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Abstract 
A multiscale Green’s function method is described for calculating the lattice distortion and the volume strain caused by a monovacancy in a nanodiamond crystal. The lattice distortion is given by the displacement of atoms from their positions of equilibrium. It must be accounted for in designing nanodiamond-based quantum and semiconductor devices. It is found that a monovacancy causes its first neighbors to displace radially out wards by 0.18 Å. The local volume strain, as estimated by using the dipole tensor, is found to be about 0.095. It is suggested that a Green’s function based theory, as given in this paper, can be used to develop a mathematical model of a supercell of the diamond crystal as a virtual reference solid for standardization and characterization of nanodiamonds.  



1. 	Introduction

Nanodiamonds are materials of strong topical interest because of their unusual properties and diverse potential applications in biomedical, communications, and sensing devices [1]. Their dimensions range from 2-3 to a few hundred nanometers.  Their crystal structure is same as bulk diamond except for the size and relatively large outer surface area. There is a  strong interest in vacancies and other defects  in nanodiamonds [2], which give them unique photonic and spin characteristics. These characteristics are useful for their applications in optical, semiconducting, and quantum devices. 

Vacancies are of fundamental interest because they are almost always present in a lattice. A lattice defect displaces the atoms in the host lattice from their positions of equilibrium. This is referred to as the lattice distortion, which is quantitatively represented as a discrete field in the vector space defined by the lattice sites.  The atomic displacements also distort the electronic wave functions and perturb the associated energy levels. This effect is likely to be a serious material issue, which can affect the reliability and the performance of the finished devices [3].  It is, therefore, of paramount importance to develop modeling and characterization techniques of the lattice distortion due to a vacancy in a nanodiamond, which is the objective of this work. A vacancy along with impurities like nitrogen or silicon is of special interest for quantum computers, but that is beyond the scope of this paper. 

In a bulk solid, the lattice distortion is usually expressed as a strain field in the solid. It is a good characterization parameter for the state of the strain and the strength of the defect in the solid. Note that strain is a continuum model parameter. For small deformations it is defined in terms of the space derivatives of the continuous displacement field. For discrete functions in discrete spaces, such as the lattice distortion in a nanodiamond, derivatives are not defined. A possible approximation is to define the derivatives in terms of the differences between atomic displacements of nearby atoms and some averaging procedure, which is inevitably subjective. 

In order to derive a characterizing parameter for the strain, we use an alternative approach, which is based upon the use of the dipole tensor [4-7]. We first calculate the dipole tensor using the lattice Green’s function of the solid and the lattice distortion. We then calculate the volume strain of the cubic unit cell in which the vacancy exists (see, eq. 25). Henceforth, we will refer to it as the local volume strain. This value is a measure of the strength of the defect and can be used for a crude single-parameter characterization of the effect of a vacancy in a nanodiamond. Using this approach, the local volume strain in a nanodiamond with a vacancy in a cubic unit cell, is found to be about 0.095.
 
To recapitulate, we describe a multiscale Green’s function (GF) method [7, 8] for modeling a   monovacancy in a nanodiamond crystal of arbitrary size. The GF method is computationally a very powerful tool, which can simulate even a billion-atom crystallite on an ordinary desktop computer and can accelerate the convergence of molecular dynamics equations by 7-8 orders of magnitude [8, 9]. It links the different length scales smoothly and seamlessly. The mathematical technique given here is generally applicable to any substitutional point defect in a diamond lattice. In this paper, we consider specifically a single isolated monovacancy in an otherwise perfect diamond lattice. 

We calculate the lattice GF by using a Born-von Karman (BvK) model [10]. We assume a short-range radial interatomic potential, which extends up to second neighbors of each atom and does not account for 3-body and higher order interactions. It is a rather crude approximation.  However, when applied to bulk diamond, it reproduces many observed characteristic features of a diamond crystal such as elastic constants, Raman frequency, and gives a broad agreement with the observed phonon dispersion curves [11]. 

Sec. 2 describes the main features of our model. Numerical calculations and results along with a short discussion are presented in Sec. 3 for the displacement field and the volume strain due to a single vacancy. A summary of the conclusions is presented in Sec. 4. 

2. 	Multiscale model for nanodiamonds

A unified theory for lattice defects in nanodiamonds is a challenging problem because the nanodiamonds can be too small or too big for a conventional theoretical treatment. For example, a 5 – 10 nm nanodiamond is too small for a standard bulk material continuum theory to be applicable. One must use a discrete lattice theory. The conventional modeling tool for discrete lattice theory is molecular dynamics (MD), which is computationally expensive for large crystallites containing, for example, more than a million atoms. Hence, a multiscale model is needed for simulating nanodiamonds which is valid at the atomistic as well as macroscopic scales. 

One factor, which has inhibited the applications of nanodiamonds, may be the lack of standardization. Because of a large variation in the shapes and sizes of nanodiamonds, it has not been possible to specify a reference crystal for characterization of nanodiamonds.  We suggest a perfect diamond lattice as a model nanodiamond, which can be treated as the reference solid. It can be a supercell of the Born-von Karman model with varying number of unit cells but no free surfaces. The free surfaces in a real solid give rise to different Raman lines which can be identified separately. Any other strain can then be attributed to lattice defects in the solid. The GF based theory given in this paper should be useful in developing a virtual model, which can be treated as a reference solid. Accordingly, in this paper we consider a nanodiamond to have a perfect diamond lattice structure. The only size effect it can have, is the number of unit cells in the supercell. 

There is also a need for seamless linking of the length scales in the same nanodiamond. Lattice distortion is a discrete function expressed as the displacement of atoms from their positions of equilibrium and needs to be calculated by accounting for the atomistic structure of the lattice. On the other hand, strain is a continuum model parameter The inherent assumption in the continuum model is that the discrete lattice distortion is “smeared” out into a continuum. This assumption is valid only at distances much larger than the interatomic separations. For the results to be physically realistic, the near field and far field formulation must be seamlessly linked in the same formulation. The GF method provides this linkage and gives the displacement field, which is a field in the vector space of the lattice sites. From the displacement field and the effective forces, we calculate the dipole tensor  [4, 6, 7], which gives an estimate of the volume strain for the crystal.   




2.1. 	Model and Notation

The notation in this paper is essentially the  same as in our earlier paper [12]. The diamond lattice structure [13] is schematically shown in Fig. 1. 
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[bookmark: _Hlk209015099]Figure 1. A cubic cell of the diamond lattice shown which can be viewed as pair of intersecting FCC lattices that are separated by a quarter of the width of the unit cell. For clarity, the interior atoms are not shown on the left, and on the right, the interior atoms have been colored a different hue. All atoms are carbon. The underlying Bravais lattice is FCC with lattice constant . We choose the Wigner-Seitz cell as our irreducible unit cell. The origin of each unit cell is at an FCC site. The two basis atoms are labelled as  and , referred to, respectively, as Type A and Type B. The atom  is at the origin O () of the unit cell and  is at O’ () along the body diagonal of the cube. The atoms of Type A are shown as solid blue spheres, and of Type B are shown as translucent yellow spheres. The gray line between O and O’ shows the C-C bond. Please note that this figure is available in color online.

First, we introduce the basic field quantities of the model. We consider a lattice of  unit cells, each containing two basis atoms. In our BvK model,  unit cells constitute a BvK supercell. It has no free surfaces, and  is a measure of the size of the crystal. We denote the Bravais lattice sites by ,  (which vary from 0 to ); basis atoms by ,  ( or ); and the Cartesian coordinates are indicated by the Greek indices , .  The  lattice sites and their 3 Cartesian coordinates define a  dimensional vector space used for representing the field variables. For example, (,)  refers to the atom  in the unit cell . Henceforth, for brevity, we will omit the comma between  and  and denote this atom by , which should not be confused as a product of  and . 

The position vector of the atom  will be denoted by the 3D vector , which has the Cartesian components , , and . Similarly,  and  will denote the force and displacement vectors, respectively, for the atom . Thus, in a deformed state, the new position of the atom  can be written as, 

	
	
	



The force constant (FC) and the Green’s function (GF) are nonlocal tensors, which link two atoms  and . They will be denoted by 3x3 matrices  and , respectively. Their matrix elements in the Cartesian space are denoted as  and . The transformation and other properties of these tensors have been  discussed in the excellent classic [10]. They are related as, 
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where  denotes the discrete delta tensor, which is equal to zero unless the arguments are equal. Henceforth, as in Eq. , we will follow the Einstein’s convention of summation over repeated cell indices, but not on Cartesian Greek indices.  

A lattice with no defects, has full translation symmetry in the BvK model. For such a lattice, , and  and depend upon  and  only through their difference. These tensors can, therefore, be labelled by a single cell index,  [10].  

Now, we introduce a substitutional point defect such as a vacancy in the lattice at the origin . It breaks the translational symmetry, then , and the FC matrix changes for atoms ‘touched’ by the defect. Let  denote the change in the force constant matrix. If  denotes the FC matrix for a lattice with defects, we write,
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The defect GF is defined as in Eq. , by the following equation,

	
	
	



Equations  and  lead [7] to the following Dyson equation in the matrix notation, 
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Equation   has the following series representation,

	
	
	



In this paper we calculate  from Eq.  by using the matrix partitioning technique [7].  

The total displacement of the atom  due to all the forces  is given by [7],
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where  is an effective force [7], which is equal to the force due to the defect at the final position of the atom. It is formally given by,
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Equations  and  are the key equations of our model. They show that if we know , we can calculate the displacements in terms of the perfect GF by using Eq.  without any need to calculate defect GF explicitly. 

3.	Calculations and Results

We choose the set of force constants obtained by Aggarwal [11] using a pair potential with slight modifications. Aggarwal’s set of force constants is quoted below. It gives a reasonable fit with the observed phonon spectrum, Raman frequency, and the elastic constants [14].

For radial (pair) potentials,  can be written in terms of the derivatives of the interatomic potential,  [8, 12, 15] as follows,
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where,
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 denotes the distance variable, and the derivatives are evaluated at the equilibrium locations of the atoms. Note that if all the matrix elements of  for an atom are known, then  and  for that atom can be calculated from Equations  ,  and  without any need to know the interatomic potential explicitly. 

The variation of the calculated  with respect to  for atoms  in the symmetry direction <110> is shown in Fig 2.  The diagonal elements , , as well as one off-diagonal element , of the perfect GF for the solid without defects are shown in the figure. Since the perfect GF has full translation symmetry, any unit cell can be selected as the origin.  In our GF method the defect part of the GF shows up as the effective force [8, 12, 15]. All the curves have singularities at , which show up as peaks at the origin. So, our curves start at close to , and the curves merge with each other at , which is a consequence of the symmetry. 
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Figure 2. Shows the variation of perfect lattice GFs with  for a nanodiamond for atoms in the direction <110>. Diagonal and one of the off-diagonal elements of the GF are shown. The solid line is the  () element; the broken line is the  element; the dashed line is the  element. The distance on the X-axis is a discrete variable, which specifies the position of actual atoms. Continuous curves drawn in the figure are meant to be guides to the eyes without physical significance. The GFs are singular at , hence, it is omitted. The GFs are calculated for a supercell of N =216000. Regarding the units of , recall that the lattice constant is defined as  Å.


We create the vacancy at  by removing that atom. In our model, as implied by Eq. (3), we simulate a vacancy by replacing an atom in the perfect lattice by a negative atom. We now calculate the force at an atom at distance r from the vacancy.  In general, the force at a point r is –▽, where (r) is the potential at r.  For a negative atom,  (r) = - V1(r). Hence, by using Eq. ,  the force due to the vacancy on a lattice atom at r is given by 
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The force due to the vacancy at the first two neighbors and their displacements, as calculated by using Eqs.  and  are also given below. All the force constants quoted below are in units of 106 dynes/cm while the forces are in dynes. The displacements and atomic coordinates are in units of , where  Å is the lattice constant of diamond.  

For the first neighbors, we consider the atom (01). For this atom:
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In the absence of any published measurements of the lattice distortion due to a vacancy in nanodiamond, Eq.  could be used for partial validation of our theory by comparing it to values  calculated by using a more rigorous interatomic potential.  A necessary, though not sufficient, condition of the reliability of  the result in Eq. , is its convergence with respect to N. Accordingly, we repeated this calculation for different values of N. We found that for N = 64000, 216000 and 512000 the result in Eq.  remains unchanged up to at least 4 decimal places.  Recall that the number of atoms in a supercell is 2N. This shows the excellent convergence of our calculations. 

We calculate the radial displacement of the nearest neighbor atoms of the vacancy. In the undeformed state, the nearest neighbour coordinates are (1,1,1) in units of a. So |R(01)|= √3. In the presence of the vacancy, the nearest neighbor coordinates become (1+ux, 1+uy, 1+uz), where due to symmetry, as in Eq. , ux= uy = uz. Hence, |R(01)|= √3 (1+ux). 

Thus, we see that the nearest neighbor atoms move outwards by   

Δ |R(01)| = √3 (1+ux) - √3  = 0.2 in units of . 			    
			
Expressed in Angstroms, 

Δ |R(01)| = 0.18 Å, 					 

which agrees very well with the value 0.2 Å calculated by Breuer and Bridden [16] using DFT (density functional theory). 

The close agreement between our calculated value of the first neighbor displacement and that of Breuer and Bridden [16] is very interesting because the interatomic potentials used in the two theories are very different. We have used a phenomenological short-range potential, whereas Breuer and Bridden [16] have used DFT, which effectively includes interaction between all atoms in the crystal. We attribute this agreement to the multiscale nature of our Green’s function based theory, which is valid in the nearfield as well as far field regions of the defect [7,8]. It is reflected by the fact that our selected interatomic potential gives a good fit with the phonon dispersion over the Brillouin zone [13]. 

Similarly, we calculate the displacement of the second neighbors, but no published values are available for comparison. 

	
	

                                                        
                                        
                                  
                                                                
  
	

	
	
	



We now calculate volume strain by using the dipole tensor. The dipole tensor is of second rank and defined to be [7],
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where  is the effective force, as calculated by using the Green’s function [7]. The change in volume is approximately given by,

	
	
	



For calculating the change in volume, we need the trace of . From Eq. , it is simply the scalar product of  and , summed over the atoms in the cubic unit cell. The local volume strain  is obtained by taking the ratio of  and  where  is the volume of a unit cell where  Å is the lattice constant. After some numerical manipulations [7], we obtain,

	
	
	



where  is the bulk modulus of the solid, given by,
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where  are the usual elastic constants in the Voigt notation.  We use the following values of   that are consistent with the force constants of Aggarwal [11],

	
	
	



Finally, by using Eq. , we obtain the following value of the volume strain caused by a monovacancy in nanodiamond,

	
	
	



Note that the value of  is quite large, being close to 0.1. It is consistent with the fact that a vacancy is a strong defect. The actual numerical value of  is not very accurate because of the approximations in the potential but it certainly indicates that the effect of strain caused by vacancies in nanodiamond is quite significant. 


4. 	Conclusions 

The GF is a powerful and computationally efficient technique for modeling the effect of strains in nanodiamonds caused by a vacancy. The nearest neighbors of the vacancy are found to relax outwards by 0.18 Å. The volume strain is quite large being close to 0.1 and must be accounted for in the design of the semiconductor and quantum devices based upon nanodiamonds. Our assumed interatomic potential in this paper is rather crude because its range may be too short for a covalently bound solid and 3-body and higher order terms have been neglected. However, these calculations serve the important purpose of underlying the importance of the strain. In a later paper, we intend to use a more rigorous potential. 
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