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Solitons in Arbitrary Dimensions Stabilized by Photon-Mediated Interactions
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We propose a scheme to generate solitons in arbitrary dimensions, in a matter-wave interferometer,
without the need of quantum degeneracy. In our setting, solitons emerge by balancing the single-particle
dispersion with engineered cavity-mediated exchange interactions between two wave packets, which, at the
appropriate conditions, remain bound to each other and dispersion-free. For detection in thermal gases,
we propose an interferometric probing scheme instead of traditional time-of-flight imaging.
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Introduction—Solitons, or self-enforcing waves that
propagate without spreading, are a hallmark of nonlinear
physics across diverse systems, from water waves to optical
pulses in fibers. The realization of Bose-Einstein conden-
sation (BEC) in weakly interacting atomic gases opened
avenues for exploring quasi-one-dimensional (1D) matter-
wave solitons and nonlinear phenomena [1-5]. In higher
dimensions (2D and 3D), stable soliton formation is more
complicated, due to dynamical or thermodynamical insta-
bilities and interaction-induced collapse. Only recently
have stable bright 2D solitons been realized [6,7].

Atomic solitons have also been identified as promising
candidates for inertial sensing, due to their dispersionless
character over long integration times and reduced spatial
inhomogeneities during pulse sequences [8—15]. However,
the need to prepare atoms in a BEC imposes practical limits
for sensing tasks.

Here we propose generating solitons in thermal atoms,
and in arbitrary dimensions via exchange interactions
between momentum states in an optical cavity. We use
exchange interactions to open a gap in the many-body
spectrum to protect spin alignment and suppress against
single-particle inhomogeneity [16-24], as reported in prior
work [20], but in addition, we demonstrate that, for specific
values of the exchange interaction energy, cavity-mediated
interactions can also prevent atomic dispersion and lead to a
soliton made of two overlapped wave packets.

Our implementation has some similarities to theoretical
ideas based on spin-orbit coupling (SOC) [25-28] to
stabilize solitons with contact interactions in 2D [29]
and 3D [30] systems, but which exhibit several distinctive
features: our solitons possess fringes that depend on the
coherence between different momentum states; they do not
require a BEC and can emerge in a thermal gas; and they
can manifest in 1D, 2D, and 3D systems. Furthermore, the
same exchange interactions that generate the solitons can
entangle the momentum states, enabling applications to
quantum-enhanced interferometry [31].
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Model—We consider the experimental setup recently
implemented in Refs. [20,32,33] and shown in Fig. 1(a). In
this setting, an ensemble of N, laser-cooled 3’Rb atoms
with mass M is placed inside a vertical optical cavity along
the Z direction. The initial thermal distribution of the
motional degrees of freedom can be described by the
Wigner function f(r,p) « e #(0?/2M)+U(1) yith a charac-
teristic thermal width 67 = \/f/(Mw?), where = 1/kzT
is the inverse temperature. U(r) is the 3D trapping potential

(a) l % Momentum distribution
;= vy
i g §. 1 1
po—hk po+ kP po—hk po+hk P
—
(d)
E(p) Po,  E(p) +p*/2M
/’I;‘\\\\ ::y\\
Bn‘ 1 p | p
|po — hk)  |S=Nj2-1 0 0

FIG. 1. (a) Schematic of the interferometry protocol in a cavity.
(b) Cavity-mediated interactions between atoms in the two wave
packets, each with average momentum p, — ik and pg + 7k,
momentum spread ¢, and separated by an energy difference wy,
create an energy gap, yN, which keeps the wave packets bound.
(c) At the mean-field level, for y < 0, the Bloch vector of an
individual atom [initially pointing on the equator along an initial
angle ¢, S,/, (black arrow)] processes around the effective
magnetic field (orange arrows) Ep, = EO +2kp,/MZ, with
contributions from the self-generated field and kinetic energy
(purple) and with EO = ;(NS‘¢. (d) At the optimal interaction
strength, in a frame moving with momentum p,, the modified
Doppler dispersion by the exchange interactions plus the free
dispersion (dashed lines) generates a net flat dispersion (black
solid line), enabling the formation of a soliton.
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energy. The trap along Z is then released, allowing atoms
to fall freely under the gravitational acceleration, g, with
the only confinement along radial direction R and prepared
in a well-defined momentum state (p, — hik)Z via velocity
selection, without changing the atom’s internal quantum
state. Here, k =2z/A and A =780 nm for Rb atoms
[20,32,33]. This process transforms the Wigner function
for the N selected atoms into f(r,p) o« e~ (P=(Po=7k))*/20}
F(z,R, pg), featuring a much narrower momentum spread
0, < hk < o7 along Z. Here, F describes the part of the
Wigner function that depends on the remaining degrees
of freedom.

A two-photon Bragg transition, applied after the momen-
tum selection, coherently couples an atom in momentum
|p — hk) to another momentum state |p + hk) within the
same internal level, enabling the preparation of arbitrary
coherent  superpositions  [fi,_p = cos(6/2)y,_p +
sin(0/2)4r . ], which generate a density grating in posi-
tion space [Fig. 1(a)]. Here we have defined yr,_ to be the
annihilation momentum operator of a particle with momen-
tum p — hk, and @ is the pulse area.

Cavity-mediated interactions between momentum states
can be generated by driving the cavity with a laser with
frequency ), detuned from the atomic transition—with
frequency w,—by A, =w, — w,, and from the cavity
resonance, @., by A, = o, — w,. By adiabatically elimi-
nating the atomic excited state and the cavity field, one
can obtain an effective Hamiltonian within the ground-
state manifold that governs only the motional degrees of
freedom [20,34,35].

For simplicity, we will assume a single realization of the
experiment, in which the selected atoms, before the Bragg
pulse, occupy a set of momentum states which we label
as {py,ps,...pn}, Where p, describes a particle with
the momentum p, — Ak + p, sample from the Wigner
function, f(r,p). The initialization protocol allows us
to focus on momentum states within the region
[po — 2Rk, py + 2#hk]. In a frame moving with momentum
po» we define the basis states || ,), = |p — k), and
I )0 =|p+hk), for pe[—hk hk], and we introduce the

pseudospin-1/2 operator §% = > ap—1. u(‘lA/Z,,)Tf’Z./;VA//r}Jn /2
n=X,Y, Z), where oz_ﬂ are the Pauli matrices and @
is the annihilation operator of an atom [Fig. 1(b)], with
momentum state |a,),. The Hamiltonian then reduces to

ﬁ:ﬁex+hwzsz+ﬁinv ﬁex/h:)(3+g—7 (1)

with the collective spin observables defined as 3‘,7 =

N_, 8% . The first term describes the exchange interaction

28,8 = 4(8* =82+ §,), and the second term accounts
for the average kinetic energy difference between the
momentum states pg+ p, = hk and w, = 2hkpy/M
[Fig. 1(b)]. The third term, H,, = H? + HS,, has two

mn’

contributions. H%/h = >N | (2kp,/M)3% _is the pseudo-
spin-dependent single-particle kinetic energy. It induces a
differential phase for each momentum pseudospin, and it
generates a net spatial separation between the wave pack-
ets, each one moving with momentum =7k, resulting in
loss of coherence. ¢, /A = "N | (p?/2Mh)1, is the spin-
independent single-particle dispersion. It imparts a global
phase that is identical for both the ||}, ) and |1}, ) states
but varies with p,, and it causes the position-space wave
packets to spread with time. 1, = (@079} + (@p.) 0y,
is the momentum-number operator and a constant of
motion in our system. While the spin coherence can be
restored by the application of a spin-echo pulse in the
middle of the evolution, the ballistic expansion of each of
the wave packets in position space induced by I:Ifn cannot
be restored.

The exchange interaction term does not commute
with H,,, and it can be used to suppress both wave-packet
separation and broadening thanks to the term $2 in H.,,,
which creates a many-body gap, yN [inset of Fig. 1(c)],
between the fully symmetric Dicke manifold (S = N/2)
and the lower symmetry states (S = N/2 — 1) [16-21]. The
gap favors spin alignment and acts like a spring connecting
the two wave packets, preventing their separation while
simultaneously extending the system’s coherence [20].

Mean-field dynamics—The suppression of the wave-
packet broadening can be illustrated for an initial state
where all atoms are aligned along the X direction
(0 = x/2). Under the mean-field approximation, the

Hamiltonian, in a frame rotating at w, reduces to Hyp =
n>", B, -5, +H, with B, ={yN,0,(2kp,/M)}. In
the regime where |y|N > 2kc,/M (we set y <0), the
relevant eigenvalues take the form

~
E, ~

(2)

1= pi XN
——|B R 1
3Bl T 50m 5

4ER\ p;
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where Ep = hk?/2M is the recoil energy. Note that such a
type of dispersion emulates the dynamics of a relativistic
particle, and it has been realized with a single trapped
ion [36] or in BECs subject to spin-orbit coupling [37].
In our case, Eq. (2) describes a particle with a rest-mass
energy M* = M/(1 +4Eg/yN) and an effective speed of

light ¢, = \/N|y/2M*|. When

N)(opt = _4ER7 (3)

M* — oo and results in a flattened dispersion [right panel
of Fig. 1(d)]. Consequently, at y,, the wave packets
propagate as a soliton, which features no dispersion. Even
though the optimal y,, N exceeds the current value used in
Ref. [20], the difference is only a factor of 5. The optimal
value is attainable by the use of a higher atom number
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and/or stronger laser power. We emphasize that similar
flattening of the band can be realized for noninteracting
atoms with an additional driving field along the X axis with
Rabi frequency Q = 4E;. However, due to the U(1)
symmetry of the exchange interaction, a soliton stabilized
by the self-generated field can exist regardless of the initial
orientation of the collective spin in the X-Y plane [see
Fig. 1(c) for the arbitrary initial state on the equator]. As a
result, the protection will not be canceled by a spin
echo pulse.

While so far we have focused on 6 = 7/2, solitons can
also be engineered for any 6, as shown in Fig. 3(a). The
only difference is that in this case, there is an additional
Ising term in the exchange interactions —)(3'%, which at
the mean-field level changes B ». = 1N, 0, (2kp, /M) -
N cos 8}. The latter generates a net precession that needs
to be accounted for. As detailed in the SM [38], the optimal
interaction strength is given by

Zopt(g) = )(optSinze (4)

with a modified average momentum pg — fikcos 6.
Notably, the optimal interaction strength decreases as the
initial state approaches either the north or south poles.
However, the condition [y (6)|N > 2ko, /M needs to be
enforced at all times, a requirement that significantly
reduces the allowed o, in the vicinity of the poles.

The wave-packet dynamics can be simulated using the
mean-field equations of motion [38], with results shown
in Fig. 2. We only show a single realization to facilitate
visualization. The thermal average needs to be realized by
sampling over the Wigner function. For a free particle with
x = 0 [Fig. 2(a)], the two sampled wave packets separate
and broaden over time. In contrast, the wave packets remain
bound to each other for y = £y, as shown in Figs. 2(b)
and 2(c). At the optimal interaction strength y = yqpy

Spatil distribution
Spatil distribution
Spatil distribution

[Fig. 2(b)], the wave packets maintain their initial shape
during propagation, generating a soliton. On the other
hand, for y = —y, [Fig. 2(c)], the wave packets not only
broaden over time but even deviate from their Gaussian
profiles at later times.

The evolution of the wave packets is quantitatively
analyzed in Fig. 2(d), where we track the rms width in
position space o,(t;) by fitting the wave packets as
Gaussian functions over time f;. The ratio of the rms
width to its initial value is plotted as a function of time. For
X = Xopt> the rms width remains constant over an extended
period, when the soliton is formed. In contrast, the free
evolution case exhibits typical diffusion dynamics, while
for y = —yopi> the wave packets broaden more than the free
evolution case.

Figure 3(b) shows the ratio between the fitted rms width
oy after a long evolution time and the initial width for
different initial polar angles 8. The solutions confirm that
the optimal exchange interaction strength follows Eq. (4)
(black dashed line). Furthermore, Fig. 3(c) reveals that the
soliton is robust and persists over a broad range of interaction
strengths around the predicted optimal value (red solid line).
The robustness is stronger close to the equator, where y o (6)
reaches a maximum. As a final remark, we note that while
the Gaussian wave packet is not an exact soliton solution, it
is nevertheless a very good approximation; higher-order
terms in momentum p, which we neglected in our analysis
can cause broadening at longer timescales. Numerical
simulations nevertheless confirm that these corrections are
quite small. On the contrary, quantum fluctuations neglected
so far can lead to soliton collapse.

Solitons in 2D and 3D—The above mechanism can be
generalized to a 2D system by adding a drive perpendicular
to the cavity axis, as shown in Fig. 4(a). In this case, one
needs to first start with atoms in internal state ||, ), and with
momentum centered around zero p, = (0,0) by velocity
selection. The momentum being zero relative to the frame
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FIG. 2. Mean-field simulation of the soliton dynamics, for a given experimental realization sampled from the Wigner function. We
show the separate evolution of the density distribution of each wave packet, ignoring interference terms. After a z/2 Bragg pulse, the
po — hk (red) and py + Ak (blue) wave packets spatially propagate according to three scenarios: (a) If y = 0, the wave packets spatially
separate while broadening over time as free particles. (b) If y = y,, the wave packets merge and maintain their shape, demonstrating
soliton behavior. (¢) If y = —yp, the wave packets merge but show enhanced broadening compared to the free evolution case. (d) Time
evolution of the rms width of the spatial profile (using a Gaussian fit), normalized by the initial width. For y = ., the broadening is

suppressed, consistent with the formation of a soliton.
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FIG. 3. Wave-packet dynamics for arbitrary polar angle 6 using

mean-field simulations. (a) Schematic of the wave packets in
position space for initial polar angles 0 = z/4 (green), n/2
(orange), and 3z/4 (pink). (b) Normalized rms width o7 vs
interaction strength y at t; = 27 x 30/ (|yop|N). The dashed lines
indicate y = y,p(7/2). (c) Normalized rms width 67 vs 6 and y
at #;. The red curve is the optimal interaction strength as given by
Eq. (4). The cuts for 8 = z/4, n/2, 37/4 are shown in panel (b).

defined by the optical cavity is important, since it enables
resonant Raman coupling to four momentum states
(+hk, £hk) all separated by w; = 2E; + wye from (0,0).
Here, wy; is the energy splitting between ||} and another
hyperfine level |1)—i.e., between the F =2 and F = 1
ground hyperfine levels in 8’Rb atoms [inset of Fig. 4(a)].
Note that we added an additional internal degree of freedom
to increase the energy difference w, by wyy, since in this
case it is not boosted by a finite p,, as was the case in the
1D case.

After velocity selection, a follow-up Raman /2 pulse
can prepare an atom r in the array to the superposition state
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FIG. 4. Proposed scheme to stabilize a soliton in 2D. (a) It uses
a standing-wave cavity along the z direction (orange) and a
retroreflected drive field along the x direction (green). (b) The
initial state is prepared via a Raman pulse as a superposition
between |0,0; |) and |+hk, £hk; 1) in the 2D momentum-spin
coupled basis. We plot the initial momentum and spatial
distributions for the internal states ||) and |1). (¢) Normalized
rms width o}, for [|) vs y at t; = 27 x 100/ (|yop| V), with the
optimal interaction strength given by y,, = —4E. (d) Simulated
spatial distribution vs time for ||, ). Top: y = 0; the wave packets
broaden over time. Bottom: y = y,,; the wave packets retain
their initial shape without broadening.

(l/ﬁ)(‘ilﬁ>r + ‘ﬂﬁ>r) with ‘Uf):(px,pz)>r = |va Pz \L>r
and |ﬂ13>r = %Zyx,m_::tl |px + ﬂxk’ Pz + /’tzkv T>r’ with
the initial momentum and spatial distribution shown in
Fig. 4(b).

Time evolution in the driven cavity enable processes in
which an atom in || ;) absorbs a pump field photon
(green), subsequently emitting a cavity photon (orange)
while flipping the spin to |1} ;). The emitted photon is then
absorbed by another |f;) atom, which then emits a green
pump photon while flipping to [{;). As in the 1D case,
these processes generate exchange interaction within the
aforementioned spin-1/2 system. A similar type of process
has been demonstrated in recent experiments [39,40].

In this situation again, one finds a modified energy
spectrum similar to Eq. (2), but instead of (2kp,/M)?
one has 37, . [(kpy/M)* + (kp./M)* +2(ku.p./M)
(ku.p./M)] = (2kp/M)* + (2kp./M)?. Therefore, again
by choosing Ny, = —4Eg, one can cancel the dispersion,
but now in two directions [38].

In Fig. 4(c), we fit the position-space density of the || )
internal state using a 2D Gaussian function and plot the
ratio of the rms width at 7, = 27 x 100/ (|yon|N). 0% ., to
its initial width as a function of the interaction strength.
In Fig. 4(d), we show the position-space density of the
internal state || ) at different interaction times. For the
noninteracting case (y = 0, top panel), the density profile
broadens over time, whereas for the optimal interaction
strength (¥ = yop, bottom panel), the initial shape is
preserved. Interestingly, compared to the well-known
self-organization transition [39,40], the exchange interac-
tion preserves the Z, checkerboard pattern even when the
transverse drive is weak.

A 3D soliton can be engineered in a similar way, but by
replacing the transverse retroreflected beam along x—i.e.,
perpendicular to the cavity by two orthogonal retroreflected
beams now propagating along the X & § directions, both
again perpendicular to the cavity axis (see the End Matter).

Experimental considerations—In contrast to the narrow
momentum distribution featured by a BEC, which can be
imaged through time-of-flight measurements, a thermal gas
presents the challenge of a much broader initial profile even
after velocity selection [20]. This makes it difficult to
experimentally observe the suppressed dispersion, as atoms
will hit the lower-cavity mirror before they expand for
sufficient observation time. For the 1D soliton, we propose
a Raman interferometry scheme amenable to probing the
emergent soliton in a thermal gas system with the details
in Ref. [38]. The key idea is to use an additional external
drive, instead of the exchange interactions, to prepare a
soliton between a pair of momentum states in another
hyperfine level |0), and inject it into one arm of the
interferometer. We choose the cavity frequency to be far
from resonant from the atomic transition for this internal
state, to make it insensitive to exchange interactions. In the
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other arm, we inject a soliton between another pair of
momentum states in a hyperfine state |1) that experiences
exchange interactions. We prepare an initial superposi-
tion of |0) and |1), thereby creating two types of solitons,
and the contrast observed at the output of the interfer-
ometer is sensitive to the wave-packet spreading. This is
different from the kinetic energy difference between the
pseudospins, which generates interference fringes in the
Bragg interferometer. This spectroscopic method could
also be used to detect 2D and 3D solitons. In this case,
however, it would be required to have access to four
different internal levels, so the use of a BEC would make
the detection easier.

Decoherence sources such as free-space scattering and
superradiance from photons leaking out of the cavity, not
included so far, can disrupt the coherence between momen-
tum states and destroy the soliton [20], with the latter being
the most relevant in large arrays. One way to mitigate
superradiance, as discussed in the SM [38], is the use of a
dual pump tone configuration [32,33], which enables the
soliton to persist despite the finite photon lifetimes. The
free-space scattering is over 2 orders of magnitude weaker
than y,, N under current experimental conditions, and thus
almost negligible [20].

Conclusion and outlook—We have proposed a scheme to
manipulate atomic motion by leveraging the interplay
between single-particle dispersion and many-body cavity
interactions and providing a mechanism for generating
solitons in 1D, 2D, and 3D geometries without quantum
degeneracy. For thermal atoms, an interferometric detection
protocol can be used to spectroscopically resolve the
engineered dispersion [41]. Our Letter opens many differ-
ent opportunities. In the context of quantum simulation,
while contact interactions were neglected in our analysis,
their inclusion could allow for the exploration of their
enhanced role in flat-band systems. For quantum sensing,
our system offers a resource both for miniaturized devices
and for space-based inertial sensing enabled by 2D and 3D
solitons. The solitons should enable longer interrogation
times, favorable for tests of the weak equivalence principle
in free-fall atoms, for instance, by detecting differential
acceleration between isotopes. Finally, while most of the
discussion was restricted to a mean-field analysis, beyond-
mean-field effects can in addition generate spin squeezing
for quantum-enhanced interferometry [31,35].
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End Matter

Solitons in higher dimensions—In this section, we
discuss a protocol for generating two-dimensional
solitons. It uses concepts similar to those discussed
previously, but with the necessary modifications to
address the challenges of higher-dimensional systems.

To notice such challenges, imagine we couple two
momentum states (p,, p.) and (p,+ hk,, p. + hk,)
through the cavity by exchanging photons with a wave
vector (k. k,). The resulting effective dispersion
becomes
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The cross term proportional to p.p. cannot be canceled,
resulting in an anisotropic dispersion that broadens the
wave packets instead of a soliton.

We propose an alternative scheme to form a 2D soliton via
the superposition of five momentum states centered around
(0,0) and (+hk, +Ak). The main idea behind this is the use of
an additional retroreflected beam perpendicular to the cavity
direction, which creates a standing wave spatial profile
o cos(kx) cos(ky) as discussed in the main text, and an
additional internal state degree of freedom, labeled |1) and
|} ). The internal levels are separated by an energy splitting
wye- This setting is closely related to the well-known self-
organization transition broadly explored in cold gases
[39,40]. Following Ref. [40], the effective Hamiltonian in
the far detuned limit corresponds to an LMG model:

HLMG —+ HdiS’ with IA{LMG = wZSZ + wZSZ +}{S‘§( when
written in terms of the spin-momentum states || ;) =

1540, = (07)710) and [15), =157, —il M), With

M opn), = Py + il p 4 p ik, 1), = (li/l,lr,ﬂx,,,z)TIO>-
The density operators are defined as ﬁg = (17/% )Tli/pl_l.,
ﬁg o, = (1/72 s, )Tzi/g ., and the identity operator is

deﬁnedaslﬂ —n +Z,M, =41 ,TM

The single- partlcle kinetic Hamiltonian reads

P r+P roa
Hdls Z = = U

(Pry+uchk) +(po,+p 2K 4
+ Z <whf+ M M e
T

_pr r+pz r

ﬂxhkpx,r +/"zhkpz,r AT
+ Z <a)z + M e (A2)
Ty

Notice that above, we take the large pump-cavity detuning
and weak pump field limit to ignore the extra lattice
trapping potential due to the ac Stark shift from either
cavity or pump field [39].

To generate the desired exchange interactions, one
needs yN < w,. Unlike the 1D case, here the momentum
boost p, is absent, significantly reducing the average
kinetic energy difference to 2ER. But the additional

internal-state energy difference can come to the rescue
(this is why we needed another internal state), making
the average energy difference between the states
Wz = wye + 2ER. If yN < wz, then terms that do not
preserve the total magnetization are rotated out, thus
restoring the interacting part of the Hamiltonian to an
exchange interacting model:

(A3)

For convenience, we define another complete set of
orthogonal states, starting from the symmetric superposition
| 5),- The other three orthogonal dressed states are given by

1
|TTﬁ.Al>r:§
1
|ﬂﬁ,A2>r:5
1
|TTﬁ,A3>r=§

(150004 1050 = e = 1)),
(10500 =M bt e )= 1)),

<|ﬂﬁ,+,+>r_ M 5am)r= M)t |TT,;,_,_),) )
(A4)

s,

kpz/]\/
(b) mp> /\mp A1> HT@Az)T

\_/

15,45,

kpy/M
N / 9 P2/
U5,
FIG.5. Mean-field coupling diagram in 2D for atom r. (a) The

system consists of five states in the bare basis: ||} ;) = |p, |), and
four momentum states |15, ), = |px + ik, p. + p ik, 1),
with u,, u, = £. The single-particle energy difference between
them is given by wyz + (p.uck + pp.k)/M. The exchange
interaction (orange arrows) couples ||l ), to all four momentum
states [15,,4.) - (b) Since the exchange interaction only couples
[ 5) to the symmetric superposition of the four momentum states
[ ﬁ)n it is convenient to use a different basis, defined in Eq. (A4).
In this basis, the single-particle inhomogeneity is no longer
diagonal and has couplings between the states, |{;.4,), and
[15.4,),» with strengths kp,/M and kp,/M, respectively.
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In this basis, the matrix that governs the dynamics
of the atoms is given by [Figs. 5(a) and 5(b)]:
{|‘U’ﬁ>r’ |TTﬁ>r’ |TTﬁ.A]>r’ |ﬁf5,A2>r’ |ﬂﬁ,A3>r} is given by

o 4 0 0 0

N kp,  kp,

g0 H g o

0 ‘0 0 o0 (AS)
0 % 0 0 0

00 0 0 0

When a z/2 Raman pulse is applied—generated via
a two-photon Raman transition by pumping both the cavity
and a transverse field—(1/v/2)(|{3), + [15),) one in fact
prepares a state that has substantial overlap with an
eigenstate of the matrix above with an eigenenergy

*N\? | (kp\?*  (kp\* @ pi+p?
Es=— (%2 Pe
p= () () () e
NX7N+ 1+4ﬁ p%-l—p%
2 N ) 2mMn

(A6)

Now, similarly to the 1D scenario, by choosing the
interaction strength to be y,, N = —4Ep, one can remove
the dispersion at the leading order, enabling the formation
of a stable 2D soliton.

A 3D soliton can also be stabilized using the setup shown
in Fig. 6(a). Here, we have the cavity field along the z

le)

« cos kx cos ky Yz
%“ ’ o)
f% Y ——1)
=
x

FIG. 6. (a) Proposed scheme to stabilize a soliton in 3D, using a
standing-wave cavity along the z direction (green) and two
retroreflected drive fields along the x £y directions (red and
blue). (b) Cavity-assist two-photon transition between the |1) and
|}) internal states with a spatial profile « cos kx cos ky cos kz.

= (b)

(@) « -

(green) direction and two transverse retroreflected beams
along the x + y directions (blue and red). These two fields
create an interference pattern with a spatial profile
o cos(kx + ky) + cos(kx — ky) = 2cos kxcosky. Using
them, a Raman pulse can be used to prepare, via a two-
photon transition, an initial state that is a coherent super-
position between |0,0,0, |) and |+hk, +hk, +hk, ), as
shown in Fig. 6(b). In this system, the exchange interaction
is generated by exchanging photons in the cavity as
follows: an atom in ||} ;) absorbs a pump field photon
with spatial profile & cos kx cos ky, subsequently emitting a
cavity photon (green) and flipping the spin to |f;). The
emitted photon is then absorbed by another atom in state
|1 5), which emits a pump photon while flipping its state to
[45). A similar analysis to the one discussed for the 2D
case is also applicable here, resulting in the same optimal
interaction strength, y, N = —4Ep.
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