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SLAC National Accelerator Laboratory, Menlo Park, CA 94025

J. Vinson
Material Measurement Laboratory, National Institute of Standards and Technology, Gaithersburg, Maryland, 20899

(Dated: July 11, 2025)

We present a real-space Green’s function theory and calculations of two-photon x-ray absorption
(TPA). Our focus is on non-resonant K-shell TPA in metallic Cu, which has been observed experi-
mentally at intense x-ray free electron laser (XFEL) sources. The theory is based on an independent-
particle Green’s function treatment of the Kramers-Heisenberg equation and an approximation for
the sum over non-resonant intermediate states in terms of a static quadrupole transition operator.
XFEL effects are modeled by a partially depleted d-band. This approach is shown to give results for
K-shell TPA in quantitative agreement with XFEL experiment and with a Bethe-Salpeter Equation
approach. We also briefly discuss many-body corrections and TPA sum-rules.
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I. INTRODUCTION

Two-photon absorption (TPA) and emission (TPE)
processes were originally predicted theoretically by Maria
Goeppert-Mayer in her doctoral dissertation.1,2 However,
TPA was not observed until lasers became available and
then only for optical frequencies.3 More recently, TPA
of hard x-rays has been observed for metallic Cu using
intense x-ray free electron laser (XFEL) sources.4 For-
mally, the theory of TPA is based on a sum of amplitudes
for two successive dipole transitions over all possible in-
termediate states. This sum is given by the Kramers-
Heisenberg (KH) equation. Energy is conserved only for
the net transition, with the transition energy equal to the
sum of the two photon energies.1,5–7 This process is illus-
trated by the Feynman diagrams8 in Fig. 1. The left di-
agram depicts a process in which the first photon excites
an occupied p−state to the final s− or d−photoelectron
state and the second photon excites the 1s electron to the
now empty p−state. The right diagram depicts the other

FIG. 1. Feynman diagrams8 for the TPA amplitude: Incident
photons are represented by wavy lines (blue), the single par-
ticle state |i⟩ by the black line, the the photoelectron |f⟩ by
the green line, and intermediate states |n⟩ by the orange line.
The left diagram indicates occupied intermediate states, while
the right diagram indicates unoccupied intermediate states.

possible process, in which the first photon excites the 1s
electron to an unoccupied p-photoelectron state, and the
second photon scatters this photoelectron to the final
s− or d−photoelectron state. While the KH approach
is tractable for atomic systems,5,6 and non-linear ap-
proaches have been developed for optical spectra,9 quan-
titative TPA calculations are computationally challeng-
ing for condensed matter. However, for K-shell TPA in
Cu with ≈ 4500 eV photons,4 only non-resonant interme-
diate states are possible, greatly simplifying the theory.
For this case an approximation for K-shell TPA based on
the Bethe-Salpeter Equation (BSE) has been proposed.10

Our goal here is to develop a real-space Green’s func-
tion (RSGF) approach for deep core TPA in condensed
matter that only includes non-resonant contributions and
is applicable for simulations of XFEL spectra. We show
that this method can be expressed in a form analogous to
one-photon (OPA) x-ray absorption spectra (XAS), but
with an effective static quadrupole transition operator.
TPA calculations are presented based on an extension of
the RSGF XAS code FEFF10.11 XFEL effects on the
near-edge are modeled by a partially depleted d-band.
This theory yields K-shell TPA spectra for Cu in good
agreement with XFEL experiment4 and with the BSE
approach.6

II. TPA THEORY

Within 2nd-order perturbation theory in the electron-
photon interaction, the TPA cross-section σ2P

XAS is given
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by the many-body Kramers-Heisenberg (KH) equation6,7

σ2P
XAS(ω) = 8π3α2ω2 ×∑

F

|MIF (ω)|2δΓF
(2ω+EI−EF ), (1)

MIF (ω) =
∑
X

⟨F |d̂|X⟩⟨X|d̂|I⟩
ω+EI−EX+iΓX

. (2)

Here |I⟩ and |F ⟩ denote the initial and final N -electron
states of the system with energies EI and EF respec-

tively; α is the fine structure constant; d̂ =
∑

i di is
the many-body dipole operator in position-space, where
di = r · ϵ̂ is the interaction with monochromatic photons
of energy ω and polarization ϵ̂; |X⟩ represent intermedi-
ate states with energies EX ; and the energy denominator
ω+EI−EX+iΓX includes a lifetime broadening ΓX . Fi-
nally, δΓF

(E) denotes a Lorentzian with broadening ΓF

associated with the final state lifetime. Unless otherwise
specified we use atomic units (a.u.) e = h̄ = m = 1, with
energies in Hartrees, distances in Bohr a0 = 0.529 Å, and
time in atomic units 24.2 as/Hartree.

The derivation of TPA theory is similar to other ap-
plications of the KH equation, such as photon-photon
scattering,8 with analogous Feynman diagrams. Like-
wise, contributions from the A2 term (i.e., the square
of the vector potential) in the electron-photon interaction
known as the seagull diagram,8 are ignored since they are
arguably of negligible importance.12 While typically ex-
pressed in terms of dipole operators in position-space r· ϵ̂,
the formulation with momentum-space p · ϵ̂ operators is
similar, apart from the ω2 prefactor in Eq. (1).13 In gen-
eral both resonant intermediate states, where the energy
denominator vanishes apart from a lifetime broadening
ΓX , and non-resonant intermediate states, where the en-
ergy denominator is non-zero, must be considered. When
present, resonant states typically dominate, and interfer-
ence between resonant and non-resonant terms may also
be necessary.

For K-shell TPA for example, |I⟩ ≈ |1s,N − 1⟩ rep-
resents the initial state prior to x-ray absorption where
unless otherwise specified, the configuration of the N −1
passive electrons is implicit, and in this work also reflects
XFEL excitation effects on the system. The final states
of interest |F ⟩ = |1s kL⟩ have a 1s hole (denoted with an
overline) and a photoelectron with wave number k, en-
ergy ϵk, and orbital angular momentum quantum num-
bers L = (l,m). For simplicity we ignore spin indices
as well as the differences between p1/2 and p3/2 spectra;
however, these effects are included implicitly in our nu-
merical calculations. Dipole selection rules l → l±1 then
require intermediate states |X⟩ of two types: i) states
|npkL⟩, with a hole in an np orbital and a photoelectron
with d− or s−symmetry; and ii) states |1skp⟩, with a 1s
core-hole and a virtual photoelectron with p−symmetry.
Thus the selection rules for TPA are similar to those of
normal quadrupole excitations ∆l = 0,±2, except that
li = lf = 0 is allowed, and there is an additional re-
striction ∆m = 0.14 In the zero-temperature equilibrium

state, near-edge TPA produces photoelectrons in the 3d
or 4s levels above the Fermi energy ϵF . Neglecting relax-
ation of the passive electrons (which is discussed below),
the transition energy EF − EI = ϵk − ϵ1s = 2ω. The
theory can be extended straightforwardly to other edges.
The RSGF approach is based on an independent-

electron approach. Upon integrating over the N − 1 pas-
sive electrons and rearranging terms, the KH expression
for the TPA cross-section for a given core-level i can be
expressed in terms of single-particle levels, which are de-
noted with lower-case italic indices

σ2P
XAS(ω) = 8π3α2ω2 ×

unocc∑
f

|Mif (ω)|2δΓi
(2ω+ϵi−ϵf ), (3)

Mif (ω) =
∑
n

⟨f |d|n⟩⟨n|d|i⟩
ω + ϵi − ϵn + iΓn

. (4)

Here i and f denote initial-hole and final-photoelectron
levels, and ω = (ϵf−ϵi)/2 for photons of equal energy and
n ranges over all intermediate states. This relation for
the independent particle transition matrix elements Mif

requires a careful treatment of the various states involved
in TPA along with Fermion commutation relations, and is
derived in Appendix A, following the approach of Guo.15

In the independent particle formulation, the two types
of intermediate levels n correspond to: 1) occupied lev-
els of the ground state allowed by dipole selection rules
when the first photon excites an electron in level n to the
photoelectron state f and the second excites an electron
in the initial level i to level n, or 2) unoccupied levels
allowed by dipole selection rules when the first photon
excites an electron in the initial core level i to unoccu-
pied level n and the second scatters that electron to the
final level f . These processes are illustrated by the two
diagrams Fig. 1. Combining both processes, and assum-
ing that the intermediate state broadening Γn ≈ Γ is
independent of state n, the sum over intermediate levels
n in Eq. (4) is equivalent to the spectral representation of
the one-particle Green’s function G(ω + ϵi).

15 Thus the
transition matrix can be represented compactly as

Mif (ω) = ⟨f |dG(ω + ϵi) d|i⟩, (5)

where G(ϵ) ≡ [ϵ − h + iΓ]−1 and h is the independent-
electron Hamiltonian for the intermediate states.
As in OPA, the sum over final states f in Eq. (3) can be

treated implicitly using Green’s function methods,11,16 in
terms of the one-particle density matrix

ρ̂(ϵ) ≡ − 1

π
ImG(ϵ) ≡

∑
f

|f⟩δ(ϵ− ϵf )⟨f |. (6)

Here f are the eigenstates of the final-state independent
particle Hamiltonian h′ in the presence of the screened
core hole. In order to restrict the sum in Eq. (3) to unoc-
cupied levels, a factor g(ϵ) = 1 − g(ϵ) is appended, that
characterizes the distribution. In the ground state g(ϵ) =
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θ(ϵF−ϵ) is just a step function at the Fermi energy. How-
ever, in general g(ϵ) is a non-equilibrium distribution17

that depends on details of the experiment and the x-
ray source. For example, in transient XAS studies of
warm dense matter (WDM) at fs time-scales the behav-
ior of g(ϵ) has been addressed using Boltzmann equation
methods.17 At longer ps time-scales, g(ϵ) is taken to be
the Fermi function f(ϵ, T ) = 1/[exp((ϵ − µ)/kBT ) + 1]
at the transient electron temperature T in the system,
where kB is the Boltzmann constant.18,19 Due to the de-
pendence on depletion, the TPA cross section below the
cold edge will not simply be proportional to intensity
squared, since the depletion of the occupied orbitals is
already proportional to intensity, giving a cubic depen-
dence. The current experimental results were extracted
via quadratic fitting analysis, and thus the depletion fac-
tor used in our theory can be viewed as an average over
the intensities probed in the experiment.

From Eq. (3)-(6) the TPA can be expressed as

σ2P
XAS(ω) = 8π3α2ω2⟨i|Q̃†(ω) ρ̃(ϵ) Q̃(ω)|i⟩, (7)

Q̃(ω) = dG(ω + ϵi) d, (8)

ρ̃(ϵ) =

∫
dϵ′ AΓi

(ϵ− ϵ′)ρ̂(ϵ′)ḡ(ϵ′), (9)

where ϵ = 2ω + ϵi, Q̃(ω) is a dynamic quadrupole op-
erator, and the convolution over the Lorentzian AΓf (ϵ)

produces the final state lifetime broadening. This rep-
resentation of the TPA is valid for both resonant and
non-resonant TPA. Thus Green’s function methods have
been used to calculate TPA both in model and atomic
systems.5

III. NON-RESONANT TPA

Our primary focus in this work is non-resonant K-
shell TPA in Cu with monochromatic linearly polar-
ized photons of energy ω near 4485 eV, as in the XFEL
measurements.4 To simplify the analysis, we choose po-
larization ϵ̂ = ẑ without loss of generality, as there is no
polarization dependence in isotropic systems like Cu. In
this case the TPA involves a 2-photon transition from a
deep 1s level and energy ϵ1s ≈ −8970 eV to a photo-
electron in level |f⟩ = |kL⟩ with angular momentum in-
dices L = (l,m) for l = 0 or 2, and energy ϵk in the
unoccupied levels. Due to transient effects of short high
intensity XFEL pulses g(ϵ) is a non-equilibrium distri-
bution that characterizes a partially depleted d-band in
Cu.17

For ≈ 4500 eV photons no resonant intermediate states
exist for which the energy denominator Dn(ω) = ω +
ϵ1s − ϵn = 0 in the core-spectrum between the 1s level at
−8960 eV and ϵF . Dipole selection rules imply that the
only available intermediate levels n are of p-symmetry
with n ≥ 2, both below and above ϵF . At the onset of
TPA 2ω ≈ 8970 eV, and ω+ ϵ1s ≈ −ω. Thus the matrix
elements in non-resonant K-edge TPA in Cu depend on

the behavior of the diagonal Green’s function elements
with angular momentum l = 1 at large negative energies
G1(−ω) = Gl=1(−ω). From its spectral representation,
contributions to G1(ϵ) from the bound np levels below ϵF
denoted by G<

1 (ϵ), can be expressed as a sum over the 2p
and 3p levels. The sum over the p-level continuum above
ϵF denoted byG>

1 (ϵ), is less straightforward. However, as
argued by Vinson,10 the energy denominator Dnp(ω) =
ω + ϵ1s − ϵnp = ϵf − ϵnp − ω is nearly constant over
several hundred eV for the continuum np levels above
ϵF , and can be approximated by D0 = −ω. Then using
the projection operator Pp onto occupied p-levels, the
sum can be approximated by

G>
1 (−ω) =

∑
np>3

|np⟩⟨np|
Dnp(ω)

≈ 1−Pp

D0
, (10)

where 1 is the unit operator. The error in this approxi-
mation is of order (ϵk − ϵF )/ω

2 near ϵF , where ϵk is the
photoelectron energy, and hence is negligible for photo-
electron energies ϵk near the TPA K-edge in Cu. The
approximation in Eq. (10) can be verified by replacing
the unit operator with a complete set of one-particle lev-
els and appropriate selection rules. Combining G<

1 (−ω)
from the occupied np levels with G>

1 (−ω) in Eq. (10).
G1(−ω) for Cu can be approximated by

G1(−ω) ≈ − 1

ω

[
1 +

n=2,3∑
np

Cnp|np⟩⟨np|

]
, (11)

where Cnp = D0/Dnp − 1. For 4485 eV photons
C2p ≈ −4485/(−4485 + 960) − 1 ≈ 0.27, and C3p ≈
−4485/(−4485 + 70)− 1 ≈ 0.016.
From Eq. (7), (8) and (11), the TPA can be expressed

in terms of a static quadrupole transition operator Q as

σ2P
XAS(ω) = 8π3α2 ⟨1s|Q ρ̃(ϵ)Q|1s⟩, (12)

Q ≡ d2 +

n=2,3∑
np

Cnp d|np⟩⟨np| d, (13)

where ϵ = 2ω+ϵ1s. Note that the factors ω2 from the ma-
trix elements defined in Eq. (11) cancel the ω2 prefactor
in Eq. (3). This yields,

σ2P
XAS(ω) = 8π3α2

l=0,2∑
L

|MQ
L (ϵ)|2ρ̃l(ϵ). (14)

Here MQ
L (ϵ) = ⟨1s|Q|kL⟩ is the quadrupole transition

matrix, and ρ̃l(ϵ) is the l component of the density ma-
trix defined in Eq. (9). The expression in Eq. (14) for
non-resonant TPA σ2P

XAS(ω) is a key result of this paper.
Analogous effective quadrupole operators have been used
in related contexts, e.g., double γ decay in nuclei.20

The treatment of the near-edge TPA with XFEL ra-
diation depends on several factors. At low to interme-
diate intensities, XFEL effects lead to a partial deple-
tion of the d-band and the emergence of spectra be-
low the cold edge.17,21 Although more sophisticated ap-
proaches require a Boltzmann equation treatment, for
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simplicity here we approximate g(ϵ) by a step function
with g = 0.075 for d-levels below the cold Fermi level
and g ≈ 1.0 above, reflecting a broad distribution of
the excited 3d electrons across high-energy unoccupied
states. We also accounted for experimental broadening
by adding 1.2 eV to the core-hole lifetime, which is equiv-
alent to Lorentzian broadening. Core-hole screening is
also an important consideration. For K-shell TPA in Cu,
we find that RSGF calculations that neglect the core-hole
potential in the final state are a good approximation, sim-
ilar to the behavior of L2,3 XAS in metals.
For comparison with the RSGF approach outlined in

Eqs. (3) – (15), it is useful to compare with the BSE.
The key difference is that the BSE uses an electron-hole
basis denoted by the composite index b = {e, h}, where
the photo-electron inhabits unoccupied orbitals e and the
hole occupied core levels h. However, the BSE also uses
the same approximation for the effective quadrupole op-
erator Q in Eq. (13). The BSE analog of Eq. (14) is

σ2P (ω) =
8π3α2

ΩNk
× (15)

×
(
− 1

π
Im

)[∑
bb′

⟨i|Q|b⟩⟨b| 1

2ω −HBSE + iΓ
|b′⟩⟨b′|Q|i⟩

]
.

Here the integral over the Brillouin zone is replaced by a
finite sum over Nk points, Ω is the unit cell volume, and
the effective BSE particle-hole Hamiltonian is

HBSE = ϵe − ϵh +
√
1− g(ϵe) (VX −W )

√
1− g(ϵe′) ,

(16)
where ϵe and ϵh are the energies of the non-interacting
electron and hole, VX is the exchange interaction, W is
the direct interaction, and g(ϵ) is the occupancy of the
transient, non-interacting electron states, as discussed in
Ref. 10 and 22. Similar to the RSGF approach, the oc-
cupation of the upper valence bands (Cu 3d and 4s) was
reduced to g(ϵ)=0.925 to account for d-band depletion
caused by the XFEL. In Eq. (16) the effect of the core-
hole potential and exchange are suppressed as g(ϵ) → 1.

IV. CALCULATIONS

Calculations of the TPA using Eq. (14) are carried out
using a straightforward extension of the RSGF approach
for XAS in FEFF10,11,16 by substituting the dipole oper-
ator d with Q. As in XAS, the one-particle Green’s func-
tion for these calculations is based on a quasi-particle ap-
proximation that builds in a self-energy and many-body
final state effects. That is, h = h′ + Σ(ϵ), where h′ is
the final-state Hartree Hamiltonian in the presence of a
screened core-hole, and Σ(ϵ) is the electron self-energy
(i.e., the dynamic exchange-correlation potential), which
implicitly includes an additional imaginary part repre-
senting the 1s core-hole lifetime. The Hamiltonian h′

implicitly assumes a given electron configuration, in this
case that with the partially depleted d-band. The RSGF

calculations are then carried out using spherical muffin-
tin potentials.16 The density matrix at the absorbing
atom is represented in terms of the local site-angular mo-
mentum scattering-states RL(r, ϵ)

ρ(r, r′, ϵ) = − 1

π
ImG(r, r′, ϵ), (17)

=
∑
L

RL(r, ϵ)R
∗
L(r

′, ϵ)ρl(ϵ), (18)

where ρl(ϵ) is the local projected density of states for
angular momentum l. For convenience in FEFF10, a
factor 2k/π that accounts for spin degeneracy and the
density of continuum levels is lumped into the normal-
ization of radial wave-functions.16 With this convention
ρl(ϵ) = 1 + χl(ϵ), where χl(ϵ) is the fine-structure for
a given angular momentum component l arising from
multiple-scattering from neighboring atoms.

The matrix elements MQ
L (ϵ) are calculated by first ex-

panding Q, RL(r), and R1s(r) in spherical harmonics,
and integrating over all angles. For a 1s initial state, L
is that for the photoelectron level |kL⟩. The quadrupole

matrix elements MQ
L (ϵ) are then given by radial integrals

MQ
L (ϵ) = ql⟨Rl(r)|

[
r2R1s(r) + rC2pm

2p
1sR2p(r)

+ rC3pm
3p
1sR3p(r)

]
⟩, (19)

where ql = ⟨Y ∗
LY10Y10Y00⟩, and mnp

1s = ⟨Rnp|r|R1s⟩
are radial dipole matrix elements. The terms in Eq.
(19) are then calculated using an extension of the the
non-resonant inelastic scattering (NRIXS) module in the
FEFF10 code.23 Inserting these terms into Eq. (14) then

yields all contributions to |MQ
L (ϵ)|2 including cross terms.

Finally we considered different models for the screened
core-hole in K-edge TPA, and found that, similar to L23

OPA in metals, to a good approximation the core-hole
can simply be ignored. This is done with a NOHOLE
setting in FEFF10. For comparison we also show results
from the BSE approach of Eq. (15), where to account for
d-band depletion caused by the XFEL, the occupation of
the upper valence bands (Cu 3d and 4s) was reduced to
g(ϵ) = 0.925 along with 1.2 eV broadening.
Our RSGF results are presented in Fig. 2. Clearly, the

full TPA calculation is in quantitative agreement with
experiment, within error bars. The RSGF results are also
nearly the same as those with the BSE. This agreement
indicates that our approximation of the d-band depletion
by a step function is reasonable. Interestingly, all of the

contributions to TPA in |MQ
L |2 including cross-terms are

of comparable magnitude. Although the coefficients C2p

and C3p are small, these factors are compensated by the
matrix elements mnp

1s that depend on the longer range 2p
and 3p wave-functions.
As a check on the effect of the core-hole, we carried

out calculations with a density functional theory (DFT)
screened core-hole as in the final state rule (FSR), as
shown in Fig. 3. This approximation sharpens the pre-
edge peak, and produces a red shift of the peak by≈ 5 eV,
in significant disagreement with experiment.
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FIG. 2. K-edge two photon absorption spectrum of Cu
calculated using RSGF and Eq. (14): full calculation with
quadrupole operator Q (red), pure quadrupole operator d2

(blue), 2p and 3p contributions (green), cross-terms (gold),
and for comparison, results from Eq. (15) using the ocean
BSE code (red-dashed), and from experiment4 (black).
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FIG. 3. K-edge two photon absorption spectrum of Cu cal-
culated using RSGF and Eq. (14): full calculation with either
no core-hole (red) or a DFT screened full core-hole (FSR)
(blue), compared to experiment4 (black). and the BSE code
ocean(red-dashed). Note that FSR screening is too strong
and leads to a large unphysical peak below the edge.

We also checked that RSGF calculations of K-edge
OPA for Cu using Eq. (13) and similar occupation factors
g(ϵ) have very small contributions from analogous p-band
depletion below the cold Fermi level from XFEL sources
(Fig. 4). This difference is due to the much smaller p-
partial density of states in Cu, consistent with experi-
mental K-edge XFEL OPA for Cu.4

FIG. 4. Cu K-edge (bottom) and L23-edge (top) OPA XANES
as a function of energy relative to the cold edge E = 0. Cal-
culated results using RSGF with partial occupation (red) and
full occupation (blue) of the upper valence states compared to
room temperature experimental data (black crosses).24 Note
the large effect of partial occupation on the L3-edge compared
to the nearly negligible effect on the K-edge.

V. INTERPRETATION AND DISCUSSION

The expressions for the TPA in Eqs. (14) and (15)
are formally similar to the golden rule for OPA σ1P

XAS(ω),
except for the replacement of the dipole operator d by
the quadrupole operator Q

σ1P
XAS(ω) = 4π2αω

unocc∑
kL

|⟨kL|d|1s⟩|2δΓ1s
(ω+ ϵ1s−ϵk)(20)

= 4π2αω ⟨1s|d ρ̃(ϵ) d|1s⟩, (21)

where ϵ = ω + ϵ1s and ρ̃(ϵ) is given by Eq. (9).
Consequently the K-shell TPA in Eq. (14) is formally

analogous to L23 OPA, i.e.,

σ1P
L23

(ω) = 4π2αω

l=0,2∑
L

|ML(ϵ)|2 ρ̃l(ϵ) (22)

where ϵ = ω + ϵ2p. The main differences are the

quadrupole transition operator Q in |MQ
L (ϵ)|2 which

leads to quadrupole selection rules. The structure of Q
has terms from intermediate levels both above and be-
low ϵF , corresponding to the contributions from the oc-
cupied and unoccupied intermediate states in the Feyn-
man diagrams in Fig. 1. Also, both K-edge TPA and
L23 XAS have the same s- and d-densities of continuum
states ρl(ϵ). However the atomic background from the
2p contribution to |ML(ϵ)|2 is not identical and the edge
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onset is modified in the XFEL experiment due to the d-
band depletion, in contrast to ground state calculations.

The expression for σ2P
K (ω) from pure quadrupole con-

tribution d2 to Q, is related to the K-edge quadrupolar

OPA cross-section σ1P−Q
K (ωK) for photon wave vector

κ = (ωK/c)ϵ̂ at energy ωK = 2ω,

σ1P−Q
K (ωK) = 4π2αωK

l=0,2∑
L

|MQ1P

L (ϵ)|2ρ̃l(ϵ) (23)

where Q1P = i/2(κ · r)(ϵ · r), and for K-edge XAS ωK =
ϵ− ϵ1s = 2ω. Comparing Eq. (14) and (23) yields

σ2P
K (ω) ≈ 2πα

ωKκ2
σ1P−Q
K (ωK) (24)

However, there is no contribution to l = 0 s-states from
Q1P , in contrast to K-shell TPA. In addition, the added
weight from the occupied intermediate states in TPA is
appreciable.

Though relatively small for Cu, relaxation of the pas-
sive N − 1 electrons can be important in TPA.6 These
relaxation effects account for shake-processes, edge sin-
gularity effects, and energy shifts due to the sudden turn-
on of the 1s core-hole. In principle such effects can be
added using approximations similar to those for XAS.25

In this approach, the G(ω) in Eq. (6) is replaced by an
effective Green’s function Geff(ω) ≡ A ∗ Gqp that in-
cludes a convolution with the core-hole spectral function
Ac(ω, ω

′), similar to that for XAS. This spectral func-
tion can be approximated, e.g., using cumulant Green’s
function methods.11,25 Moreover, the transition matrix
elements must be modified to include a projector onto
unoccupied one-particle states of the ground state Hamil-

tonian h, i.e., M
Q

if = ⟨1s|QP |k′L⟩, where ϵ′k are the
single-particle energies in the presence of the screened
1s core hole. This projector accounts for the Mahan en-
hancement factor at the edge. Since the effects are not
expected to be significant for Cu, the implementation of
this extension is reserved for the future.

From Eq. (14), it is straightforward to obtain an ap-
proximate sum-rule for the TPA from a given core-level.∫
dω ρ̂(2ω + ϵ1s)g(ϵ) = (1/2)[P(T )] = (1/2)[1 − P(T )],

where 1 is the unit operator and P(T ) [P(T )] is the
projector onto occupied [unoccupied] levels, weighted by
g(ϵ). ∫

dω σ2P
1s−XAS(ω) ≈ 4π3α2⟨1s|QP(T )Q†|1s⟩ (25)

= 4π3α2
[
⟨1s|QQ†|1s⟩−

l=s,d∑
nl

|⟨1s|Q|nl⟩|2g(ϵnl)
]
. (26)

This result reflects the expectation value of QQ† in a
given core-level minus a correction from the projection of
Q onto occupied s and d-levels. In contrast, the Thomas-
Reiche-Kuhn OPA sum-rule8 sums dipole allowed tran-

sitions over all occupied levels,∫
dω σ1P

XAS(ω) = 2π2α

occ∑
n

⟨n|[[h, d], d]|n⟩ = 2π2αh̄

m
Z.

(27)
The prefactor 2π2αh̄/m is independent of the system and
has a value πhcr0 = 0.144 a.u. = 110 Mb eV, where r0 =
e2/mc2 is the classical electron radius.

VI. SUMMARY AND CONCLUSIONS

We have presented a tractable approximation for non-
resonant TPA based on an independent particle Green’s
function treatment of the non-resonant intermediate
states, and we have applied it to the K edge of metal-
lic copper. Our formulation starts with the many-body
KH formula6 and approximates the sum over interme-
diate states above the Fermi level using a projection
unto occupied levels.10 These closure techniques are sim-
ilar to those of Stöhr, which assume a constant energy
denominator.7 These approximations then lead to an ex-
pression for non-resonant TPA in Eq. (14) in terms of
an effective, static quadrupole operator Q and a non-
equilibrium occupancy function g(ϵ) due to XFEL in-
duced depletion of the valence bands. For K-edge TPA
in Cu, Q has only three terms in Eq. (19), a pure
quadrupole interaction d2 and terms from the projec-
tors onto occupied 2p and 3p states. Our approxima-
tion of non-resonant TPA in Eq. (14) is implemented us-
ing a straightforward extension of the NRIXS module in
the RSGF FEFF10 XAS code. XFEL effects lead to
a partially depleted d-band which for simplicity is mod-
eled by a step function distribution g(ϵ) = 0.925 below
the cold Fermi level. In addition, we have included 1.2
eV experimental broadening, and a NOHOLE approxi-
mation. While improved treatments of the distribution
function require Boltzmann equation techniques,17 the
present model is already in quantitative agreement with
experiment within error bars and in absolute units.4 We
also find that all contributions including the cross-terms

in |MQ
L (ϵ)|2 are of comparable magnitude.

Finally an extension of this work for the treatment
of two-photon x-ray emission (TPE) is similar in many
respects to that for TPA. The difference is analogous
to that between XAS and XES,16 i.e., the main change
is the replacement of the complementary distribution
function g(ϵ) in Eq. (9) by g(ϵ) that restricts the initial
states to occupied levels.
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Appendix A: TPA Transition Matrix Elements

The single particle matrix elements are derived by as-
suming the many-body states are all single Slater deter-
minants. This ignores relaxation of the passive N − 1
orbitals. Following Guo,15 we define the intermediate
and final many-body states as particle-hole states with

|F ⟩ = a†fai|I⟩. There are two types of intermediate states

in TPA: 1) those with a hole in a core-state i and a par-
ticle in an arbitrary unoccupied state j, and 2) those
with a hole in an arbitrary occupied state a and a par-
ticle in state f . These intermediate states are given by

|X⟩ = a†jai|I⟩ and |X⟩ = a†faa|I⟩. Below we keep this
notation with a denoting occupied states, j denoting un-
occupied states, and q, r denoting either. In addition, the
many-body dipole operator is D =

∑
qr dqra

†
qar, where
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dqr = ⟨q|d|r⟩. Noting that the sum in the dipole op-
erator is always collapsed such that the dipole operator
connects the ground state to the intermediate state and
the intermediate state to the final state, one can rewrite
the matrix elements as,

MIF =

unocc∑
j

⟨I|a†iafdfja
†
faja

†
jai|I⟩⟨I|a

†
iajdjia

†
jai|I⟩

ω + ϵi − ϵj

+

occ∑
a

⟨I|a†iafdaia†aaia
†
faa|I⟩⟨I|a†aafdfaa

†
faa|I⟩

ω + ϵa − ϵf

=

unocc∑
j

dfjdji⟨I|nin̄f n̄j |I⟩⟨I|nin̄j |I⟩
ω + ϵi − ϵj

−
occ∑
a

daidfa⟨I|nin̄f n̄a|I⟩⟨I|nan̄f |I⟩
ω + ϵa − ϵf

=

unocc∑
n

dfjdji
ω + ϵi − ϵj

−
occ∑
a

dfadai
ω + ϵa − ϵf

, (A1)

where n, n̄ are particle- and hole-number operators re-
spectively. Then using conservation of energy 2ω = ϵf−ϵi
gives,

MIF =

unocc∑
j

dfjdji
ω + ϵi − ϵn

+

occ∑
a

dfadai
ω + ϵi − ϵa

=
∑
n

dfndni
ω + ϵi − ϵn

, (A2)

where the final sum is over all levels n allowed by dipole
selection rules. This result for MIF is equivalent to the
TPA matrix element Mif defined in Eq. (4).


