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A fundamental problem in quantum optics is to measure a quadrature operator of a mode de-
scribed by a shape in the time or frequency domain. This can be done by pulsed homodyne detection,
in which the signal and a high-amplitude pulsed local oscillator (LO) interfere on a beam splitter
whose output ports are monitored by photo-detectors. The quadrature value is proportional to
the difference between the photo-detectors’ signals. When the shape of the mode is too broad in
frequency, the lack of uniform spectral response of detectors prevents direct application of this tech-
nique. We show that pulsed homodyne detection can be generalized to broadband pulsed (BBP)
homodyne detection with detectors such as calorimeters that detect total energy instead of total
photon number. This generalization has applications in measurements of femtosecond pulses and,
speculatively, of Rindler modes. We analyze how the implemented measurement approaches an ideal
quadrature measurement with growing LO amplitude, and prove that the moments of the measure-
ment converge to the moments of the quadrature and that the measurement distributions converge
weakly.

Homodyne detection is a method to measure quadra-
ture operators of an optical signal, both in the frequency
and time domains [1, 2]. In homodyne detection the sig-
nal interferes with a high-amplitude, mode-matched local
oscillator (LO) on a balanced beam splitter. The light
exiting the two output ports of the beam splitter is mea-
sured with two high-efficiency detectors such as photo-
diodes (Fig. 1), and the measurement result is obtained
by scaling the difference between the detector outputs.
This approaches an ideal quadrature measurement in the
limit of large LO amplitudes. The LO can be continuous
or pulsed. In continuous wave homodyne, the intensity
difference is integrated against the temporal shape that
defines the quadrature. Many quadratures can be mea-
sured simultaneously in this scheme if their spectra are
within the detector’s bandwidth. In pulsed homodyne,
the LO is pulsed with a shape that matches that of the
quadrature of interest. Only the quadrature matching
the LO is measured, but the detectors need not be time-
resolving, and the LO power can be concentrated where
it is needed. Pulsed homodyne is required when slow
detectors, such as calorimeters, are used.

Standard pulsed homodyne detection requires the de-
tector output to be proportional to the total number
of photons arriving during the pulse. This restricts the
bandwidth of the LO pulse and of the optical signal dur-
ing the pulse to a spectral band over which the detectors
have nearly uniformly high efficiency. In practice, noisy,
high-efficiency photon counters are used, and if the noise
increases at a sublinear rate with photon number, a good
quadrature measurement can still be obtained by increas-
ing the LO amplitude. There are no detectors with a wide
enough spectral band to measure quadratures of optical
signals with octave-spanning bandwidth such as those as-
sociated with femtosecond pulses. Such octave-spanning

quadratures are also of interest in studies of the Unruh
effect [3], which arises for accelerating observers due to
the non-zero temperature of Rindler modes, which are
extremely broadband in an inertial frame.
One type of detector with the potential for high-

efficiency detection over a broad frequency band is the
calorimeter. Rather than counting photons, calorimeters
record the total energy. As a result, photons of different
energy contribute by different amounts to the calorime-
ter output. For example the calorimeter records the same
value for two photons of energy 1/2 and one photon of
energy 1 in arbitrary units. Calorimeters are widely used
and can achieve near-unit efficiency for measuring energy
across the spectrum. For instance, transition edge sen-
sors (TES) directly detect the change of temperature due
to incident light on a superconducting island at the tran-
sition temperature [4, 5] and have the potential for high
efficiency over a wide bandwidth [6, 7].
To enable the use of detectors such as calorimeters to

measure specific quadratures of broadband modes, we in-
troduce broadband pulsed (BBP) homodyne detection, a
generalization of standard pulsed homodyne detection.
BBP homodyne is based on detectors that record ob-
servables, such as total energy, that are expressed as
linear combinations of photon numbers in the modes of
an orthogonal-mode basis. As in standard pulsed ho-
modyne, the BBP homodyne measurement result is the
scaled difference between the detector outputs. We show
that arbitrary quadratures expressible in this mode basis
can be measured with a high-amplitude LO whose pulse
shape is determined by the quadrature of interest. A
feature of BBP homodyne is that the mode of the LO is
typically different from the mode whose quadrature one
wishes to measure. For all homodyne detection meth-
ods, convergence of the measurement outcomes to ideal
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measurements of the quadrature depends on the type of
convergence under consideration and the state. Conver-
gence can fail for pathological states. Standard pulsed
homodyne satisfies that the moments of the measure-
ment outcomes converge to those of the quadrature when
these moments are finite, see Ref. [8]. Less well known
is that the measurement distribution converges weakly,
which is defined as convergence of expectation values of
continuous bounded functions of the measurement out-
comes. We prove that BBP homodyne detection satisfies
moment convergence and apply the general theory re-
lating the convergence of moments to weak convergence,
developed by [9, 10] to prove weak convergence.

To start the analysis, we denote generic modes of a field
by a, b, . . . and the corresponding mode (annihilation) op-

erators by â, b̂, . . . with or without indices. Mode opera-
tors satisfy

[
â, â†

]
= 1. In the physical field’s state space,

â annihilates the vacuum, and â† applied to the vacuum
creates a photon in mode a with a particular wavefunc-
tion in momentum space. The vacuum state of a mode is
denoted by |0⟩. The state space of a mode is the Hilbert
space spanned by the number states |n⟩ =

(
â†
)n |0⟩ /√n!.

We use the convention that generalized quadratures of
mode a are defined by operators q̂a,α = −i(αâ† − α∗â)
where α is a complex number. A coherent state is a
normalized state |β⟩ that satisfies â |β⟩ = β |β⟩. This
identity determines |β⟩ up to a global phase. Having
fixed the normalized vacuum state |0⟩, we fix the phase
by requiring that ⟨β|0⟩ is positive real.
The configuration for pulsed homodyne is shown in

Fig. 1, where for standard pulsed homodyne, the detec-
tors count total number of photons. The full state space
of the signal is that of N modes a with mode opera-
tors â. The goal is to measure the generalized quadra-
ture q̂a,β (target quadrature). For this purpose an LO
is introduced on a family of modes b, each of which is
matched to the corresponding signal mode. To approxi-
mately measure a generalized quadrature of the modes,
the LO state is the coherent state |Rβ⟩b, where R is a
large real number. It is convenient to explicitly introduce
the displacement operator D̂b,Rβ that makes this state
from vacuum, as shown in the figure. The initial state
consists of the signal state ρa on the signal modes a, and
vacuum 0b on the LO modes b. The signal modes and the
matching LO modes are combined on a balanced beam
splitter. The outgoing modes, c and d can be expressed
in terms of the original signal and the pre-displacement
LO modes as follows:

ĉ =
1√
2

(
â+ b̂+Rβ

)
,

d̂ =
1√
2

(
â− b̂−Rβ

)
. (1)

Here we made a particular sign and phase choice for the
balanced beam splitter. The homodyne configuration is

FIG. 1. Multi-mode homodyne measurement configuration.
The signal modes enter from the left on modes a with mode
operators â. The LO modes enter from the bottom on modes
b. The LO modes are initially in vacuum, and the LO coher-
ent state is explicitly prepared by the displacement operator
D̂b,Rβ . Modes a and b are combined on a balanced beam
splitter(BS). The beam splitter’s outgoing modes, c and d
are measured with photon counters in standard pulsed ho-
modyne or calorimeters in BBP pulsed homodyne. In both
cases the observable associated with the detector is of the
form Ê =

∑
k ωkf̂

†
k f̂k with f = c or d. For standard pulsed

homodyne, ωk = 1 for all k. For BBP homodyne, ωk is the
energy of photons in the k’th mode. The homodyne mea-
surement result is determined by subtracting one detector’s
output from the other and rescaling the result by a factor of
1/R. In general, ωk can be arbitrary positive weights.

completed by photon counting on each of the two out-
going arms of the beam splitter, subtracting the counts
obtained, and dividing by R. To describe this measure-
ment, we subtract the scaled total photon number oper-
ators for the arms to obtain the measurement operator

ĥ =
1

R
(n̂c − n̂d)

=
1

R

(
ĉ† · ĉ− d̂† · d̂

)
= β · â† + β∗ · â+

1

R

(
â† · b̂+ b̂† · â

)
. (2)

Here “·” denotes the inner product between two vectors,
and complex conjugation and dagger is applied element-
wise. Intuitively, for large R the summand with a factor
of 1

R can be neglected, so ĥ approaches a measurement
of the target quadrature q̂a,iβ. We should note that the

deviation of ĥ from the target quadrature measurement
is affected by the state of photons in modes orthogonal
to that of the target quadrature. The amplitude R needs
to be increased to make the signal from such photons
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negligible.

In BBP homodyne, an ideal calorimeter measures the
energy operator

Ê =

N∑
k=1

ωkâ
†
kâk. (3)

where ωk is the energy of a photon in mode k. It is
worth noting that our treatment does not require ωk to
be the energy of a mode k. It can be an arbitrary real,
positive weight. If ωk = 1 for all k, Ê measures the total
photon number. We therefore refer to the vector ω as
mode weights.

Consider the homodyne setup with calorimeters in-
stead of photon counters at the outgoing arms of the
balanced beam splitter. The measurement operator cor-
responding to subtracting the calorimeter measurement
results and dividing by R is

1

R
∆Ê =

1

R

N∑
k=1

ωk

(
ĉ†k ĉk − d̂†kd̂k

)
=

N∑
k=1

ωk(â
†
kβk + β∗

k âk) +
1

R

N∑
k=1

ωk(â
†
k b̂k + b̂†kâk).

(4)

Here all operators represent incoming mode operators ac-
cording to Heisenberg evolution. In particular ∆Ê when
so expressed depends on the LO displacement and there-
fore on R. Assuming that the contribution from terms
multiplied by 1

R is negligible, this approaches a mea-
surement of the target generalized quadrature q̂a,i(ω∗β),
where “*” denotes the element-wise product defined by
(γ ∗ γ′)k = γkγ

′
k. From now on, we omit the mode label

on operators such as q̂ when the modes are clear from
context. If we wish to measure the generalized coordi-
nate q̂α, we choose β = −iα ∗ (1/ω), where 1/ω is the
vector with k’th entry 1/ωk. The required LO amplitude
is Rβ = −iα ∗ (R/ω).
In our treatment, quadrature expectations and co-

herent state amplitudes are unitless and scaled so that
the vacuum expectation of the square of a normalized
quadrature is 1/2. The units of the weights ω and of the
scale R are therefore identical. In the case of calorime-
ters, they both have the same energy units. For the pur-
poses of BBP homodyne, quantities of interest depend on
R and ωk only through ratios such as R/ωk. The vector
β describes the shape of the LO, but as defined, carries
inverse energy units. While not necessary for our treat-
ment below, we can can order the modes by energy, so
that ω1 is the maximum mode energy. The basic unnor-
malized mode shape may then be defined as β0 = ω1β.
Then R/ω1 is a unitless scale defining the amplitude of
the LO. For standard pulsed homodyne, β0 = α and
R/ω1 is the conventional LO amplitude.

Define δ = 1/R and introduce the BBP measurement
operator

q̂α,δ = δ∆Ê

= q̂a,α + δ
((

ω ∗ â†
)
· b̂+

(
ω ∗ b̂†

)
· â

)
. (5)

As noted previously ∆Ê is defined as an operator on
the incoming modes and therefore depends on δ through
the displacement on the LO modes. The associated LO
amplitudes are

βLO,α,δ = −iα ∗ 1

ω
. (6)

The LO with these amplitudes can be obtained by
pulse shaping. Suitable pulse shaping techniques have
been developed for femtosecond pulses. For example, see
the review [11]. We define q̂α,0 = q̂a,α. When α is clear
from context, we abbreviate q̂δ = q̂α,δ and q̂ = q̂α,0.
The BPP measurement operator q̂δ is by design pro-

portional to a difference of two commuting total energy
operators at the outgoing modes, so the spectrum of q̂δ
is discrete. The outgoing mode Fock states that diago-
nalize the energy operators correspond to displaced Fock
states in the incoming modes, where the displacement
diverges to infinity as δ goes to zero. In contrast, q̂ has
continuous spectrum and improper eigenspaces associ-
ated with its spectral measure. This immediately sug-
gests that the convergence of qδ to the target quadrature
q0 is not straightforward. The BBP measurement opera-
tor is unbounded, as is the quadrature measurement. As
a result, there are states in the Hilbert space not in the
domains of these operators, and for such states conver-
gence is impossible. Thus proofs and quantification of
convergence are necessarily state-dependent.
The BBP homodyne configuration, as described above,

has perfect calorimeters. However, as with the stan-
dard homodyne configuration, noisy but high-efficiency
calorimeters can be used, provided that the noise scales
sublinearly with total energy.
Our first convergence result establishes that the mo-

ments for BBP homodyne measurement outcome distri-
butions converge to the moments of the target quadra-
ture. This result is well known for standard homodyne,
for example, see Ref. [12], Eq. (3.2) and following, or
Ref. [9] Prop. 8. The proofs for standard homodyne gen-
eralize with little modification to BBP homodyne. We
use the angle-bracket notation ⟨·⟩ρ for expectations of
operators with respect to state ρ. We omit the subscript
when the state with respect to which expectations are
computed is clear from context.

Theorem 1. Suppose the state ρa on the signal modes
a has well-defined expectations for all polynomials in the
mode operators and their adjoints up to degree n, and the
joint initial state is ρa⊗0b. Then the moments of q̂δ and
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q̂ satisfy

⟨q̂nδ ⟩ = ⟨q̂n⟩+O(δ2), (7)

where the constant in the order notation depends on ρa.

The proof is provided in App. A. The first moment does
not depend on δ and is identical to the target quadra-
ture’s. Because the pre-displacement LO modes are in
vacuum, one can show that for the second moment we
have ⟨q̂2δ − q̂2⟩ = δ2

∑
k ω

2
k⟨n̂ak

⟩ If it is known that the
signal state is Gaussian, then it is sufficient to measure
the first and second moments of its quadratures. The
above shows that the second moments of q̂δ are biased
high by a term of order δ2 with a coefficient that can be
estimated knowing only bounds on the expected photon
numbers.

Theorem 1 applies specifically to states with well-
defined expectations for all polynomials of mode oper-
ators. A dense linear space of pure states with such well-
defined expectations is the set DS of Schwartz states,
defined as states whose Wigner functions decay super-
polynomially [13]. This set of states is preserved by all
polynomials of the mode operators and their adjoints.
It includes number states and coherent states and their
finite linear combinations.

Next we show that the moment convergence for a re-
stricted family of signal states in Thm. 1 implies that
for every bounded continuous function f of the reals and
every signal state, the expectations of f(q̂δ) with respect
to the BBP homodyne outcome distributions converge to
the expectation of f(q̂). This property is equivalent to
weak convergence in the sense of probabilities of the posi-
tive operator valued measures (POVMs) realized by BBP
homodyne to the spectral measure of q̂ (see [9] Prop. 3).

Theorem 2. For every continuous complex-valued
bounded function f on the reals and for every state
ρ = ρa ⊗ 0b, we have

lim
δ→0

⟨f(q̂δ)⟩ = ⟨f(q̂)⟩. (8)

The proof is provided in App. B. There are many equiv-
alent definitions for weak convergence of the measures
associated with q̂δ to the measures of q̂. The version
given in Thm. 2 corresponds to Ref. [9] Prop. 3 (iv),
which is also equivalent to the convergence of overlaps as
expressed in the following corollary.

Corollary 3. Let g be any family of modes or other
quantum systems that are not involved in the BBP homo-
dyne measurements, and f a continuous complex-valued
bounded function on the reals. For all joint pure states
|ϕ⟩ and |ψ⟩ of g, the signal, and the LO modes, if |ϕ⟩
and |ψ⟩ are vacuum on the LO modes, then we have

lim
δ→0

⟨ϕ| f(q̂δ) |ψ⟩ = ⟨ϕ| f(q̂) |ψ⟩ , (9)

and

lim
δ→0

|(f(q̂δ)− f(q̂)) |ψ⟩| = 0. (10)

The proof of this corollary is provided in App. C.
Eq. (10) can be interpreted as strong convergence of
f(q̂δ) to f(q̂) on the subspace of states that are vacuum
on the LO modes.

Discussion. BBP homodyne can be seen to be a gener-
alization of standard pulsed homodyne by setting all the
weights to ωk = 1. The well-known properties of stan-
dard pulsed homodyne are preserved. In particular, the
moments of the BBP homodyne observables converge to
the moments of the target quadrature and the distribu-
tions of BBP measurement outcomes converge weakly to
that of the target quadrature.
The main motivation for introducing BBP homodyne

is to use calorimeters to measure quadratures of broad-
band modes such as those present in optical femtosecond
pulses or modes of interest in quantum field theory such
as Rindler modes. In principle, it is possible to perform
broadband quadrature measurements by the means of a
Bragg grating or similar device to separate the spectral
components of the light, parallel measurement of narrow-
band quadratures, and combination of the results in soft-
ware. Another proposal is to use broad-band parametric
amplification followed by a direct measurement of the
spectrum [14]. BBP homodyne has the advantage of a
simple experimental setup requiring only one beam split-
ter and two broadband calorimeters, in addition to the
LO. The calorimeters need not resolve time and can be
slow. In particular, there is no requirement for high-
speed readout.
In our treatment of BBP homodyne, we assumed ideal

calorimeters. Balanced losses in the calorimeters can be
handled as is done for standard pulsed homodyne. Such
losses can be treated as losses in the signal state before
the beam splitter and a change of the LO. In many mea-
surements, the effect of such loss can be inverted or ac-
counted for. See Ref. [15] for a treatment of losses in
standard homodyne. Another approach is to directly de-
termine the POVMs associated with photon number out-
comes asin the theory of operational homodyne [12, 16]
and express expectations of mode operators in terms of
the POVM expectations. Such techniques are applicable
when the LO is weak and are used in weak-field homo-
dyne, for example, see Refs. [17, 18]. In standard homo-
dyne with balanced photodiodes, the photodiodes have
constant added noise whose effect on the quadrature mea-
surements is suppressed by high LO amplitudes, see, for
example, [19, 20]. The same holds for BBP homodyne
with calorimeters that have energy-independent added
noise such as might be expected from imperfect energy
resolution.
Further work is required to quantify the convergence

of the measurement outcome distribution to the ideal
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one for the target quadrature for both standard homo-
dyne and BBP homodyne. The expression given after
the Thm. 1 quantifies the convergence of only the sec-
ond moment. In the analysis of standard homodyne, be-
sides quantifying convergence for special families of states
such as in Ref. [12], convergence arguments are limited
to asymptotic analysis and recommendations for LO en-
ergies large compared to the expected photon number in
the signal, for example see Refs. [8, 21]. Quantified con-
vergence would be helpful in many quantum information
applications where the fidelities of measurement distribu-
tions and states remaining in unmeasured modes matters.
Examples include CV quantum teleportation [22, 23] and
CV quantum computing [24].

Regarding the application of BBP homodyne in char-
acterization of the Rindler modes, it is necessary to deter-
mine how to realize the local oscillator and beam splitter
while maintaining the compatibility with the relativistic
quantum field under investigation. Because it is impossi-
ble to measure standard, single-frequency Rindler modes,
it is also necessary to determine how to reveal the desired
quadrature information from smeared such modes. Rele-
vant suggestions have been offered for different detection
systems in [25].
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[12] Tomáš Tyc and Barry C. Sanders. Operational formu-
lation of homodyne detection. J. Phys. A: Math. Gen.,
37:7341, 2004.

[13] Felipe Hernández and C. Jess Riedel. Rapidly decay-
ing Wigner functions are Schwartz functions. Journal of
Mathematical Physics, 63(2):022104, 2022.

[14] Yaakov Shaked, Yoad Michael, Z. Vered, Rafi, Leon
Bello, Michael Rosenbluh, and Avi Pe’er. Lifting the
bandwidth limit of optical homodyne measurement with
broadband parametric amplification. Nature communi-
cations, 9(1):609, 2018.

[15] U Leonhardt and H Paul. Realistic optical homodyne
measurements and quasiprobability distributions. Phys-
ical Review A, 48(6):4598, 1993.

[16] Konrad Banaszek and Krzysztof Wódkiewicz. Opera-
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Appendix A. Proof of Theorem 1

Proof. Define the operator Ĉ = (q̂δ − q̂)/δ =
(
ω ∗ â†

)
·

b̂+
(
ω ∗ b̂†

)
· â, which does not depend on δ. We expand

q̂nδ = (q̂ + δ Ĉ)n as a sum of 2n monomials expressed as

ordered products of q̂ and δ Ĉ. We can order the mono-
mials by the power of δ that multiplies them. Let Q̂k

be the sum of the monomials that are multiplied by δk,
so q̂nδ =

∑n
k=0 Q̂k. Then Q̂0 = q̂n, so ⟨Q̂0⟩ = ⟨q̂n⟩ con-

tributes the first term on the right-hand side of Eq. (7).
We can express Q̂1 as

Q̂1 = δ

n−1∑
k=0

q̂kĈq̂n−k−1. (A.1)

The factors of q̂ in the sum act only on the signal modes
a, and Ĉ is linear in the LO mode operators. Since ρ is
vacuum on the pre-displacement LO modes, the expec-
tations of the summands of Q̂1 are zero. Consequently
⟨Q̂1⟩ = 0. The remaining terms in the expansion are
multiplied by a factor of order δ2 or smaller. Their ex-
pectations may be expressed as expectations of monomi-
als of degree at most n in the signal mode operators and
their adjoints, and of degree at most n in the LO mode
operators and their adjoints. Taking account of the vac-
uum state in the LO mode, these expectations reduce
to expectations of ρa of monomials of degree at most n
in the signal mode operators. The expectations of these
monomials are finite by assumption and do not depend
on δ. Thus

⟨q̂nδ ⟩ =
n∑

k=0

⟨Q̂k⟩

= ⟨Q̂0⟩+ ⟨Q̂1⟩+O(δ2)

= ⟨q̂n⟩+O(δ2). (A.2)

APPENDIX B. PROOF OF THEOREM 2

Proof. To prove the theorem we implement a version of
the sequence of steps given in Sect. 4 of Ref. [9] for estab-
lishing weak convergence for measurement schemes. In
this reference, the steps are implemented to prove weak
convergence of standard homodyne with one mode. The
first step is to identify a dense subspace of states on which
the target quadrature’s measurement outcome distribu-
tion is determined by its moments (Ref. [9] Def. 2). A
probability distribution µ on the reals is determined by
its moments if for every probability distribution ν whose
moments are the same as those of µ, we have µ = ν.
The set Dcoh ⊆ DS of finite linear combinations of coher-
ent states suffices for this purpose. For one mode, this
is a consequence of Ref. [9] Lemma 2. Because q̂ is the
quadrature of one mode, this Lem. 2 suffices for BBP
homodyne. See also the discussion after Proposition 2 in
the reference. The next step is to verify that for states
in Dcoh, the positive-operator-valued measures (POVMs)
associated with q̂δ have moments converging to those of
q̂. For BBP homodyne, since Dcoh is a subset of the
set of Schwartz states, this is a consequence of Thm. 1.
For the purpose of applying the results of Ref. [9], the
POVMs associated with q̂δ are the POVMs on the sig-
nal modes obtained from the projection-valued measures
of the operators q̂δ by fixing the pre-displacement state
of the LO modes to be vacuum. The POVM for q̂ is
projection-valued, but the POVMs for q̂δ are not, they
are positive-operator valued and referred to as “semis-
pectral measures” in Ref. [9]. With this, the conditions
of Ref. [9] Prop. 5 are satisfied. That is, with the defini-
tions of this reference, because of moment convergence,
there is a POVM that is a moment limit of the POVMs
associated with q̂δ. One such moment limit is the spec-
tral measure of q̂. Since the latter is determined by its
moments, this moment limit is unique. The conclusion
from the reference’s Prop. 5 is that the POVMs associ-
ated with q̂δ converge weakly in the sense of probabilities
to the spectral measure of q̂. This is equivalent to the
conclusion of our theorem.

APPENDIX C. PROOF OF COROLLARY 3

Proof. To prove Eq. (9), for any complex, bilinear form
⟨ϕ| Â |ψ⟩ with bounded operator Â,

⟨ϕ| Â |ψ⟩ = 1

4

∑
j=0,1,2,3

(−i)j(⟨ϕ|+ (−i)j ⟨ψ|)Â(|ϕ⟩+ ij |ψ⟩)

=
1

4

∑
j=0,1,2,3

(−i)j ⟨ρj | Â |ρj⟩ , (C.1)

where |ρj⟩ = |ϕ⟩+ ij |ψ⟩. We can re-express ⟨ρj | Â |ρj⟩ =
tr
(
|ρj⟩⟨ρj | Â

)
. After substituting Â = f(q̂δ) and tracing



7

out systems other than the signal and LO modes in the
state |ρj⟩⟨ρj |, we can apply Thm. 2 to complete the proof
of the corollary. The identity in Eq. (C.1) is an instance
of the polarization identity, a textbook method used to
reconstruct an inner product from the associated norm,
for instance see [26, 27].

To prove Eq. (10), consider the quantity

|(f(q̂δ)− f(q̂)) |ψ⟩|2

= ⟨ψ| f(q̂δ)†f(q̂δ) |ψ⟩+ ⟨ψ| f(q̂)†f(q̂) |ψ⟩
− 2Re(⟨ψ| f(q̂δ)†f(q̂) |ψ⟩). (C.2)

Since q̂ is self-adjoint, we have f(q̂)† = f∗(q̂). Sub-
stituting f∗(x)f(x) for f(x) and ⟨ψ| for ⟨ϕ| in Eq. (9)
shows that the first summand on the right-hand side
of Eq. (C.2) converges to the second summand. Sub-
stituing f∗(x) for f(x), ⟨ψ| for ⟨ϕ| and f(q̂) |ψ⟩ for |ψ⟩
in Eq. (9) shows that the third summand converges to
2Re(⟨ψ| f(q̂)†f(q̂) |ψ⟩) = 2 ⟨ψ| f(q̂)†f(q̂) |ψ⟩. For this we
take advantage of the fact that f(q̂) |ψ⟩ is also vacuum
on the LO modes. Adding up the limit of each summand
therefore gives 0.
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