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We present a theoretical study of the low lying adiabatic relativistic electronic states of lanthanide 
monohydroxide (Ln-OH) molecules near their linear equilibrium geometries. In particular, we focus 
on heavy, magnetic DyOH and ErOH relevant to fundamental symmetry tests. We use a restricted-
active-space self-consistent field method combined with spin-orbit coupling as well as a relativistic 
coupled-cluster method to determine ground and excited electronic states. In addition, electric and 
magnetic dipole moments are computed with the self-consistent field method. Analysis of the results 
from both methods shows that the dominant molecular configuration of the ground state is one where 
an electron from the partially filled and anisotropic 4f orbital of the lanthanide atom moves to the 
hydroxyl group, leaving the closed outer-most 6s2 lone electron pair of the lanthanide atom intact in 
sharp contrast to the bonding in alkaline-earth monohydroxides and YbOH, where an electron from 
the outer-most s shell moves to the hydroxyl group. For linear molecules the projection of the total 
electron angular momentum on the symmetry axis is a conserved quantity with quantum number 
Ω and we study the polynomial Ω dependence of the energies of the ground states as well as their 
electric and magnetic moments. We find that for both molecules Ω lies between −15/2 and +15/2, 
where the degenerate states with the lowest energy have |Ω| = 15/2 and 1/2 for DyOH and ErOH, 
respectively. The zero field splittings among these Ω states is approximately hc × 1000 cm−1, 
where h is the Planck constant and c is the speed of light in vacuum. We find that the permanent 
dipole moments for both triatomics are fairly small at 0.23 atomic units and are mostly independent 
of Ω. The magnetic moments are closely related to that of the corresponding atomic Ln+ ion in an 
excited electronic state. From the polynomial Ω dependences, we also realize that the total electron 
angular momentum is to good approximation conserved and has a quantum number of 15/2 for both 
triatomic molecules. We describe how this observation can be used to construct effective Hamiltonians 
containing spin–spin operators.

Lanthanide atoms have a submerged open 4f electron-shell lying underneath a 6s2-closed shell. Experimental 
breakthroughs in the creation of ultracold quantum gases of these atoms with their large magnetic moments1–4 
have opened a scientific playground in which to study quantum magnetism at the interface between condensed 
matter and atomic physics. In addition, these magnetic lanthanides have a large electronic orbital angular 
momentum leading to anisotropies, i.e. orientation dependencies, in their mutual interactions. Anisotropic 
interactions are crucial for using ultracold lanthanide atoms in spin-based quantum computing and simulations 
of orbitronics5,6.

The idea of integrating distinct physical components into a hybrid quantum system has also received significant 
attention. Hybrid approaches promise to take advantage of each components best properties, thereby realizing 
new tools for quantum information processing, condensed matter physics, and high-precision measurements. 
Our objective in this paper is to explore a novel class hybrid quantum system, hybrid magnetic lanthanide 
molecules, where lanthanide (Ln) atoms are brought and bound together with hydroxyl radical. These triatomic 
molecules are expected to possess features that are not present in lanthanide atoms.

Heavy atoms bound to hydroxyl or alcoxy groups stand out as candidates for precision measurements in 
search of physics beyond the standard model7–11. Among these systems are molecules containing heavy atoms 
with octupole deformed nuclei, such as isotopes of Fr and Ra, but also lanthanides and even actinides12. Octupole 
deformed nuclei have a Schiff moment and thus are sensitive probes of violations of the charge-parity (CP) 
symmetry13–17. In these molecules, the electronic structure can enhance the effect of the nuclear Schiff moment 
and lead to observable parity breaking terms in the ro-vibrational molecular Hamiltonian. These systems can 
also enhance the effects of a nuclear electric dipole moment17–20.
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A second reason for our interest in DyOH and ErOH is that they might be amenable to laser cooling. Laser 
cooling of atoms is possible for atoms that contain a non-degenerate two level system, where the higher energy 
state predominantly decays back to the lower energy state by the emission of a “spontaneous” photon, typically in 
or around the optical frequency domain. Such closed systems naturally occur in alkali-metal and alkaline-earth 
atoms. On the other hand, Dy and Er have a complex level structure, often with metastable states, and successful 
cooling seems a challenging proposition. Nevertheless, Refs.3,21,22 showed that despite the possible optical leaks, 
the large electronic angular momenta of Er and Dy states make laser cooling feasible. Recently, laser cooling 
has also been reported for CaOH, SrOH, and YbOH8,23,24 even though molecules have even more ways to have 
optical leaks. For these three molecules cooling is possible due to the existence of so-called vertical transitions, 
where the lower- and higher-energy potential energy curves have very similar equilibrium geometries and 
harmonic spring constants or vibrational structure.

Previous studies of the electronic ground state of LnOH used density functional theory (DFT)25 and predicted 
that the equilibrium geometry of these molecules for all atoms in the lanthanide series is linear with the oxygen 
atom in the middle. Moreover, the lanthanide atom loses one electron from its 6s shell to OH, the bond between 
the lanthanide and the hydroxide is a covalent triple bond, and the partially filled 4f shell is only weakly involved 
in the bond.

We will describe calculations of the relativistic electronic eigenstates of DyOH and ErOH using restricted-
active-space self-consistent-field calculations combined with computed spin-orbit matrix elements within the 
OpenMolcas package26 as well as using a relativistic coupled-cluster method within the CFOUR package27,28. 
Within the self-consistent-field method, we also compute electric and magnetic dipole moments. We obtain a 
different bonding model between the lanthanide atom and the hydroxyl group than that found within DFT. The 
molecules are still linear at their equilibrium geometries and the lanthanide atom still loses one electron to OH. 
We, however, find that the 4f shell participates significantly in the bonding. We show that the 4fn configuration 
of the lanthanide atom with n = 10 and 12 for Dy and Er, respectively, mixes with the 2p5 configuration of 
the tightly-bound ground-state OH, leading to “spin-orbit” states of the 4fn−16s2 + 2p6 configuration as the 
ground and lowest-energy eigenstates. The spin-orbit components of the 4fn6s + 2p6 configuration, where the 
6s lanthanide orbital has lost an electron, have significantly higher energies. The authors of Ref.29 found a similar 
behavior in the isoelectronic DyF using a four-component relativistic configuration-interaction approach. 
Recently, Ref.12 confirmed this bond for DyF.

Results
The DyOH and ErOH bond and zero field splittings
We begin by making some general observations about our triatomic systems. Heavy-element-containing 
molecular systems are difficult to model as relativistic electronic-structure methods are required. Further 
complicating the calculations for triatomic molecules is that the (relativistic) Born-Oppenheimer (BO) 
approximation can more easily break down than in diatomic molecules. Hence, a large number of adiabatic 
potential energy surfaces and electronic states are involved in the atomic motion. A theoretical analysis of the 
large number of electronic states in terms of spherical spin tensor operators, describing the coupling of the spins 
and angular momenta in the system, is convenient in order to account for non-adiabatic coupling among the 
states. For our DyOH and ErOH systems with their odd number of electrons, the relevant states turn out to 
correspond to different orientations of the combined spins and orbital angular momenta of the electrons in the 
submerged 4f shell.

The DyOH and ErOH triatomics at their equilibrium geometries are linear molecules, where the lanthanide 
atom is bound to the O-side of the OH radical, as confirmed by both OpenMolcas and CFOUR package 
simulations. Consequently, the natural body-fixed Cartesian coordinate system is one where the positive z 
axis points from the lanthanide to the oxygen atom and the x and y axes form a plane perpendicular to this 
symmetry axis. For a non-relativistic description of linear molecules, electronic eigenstates are labeled by the 
spin multiplicity of the total electronic spin S and projection quantum number Λ of the total electronic orbital 
angular momentum L along our body-fixed z axis. In a relativistic description of the electrons, molecular 
electronic levels only conserve Ω = Λ + Σ, where Σ is the projection quantum number of S along the z axis.

For linear geometries, potentials VcΩ and kets |c, Ω⟩ will denote electronic eigenenergies and eigenstates, 
respectively. Here, c labels the dominant molecular configuration of an eigenstate. For example, c = 4f106s + 2p6, 
4f96s2 + 2p6, or 4f96s6p + 2p6 for DyOH. Finally, electronic eigenstates with quantum numbers −Ω and +Ω 
for Ω > 0 are degenerate. For half-integer Ω, these degenerate pairs are Kramers’ doublets30.

After these preliminaries, we are ready to describe our results. Figure  1a,b show one-dimensional slices 
through the three-dimensional relativistic potentials VcΩ obtained with non-relativistic restricted-active-space 
self-consistent-field (RAS-SCF) calculations that do not include excitations to the 6p and 5d molecular orbitals 
at each molecular geometry, followed by the evaluation of spin-orbit matrix elements among a limited number 
of non-relativistic eigenstates and diagonalization of the electronic Hamiltonian within this subset of states. In 
the absence of the 6p and 5d orbitals, the SCF simulations correspond to complete-active-space SCF calculations 
(CAS-SCF) with 4f and 6s orbitals. The active space has zero orbitals, 8 orbitals, and zero orbitals in space RAS1, 
RAS2, and RAS3, respectively, with 11 electrons active in DyOH and 13 in ErOH.

In Fig.  1a,b, we draw the potentials for linear molecules as functions of the Ln-O separation near the 
equilibrium geometry of DyOH and ErOH with the O-H separation fixed at its equilibrium separation of 1.80a0 
for both triatomics. The RAS-SCF simulations show that the ground-state geometry corresponds to a linear 
molecule for both DyOH and ErOH. All separations are in units of the Bohr radius a0 and energies in units of 
hc× cm−1, where h is the Planck constant and c is the speed of light in vacuum. Values for these constants in SI 
units as well as that for the elementary charge e and the Bohr magneton µB, both used later on, are taken from 
Ref.31. We provide more details about the electronic structure calculations in Methods.
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First we note that the relativistic potentials in Fig. 1a,b are assigned to the 4fn−16s2 + 2p6 or 4fn6s + 2p6 
configurations. In fact, several “bundles” of levels, well separated in energy, are assigned with these two 
configurations. Crucially, we predict that many states assigned to the 4fn−16s2 + 2p6 configuration that have 
a lower energy than those of the 4fn6s + 2p6 configuration. The largest energy difference is approximately 
hc × 10, 000 cm−1.

Second, we observe that for DyOH in Fig.  1a the absolute ground-state potential has quantum number 
|Ω| = 15/2 with a minimum energy when the Dy-O and O-H separations are 3.76a0 and 1.80a0, respectively. 
This compares well with our relativistic coupled-cluster calculations with single, double, and perturbative 
triple excitations (CCSD(T)) for this state. We find that the potential minimum occurs at a Dy-O separation of 
3.60a0, which is slightly shorter than that found with the SCF simulations due to a better inclusion of dynamic 
electronic correlation. The minimum energy of the potentials for states with |Ω| < 15/2 of the lowest-energy 
DyOH “bundle” increases with decreasing |Ω| corresponding to an inverted spin-orbit interaction. There are 
2 × 8 = 16 levels in this grouping accounting for the twofold degeneracies. The second lowest “bundle” of states 
also assigned with the 4fn−16s2 + 2p6 configuration has 2 × 7 = 14 states and contains pairs of levels for 
|Ω| = 13/2 down to 1/2 in order of increasing energy. Finally, the bundles of potential energy curves assigned 
with the 4fn−16s2 + 2p6 configuration are parallel within the accuracy of our simulations, i.e. have nearly the 
same equilibrium separation and force or spring constant (and thus harmonic frequency).

For ErOH in Fig. 1b the absolute ground state are the |Ω| = 1/2 leveld of the 4fn−16s2 + 2p6 configuration. 
The corresponding potential has its minimum at Er-O and O-H separations of 3.69a0 and 1.80a0, respectively. 
The minimum energy of the potentials for states with |Ω| > 1/2 of this lowest “bundle” increases with 
increasing |Ω| up to |Ω| = 15/2. The second lowest “bundle” has 2 × 7 = 14 states and contains pairs of 
levels for |Ω| = 1/2 up to 13/2 in order of increasing energy. The potential energy curves assigned with the 
4fn−16s2 + 2p6 configuration are again parallel to good approximation.

For completeness, we note that from the SCF calculations, we find that the total electron spin of the non-
relativistic DyOH and ErOH ground state are S = 5/2 and 3/2, respectively, corresponding to the spin-stretched 
state for both triatomics.

Figure   1c shows the DyOH and ErOH potential energies of the energetically lowest sixteen relativistic 
eigenstates, i.e. the first bundle or group of levels, at their equilibrium geometry as functions of |Ω|. These 
potential energies are evaluated from RAS-SCF calculations that include excitations to the 6p and 5d molecular 
orbitals. As mentioned before, this group of levels still remains energetically well separated from other groups of 
levels. Clearly shown is the inverted spin-orbit splittings for DyOH and the “normal” one for ErOH. The zero of 
energies are chosen to be at the |Ω| = 15/2 and 1/2 states for DyOH and ErOH, respectively.

The equilibrium potential energies or zero-field splittings (ZFSs) of the c = 4f96s2 + 2p6 ground-state 
configuration of DyOH in Fig. 1c and with our choice for the zero of energy are well described by polynomial
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Fig. 1.  Potential energies of the 4fn−16s2 + 2p6 and 4fn6s + 2p6 electronic configurations of DyOH (panel 
(a)) and ErOH (panel (b)) near their equilibrium geometries as functions of the X-O separation with X = Dy 
or Er for a linear geometry and at a fixed O-H separation of 1.80a0. For each configuration the curves 
correspond to states with different Ω( or more precisely |Ω|). Curves with the same color have the same |Ω|. 
The zero of energy is at the equilibrium geometry of energetically lowest potential. The potentials have been 
obtained with self-consistent-field calculations using basis sets that do not include excitations into 6p and 5d 
molecular orbitals. Panel (c) shows the splittings among the Ω states of the 4fn−16s2 + 2p6 configuration 
(colored circles). The energies have been obtained with self-consistent-field calculations using basis sets that do 
include excitations into 6p and 5d molecular orbitals. The dashed curves through the markers are fits to these 
data and are described in the text.
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VcΩ/(hc cm−1) = 3 407.59 − 25.6016 Ω2 − 1.305 06 Ω4

+ 0.012 168 Ω6,
� (1)

for |Ω| = 1/2, . . . , 15/2, which ensures that eigenstates with −Ω and Ω are degenerate. Similarly, for the 
c = 4f116s2 + 2p6 ground-state configuration of ErOH, the zero-field splittings are well described by

	

VcΩ/(hc cm−1) = −3.65105 + 14.5863 Ω2 − 0.204 103 Ω4

+ 0.003 885 86 Ω6.
� (2)

As the potentials for linear DyOH and ErOH are nearly parallel with Ln-O separation, the coefficients of the 
terms proportional to Ω2n with n > 0 weakly depend on this separation. In fact, most separation dependence 
is isolated in the coefficient of the Ω0 term. Moreover, we focus on linear geometries as we believe that the 
Ln-O stretch mode will be of the most interest. This mode has the lowest vibrational energy, is well decoupled 
from other (bending) modes, and will likely hold true for both ground and excited electronic states. In a future 
publication, we plan to discuss these issues.

The energies of the levels in Eqs. (1) and (2) can be equivalently described by a spherical tensor-operator 
expansion once we assume that the electronic wavefunction is also an eigenstate of the square of the total 
electronic angular momentum of the molecule, j2. Here, we use the observations that (I) the group of levels 
contain one state for each |Ω| up to 15/2, (II) the 2p6 configuration of the OH− negative ion has a closed and 
thus spin-less electron shell with jOH− = 0, and (III) the 4fn−16s2 configuration of the atomic Dy+ and Er+ 
ion has total atomic angular momentum jatom = 15/2 solely due to the open 4f shell32. Hence, we are justified 
in assuming that the total molecular electron angular momentum j = jatom + jOH has quantum number 
j = 15/2.

In a laboratory-fixed coordinate system (X, Y, Z) we can then write effective Hermitian potential operator

	

V̂ =a0 + a2T2(j, j) · C2(R̂)
+ a4T4(T2(j, j), T2(j, j)) · C4(R̂)
+ a6T6(T3(j, T2(j, j)), T3(j, T2(j, j))) · C6(R̂),

� (3)

with the connection |c, Ω⟩ → |jΩ⟩, energy coefficients ai and dot product Rk · Sk =
∑k

q=−k
(−1)qRkqSk−q  

for arbitrary spherical tensor operators Rkq  and Skq  of rank k, a non-negative integer. Moreover, tensor operators 
Tkq(·, ·) of rank k = 2, 3, . . . are constructed from rank-1 total electronic angular momentum operator  and, 
finally, Ckq(R̂) are spherical harmonic functions, where unit vector R̂ = (θ, φ) describes the orientation of 
the symmetry axis of the linear triatomic molecule in the laboratory-fixed coordinate system. We follow the 
definition and notation for constructing tensor operators of Ref.33, functions Ckq(R̂) satisfy Ckq(0̂) = δq0, and 
quantity j in tensor operators, such as T2(j, j) and T3(j, T2(j, j)), is an abbreviation for dimensionless operator 
j/ℏ, where ℏ is the reduced Planck constant, the atomic unit of angular momentum.

For the relevant eigenstates |cΩ⟩ and, more precisely, |jΩ⟩ in the body-fixed coordinate system with the z 
axis along the symmetry axis of the linear triatomic molecule and thus R̂ = 0̂, the operator V̂  in Eq. (3) leads 
to eigen energies

	

VcΩ = a0 + a2(3Ω2 − j(j + 1))/
√

6
+ a4⟨j4 Ω0|jΩ⟩ × ⟨j||T4(., .)||j⟩
+ a6⟨j6 Ω0|jΩ⟩ × ⟨j||T6(., .)||j⟩,

� (4)

using the Wigner–Eckart theorem with Clebsch–Gordan coefficients ⟨j1j2m1m2|jm⟩ and reduced matrix 
elements ⟨j||Tk(., .)||j⟩33. We have explicitly evaluated the matrix element for the operator multiplying a2. The 
reduced matrix elements multiplying a4 and a6 can be evaluated with repeated use of Eq. (5.5) of Ref.33. We also 
realize that the Clebsch-Gordan coefficients ⟨jk Ω0|jΩ⟩ with k = 2, 4, 6, . . . in Eq. (4) are polynomials in Ω2 with 
degree k/2. For example, ⟨j4 Ω0|jΩ⟩ is proportional to 35Ω4 + 5[5 − 6j(j + 1)]Ω2 + 3(j + 2)(j + 1)j(j − 1). 
Values for ai with even i = 0, 2, . . . can be found from a comparison with Eqs. (1) or (2) and solving a linear 
system for an upper-triangular matrix. Finally, we note that operator V̂  makes it possible to construct a 
Hamiltonian for the rotation of the triatomic molecule near their equilibrium geometry.

We have found it instructive to study the bonds in DyOH and ErOH by visualizing unit-normalized Kohn-
Sham molecular orbitals (MOs) from DFT calculations even though these DFT calculations predict linear 
molecules with the incorrect order of eigenstate energies. The spin-unrestricted B3PW91 functional has been 
used with an all-electron scalar-relativistic basis set optimized for the Douglass-Kroll Hamiltonian, namely 
SARC2-QZVP-DKH2 for lanthanide atoms and AUG-CC-PVQZ-DK for the remaining atoms.

Figure 2 shows isosurfaces of DyOH and ErOH molecular orbitals with an isovalue of −0.0025eÅ-3/2 and 
+0.0025eÅ-3/2 for the MOs mainly composed of the lanthanide 6s, 4f and 6p atomic orbitals. Here, length 1Å 
is 0.1 nm. The DFT calculations have been performed within the Gaussian-16 package34 and visualized with 
Gauss-View 635. The atoms in the molecules are at their equilibrium locations. One can immediately observe 
that the 6s and 6p MOs easily enclose the Ln, O, H nuclei and that the 4f orbital has a radius close to the Ln-O 
equilibrium separation. In fact, the root-mean-square radius of the 6s2 molecular orbital is 7a0 larger than the 
equilibrium separation between the lanthanide and hydrogen atom of approximately 3.7a0 + 1.8a0 = 5.5a0.

Scientific Reports |        (2025) 15:21480 4| https://doi.org/10.1038/s41598-025-06281-6

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


The excited level structure of the DyOH and ErOH molecules obtained using electronic structure calculations 
with a limited set of basis functions has been shown in Fig. 1a,b. Figure 3 shows the electronic eigenenergies of 
DyOH at its equilibrium geometry up to hc × 30 000 cm−1 above its ground state as functions of Ω when we 
do include the 5d and 6p molecular orbitals. With these additional orbitals the equilibrium geometry is again 
linear. Below hc × 10 000 cm−1, states can still be assigned as belonging to the 4f96s2 + 2p6 configuration 
and, in fact, have the same state ordering as before. For larger excitation energies and especially for states with a 
small Ω mixing among the 6s, 5d, and 6p lanthanide molecular orbitals is strong and state assignment was not 
possible. For large Ω we can make assignments and, for example, the arrow in the figure indicates the Ω = 15/2 
to Ω′ = 17/2 transition between the ground 4f96s2 + 2p6 and excited 4f96s6p(1P ) + 2p6 configurations. 
It has a computed transition electric dipole moment of 1.79ea0. Of course, calculations including the 6p and 
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Fig. 3.  Electronic eigenenergies (colored circles) of DyOH at its equilibrium, linear geometry as a function of 
electron projection quantum number Ω. The zero of energy is set at that of the lowest eigenstate. The excitation 
energies have been obtained with self-consistent-field calculations using basis sets that do include excitations 
into 6p and 5d molecular orbitals. For the lowest energies, lines connecting the colored circles correspond to 
states of the same configuration. For the higher energies, the lines although sorted by energy, are only guides 
for the eye. The blue arrow highlights the transition from Ω = 15/2 to Ω′ = 17/2 between the 6s2 and 6s6p 
states. It has an electric dipole moment of 1.79ea0.
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Fig. 2.  Isosurfaces of electronic Kohn-Sham molecular orbitals (MOs) for DyOH (panels (a,b)) and ErOH 
(panels (c,d)) at their equilibrium, linear geometries. In all panels the small, nearly hidden cyan, red, and gray 
balls correspond to the locations of the lanthanide, oxygen, and hydrogen atom, respectively. Panels (a,c) show 
some of the MOs for the 4fn−16s2 + 2p6 configuration where the 4f and 2p orbitals overlap. The chosen 4f 
orbitals for DyOH and ErOH resemble the fxyz  and fyz2  cubic or tesseral harmonic, respectively, while the 2p 
orbital resembles the pz  cubic harmonic with the lobes aligned along the z or Ln-O axis. Similarly, panels (c,d) 
show some of the MOs for the 4fn−16s6p + 2p6 configuration, where now the largest feature corresponds to 
the 6p orbital resembling the px or py  cubic harmonic.

 

Scientific Reports |        (2025) 15:21480 5| https://doi.org/10.1038/s41598-025-06281-6

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


5d orbitals are more accurate and we estimate that the relative uncertainty of the transition energies shown in 
Figs. 1c and 3 is about 10%.

Permanent electric dipole moment
We have also calculated permanent electronic dipole moments d for the Ω states of the energetically lowest bundle 
or group of levels of configuration c = 4fn−16s2 + 2p6. Our polar molecules can be controlled with a static electric 
field E via the Hamiltonian −d · E. Figure 4 shows matrix elements ⟨c, +Ω|dz|c, +Ω⟩ = ⟨c, −Ω|dz|c, −Ω⟩ for 
Ω > 0 for DyOH and ErOH along the body-fixed z axis directed from the lanthanide atom to the oxygen atom. 
These data have been determined for the equilibrium linear geometries and obtained with the RAS-SCF method 
using basis sets that include excitations to the 6p and 5d molecular orbitals.

The permanent dipole moments are approximately 0.28ea0 and 0.20ea0 for DyOH and ErOH, respectively, 
as shown in Fig. 4, which indicates that the bond between the lanthanide atom and hydroxyl is not fully ionic. 
With RLn-O ≈ 3.7a0 at the equilibrium geometry of the triatomic molecules, less than 0.1 of an electron charge 
has transferred to the hydroxyl. We believe that this observation does not contradict the finding in the previous 
section that ground-state electronic configuration is to good approximation an eigenstate of j2 as the closed 6s2 
molecular orbital envelops the whole molecule as seen in Fig. 2. For both triatomics, the absolute ground state 
has the largest permanent dipole moment, although the Ω dependence of the dipole moment is weak changing 
by no more than 20% for DyOH and significantly less for ErOH. Finally, we realize that we can write

	

dz/(ea0) =0.264 395 + 1.458 57 × 10−4Ω2

+ 3.651 51 × 10−5Ω4 − 4.448 32 × 10−7Ω6,
� (5)

for DyOH and

	 dz/(ea0) =0.205 989 − 3.531 68 × 10−4Ω2, � (6)

for ErOH, where we have omitted the bra and ket notation in the matrix elements for clarity.
Similar to Eq. (3), we can analyze the Ω dependence of the permanent electric dipole moment with spin-spin 

tensor operators assuming that the total electron angular momentum is conserved. That is,

	

−d · E = − d0C1(R̂) · E − d2T1(T2(j, j), C3(R̂)) · E

− d4T1(T4(T2(j, j), T2(j, j)), C5(R̂)) · E + · · · ,
� (7)

with coefficients dk  and rank-1 spin-spin operators T1(Tk(·, ·), Ck+1(R̂)) with even k = 2, 4, . . .. In Eq. (7), 
the space- or laboratory-fixed electric field E = (EX , EY , EZ) is expressed in “spherical” form, that is 
E±1 = ∓(EX ± iEY )/

√
2 and E0 = EZ , where X, Y, and Z define the space-fixed coordinate axes as before.

The diagonal matrix elements of these spin-spin operators in the basis |c, jΩ⟩ and R̂ = 0̂ lead to polynomials 
in Ω2 of degree k/2. For example, for k = 2 we have

	

⟨jΩ|T10(T2(j, j), C3(R̂ = 0̂))|jΩ⟩

= ⟨10|2300⟩⟨jΩ|T20(j, j)|jΩ⟩ = 3√
35

3Ω2 − j(j + 1)√
6

.
� (8)
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Fig. 4.  Permanent dipole moment in atomic units ea0 as function of projection quantum number Ω of states 
of the 4fn−16s2 + 2p6 electronic ground-state configuration of DyOH (orange filled circles) and ErOH 
(grey filled circles) at their equilibrium linear geometry. Solid black curves are polynomial fits to the data as 
described in the text.
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Magnetic moments and pseudospin Hamiltonians for the ground-state configuration
The states of the linear DyOH and ErOH molecules can also be controlled by an external magnetic field B 
through the Zeeman interaction −µ · B, where vector operator µ is the electronic magnetic moment. Within 
OpenMolcas, we have computed the diagonal and off-diagonal matrix elements of µα of the magnetic moment 
operator projected along the body-fixed Cartesian axes α = x, y, and z for the 2 × 8 = 16 levels of the lowest-
energy bundle assigned with configuration c = 4fn−16s2 + 2p6. That is, the levels whose energies are shown 
in Fig. 1c.

Following Ref.36 and assuming that the total angular momentum  is a conserved operator with quantum 
number j = 15/2, it is reasonable to initially propose µ = gmolµBj/ℏ, where dimensionless gmol is a molecular 
g factor. Then because the zero field splittings of the relevant electronic states with different |Ω| are well separated, 
the diagonal magnetic-moment matrix elements along the body-fixed z axis, ⟨c, Ω|µz|c, Ω⟩ = gmolµBΩ will 
describe the level shifts of the molecular state in a magnetic field absent the rotation of the molecules.

Figure 5a shows the computed gmol as functions of our half-integer Ω for the ground-state configuration of 
DyOH and ErOH. The g-factors gmol for both molecules are indeed mostly independent of Ω as expected and 
are even functions of Ω. The magnetic moment operator µz  is thus an odd function of Ω. In fact, for DyOH a 
linear-least-squares fit with the cubic polynomial in Ω2 to the data in Fig. 5a gives

	

gmol =1.300 01 − 0.006 794 86 Ω2

+ 2.35401 × 10−4Ω4 − 1.88066 × 10−6Ω6,
� (9)

while for ErOH gmol is independent of Ω for Ω > 3/2 but has significant deviations from this behavior for 
smaller Ω likely indicating mixing with excited electronic configurations. (Polynomial fits to gmol for ErOH do 
not lead to satisfactory agreements).

Interestingly, as also shown in Fig. 5a the atomic g factors for the j = 15/2 level of the 4f96s2 configuration 
of an electronically excited Dy+ ion and that of the 4f116s2 configuration of an excited Er+ ion are 1.333 and 
1.200, respectively32, are in agreement with the molecular g factors. The agreement justifies our Ansatz that 
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Fig. 5.  Molecular g factors, gmol as defined in the text, (a) and transition magnetic moments (b) as functions 
of Ω for DyOH (orange filled circles) and ErOH (grey filled circles) at their linear equilibrium geometries 
along the body-fixed Ln-O axis. G-factors of the pseudo-spin are defined in the text. The DyOH and ErOH 
molecules are in their 4f96s2+2p6 and 4f116s2+2p6 ground-state configuration, respectively. In panel (a) the 
dashed orange and grey lines are the experimental g factors of the j = 15/2 level of the 4f96s2 and 4f116s2 
configurations of Dy+ and Er+, respectively. In panel (a) the solid black curve is a polynomial in Ω2 found 
from a fit to the data for DyOH, while the solid black curves in panel b) correspond to a fit to adjustable 
parameter g1 times matrix elements of the angular momentum raising operator j+1/ℏ.
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the ground states of DyOH and ErOH have a total molecular electronic angular momentum that is close to 
j = 15/2.

As with the relativistic energies in Eq. (1), the Ω dependences can be described in terms of effective spin-spin 
interactions. The simplest extension for the magnetic moment operator is the rank-1 or vector operator

	
µ

µB
= g1j/ℏ + g3T1(T3(j, T2(j, j)), C2(R̂)) + · · · ,� (10)

with g factors g1 and g3 in analogy to Eq.  (3). This extension leads to matrix elements for µz  that are odd 
polynomials in Ω. For example, the spin dependence of the second term on the right hand side of Eq. (10) equals 
Ω{3j(j + 1) − 1 − 5Ω2} times a function that solely depends on j. For DyOH, more complex rank-1 operators 
containing spherical harmonics C4q(R̂) and C6q(R̂) can be added to represent the Ω5 and Ω7 dependence of 
gmolΩ, respectively.

Figure 5b shows the transition magnetic moments between states with projection quantum numbers Ω and 
Ω − 1 of the c = 4f96s2+2p6 configuration of DyOH and the 4f116s2+2p6 configuration of ErOH. That is, we 
show matrix elements

	 ⟨c, Ω|µ+1|c, Ω − 1⟩/µB,� (11)

as function of Ω ≥ 1/2. Assuming that the states have j = 15/2 and µ = g1µBj/ℏ, we fit these data to matrix 
elements of operator g1µBj+1/ℏ with adjustable g factor g1 using that

	
⟨jΩ|(j+1/ℏ)|jΩ − 1⟩ =

√
(j − Ω + 1)(j + Ω)

2 . � (12)

With j = 15/2, the fits lead to g1 = 1.32691 and 1.19430 for DyOH and ErOH, respectively, close to the values 
for the g-factors of the isolated excited Dy+ and Er+ ions given in two paragraphs earlier. Small deviations from 
the Ω dependence in Eq. (12) are due to more complex rank-1 tensors as in Eq. (10).

Conclusion
We have argued that promising applications for ultracold molecules include performing precision spectroscopy 
to test the Standard Model of particle physics, creating new types of sensors, advancing quantum information 
science, simulation of complex exotic materials as well as the promise of quantum control of chemical reactions 
as each molecule can be prepared in a unique rovibrational quantum state.

In this paper, we have taken the first steps in understanding the properties of two magnetic Lanthanide 
monohydroxide molecules, Dy-OH and Er-OH, in these contexts. We computed ground and excited 
relativistic electronic energy levels near their linear equilibrium geometry, assigned their dominant electronic 
configuration, and realized that for the ground state an electron from the open submerged 4f shell moves into 
the 2p5 orbital of OH. In addition, we showed that the molecules are both polar and paramagnetic by computing 
electric and magnetic moments and thus can be simultaneously manipulated by electric and magnetic fields. 
Most importantly, we find that the energetically lowest 16 states form a spin j = 15/2 system with zero field 
splittings on the order of a hc × 1 000 cm−1. In fact, this spin system can be understood as being due to the 
j = 15/2 level of the 4f96s2 and 4f116s2 configurations of the isolated Dy+ and Er+ ions, respectively. The 
understanding on these magnetic molecules gained in this paper will enable us to start to study rotational and 
vibrational levels of the molecules as well as make suggestions for cooling the molecules with lasers and for 
studies of violations of the charge-parity (CP) symmetry.

Methods
We have performed multi-configuration restricted-active-space self-consistent field (RAS-SCF) electronic-
structure calculations37 with spin-orbit coupling using state interaction (RAS-SI)38. In the state-interaction 
approach, spin-orbit matrix elements are based on the Douglas-Kroll Hamiltonian. The resulting low-
dimensional D × D Hamiltonian is diagonalized to obtain relativistic adiabatic potential energies and electronic 
wavefunctions. We use the implementation of the RAS-SCF and RAS-SI methods in OpenMolcas26 and rely 
on the built-in ANO-RCC-VQZP electronic basis39. For both DyOH and ErOH, we perform separate non-
relativistic RAS-SCF calculations for total electron spin S = 1/2( doublets), 3/2 (quartets), and 5/2 (sextets). For 
total electron spin S, we determine the energetically lowest D = 80 roots or eigenstates to ensure convergence 
with respect to couplings due to the spin-orbit interaction. We also use OpenMolcas to determine one-electron 
properties such as angular-momentum and permanent and transition electric and magnetic dipole moments 
between relativistic electronic states.

We verify the RAS-SCF and RAS-SI results with relativistic coupled-cluster calculations for the electronic 
ground state and equation-of-motion coupled-cluster calculations for some of the excited states using the 
CFOUR package equipped with additional modules27,40. That is, we use relativistic coupled-cluster calculations 
with single and double excitations (CCSD)41 augmented with non-iterative triples [CCSD(T)]42 and equation 
of motion CCSD43 calculations using the exact-two-component (X2C) Hamiltonian with atomic mean-field 
integrals (the so-called X2CAMF scheme)44,45. In the calculations, we use the all-electron uncontracted ANO-
RCC-VTZP basis sets for the lanthanide atoms and the cc-PVTZ-X2C and cc-PVTZ-DK basis sets for the O and 
H atoms, respectively. The basis set for O is a “recontracted” basis for use in the X2CAMF scheme46.
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