vapor cell. In a
plane, we quantitatively determine the angle with approx-
imately 1◦ of uncertainty in an 11-s measurement. We
measure over the range of our swingarm, from −80◦ to
80◦, but the technique has a capability to detect over a
full 360◦. In addition, we demonstrate that for most angles
we can determine the sign of the k-vector in addition to
the angle. We generalize this to three-dimensional angle-
of-arrival detection, showing that the standing waves are
sensitive to both θ and φ.

In this demonstration, we have measured fields of order
V/m. For this detection scheme, the field needs to be strong
enough to alter the spectrum to a measurable extent, mean-
ing that the rf Rabi rate must be of the order of some
fraction of an EIT linewidth, on the scale of MHz. How-
ever, a weak microwave field could be detected in the
amplitude regime [25]. This would require measuring the
background EIT amplitudes with the rf field off in order to
compensate for spatial gradients in EIT height due to the
laser intensity profiles.

In the future, developing a fiber-coupled version of this
probe would improve the accuracy of the angle-of-arrival
detector by reducing the scattering of the rf field induced
by nearby optics, and would allow one to realize a true 4π -
steradian active solid angle, which is currently limited by
our optical table.

VI. METHODS

Both beams were expanded into light sheets using prism
pairs and cylindrical lens pairs. They were overexpanded
and clipped to 25 mm in order to produce a flat-top beam
profile along z. Both beams had a Gaussian profile in y,
with a full width at half maximum of 1.00 mm. Both light
sheets were polarized along the y axis. The coupling and
probe laser powers were 209 and 2.9 mW, respectively. The
fluorescence was imaged through a 715-nm colored glass
longpass filter by a complementary metal oxide semicon-
ductor (CCD) camera with a commercial compound lens
placed 9 cm away from the plane of excitation. The probe
laser was locked to a reference vapor cell using saturated
absorption spectroscopy. The coupling laser was scanned
over a range of 2π × 244 MHz in 11 s while the camera
recorded at a frame rate of 20 frames per second (an inte-
gration time of 50 ms per frame). The rf horn was mounted
on a rotatable swingarm with its center axis coincident
with the center of the cell. The measured θ was found in
software from a webcam image of the swingarm taken nor-
mal to the plane of rotation. A reference edge was placed
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parallel to the wall of the cell to define ẑ, and the angle of
the swingarm was referenced to this surface. The uncer-
tainty in this measured angle of arrival was around 1◦,
arising from geometric optics and image projection effects.
The distance from the horn to the cell was 80 cm, with a
horn aperture of 10 mm × 7 mm, justifying the treatment
of the incident field as a plane wave. The vapor cell, which
was at room temperature and not temperature-stabilized,
had outer dimensions of 30 mm in x, 30 mm in y, and
49.5 mm in z. The walls, which were 3 mm thick, were
made from PYREX® glass [26], which has a relative per-
mittivity of 4.6 at 1 MHz [27]. We used this value in the
finite-element model in Fig. 3, assuming (for lack of suf-
ficient data) that the dielectric constant is similar near 40
GHz. The thickness of the cell walls was chosen to be of
the order of a quarter of the wavelength in the material to
maximize reflections, though the exact thickness was not
important as significant standing waves would be gener-
ated as long as the thickness of the cell was not negligible
compared with the rf wavelength. The vapor cells had no
visible Rb condensation (which could cause rf scattering),
and adsorbed Rb on the walls of the cell was not an issue
as we were only interested in the spatial distribution of the
standing waves rather than their amplitude.
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