PHYSICAL REVIEW RESEARCH 8, 023075 (2026)

Quantum non-Markovian noise in randomized benchmarking of spin-boson models
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In non-Markovian systems, the current state of the system depends on the full or partial history of its
past evolution. Owing to these time correlations, non-Markovian noise violates common assumptions in gate
characterization protocols such as randomized benchmarking and gate-set tomography. Here, we perform a case

study of the effects of a quantum non-Markovian bath on qubit randomized benchmarking experiments. We
consider a model consisting of qubits coupled to a multimode bosonic bath. We apply unitary operations on
the qubits, interspersed with brief interactions with the environment governed by a Hamiltonian. Allowing for
non-Markovianity in the interactions leads to clear differences in the randomized benchmarking decay curves in

this model, which we analyze in detail. The Markovian model’s decay is exponential as expected, whereas the
model with non-Markovian interactions displays a much slower, almost polynomial, decay. We develop efficient
numerical methods for this problem that we use to support our theoretical results. These results inform efforts
on incorporating quantum non-Markovian noise in the characterization and benchmarking of quantum devices.

DOI: 10.1103/z8zh-n1hl

I. INTRODUCTION

Noise characterization is central to the operation of quan-
tum devices and processors. The large dimension of Hilbert
space of many-body quantum systems, coupled with the
sensitivity of quantum states to measurements, makes bench-
marking quantum devices a complex task. There are several
methods to characterize quantum operations, with varying
degrees of detail, to assess whether they are functioning
as intended. Randomized benchmarking (RB) is a particu-
larly common technique due to its resource efficiency and
insensitivity to state preparation and measurement (SPAM)
errors [1-7].

A key assumption prevalent in studies of quantum in-
formation is that of Markovian noise. Also referred to as
time-independent or i.i.d. noise, Markovianity is a property
of a stochastic process where the future of a system is depen-
dent only on its current state, irrespective of how it reached
there. In other words, Markovian noise does not carry any
temporal correlations with its past. This vastly simplifies
the mathematics involved and, in many cases, has proved
to be a reasonable approximation so far. But recent studies
have shown the limitations of this assumption and the need
to study correlated noise [8—14]. Although the effects of
classical correlations over time have been studied [15-17],
they do not capture the effects of having a quantum bath

“Contact author: sgandha@sandia.gov
TContact author: mgullans @umd.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2026/8(2)/023075(10)

023075-1

capable of entanglement with the system, which is a set-
ting that is gaining greater emphasis [18-22]. One widely
used approach to mitigate non-Markovian noise is dynami-
cal decoupling [23-26], where tailored pulse sequences are
applied to average out slow environmental fluctuations. For
a fully general and operational description of non-Markovian
dynamics, the process tensor framework [11,27] provides a
complete characterization by reconstructing multitime corre-
lations from a tomographically complete set of input control
operations. However, these frameworks provide a general and
abstract way to deal with non-Markovianity and give limited
idea about the dynamics until fully equipped with details of
the underlying physical model. In this work, we instead study
the effects of non-Markovian noise on RB using an exactly
solvable model, which allows us to isolate and interpret the
dynamical features that give rise to deviations from standard
Markovian RB decay.

Here, we consider RB of qubit systems coupled to a non-
Markovian bosonic bath. We provide an efficient algorithm
for calculating the final state of the system after a given time.
We then show that quantum non-Markovian effects have a
dramatic effect on the fidelity decay by modifying it from
a simple exponential to a power-law times exponential. In
our model, the system and the bath interact through a fixed
spin-boson Hamiltonian [28-30] and correlations are gener-
ated by the virtue of the bath having dynamics at a slower
timescale than the system. We find that there are strong quali-
tative differences in the RB decay when comparing Markovian
and non-Markovian limits of the model. We trace the ori-
gin of the non-Markovian dynamics to heating dynamics of
the bath arising from coupling to the driven system. In ad-
dition, we identify a simple fingerprint for the presence of
non-Markovian noise in RB based on the distinguishability
between two orthogonal input states to the same RB cir-
cuit. These results serve as important guides in the quest
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to characterize and control non-Markovian noise in quantum
devices.

II. BACKGROUND AND RELATED WORKS
A. Randomized benchmarking

RB was originally created to extract the depolarizing pa-
rameter of time- and gate-independent noise within a gate
set, and has since been generalized to a broad range of other
cases [1-7]. The gate set G twirls, or averages, the noise
channel and is required to form a finite group. In practice,
it is typically chosen to be the Clifford group, the group of
unitaries that map Pauli operators to Pauli operators up to a
global phase. [31] The Clifford group is especially significant
because it forms a unitary 2-design and admits fault-tolerant
implementations across many quantum architectures.

Any gate-independent noise channel A twirled over the
Clifford group results in a depolarizing channel. For a d-
dimensional system and any quantum state p, twirling a noise
channel A uniformly over all unitaries (or over a unitary
2-design such as the Clifford group) yields

I
E[U_lvou(p)]=Pp+(1—P)E' ey

Using RB, we can extract the depolarizing parameter p of
the noisy gate set, assuming each noisy gate is modeled as
an ideal gate followed by a gate- and time-independent noise
channel [32,33].

Recent studies have shown the limitations of the Marko-
vian assumption and the need to study correlated noise [8—14].

B. Spin-boson models

We consider an open quantum system with a bosonic bath.
A bosonic state is a continuous-variable quantum state that
can be made of multiple modes, akin to having multiple qubits
in a discrete-variable system. Each mode in our bosonic bath
is modeled as a quantum harmonic oscillator, consisting of a
ladder of occupational states and equipped with the annihila-
tion and creation operators a and a'. Bosonic environments
are particularly relevant in modern quantum experiments, as
most leading platforms—such as superconducting circuits,
trapped ions, and neutral-atom arrays—use electromagnetic
fields both as control mechanisms and as dominant channels
through which the system exchanges energy and information
with its surroundings. A simple Hamiltonian of such a bath,
with noninteracting modes, is given by

Hyan = Y waia], )
i

where summation is over all the modes and {w;}; are the
respective angular frequencies. Depending on the noise pro-
file, one can assume the frequencies drawn from different
distributions. Although each mode contains an infinite number
of occupational states, we will see later that in our numerical
simulations we impose a practical cutoff to keep the dimen-
sion finite.

We consider a set of qubits as our system with the abil-
ity to initialize it in the computational zero state, implement

unitary gates, and measure in the computational basis. Though
the rest of our analysis is platform-agnostic and applies to
all qubit encodings, we adopt the two-level spin-qubit for-
malism with a system Hamiltonian Hgy as a convenient and
standard representation for carrying out explicit calculations.
This spin-qubit system interacts with the bosonic bath via a
Hamiltonian Hiy:

n
Hno=) Y g0, 3)
J=1

i

where {g;}; are the interaction strengths of each bosonic mode,
the position and momentum operators {x;, p;} of the ith mode
are defined in terms of its annihilation and creation operators

a;j+a]

as =+, respectively, and the summation over j is over all the
n qubits present in the system.

The theoretical analysis of RB is typically carried out at
the circuit level, where one works with abstract quantum
operations rather than, but motivated by, the physical details
of the underlying hardware. In this abstraction, microscopic
features—such as the specific system Hamiltonian Hgy, na-
tive interactions, or control mechanisms—are often ignored.
This simplification is justified in the Markovian setting as any
gate-independent noise channel is twirled into a depolarizing
channel under the Clifford group, making the details of the
physical evolution inconsequential to the RB decay model.
One can interpret it as observing the dynamics from a constant
system frame [34,35].

However, choosing to ignore Hyy is not so straightforward
in the presence of gate-dependent or non-Markovian inter-
actions. If the random unitaries are sampled from the Haar
measure, then using the left or right invariance of the Haar
measure, one can, on average, absorb Hgys into the random
unitaries [36]. But one typically samples the unitaries from the
Clifford group in RB experiments, which does not possess the
former invariance property. In this work, we choose to ignore
Hgy, irrespective of the nature of interactions and the gate set
the unitaries are sampled from—a step that results in focusing
on the incoherent errors that act on the system and not the
coherent ones [37-39].

Hence, for a single qubit coupled to m bosonic modes, the
complete system-environment Hamiltonian is

H= ;gmxi + 2+ ). @)
This can be written in terms of projectors onto the |0) and |1)
subspaces of the qubit as
H=P ®Hy+ P ®H =Hy®H, &)
where
2
Hop = Z %((x + f)—) +p?> - % ©)

The evolution operator for a time duration At can therefore be
written as

7_[ = e—iHAt — PO ® e—ngAl +P1 ® e—iHlAt (7)

023075-2



QUANTUM NON-MARKOVIAN NOISE IN RANDOMIZED ...

PHYSICAL REVIEW RESEARCH 8, 023075 (2026)

@  Penv Penv Penv
H H H
P~ e 8-
(b Penv F-
H H H
pos —(_J e 8-

FIG. 1. Circuit representation of (a) Markovian model where a
qubit system pyy is coupled to a renewing environment pep, . (b) Non-
Markovian model with a persistent environment pe,, that continues
to couple to the qubit system p,y, without refreshing. In both cases,
we initialized the environment in the same thermal state for our
numerical simulations. All the random unitaries are drawn from the
Clifford group and U~! = (Uy - - - U;)™". The time interval between
the random unitary gates is Af. The interactions are through an
evolution unitary U = e~#2' governed by the Hamiltonian H.

and define the evolution map &y (-) =H - H'. The same
can be extended to multiqubit systems, which we discuss in
Sec. IVE. We note that the choice of the Z basis for the
coupling term is arbitrary in this model.

As shown in Fig. 1, we consider a circuit model where
the qubit system p, interacts with a multimode bosonic bath
(Peny) through a Hamiltonian #, interspersed with the unitary
operations Uy, ..., Uy. We define the unitary channel acting
only on the system as U;(-) = (U; ® ) - (UiT ®I).

In the Markovian setting, the environment is constantly
refreshed in before every interaction with the system, whereas
in the more general non-Markovian case, the environment
continues to evolve without losing any information. The dif-
ference between the average overlap (o;|pfina) Of the two
cases tells us the extent of non-Markovianity, that is, how
much information is flowing back from the environment to
affect the future of the system. We justify our models in
the next section. Let us justify our constructions in the next
section.

III. MARKOVIAN AND NON-MARKOVIAN MODELS

A stochastic process is an evolution of a random variable
over time, and is said to be Markovian if the next value the
random variable takes depends only on its current value and
not its history. It is said to be non-Markovian if its past values
also influence the next step. Mathematically, for a random
variable X over the time index ¢, for a Markov process one
can write the conditional probability

Pr (X, |X, ,.....X,) =Pr(X,|X, )

Vo <--- <1 <t (8)

This classical definition of Markovianity is difficult to extend
to quantum systems because of the impossibility of knowing
the state of the system at every time step without collapsing
it. One rather looks at the quantum maps that act on the quan-
tum systems and classify their behavior. A quantum channel
family {A;} is CP-divisible [40] if for all m > n there exists a

CPTP map A, , such that
An = An,m o Am~ (9)

Our model in Fig. 1(a) is CP-divisible and follows the semi-
group property, and can therefore be proved Markovian. The
action of one layer includes a random unitary U; acting on the
system, followed by the interaction with the environment and
the inverse unitary acting again only on the system. Mathe-
matically, this can be written as

Etpun (Ps» Us) = tr[U © E o Ui( 05 ® peny)].  (10)

The state of the system at time #, can be described as the action
of composition of maps from time #,,,:

Psys,n = Olr‘l:mgM,/Oenv (psys.m)’ (1 1)

thereby satisfying Eq. (9). However, the same cannot be done
in the case of our model in Fig. 1(b) with a persistent environ-
ment, which has a capacity to carry temporal correlations. We
propose this is a non-Markovian model and verify our claim
in Sec. V through a distinguishability test.

IV. STATE EVOLUTIONS
A. Markovian evolution

In our Markovian model, as shown in Fig. 1(a), the en-
vironment resets before every interaction with the system,
thus carrying no information about the system with itself and
preventing non-Markovian correlations. We showed that the
average sequence fidelity in this case is an exponential decay
with depth, which is consistent with the existing literature. We
calculated this for a depth k circuit by assuming a product
initial state, applying the Markovian map k times, and aver-
aging the unitaries over the Clifford group. It is given by (see
Appendix B)

1 1/1+2 tr(cos(gxAt)peny) \*
ko(ps,penv):TrE( 3 & ). a2

B. Non-Markovian evolution

Our non-Markovian model, as shown in Fig. 1(b), has a
continuing environment coupled to the system. If the initial
state is assumed to be in a product state pi, = p5 @ Penv, the
average final state of a depth k circuit is

Eylpoil = g By[U " 0 Ey o Uy -+ 0 Ey o Uy (0@ peny)])
13)
where each of the gates {Ui}f?=1 is sampled uniformly ran-
domly from the Clifford group, the expectation value E is
over all U;, and the evolution map & is as defined earlier.
Using Eq. (7), we denote the trajectories created by the ac-
tion of the projectors using k-length binary strings p, q, where
pi-qi €{0,1}Vi=1,2,..., k. Therefore, we can express the
final state as a sum of all possible trajectories

Eylosil = Z ]EU[U_IPpkUk : "PPIUUOSUIT
p.qef{0,1}®k
X qu Ce U;quU_]T] X tr (H(P) Penv H(q))v

(14)
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FIG. 2. Single qubit decay of randomized benchmarking output
with circuit depth &, along with their numerical fits. Non-Markovian
evolution with the Clifford gate set (blue hexagons) fits a subexpo-
nential of the form 1 4+ Ak~'3¢~, whereas Markovian evolution
with the same gate set (red diamonds) fits a exponential decay
%—f—Ae‘”". Non-Markovian decay with the {X, I} gate set (green
diamonds) fits 1 4+ Ak~'/2¢=*. The plot shows In(f; — 1) vs depth
k. The environments are initialized in thermal states with interaction
strength g = 4, bosonic frequency o = 10, temperature 7 = 1077,
and gate time Ar = 0.1 in dimensionless units.

where evolution of the environment along a trajectory is
tracked with the help of H(x) = e Hul ... ¢7iH A Ag ex-
plained in Appendix A, we can compute the average over the
unitaries using methods of Haar integration, and the average
sequence fidelity is shown to be

1

o | 222 o ) pen Hi (@) |

P.q

| =

1
kaM(pSa Penv) = §+

5)
where d(p, q) is the Hamming distance between p and q.
Note that Y~  2/P9 = 6" and therefore in the absence of
any interactions with the bath, the fidelity is always 1.

Numerical implementation. In order to avoid the expo-
nentially growing number of trajectories in the analytical
expression in Eq. (14), we developed a numerical method that
is far more efficient in time. With every Hamiltonian interac-
tion, there is a step of projecting onto the 4" computational
basis states of the space of operators B(#). After averaging,
we are left with 4% terms (see Appendix A), and the process
continues. Knowing the state after every step explicitly in our
numerics allows us to circumvent this by regrouping the 4"
terms into 4" basis states, and thus always limiting the number
of terms to 4". This removes the need for any approximations
and computes the exact average sequence fidelity of the non-
Markovian model.

As mentioned earlier, we imposed a reasonable
occupational-number cutoff for the environment that does not
impact system dynamics in all our numeric implementations.

The above two cases are illustrated in Fig. 2. Crucially, it
leads us to the observation that RB decay of non-Markovian
systems does not follow an exponential trend, and can be

explained as a power-law times exponential, with respect to
depth. The subexponential behavior is especially apparent at
smaller depths and provides us with a powerful signature of
temporal correlations—one that can be used to identify and
characterize such noise. In the figure, non-Markovian decay
is compared with the Markovian case, which exhibits expo-
nential RB decay as proved.

C. Dependence on gate set

We analyze the fidelity decay for our models by consid-
ering a gate set different from the previous examples. In
randomized benchmarking, the choice of the gate set deter-
mines the group over which the noise channel is twirled, and
the representation structure of this group directly dictates the
form of the average sequence fidelity decay. If the gate set’s
action on the traceless operators’ subspace decomposes into
multiple irreducible representations, the twirled noise channel
acquires multiple eigenvalues, leading to a multiexponential
decay. In contrast, the Clifford group acts irreducible on
the traceless Pauli operators (treating all Paulis uniformly),
yielding a single decay parameter and therefore a single-
exponential decay [41].

Here, we consider a different gate set from the Clifford
group and show how to obtain the averaged final state in a non-
Markovian setting, when one cannot use Haar averaging tools.
We consider a single-qubit system initialized in the |+) state
and the unitary gates uniformly sampled from {X, I}. Both
the X and I gates leave the |+) state unchanged, eliminating
the need for an inverse. Using the anticommutation relation
{X, Z} = 0, the action of X gate on the evolution operator is

Xe iH — x efi(g(a+a+)Z+a)aa"']I)At

— e—i(—g(u+¢1%)Z+waaT]I)AtX (16)

Using this, in Appendix C we showed how to compute the
average final state of a non-Markovian circuit with this gate
set. The Markovian case can be worked out as in Appendix B.

D. Behavior of environment modes

To understand the change in the environment throughout
this process, we look at how the average photon number of
environment, which begins in a thermal state, changes with the
depth of the circuit. Starting with Eq. (13), and an initial state
Pin = Ps ® Penv, the average photon-number after k layers is

(ne) = E[n5™ (pwn)]
> tr(By[Myl) tr (@’ a H(p)penH' (@)

p.qe(0,1}8*

1 ; ;
D 5 ey w(@aH e ). (A7)

pef0,1)8

On plotting this result, we observed that (n) saturates
to a value independent of the parameters g, w,t. Figure 3
shows that (n) has a strong dependence on the cutoff point
of the occupational number of the environment, indicating
that the system is undergoing continuous heating in this
model. The slow overall rate of the heating compared to a
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FIG. 3. Average photon number of the environment initialized
to a thermal state, starting at (n) = 0.87, plotted against different
occupational-number cutoffs (V) of the environment mode. We ob-
served that (n) does not depend on any of the other parameters of
the system or environment. It saturates to a value of around 4.5 for
a cutoff value of N = 10; see text for discussion. g =4, w = 10,
T = 107!, and At = 0.1 in dimensionless units for all the curves.
Inset: Variance of the photon number at different values of N.

Markovian system qualitatively explains the slower decay of
the RB output in the non-Markovian case.

E. Multiqubit systems and multimode baths

Our results extend to, and result in, similar trends, in multi-
qubit systems and systems interacting with multimode baths.
One can write a general Hamiltonian for n qubits and m modes
as follows:

H= Za),aal—l—ZZg,]aZ](a,—i—a)— @ H,.

j=1 i=1 pef0,1}@n
(18)
Using the weighted sum of a bit string w(g) = Z’;zl(—l)qf,
=Y wiala; +w(p) gij(a; +a)). (19)

i=1

As before, we can assume that we begin in a product
state psg = Py ® Penvs and apply a sequence of n-qubit uni-
tary operations Uy, ..., Uy, Uy, where d = 2", U; € Uy, and
Upy = (U; - --Up)~'. We show in Appendix D that the RB
decays to é

V. SIGNATURES OF NON-MARKOVIANITY

Several methods have been introduced to reliably identify
and quantify non-Markovianity in quantum systems [40,42—
44], information backflow from environment to system [45],
divisibility of the evolution map [46], etc. However, these
methods are considered independently from RB experiments.
Here, we show that RB experiments readily provide distin-
guishability measures such as the fidelity and trace distance
(BLP measure [43]) to determine the presence of non-
Markovianity in the system.

In particular, we propose to measure the trace distance
between the evolution of orthogonal states (|0) and |1)) at

i : (]
1.0 o * non-Markovian 9 3. -—- average change
Markovian © S
8o
o J
b
0.87 83
© £
N QRS
@ 0.6 1 < 0 1020 30 40 50 60 70 80 90
1 ° circuit depth
-o .
(] ]
o 04 . . . .
+ cec® ° . * o0 o : -. ° . s o
0.2 seey '.'ﬂ . N 0 *° . . IO
B B . .
° .- M - . -'.".. o. . ~ .o. . &
0.0 . . . .
0 20 40 60 80 100

circuit depth

FIG. 4. Difference in trace distance between the evolutions be-
ginning in the orthogonal states |0) and |1), plotted with respect to
depth for a random circuit, for both Markovian and non-Markovian
models. g=4, =10, T = 1079 and At = 0.1 in dimension-
less units. Inset: Distribution of the change in trace distance for
non-Markovian circuits. The histograms, collected for 10° random
Clifford circuits, are displayed as color plots.

varying sequence lengths, a measure that must be contractive,
or decrease monotonically, for Markovian systems as both
states depolarize to the same maximally mixed state. The evo-
lution map here is one instance of the non-Markovian model
in Fig. 1, with random unitary gates.

D(pgiro i) = 1t [0 = piel- 20)
For each random circuit instance, we observed distinct time
steps displaying an increase in trace distance (see Fig. 4),
a clear indication of the presence of non-Markovianity. In
contrast, the trace distance is monotonically decreasing for a
Markovian circuit. The inset in Fig. 4 shows the distribution
of the change in trace distance over many circuit realizations.

VI. CONCLUSIONS AND OUTLOOK

We studied a system interacting with an environment with
a long quantum memory, resulting in a non-Markovian dy-
namics of the system. We found a drastically different RB
decay with non-Markovian noise compared to the Markovian
case, which also differs qualitatively at early depths. Although
they both tail off exponentially, non-Markovian decays in our
model are much slower than ones for Markovian systems,
under the same parameters. We showed this by considering
a simplified, exactly solvable model of qudits interacting
with a bosonic bath. By determining the signatures of a
non-Markovian decay, we provide guidance to identify these
effects in common characterization experiments. The com-
putation in this work was possible because the eigenvectors
of the Hamiltonian could be solved analytically. In general,
this simplification is not possible, making it important to
determine the universality of these results to other models of
non-Markovian quantum systems. This work opens interest-
ing avenues for research to theoretically relate the source of
the nonexponential behavior to the details of the system-bath
interaction, paving the way for more precise noise characteri-
zation.
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APPENDIX A: NON-MARKOVIAN EVOLUTION

Our objective is to find the average final state of the system, after k layers, averaged over the unitary group U(d). Each
Hamiltonian interaction has a duration ¢ (see Fig. 1).

Eylpsi]l = g (By[U 0 Ey ol -+ 0 En o Uy (ps ® peny)])- (A1)

Since only linear operations are involved without loss of generality, we can assume that the initial state is a product state. The
results also hold for mixed states. We compute the average over unitaries using the expression for Haar average shown below.
By definition, this is also valid for any 2-design, and therefore the Clifford group, which is of interest in RB. Using

. . tr (AB)tr (p) I dtr (A)tr (B) — tr (AB) I
dn(U)UTAU pU'BU = - —tr(p)= ). A2
/W) nW) 14 7 i @D p—trp)s (A2)
and the projectors Py = |0)(0] and P, = |1)(1], a single layer of twirling gives us a depolarizing channel
2 1 I 2-46
EylU™'PUpU P U T = | 385 — 5 (os) 5 + = py. (A3)
3 3 2 6
For k layers, let us define M, (p, q) as the state of system determined by projector sequences p = (pi, ..., px) and q =
(415 - - -+ qr)- Then, the expectation value is

Ey[Mi(p, @)] = E¢[U P, Ux - P, Ui pU{ Py, - - U P, U]
= Ep—n[Ec[O] Py, UMy U P, U]

2 1 I 2—368,0
= ]E[kl][(§5pqu - g) tr (M) 3 + <%>Mk1], (A4)

where M; = U;Pp/. Ui./\/li_lljiTPq,. U; is recursively defined and My = p;. We used U ~1 = U7, and inserted unitaries and their
inverses in the first step to separate and cast the twirling of different unitaries into the form given by Eq. (A2). We denote

.....

Taking trace on both sides and denoting §,, ., as §;,

k k
Epltr (Mol = %E[kq][tr (M-l = H%’ tr (Mo) = % [168] tree. (A5)
j=1 j=1
Substituting this as the first term of Eq. (A4),
Bl Mi1 = (300 = 5 Bl 0l e 3+ (25022 Yyt
1 Ly I o1 8
= 5(25k -1 E S|t (ps)i + §<1 - 3)]E[k1][/\/lk1]- (A6)

Solving the recursive relation, we would have the depolarizing channel whose coefficients need to be determined. Defining
y @) =T, - %),

I 1
E [ Myl = (A(p, @) rp) 5+ v (@@ ps>, (A7)

where the unknown A(p, q) can be determined by taking trace on both sides and using Eq. (AS5),
gy 1
(18] o) = a0 @) () + v @ @) (o), (A8)
j=1
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which gives us
1 & 1
Ap @) =5 [[8-5r @@ (A9)
j=1

Writing 1_[];':1 8; as 8p q, We have

1 I 1 I
Ey[Mi(p. @] = 3wV P Q)<ps -t (ps)§> + 5 Opa T (p0)3- (A10)

Plugging that into Eq. (14) and expressing ¥ (p, @) = (3)*~“®% in terms of the Hamming distance d(p, q) between the strings
p and q, we find that the average final state is

I 1 . I
Eulpd] = 5 + o 220w (H(p)pmqu))(ps ~ 5). (A1)
p.q

APPENDIX B: MARKOVIAN EVOLUTION

When the state of the environment is refreshed before every interaction with the system, the averaged state of the system after
k layers, similar to the previous calculation, is

k
Eu[pddl= Y EulMi@ @] []tr e penve™")

p.qe{0, 1}®* j=1

k
1 I _i ; 1 I
B g ?V(P, q)<ps —tr (,0;)5) Jl:[ltr (e Hpjtpenve Hq/t) + ; ? trpe) (pen‘/)ki

1 I il
= 30(tr (pen) +2 tr (cos((Ho — Hi)AL) peny))F (px —tr (ps)5> +tr (py) tr (pm)ki. (B1)

When tr (peny) = 1, the prefactor 3ik (142 tr(cos((Hy — H)t) peny))* exponentially decays with depth and therefore the

system approaches the maximally mixed state ]Ii
Using tr (penv) = 1, tr (ps) = 1, and Hy — H; = 2gx, RB output is

1 1/142 tr(cos(2gxA)peny) \*
o pen) = 11 (Bu[p] ps) = 5 + 5( : =) (B2)
APPENDIX C: XI MODEL
Consider a binary sequence (u1, ..., ;) with u; representing the gate at the ith position: O for gate I and 1 for gate X. Then,
if the number of X gates, i.e., Zi u;, is equal to Ny, the final state can be written as
Uke—th L Ule—iHl Oin Ul'i'eth . U]jé'iHl. (Cl)
Let us define
Hy=(—1Yga+a)Z+wdal, (C2)
Hy = exp (—iH;At), and r; = Zf: ; ui- Moving all the X' operators toward the initial state,
HOH}}H@,I tee HrZXNX Pin XNXH:Z e ij,Hg (C3)
Because Z acts only on the system, we can expand 7, using the projectors on the system space as
H, =P ® e—i((—l)ig(a+a*)+wa*a)m +P® e—i(—(—1)Sg(a+a*)+wa*a)m
= Z P,® e~ (=17 g(ata ) twd a)Ar
pe{0,1}
= ) PoHy, (C4)
pef{0,1}
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defining 7 that acts only on the environment Hilbert space. To determine the average output, we can sequentially average from
u; through u;, each drawn from the set {0, 1} uniformly randomly. One instance of averaging over the gate set {X, I} gives us

S1=HopnHo+HipnH] = Y Hypin M (C5)
s€{0,1}
using Eq. (C4),
= Y (Py®Hup) pin (P @M, (C6)
s,p,q€{0,1}

leading to four branches after one layer similar to the Clifford non-Markovian case in Appendix A. After k layers, we have 4%
trajectories labeled here using three k-length bit strings s, p, q that can be similarly numerically summed as in the Clifford case.
The averaged final state is

Sk = Z (Ppk®HSk+[’k)"'(

S;p.q

Pp, ® Hx.-&-p]) Pin (Pq| ® Hsl+q|) T (PQk ® HSH"]A’)' (C7)

APPENDIX D: MULTIQUBIT SYSTEMS AND MULTIMODE BATHS

Consider an n-qubit system interacting with a multimode bosonic environment. Let us start with a product state psg = p; ®
Penv and apply a sequence of n-qubit unitary operations Uy, .. ., Uy, Uy, Where the dimension of the system d = 2", U; € Uy,

and U,y = (Uy - - - Uk)’l. We want to compute the average final state
Evlpsil= >  Eu[0/Py Ok U P, Ui p, 0Py Uy -+ U Py Ui] @ H(p)pens ' (q), (D1)
pi»qi€{0,1}®"

1<i<k

where H(p) = e~ and as defined in the main text H,=%", a)iajai +w(p) gijla; + aj), using the weighted sum of a bit

string w(q) = Z;zl(—l)qh
Similar to the single-qubit analysis, Haar average at d = 2" is

Ey[UTP,UMUP,U] = tr(/\/l)d + dzl (1 — %)( —tr (M)— )
ds,,
= dz— tr (./\/l) + ( ) D2)
Defining M, (p, q) as before,
k
8.
Eylr (Me(, @)1 =[]~ (e, (D3)

J=1

we have

Ey[Mi(p, )] = A(p, q) tr(ps) +

f[ ( - —>ps, (D4)

k k
1
Alp. @) = —¢ D5
=g 10 - _1)}:[( ) -
If tr (o5) = tr (Peny) = 1, and if the system begins in the ground state, RB output is
1 1 1\ H—d@.a T
i (d? — 1)k % <1 - E) tr (H(p)peny H'(q)). (D6)
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