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Abstract: The accurate and fast simulation of CO2 

and n-alkane phase equilibria is crucial for guiding 

their industrial applications. We used Wang-Landau 

Transition-Matrix Monte Carlo (WL-TMMC) with 

the Free Energy and Advanced Sampling Simulation 

Toolkit (FEASST) software to compute the vapor-

liquid equilibrium (VLE) of CO2-methane and CO2-

hexane systems in both bulk and confined spaces. The 

bulk-phase simulation results were compared with 

literature data and constant volume Gibbs Ensemble 

(NVT-GEMC) results, with relative errors less than 

6%. For confined systems, the results were compared 

with gauge cell grand-canonical Monte Carlo (gauge-GCMC) and pore-pore GEMC, with relative errors less than 8%. 

Notably, the WL-TMMC exhibits significant advantages in computing VLE for confined spaces. It requires only a single 

simulation to determine a pair of VLE points without being constrained by prespecified chemical potentials or pore 

geometry. Furthermore, the method provides free energy information for different fluid states, enabling the construction 

of a complete van der Waals loop from a single simulation. In conclusion, we demonstrate that WL-TMMC in FEASST 

is a robust and reliable tool for studying CO2-n-alkane VLE.  

(This is an author reprint of https://doi.org/10.1021/acs.energyfuels.5c00420

1. INTRODUCTION 

The phase behavior of CO2-hydrocarbon mixtures is 

important in various engineering applications, including 

enhanced oil recovery,1, 2 CO2 storage,3, 4 and propulsion 

system design.5 In the petroleum industry, injecting CO2 

into reservoirs for fracturing and displacing fluids has 

emerged as a promising approach, as it can enhance 

oil/gas recovery while sequestering CO2.6 During these 

processes, CO2 can either separate from hydrocarbons as 

bubbles7, 8 or remain miscible with them.9 When injected 

into subsurface nanoporous media (such as shale/tight 

formations), the strong solid-liquid interactions within 

nanopores10 further complicate the phase behavior of their 

mixtures.11 Given that n-alkanes are the primary 

components of hydrocarbons,12, 13 studying the phase 

equilibria of CO2 and n-alkanes in both bulk and confined 

spaces is crucial. 

Based on the accurate description of microscopic 

interactions, Monte Carlo (MC) simulations have become 

a powerful tool for studying phase equilibria in both bulk 

and confined systems. These simulations serve as an 

important complement to experimental work and offer 

critical validation data for theoretical models. Since being 

introduced by Panagiotopoulos et al.,14, 15 the Gibbs 

Ensemble Monte Carlo (GEMC) method has become one 

of the most widely-used methods for simulating phase 

equilibria of pure component and multicomponent fluids 

in bulk systems. It employs multiple simulation boxes to 

explicitly model different phases without the need to 

specify chemical potentials in advance. Later, 

Panagiotopoulos et al.16 proposed the pore-pore GEMC 

method to simulate phase equilibria in confined spaces. 

However, this method requires shifting the pore volume, 

which is difficult to practically achieve for irregular pores. 

Additionally, when applied to nanopores with strong 

fluid-surface interactions, the determined coexistence 

points are highly sensitive to initial configurations.17 

Therefore, it is necessary to perform additional 

simulations in advance to determine the initial 

configuration.18, 19 Another effective modified GEMC 

method for confined fluids is the gauge cell method. The 

gauge-GEMC17, 20 uses small gauge boxes to equilibrate 

the confined system. Due to the limited capacity of gauge 

boxes, the fluid in the confined box can exist in stable, 

metastable, and unstable states. Therefore, a van der 

Waals (vdW) loop can be constructed to determine the 

vapor-liquid equilibria (VLE). However, this method is 

primarily used for studying the VLE of pure fluids,21-23 

which becomes computationally expensive for 
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multicomponent systems. Subsequently, the μVT gauge-

GEMC, also known as the gauge cell grand-canonical MC 

(gauge-GCMC), was proposed for multicomponent 

systems,24 which has been used to study the binary and 

ternary equilibria of n-alkanes24 and the binary equilibria 

of CO2-n-alkane systems under confinement.25 However, 

constructing each vdW loop and determining the 

corresponding VLE points require at least a dozen 

simulations, which increases the computational cost of 

gauge-GCMC. GCMC is a method proposed earlier than 

GEMC, which simulates a system by connecting the 

simulation box to an implicit infinitely-large reservoir, 

operating at a given chemical potential (μ), volume (V), 

and temperature (T). Traditional GCMC gradually adjusts 

the chemical potential and determines the equilibrium 

transition points based on discontinuities in the fluid 

density.26, 27 However, due to the discontinuous change of 

chemical potential, it is nontrivial to precisely determine 

the equilibrium transition chemical potential. Furthermore, 

in confined spaces, the presence of adsorption and 

desorption hysteresis loops makes it difficult to locate 

equilibrium transition points.17  

In recent years, histogram-based methods28-32 have 

significantly improved simulation speed and accuracy. 

Histogram-based methods calculate thermodynamic 

parameters by measuring the relative probability with 

which a system visits various macroscopic states.33 One 

powerful algorithm is the 'flat-histogram' method, which 

includes three primary approaches: the multicanonical 

method,30 Wang–Landau (WL) sampling,28 and the 

transition-matrix (TM) method.29 The WL approach also 

does not require prior knowledge of chemical potentials. 
34 In the initial iterations, it efficiently samples a broad 

range of macrostates, thereby mitigating the risk of the 

system becoming trapped in preferred regions.35 The WL 

algorithm has been extensively applied to simulate phase 

coexistence in CO2
36 and CO2-water mixtures, 37 as well 

as CO2 adsorption in porous media.38, 39 Wang−Landau 

transition-matrix Monte Carlo (WL-TMMC) combines 

three flat-histogram methods. This method can compute 

the distribution probabilities of macrostates (such as 

particle number) at given μ, V, and T. Then histogram 

reweighting can be used to obtain the probability 

distribution at various μ without requiring additional 

simulations.40 Therefore, a pair of VLE points, given by 

vapor liquid densities and pressures at a fixed temperature, 

can be precisely determined in a single simulation. 

Furthermore, the parallel processing capability of WL-

TMMC enhances its computational efficiency.32, 41 The 

efficiency of WL-TMMC simulations may be further 

improved by using the extrapolation method to obtain 

thermodynamic and structural properties over a range of 

temperatures from a single simulation.42-44 Specific details 

of this method are listed in Section 2.1. This method has 

been used to investigate phase equilibria and surface 

tensions of pure/mixed n-alkanes,45-47 water,32, 48 and even 

asphaltenes49 in bulk and/or confined spaces. However, to 

the best of our knowledge, there is no work utilizing 

parallelized WL-TMMC to study the VLE of CO2-n-

alkane binary mixtures in bulk and confined spaces. 

The primary objective of this study is to assess the 

reliability of parallelized WL-TMMC32, 41 in the open-

source software Free Energy and Advanced Sampling 

Simulation Toolkit (FEASST)50, 51 for CO2-n-alkane VLE 

simulations, both in bulk and confined systems. Thus, this 

work serves as the first step in our ongoing research on the 

phase equilibria of CO2-hydrocarbon-formation water 

systems within various mineral and kerogen nanopores. 

To achieve this, the constant volume Gibbs Ensemble 

(NVT-GEMC) (bulk), pore-pore GEMC (confined), and 

gauge-GCMC (confined) simulations are performed in the 

open-source software Monte Carlo for Complex Chemical 

Systems (MCCCS) Towhee52 to validate the accuracy of 

FEASST. Methane (C1) and hexane (nC6) are chosen 

because they are the main components of natural gas and 

light oil.53 The results show good agreement between the 

phase diagrams obtained by using different methods. 

Additionally, the free energy distributions obtained by 

WL-TMMC and histogram reweighting can be used to 

construct the vdW loops and determine the liquid-vapor 

free energy barrier, which is crucial for studying 

adsorption hysteresis, nucleation, CO2 miscibility 

processes, etc.  

2. METHODS AND MODELS 

In this section, we briefly discuss the background of 

each method. Detailed descriptions can be found in the 

following references: parallelized WL-TMMC,29, 32, 54, 55 

NVT-GEMC,14, 15 pore-pore GEMC,16, 19 and the gauge-

GCMC.17, 24 

2.1 Parallelized WL-TMMC 

The fundamental principle of TMMC introduces a 

collection matrix C into conventional MC simulations to 

calculate the macrostate probability distribution. In the 

case of a pure component fluid, this corresponds to the 

grand-canonical ensemble, namely fixed chemical 

potential, temperature, and volume (i.e., 𝜇, 𝑉, 𝑇 ). 

However, for mixture simulations, we fix the chemical 

potential of one component, the chemical potential 

difference between the components, the volume, and the 

temperature (i.e., 𝜇1, ∆𝜇12 = 𝜇1 − 𝜇2, 𝑉, 𝑇 ). In both 

cases, the relevant macrostate variable is the total number 

of molecules, 𝑁t . The matrix records every attempted 

transition between macrostates, regardless of whether the 

transition is accepted: 

𝐶(𝑁t,o → 𝑁t,n) = 𝐶(𝑁t,o → 𝑁t,n) + 𝛼(o → n) ,

 (1) 

𝐶(𝑁t,o → 𝑁t,o) = 𝐶(𝑁t,o → 𝑁t,o) + 1 − 𝛼(o → n) ,

 (2) 

where o and n represent the old and new configurations, 
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respectively; 𝛼(o → n) is the acceptance probability for 

the configuration transition from old to new,56 which, 

assuming a symmetric probability to attempt a trial, can 

be expressed as 

𝛼(o → n) = min [1,
𝜋(n)

𝜋(o)
] ,

 (3) 

where 𝜋(n) and 𝜋(o) are the probabilities of observing 

the new and old configurations, respectively, given by42 

𝜋(n) =
𝑒−𝛽𝑈p(n)

Ξ
∏

𝑉𝑁𝑖(n)𝑒𝛽𝜇𝑖𝑁𝑖(n)

Λ
𝑖

3𝑁𝑖(n)
𝑁𝑖(n)!

𝑚
𝑖=1  ,

 (4) 

where 𝛽 = 1/k𝑇 , k  is Boltzmann constant, 𝑈p  is the 

potential energy, Ξ  is the grand canonical partition 

function, 𝑚  is the number of components, 𝑁𝑖 , 𝜇𝑖 , Λ𝑖 

are the molecule number, chemical potential, and de 

Broglie wavelength of component 𝑖, respectively. 

In the TMMC simulations of this work, five trial moves 

are employed: translation, rotation, regrowth, insertion, 

and deletion. Note that 𝑁t,n = 𝑁t,o ± 1  for 

insertion/deletion trials, while 𝑁t,n = 𝑁t,o for translation, 

rotation, and regrowth trials. The transition probability 

𝑃(𝑁t,o → 𝑁t,n) from 𝑁t,o to 𝑁t,n is then obtained from 

𝑃(𝑁t,o → 𝑁t,n) =
𝐶(𝑁t,o→𝑁t,n)

∑ 𝐶(𝑁t,o→𝑁t,o+𝑗)1
𝑗=−1

 .

 (5) 

Finally, detailed balance can be used to determine the 

macrostate probability 

   Π(𝑁t,o; {𝜇𝑖}, 𝑉, 𝑇) 𝑃(𝑁t,o → 𝑁t,n) =

                         Π(𝑁t,n; {𝜇𝑖}, 𝑉, 𝑇) 𝑃(𝑁t,n → 𝑁t,o), (6) 

where Π(𝑁t,o; {𝜇𝑖}, 𝑉, 𝑇) is the probability of observing 

a total molecule number 𝑁t,o  under fixed {𝜇𝑖} , 𝑉 , and 

𝑇 . Note that we use {𝜇𝑖}  to represent 𝜇1  in the pure 

component case and 𝜇1  and ∆𝜇12  in the mixture case 

for notational convenience.  

To accurately calculate probability distributions, it is 

essential to collect sufficient statistics for all relevant 

macrostates. However, in traditional MC simulations, the 

probabilities of different macrostates often vary 

significantly. To address this issue, a bias function 𝜂(𝑁t) 

inspired by multicanonical sampling schemes is 

introduced to compute the acceptance probability between 

configuration transitions, which can encourage the system 

to uniformly sample all macrostates:29 

𝛼(o → n) = min [1,
exp[𝜂(𝑁t,n)]𝜋(n)

exp[𝜂(𝑁t,o)]𝜋(o)
] ,

 (7) 

𝜂(𝑁t) = −lnΠ(𝑁t; {𝜇𝑖}, 𝑉, 𝑇) .

 (8) 

It is important to note that while the acceptance 

probabilities are calculated using Eq. (7), the collection 

matrix is still updated according to Eq. (3). This ensures 

that previously acquired data are not discarded.29 

In TMMC simulations, Π(𝑁t)  is typically initialized 

with a uniform distribution, where the 𝜂(𝑁t) is set as a 

constant. During the initial stage, accumulating sufficient 

statistics in the collection matrix to estimate Π(𝑁t)  is 

time-consuming. However, once enough data have been 

accumulated, the system can efficiently sweep all 

macrostates, allowing the probability distribution to 

converge rapidly.55 To accelerate TMMC simulations, the 

WL method28 can be used to estimate an initial macrostate 

distribution and a bias function. Another strategy to 

accelerate simulation speed is parallelization.32, 51 Details 

of the WL method and parallelization strategy are 

presented in Supporting Information (SI).  

Once Π(𝑁t)  under the given {𝜇𝑖} , 𝑉 , and 𝑇 

conditions is obtained, the histogram reweighting can be 

used to determine the probability distribution at different 

chemical potentials. For pure component systems, the 

relationship is,29 

 lnΠ(𝑁t; 𝜇1,n, 𝑉, 𝑇)  = lnΠ(𝑁t; 𝜇1,o, 𝑉, 𝑇) + 𝛽𝑁t(𝜇1,n −

𝜇1,o) + 𝑐, (9) 

where 𝑐 is a normalization constant. For binary mixture 

systems, the relationship is,54 

lnΠ(𝑁t; {𝜇1,n, ∆𝜇12}, 𝑉, 𝑇)  =

lnΠ(𝑁t; {𝜇1,o, ∆𝜇12}, 𝑉, 𝑇) + 𝛽𝑁t(𝜇1,n − 𝜇1,o) + 𝑐.(10) 

In other words, the chemical potential difference 

between the two components remains unchanged before 

and after histogram reweighting. Using Eq. (9) or (10), 

the chemical potential at VLE can be determined, where 

the areas under the two local maxima of the probability 

distribution curve are equal. The 𝑁t separating the vapor 

and liquid phases corresponds to the local minimum 

between the two local maxima.29, 57  

With the Π(𝑁t) at VLE, the average molecule number 

in each phase can be obtained 

〈𝑁𝑖
g or l〉 =

∑ 𝑁𝑖̅̅ ̅Π(𝑁t)𝑁t∈g or l

∑ Π(𝑁t)𝑁t∈g or l
 ,

 (11) 

where g  and l  represent the vapor and liquid phases, 

respectively. 𝑁𝑖̅  is the average molecule number of 

component 𝑖 at a specific 𝑁t, which can be recorded by 

adding a bookkeeping code to the WL-TMMC 

simulations. The mole fraction and density of each phase 

can then be calculated by 

𝑥𝑖  or 𝑦𝑖 =
〈𝑁𝑖

g or l〉

∑ 〈𝑁𝑖
g or l〉𝑖

 ,

 (12) 

𝜌g or 𝜌l =
∑ 𝑀𝑖〈𝑁𝑖

g or l〉𝑖

𝑁A𝑉
 ,

 (13) 

where 𝑥𝑖 and 𝑦𝑖 are the mole fractions of component 𝑖 
in the vapor and liquid phases, respectively; 𝜌  is the 

mass density, 𝑀  is the molar mass, and 𝑁A  is 

Avogadro's constant. For simulations in the bulk phase, 

the VLE pressure P can also be obtained,58 

𝛽𝑃g or l𝑉 = ln[∑ Π(𝑁t; {𝜇𝑖
VLE}, 𝑉, 𝑇)𝑁t∈g or l ] −

                           lnΠ(0; {𝜇𝑖
VLE}, 𝑉, 𝑇). (14) 
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2.2 NVT-GEMC, pore-pore GEMC and Gauge-

GCMC 

NVT-GEMC and pore-pore GEMC both employ two 

boxes to simulate phase equilibria.14, 16 The NVT-GEMC 

uses two bulk boxes (Figure 1 (a)), while pore-pore 

GEMC uses two confined boxes (Figure 1 (b)). Five types 

of trial moves are mainly employed: translation, rotation 

and regrowth within each box, as well as volume 

exchange and particle swap between boxes. During the 

simulations, the total number of molecules and the total 

volume of the two boxes are fixed. We note that pore-pore 

GEMC is designed to simulate the VLE of confined fluids. 

During volume exchange, the walls of both boxes are 

scaled accordingly. Thus, it is difficult to apply it to 

irregular pores. However, in this work, the pore walls are 

characterized as ideal surfaces using the 10-4-3 Steele 

potential (see Section 2.3), which can be safely scaled.19 

In this work, to maintain a constant pore size, pore-pore 

GEMC scales the box only in the x-and y-directions, while 

NVT-GEMC performs isotropic scaling in all three 

directions. 

The gauge-GCMC also uses two simulation boxes.17, 24 

One box, the confined one, is used to simulate the 

confined fluid, while the other, the gauge one (see Figure 

1 (a)), is used to constrain density fluctuations of the 

confined fluid. For binary mixture simulations, the 

chemical potential of component 1 is fixed in the gauge 

box, while the total number of component 2 molecules 

across both boxes remains constant. Five types of trial 

moves are employed: translation, rotation, regrowth 

within each box, insertion and deletion moves for 

component 1 in the gauge box, and particle swaps between 

the two boxes. 

 
Figure 1. MC simulation boxes: (a) bulk box and (b) 

confined box. Red, gray, and blue balls are the CO2 

oxygen, the CO2 carbon, and the methane atoms, 

respectively. The yellow walls represent the virtual 

surfaces of 10-4-3 Steele potential.59 The figure was 

generated by open source software VMD.60 

2.3 Simulation Details 

The TraPPE-UA force field61 and the TraPPE-EH62 

force field are used to model n-alkanes and CO2 molecules, 

respectively. Nonbonded interactions between fluid atoms 

are calculated using 12-6 Lennard-Jones (L-J) potentials, 

𝑈nb(𝑟𝑖𝑗) = 4𝜀𝑖𝑗 [(
𝜎𝑖𝑗

𝑟𝑖𝑗
)

12

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

6

] ,

 (15) 

where 𝑟𝑖𝑗 is the distance between atom 𝑖 and 𝑗, 𝜀𝑖𝑗 is 

the potential well depth, and 𝜎𝑖𝑗  is the L-J size. The 

Lorentz-Berthelot (L-B) combining rules63 are used to 

compute 𝜀𝑖𝑗  and 𝜎𝑖𝑗 between different atom types. The 

1-4 intramolecular L-J and Coulomb (see below) 

interactions are excluded, meaning that nonbonded 

interactions between atoms separated by three or fewer 

consecutive bonds in the molecular topology are not 

considered. The cutoff distance is set to 1.4 nm, and tail 

corrections64 are applied to L-J interactions beyond the 

cutoff. Theoretically, in rigorously confined space 

simulations, tail corrections should either be disabled or 

further modified along the confined z-direction.19, 65 

However, the purpose of this study is to validate the 

reliability of the WL-TMMC in FEASST. Therefore, 

ensuring consistency in simulation settings between 

FEASST and MCCCS Towhee is sufficient. The non-

bonded interactions between fluid and solid walls are 

described by 10-4-3 Steele potentials,59  

𝜑wf(𝑧) = 2𝜋𝜌w𝜀wf𝜎wf
2 ∆ [

2

5
(

𝜎wf

𝑧
)

10
− (

𝜎wf

𝑧
)

4
−

                       
𝜎wf

4

3∆(0.61∆+𝑧)3], (16) 

where 𝜌w is the density of solid atoms, ∆ is the spacing 

between the solid layers, and 𝜀wf  and 𝜎wf  are the 

potential parameters between walls and fluid atoms, also 

calculated by L-B mixing rules. In addition, the fluid-wall 

interactions shift to zero at a cutoff distance of 1.4 nm. 

However, in MCCCS Towhee, each Steele wall can only 

have one surface interacting with fluid atoms, and non-

periodic boundaries cannot be set. In contrast, in FEASST, 

both surfaces of the Steele wall interact with fluid atoms. 

To ensure consistency in the impact of Steele walls 

between the two software, 2 nm vacuum spaces are added 

above and below the pores, as shown in Figure 1 (b). For 

CO2 molecules, the bonds and angles are treated as rigid. 

Therefore, all bonded interactions are excluded. For nC6 

molecules, the bond lengths are fixed, while the bond and 

dihedral angles are allowed to vibrate. The bond bending 

energy and torsional energy are expressed as 

𝑈bend(𝜃) =
1

2
𝑘𝜃(𝜃 − 𝜃eq)

2
 ,

 (17) 

𝑈torsion(𝜙) = 𝑐1(1 + cos𝜙) + 𝑐2(1 − cos2𝜙) +
                              𝑐3(1 + cos3𝜙), (18) 

where 𝜃eq  is the equilibrium bond angle, 𝜙  is the 

dihedral angle, and 𝑘𝜃, 𝑐0, 𝑐1, 𝑐2, and 𝑐3 are the force 

constants. Long-range electrostatics are described by the 
Coulomb potential, 

𝑈coul =
𝑞𝑖𝑞𝑗

4𝜋𝜀0𝑟𝑖𝑗
,                          (19) 
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where 𝑞𝑖  is the partial charge, 𝜀0  is the dielectric 

constant, set to 1.0. The Ewald summation is used to 

calculate the Coulomb potential, with screening parameter 

𝛼 =  5.6/3.5 nm-1 and maximum wave vector 𝑘max = 6 

in all three directions. Again, the periodic interaction 

contribution along the z-direction should be removed. 

FEASST allows for applying slab corrections;66 however, 

MCCCS Towhee can only address this issue by adding a 

sufficiently large vacuum space, typically 3–5 times of the 

pore size.11 Adding such a large space will significantly 

slow the simulation. Therefore, since our primary 

objective is to compare the consistency of results obtained 

from different methods, no extra vacuum layers are added 

(still 2 nm). All the force field parameters are listed in 

Table S1 and Table S2 of SI. 

As shown in Figure 1, the simulation box for the bulk 

fluid has initial dimensions of 3.5 × 3.5 × 3.5 nm3 in the 

x-, y-, and z-directions, while the box for the confined 

fluid initially measures 3.5 × 3.5 × 7 nm3. In the confined 

box, the pore has a dimension of 3 nm along the z-

direction, with the remaining space being vacuum. A hard 

potential is applied to the vacuum to prevent molecules 

from entering. The temperature for the CO2-C1 and CO2-

nC6 systems is set to 250 K and 313.15 K, respectively. 

For the bulk fluid VLE pressure, the NVT-GEMC 

simulations provide a direct output, while the WL-TMMC 

simulations calculate it using Eq. (14). For the confined 

fluid, an additional bulk GCMC simulation with the same 

chemical potential as the confined fluid is performed, and 

the bulk pressure is used to represent the VLE pressure. 

To ensure the convergence of П (𝑁t) , FEASST 

simulations were run for 10 sweeps, where a sweep is 

defined as each 𝑁t being visited from a different one at 

least 100 times.67 To improve the sampling and 

convergence of these simulations, the dual-cut 

configurational bias (DCCB)68, 69 MC method was 

employed for the regrowth and insertion/deletion moves 

of hexane. At VLE, the maximum total number of 

molecules 𝑁t,max in the simulation was determined by29 

lnΠ(𝑁t
l)

max
− lnΠ(𝑁t,max) > 10 ,

 (20) 

where lnΠ(𝑁t
l)

max  is the maximum probability in the 

liquid phase. Each simulation in MCCCS Towhee consists 

of 50 million trials, with 20 million trials used for system 

equilibration and 30 million trials for sampling. The 

configurational bias (CB) MC method described by 

Martin and Frischknecht 70 was used for regrowth, particle 

exchange between boxes, and insertion/deletion moves of 

hexane. The probability of different trial moves is listed in 

Table S3 in SI. For NVT-GEMC and pore-pore GEMC 

simulations, we used the composition and density data 

obtained from the WL-TMMC simulations as the basis for 

determining the initial configuration. In the CO2-C1 

gauge-GCMC simulations, we fixed the chemical 

potential of C1, whereas in the CO2-nC6 simulations, we 

fixed the chemical potential of CO2. 

3. RESULTS AND DISCUSSION 

3.1 Phase Diagrams 

The lower part of Figure 2 (a) shows the ln П (𝑁t) 

distribution for the CO2-C1 system when 𝛽∆𝜇12 = 0.8 . 

An example input file for the confined CO₂-nC6 system, 

along with the corresponding output probability 

distribution file, is provided in the SI. The dashed lines 

represent the simulation results of WL-TMMC, while the 

solid lines represent ln П (𝑁t)  at VLE, calculated by 

histogram reweighting, Eq. (10). The dotted line indicates 

the ln П (𝑁t)  of the bulk phase reweighted to {𝜇𝑖}  =
{𝜇𝑖

VLE}confined. By combining the average number of C1 

molecules at each Nt as shown in the upper part of Figure 

2 (a), the x/y-P and ρ-P diagrams for VLE can be 

constructed. Figure 2 (b) shows the dependence of the 

confined fluid density and the molar fraction of C1 on the 

chemical potential of CO2. The density clearly exhibits a 

vdW loop. In this work, the loop is initially fitted with a 

polynomial, and the Maxwell equal-area rule is then 

applied to determine the VLE density and chemical 

potential,24 

∫ 𝜌d𝜇CO2

B

A
+ ∫ 𝜌d𝜇CO2

C

B
+ ∫ 𝜌d𝜇CO2

D

C
= 0 .

 (21) 

The determination of the VLE molar fraction follows a 

similar procedure: first, the simulation data are fitted with 

a polynomial, and then the VLE molar fraction is 

determined using the VLE chemical potential. The NVT-

GEMC and pore-pore GEMC are relatively simpler for 

constructing phase diagrams, as the composition and 

density data can be directly outputted. Figure 2 (c) gives 

an example of the CO2-nC6 case in the pore-pore GEMC 

system. At the beginning, within the same box, the system 

fluctuates between the liquid and vapor phase. This 

implies that, under these conditions, the density 

fluctuations in the mixture readily overcome the liquid-

vapor free energy barrier (will be discussed in Section 

3.2).



 

 

 
Figure 2. (a) Upper: average number of C1 at each Nt; lower: Nt probability distribution of the CO2-C1 system with 

𝛽∆𝜇12 = 0.8. The dashed lines are generated by WL-TMMC, while the solid and dotted lines are obtained by histogram 

reweighting. (b) CO2-C1 van der Waals loop generated by gauge-GCMC simulations with chemical potential of C1 fixed 

at 27.44 kJ/mol (3300 K), A and D are binodal points, while B and C are spinodal points. (c) Density and composition 

fluctuation of CO2-nC6 in pore-pore GEMC simulation boxes.

The simulated x/y-P and ρ-P phase diagrams are 

presented in Figure 3. The x/y-ρ diagrams are provided in 

Figure S1. The values and standard errors are also 

provided in Tables S4 and S5, but the standard errors are 

omitted here for the sake of clarity. For the bulk phase 

systems, the results obtained using WL-TMMC exhibit 

excellent agreement with those from NVT-GEMC and 

published simulation data.5, 71 For the confined systems, 

no literature data are available. However, apart from slight 

differences at specific points in the ρ-P diagrams, the 

results of WL-TMMC are generally in good agreement 

with those obtained from the Gauge-GCMC and Pore-

Pore GEMC simulations. This discrepancy may be 

attributed to manual fitting in the Gauge-GCMC method, 

density fluctuations in Pore-Pore GEMC simulations (as 

shown in Figure 2), as well as the inherent drawbacks of 

Pore-Pore GEMC due to the necessity of scaling the wall 

surface.17 Table 1 shows the relative errors of each result 

compared to the WL-TMMC calculation results, with the 

calculation methods provided in Figure S2 and Eq. (S6) -

(S8) The relative errors of bulk-phase results are less than 

6%, while those of confined results are less than 8%. Thus, 

the WL-TMMC implemented in FEASST is generally 

reliable. Compared to the bulk phase, the confined x/y-P 

diagrams are significantly compressed. Although ∆𝜇12 is 

the same, the corresponding bulk-phase pressure at the 

VLE is much lower. As shown by the dotted line in Figure 

2 (a), when the confined systems reach VLE, the 

corresponding bulk-phase systems remain in states with 

only stable vapor phase (see Section 3.2). This occurs 

because confined spaces reduce the molar fractions of 

light components in the vapor phase while increasing their 

fractions in the liquid phase. Consequently, the vapor-

phase density increases, while the liquid-phase density 

decreases in the ρ-P phase diagrams, thereby reducing the 

differences between the two phases and promoting the 

realization of VLE. Furthermore, the confinement effect 

is more pronounced on the vapor phase properties, as 

evident by the shift in density and molar fraction of light 

components shown in Figure 3.



 

 

 
Figure 3. Phase diagrams in bulk and confined spaces. (a) x/y-P diagrams of CO2-C1; (b) ρ-P diagrams of CO2-C1; (c) 
x/y-P diagrams of CO2-nC6; (d) ρ-P diagrams of CO2-nC6. The literature data for CO2-C1 systems is from Zimmermann 

et al.,71 while the data for CO2-nC6 systems is from Vishnyakov et al.5 Adapted with permission from ref. 71. Copyright 

2024 Springer Nature. Adapted with permission from ref. 5. Copyright 2020 Elsevier.

Table 1. Relative Errors Compared to WL-TMMC, Details are Provided in Supporting Information 

System Phase diagram Literature data NVT-GEMC gauge-GCMC Pore-pore GEMC 

CO2-C1 

x/y-P 4.19% 2.54% 7.64% 7.82% 

ρ-P 1.36% 0.82% 2.67% 3.81% 

x/y-ρ 3.17% 2.53% 2.28% 3.49% 

CO2-nC6 

x/y-P 2.80% 1.86% 4.27% 2.43% 

ρ-P / 0.88% 2.23% 1.26% 

x/y-ρ / 5.86% 3.24% 2.54% 

3.2 Free Energy and van der Waals Loops 

Free energy may be obtained from the macrostate 

distribution, lnΠ(𝑁t) , by relating the grand potential, 

Ω = −k𝑇𝑙𝑛Ξ(𝜇1, 𝜇2, 𝑉, 𝑇),72 to Eq. 4 of Ref. 42, 

lnΠ(𝑁𝑡) = 𝛽𝜇1𝑁𝑡 + 𝑙𝑛Υ(𝑁𝑡, ∆𝜇12, 𝑉, 𝑇) −
                     𝑙𝑛Ξ(𝜇1, 𝜇2, 𝑉, 𝑇) , (22) 
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where Υ  is the isochoric semigrand ensemble partition 

function, Ξ is the grand canonical partition function, and 

coexistence can be found by equating the probability of 

the two phases. When lnΠ(𝑁t)  exhibits a single local 

maximum, the system has only one stable phase. If there 

are two local maxima, the larger corresponds to the stable 

phase, while the smaller corresponds to the metastable 

phase.42, 54, 56, 58 The local minimum between the two 

phases corresponds to the unstable phase. Thus, by 

combining these criteria and the histogram reweighting, 

the WL-TMMC enables the construction of a complete 

vdW loop. As illustrated in Figure 4 (a), the VLE points 

identified from the vdW loop using Eq. (21) are 

completely consistent with the results obtained by the 

equal probability criterion. This approach not only enables 

the loop construction from a single simulation, but also 

allows the determination of thousands of points, 

showcasing the remarkable efficiency of the WL-TMMC. 

In a binary system, this method constructs the vdW loop 

by varying 𝜇1  and 𝜇2  while fixing ∆𝜇12 . In contrast, 

gauge-GCMC constructs the loop by fixing 𝜇1  and 

adjusting 𝜇2 . Consequently, these two methods can 

complement each other, and the vdW loop can play an 

important role in studying adsorption hysteresis in 

nanopores56 and identifying transient states in nucleation 

processes.20, 73 Due to the different construction 

mechanisms, comparing the vdW loops generated by both 

methods in a binary system requires additional multiset 

simulations, which is outside the scope of this work. 

Therefore, we focus here on comparing the loops formed 

by pure component methane systems in confined spaces. 

For the gauge-GCMC, this only requires fixing the 

number of methane molecules. As shown in Figure 4 (b), 

the two vdW loops are in good agreement.

 
Figure 4 (a) van der Waals loop generated by WL-TMMC of the CO2-C1 system with β∆μ12 = 0.8. (b) Comparison of 

van der Waals loops generated by WL-TMMC and gauge-GCMC of C1 systems with T = 150K. When the density is low, 

the error bars are smaller than the symbol size. The results of TMMC shifted downward by approximately 3.72 kJ/mol 

due to the difference in the normalization constants when calculating chemical potentials.

When the system exhibits VLE, the liquid-vapor free 

energy barrier can be estimated by,74 

𝛽∆𝐹 ≈
1

2
[lnΠ(𝑁t

l)
max

+ lnΠ(𝑁t
g
)

max
] −

              lnΠ(𝑁t)local min, (23) 

where the approximation comes from using the lnΠ(𝑁t) 

instead of the fully two-dimensional lnΠ(𝑁1, 𝑁2)  and 

obtaining the saddle point.75 This barrier may exhibit 

significant dependence on system size; therefore, finite-

size scaling is necessary to obtain the interfacial 

tension.74-76 The energy barriers in the bulk and confined 

systems are shown in Figure 5. As pressure increases, the 

energy barrier decreases, indicating that the fluid is 

approaching the critical state. In addition, at the same 

pressure, the energy barrier in the confined space is 

reduced, implying that the critical pressure is also lower. 

The P-F curves can be appropriately fitted and 

extrapolated to the points where ∆𝐹 = 0 , which 

corresponds to the critical pressure at the given 

temperature. In fact, the energy barrier is related to the 

vapor-liquid interfacial tension,74, 77, 78 making this 

method similar to the vanishing interfacial tension 

approach for determining the critical points.79  

 
Figure 5. Liquid-vapor free energy barrier in bulk and 

confined spaces. 
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4. SUMMARY AND CONCLUSIONS 

In this study, WL-TMMC implemented in the FEASST 

is used to simulate the VLE of CO2-C1 and CO2-nC6 in 

both bulk and confined spaces. Validation is conducted 

using NVT-GEMC (bulk), pore-pore GEMC (confined), 

and gauge-GCMC (confined) simulations in the MCCCS 

Towhee software. The FEASST simulation results exhibit 

strong consistency with literature data and results from 

MCCCS Towhee. For confined systems, the WL-TMMC, 

when combined with histogram reweighting, requires 

only a single simulation to accurately determine a pair of 

VLE points, and is not constrained by pore geometry. This 

method provides free energy information that can 

distinguish between stable, metastable, and unstable fluid 

states, allowing for the construction of a complete vdW 

loop from a single simulation. In addition, the resulting 

liquid-vapor free energy barrier offers a method for 

determining the critical points, consistent with the 

vanishing interfacial tension approach.  

In conclusion, the WL-TMMC in FEASST is a reliable 

tool for studying the CO2-n-alkane VLE and can be 

applied to future studies. For example, studying the 

minimum miscible pressure (MMP) and adsorption 

behaviors of CO2 and n-alkanes in the nanopores of shale 

minerals and kerogen. In addition, this method may be 

extended to systems with ternary or more components.54 

Therefore, studying the three-phase equilibrium of CO2-

hydrocarbon-water systems in the presence of connate 

water is also feasible.  

5. SUPPORTING INFORMATION 

Wang–Landau method and parallel strategy of FEASST; 

Nonbonded and bonded potential parameters; Probability 

of different MC trial moves; VLE data and stand errors; 

x/y-ρ diagrams; Calculation process of relative errors; 

Example input file for the confined CO₂-nC6 system 
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