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Nonequilibrium dynamics play an important role in all contexts of physics, both classical and quantum
as well as living and nonliving, so it is crucial to develop a foundational understanding of nonequilibrium
phase transitions. In this work we investigate an important class of nonequilibrium dynamics in the form
of nonreciprocal interactions. In particular we study how nonreciprocal coupling between two O(n;) order
parameters (with i = 1, 2) affects the universality at a multicritical point, extending the analysis of J. T. Young
et al. [Phys. Rev. X 10, 011039 (2020)], which considered the case n; = n, = 1,1i.e.,a Z, x Z, model. We show
that nonequilibrium fixed points (NEFPs) emerge for a broad range of n,, n, and exhibit intrinsically nonequilib-
rium critical phenomena, namely a violation of fluctuation-dissipation relations at all scales and underdamped
oscillations near criticality in contrast to the overdamped relaxational dynamics of the corresponding equilibrium
models. Furthermore, the NEFPs exhibit an emergent discrete scale invariance in certain physically relevant
regimes of ny, ny, but not others, depending on whether the critical exponent v is real or complex. The boundary
between these two regions is described by an exceptional point in the renormalization group (RG) flow, leading
to distinctive features in correlation functions and the phase diagram. Another contrast with the previous work is
the number and stability of the NEFPs as well as the underlying topology of the RG flow. Finally, we investigate
an extreme form of nonreciprocity where one order parameter is independent of the other order parameter but
not vice versa. Unlike the Z, x Z, model, which becomes nonperturbative in this case, we identify a distinct
nonequilibrium universality class whose dependent field similarly violates fluctuation-dissipation relations but

does not exhibit discrete scale invariance or underdamped oscillations near criticality.
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I. INTRODUCTION

While the study of phase transitions initially focused
on equilibrium or near-equilibrium systems [1-6], extensive
experimental, theoretical, and numerical efforts have been ap-
plied to understanding how the nature of phase transitions are
modified when the assumption of equilibrium is broken in a
nonequilibrium system [7—13]. These efforts encompass both
classical and quantum physics as well as living and nonliving
matter. In light of this, it is crucial to theoretically identify and
classify the manner in which nonequilibrium universality can
emerge.

An important class of nonequilibrium dynamics is defined
by nonreciprocal interactions, which is also the focus of this
work. These are interactions in which the response of one
part of the system to the other is not constrained by the
reverse process, a feature impossible in equilibrium systems.
Nonreciprocal interactions are ubiquitous in many systems,
including open or non-Hermitian quantum systems [14-37],
active matter [38—43], flocking models [44,45], and a variety
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of other contexts [46—60]. Due to the intrinsic nonequilibrium
nature of these interactions, their study provides an excellent
pathway towards understanding new forms of nonequilibrium
phases and phase transitions [61].

In a previous work [62], we showed how the emergence
of nonreciprocal interactions at a multicritical point of two
Z, Ising order parameters in a driven-dissipative quantum
system can give rise to a new form of intrinsically nonequi-
librium universality described by a nonequilibrium fixed point
(NEFP). These NEFPs exhibit a variety of exotic phenomena
such as discrete scale invariance, genuinely nonequilibrium
features of the critical scaling and exponents, the viola-
tion of the fluctuation-dissipation theorem at all scales, and
underdamped oscillations at criticality in contrast to the
overdamped relaxational dynamics in the corresponding equi-
librium models. Crucially, we showed that these phenomena
rely on a sign difference in the nonreciprocal interactions.

For a weaker form of nonreciprocity, with the same sign but
different strengths, effective equilibrium universality emerges.
This latter robustness of equilibrium Ising universality to
nonequilibrium modifications falls under a common trend in
the context of Monte Carlo models [63-70], field theoretical
models [71-78], and open quantum systems [13,79-84]. In
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light of this, our previous work [62] showcases that with
the proper form of nonreciprocity (the sign difference in this
case), stable NEFPs emerge. In contrast to our nonreciprocal
approach, other avenues towards nonequilibrium criticality in-
clude conservation laws [9,85-88]; violating detailed balance
[74], colored [89], or non-Markovian [90] noise; tuning the
dissipation strength to tune an effective temperature to zero
[91,92]; and complex Gross-Pitaevskii equations [82] which
can exhibit critical exceptional points [20,28].

Thus the utilization of strongly nonreciprocal interactions
provides an excellent avenue for identifying new forms of
intrinsically nonequilibrium phase transitions. Although the
form of nonreciprocity was an emergent feature due to the
competition of coherent and incoherent dynamics in Ref. [62],
nonreciprocity can be engineered through measurement and
feedback processes. While this is straightforward in clas-
sical systems, in quantum systems it may also be realized
via cascaded quantum systems [15,93,94] or, as has been
recently shown, via dissipative gauge symmetries [23]. Be-
yond the conceptually straightforward approach of feedback,
there have been a variety of experimental investigations of
nonreciprocity in recent years, both emergent or engineered,
likewise spanning a variety of contexts [32-37,50-58].

The goal of the present work is to understand how the
nonequilibrium universality investigated in Ref. [62] is mod-
ified when the underlying symmetries of the system are
changed and elucidate the effects that nonreciprocal inter-
actions can have on universality in a generalized context.
In particular, we investigate what happens when two n;-
component real order parameters, ®;, ®,, possess O(n;)
and O(ny) symmetries, respectively, giving rise to an over-
all O(n;) x O(ny) symmetry. The corresponding equilibrium
model has been studied extensively, giving rise to both bi-
critical and tetracritical points and exhibiting a rich variety
of phenomena [95-100]. Thus in addition to comparing the
universality we identify to the original nonreciprocal Z, x Z,
model [note O(1) is equivalent to Z;], we may also com-
pare the resulting behaviors to the corresponding equilibrium
model.

We find that this form of nonreciprocal universality gen-
eralizes to more complicated order parameters, and all of
the qualitative features observed in the Z, x Z, model can
persist in the O(n;) x O(ny) ¢* models, with some important
differences. Although for a certain range of n;, n,, the corre-
sponding NEFPs exhibit discrete scale invariance, others do
not. Yet we show that for any n;, ny, the effective tempera-
ture at the NEFPs only becomes “hotter,” never “colder,” at
longer wavelengths. Furthermore, we show that, for all the
NEFPs, there is a region in the doubly ordered phase near the
multicritical point where the dynamics exhibits underdamped
oscillations towards the steady state regardless of the discrete
scale invariance.

Furthermore, we investigate the critical phenomena that
emerge when one order parameter (dependent field) is af-
fected by the other (independent field) but not the reverse.
In Ref. [62] this scenario was not considered due to the
field theory becoming nonperturbative. For the more general
symmetries considered here, we find that the system remains
perturbative and identify another class of fixed points. While
one of the fields exhibits typical equilibrium universality, the

other exhibits several of the exotic critical behaviors that
are present in the fully coupled models. Moreover, the two
effective “temperatures” are now no longer the same, with
the independent field having a scale-independent temperature
and the dependent field having a scale-dependent tempera-
ture. Moreover, we identify a transient criticality which could
emerge when these fixed points become nonperturbative, such
as for the Z, x Z, model.

The remainder of this paper is organized as follows. In
Sec. II we introduce the important features of the model and
discuss the relevant critical phenomena of interest. In Sec. III
we present the results of our renormalization-group (RG)
analysis. First, we introduce the formalism we use and deter-
mine the beta functions to lowest nontrivial order, discussing
the various features of the beta functions and identifying the
corresponding fixed points that emerge. In Sec. IV we discuss
the forms of critical behavior that can emerge for the NEFPs
and present the RG flow equations which give rise to this
behavior. Finally, we discuss how the choice of ny, n, affects
the critical behavior of the NEFPs, first focusing on the case
of n; = n, before extending to arbitrary n;, n,. In Sec. V we
investigate the criticality which can emerge when one order
parameter evolves independently while the other is coupled
to the first, identifying an additional class of nonequilibrium
fixed points that is distinct from the previous NEFPs. In
Sec. VI we summarize several possible future directions that
emerge from the results of the present work. Finally, in the
Appendixes, we present the one- and two-loop calculations
used to derive the RG equations, derive an expression for the
maximal underdamping angle 6, and present numerical val-
ues of the various stable fixed points and their corresponding
critical exponents.

II. MODEL

In this section, we introduce the model that is the focus
of this work. We consider a pair of coupled nonequilibrium
O(n;) order parameters ®;. These order parameters are vector
fields, ®; = (¢i1, ..., Pin ), With n; real components. Com-
mon examples of such order parameters include classical
spins whose interactions are isotropic (n = 3) or anisotropic
due to an easy axis or external field (n = 2), commonly de-
scribed via the paradigmatic classical Heisenberg and XY
models. Similar rotational symmetries can emerge via the in-
ternal degrees of freedom for quantum spins as well, although
the underlying symmetries and realization of O(n) symme-
try can be more complex. For example, driven-dissipative
condensates in exciton-polariton systems are described by
a complex U(1) order parameter, but the critical point
can be described by an effective classical O(2) model
[101-103]. Furthermore, Z, (n = 1) symmetries are ubiq-
uitous in both classical and quantum contexts, including
both intrinsic (e.g., antiferromagnetism) and emergent (e.g.,
liquid-gas critical points) symmetries, while open quan-
tum systems often display effectively classical criticality
[13,82-84]. Extending our analysis from Ref. [62], we aim
to identify the effects that nonreciprocal couplings between a
pair of these generalized order parameters exhibit at a multi-
critical point.
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We consider the most representative form of the dynam-
ics for a pair of classical real O(n;) order parameters in the
absence of fine-tuning or conserved quantities. The resulting
dynamics are described by the Langevin equations

8F

00,®) = ——— 4+ g1n®| Do + &, (1a)
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In these equations ¢; denotes a “friction” coefficient, D;
the stiffness, 7; an effective “temperature” characterizing the
noise level of the Gaussian white noise & whose n; com-
ponents o experience otherwise independent noise, r; the
distance from the critical point (which will shift when fluctua-
tions are taken into account), and g the coupling terms. While
thermal fluctuations in classical systems are responsible for
the Gaussian white noise, in the context of open quantum
systems, this noise emerges from the combination of drive and
dissipation even at zero temperature [13,82—-84], for example,
due to spontaneous emission, generically rendering quantum
fluctuations irrelevant in the sense of RG. Furthermore, the
identify form of the noise correlations is enforced by the O(n;)
symmetry.

In the absence of coupling between the two order pa-
rameters, gi» = g21 = 0, the dynamics is described by the
model A dynamics [3] for the O(n;) as well as the O(n,)
models which are nevertheless decoupled. When g, =
g21, the model is closely related to the equilibrium
0O(ny) x O(ny) model, with the free energy F = F; + F, +
(g12/2) fx |<I>1|2|<I>2|2. Note, however, that this free energy
does not necessarily describe an equilibrium system unless
the temperatures are equal (77 = T5), where the fluctuation-
dissipation theorem is restored. More generally, we are
interested in g # g»1 and/or 77 # T, in which case the
dynamics is generically nonreciprocal, that is, the coupled
dynamics between the two fields ®; and ®, do not originate
from a term in the free energy with a single temperature
T. As we later show, the nonequilibrium dynamics of the
nonreciprocally coupled order parameters are crucial for the
emergence of exotic, fundamentally nonequilibrium critical
dynamics.

A. Alternative representation

It may appear that there are two variables that control
the nonequilibrium nature of the dynamics: the ratio g12/g21
setting the degree of nonreciprocity in the dynamics, and
Ti/T, characterizing the mismatch of the two temperatures.
However, owing to a scaling freedom, one can exploit a re-
dundancy to fix one of these variables and focus on the other
one. To this end, consider scaling one of the fields, say, ®;, as
®; — ®,/c. The dynamics remains invariant if we simulta-

neously make the changes

T\ — T/, g1 — g1t g1 — gac?, ()

while all the other variables including g», g12, T» and ¢y, &
are unchanged. Using this scaling freedom, we can bring
the interaction strengths to a form where g; = og» with
o =0, £1. The factor o cannot be removed since g»; can
only be rescaled by a positive number ¢?; additionally, we
have included o = 0, which represents g; = 0. Upon this
transformation, the temperature ratio 71 /75 remains free and is
determined by the microscopic dynamics. A complementary
representation is to fix the ratio 77/T, = 1 while allowing a
general ratio g1 /g1». In this work we find both representations
useful for different purposes. To avoid any confusion, we
reserve the interactions strengths g, (where a = 1, 2, 12, 21)
for a representation where the temperature ratio is fixed to
unity, 71/T, = 1, or when o = 0.

The role of o here reveals an important key distinction be-
tween our work here and prior works which have investigated
the role of multiple temperatures on criticality [72-76]. In
contrast to these previous works, our model does not require
conserved quantities or spatially anistropic noise to ensure
that equilibrium is not restored at criticality. Instead, o will
provide the sole mechanism for preventing the restoration of
effective equilibrium behavior at criticality. Here we note that
although o = 0 corresponds to an effective temperature ratio
Ti/T, — 0, which has been shown can lead to new universal-
ity in other two-temperature models [72-76], 0 = —1 has no
counterpart in these prior studies.

We find the representation where the ratio 7;/7; is free
while |g21/g12| is fixed to be the most convenient when o # 0,
so we define an alternative set of interaction strengths u, via

g1 =u/c’, g =oup/c*, 3)

82 = Uz, gi12 = Uj2,

where ¢ = /[g12/g21] with o =sgn(ga1/g12) assuming
g21 # 0. The dynamics is governed by Eq. (1) with the sub-

stitution g; — u; and g1 — uyy, and g1 — ouyp. In the u
representation, the temperature ratio 77 /7, can take any value
(set by the microscopic dynamics). In an abuse of notation, we
shall use the same symbols for temperatures in the two cases,
while the distinction will be clear from the context. Whenever
g21 = 0, we simply set o = 0. Since c is introduced to ensure
the intercoupling interaction strengths are equal in magnitude,
it is no longer needed in this case. We now briefly discuss the
dynamics in the u representation.

o = 1: In this case, we can write the dynamics in terms
of a single free energy F = Fy + F, + (u12/2) [, |®11*|®21%,
where F; are given by Eq. (1) upon the scaling transformation
and replacing g; — u; for i = 1, 2. Note however that the two
temperatures are generically different, 7;/7, # 1, which is
then inherently nonequilibrium. Interestingly, in spite of the
nonequilibrium dynamics, we find that the critical behavior in
this case is always governed by equilibrium fixed points where
T1/T, — 1 under the RG flow to long scales, thus representing
another example of the robustness of equilibrium to nonequi-
librium perturbations [13,63-72,74,77-84]. We discuss this
behavior in detail in Sec. III B.

o = —1: In this case, the dynamics cannot be described by
a free energy, even if the temperatures are identical. In fact,
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nonreciprocity takes an extreme form here where the effect of
@, on P, is not only different from that of ®, on ®; but it
even takes the opposite sign relative to the expected behavior
in equilibrium. We show that genuinely nonequilibrium fixed
points can emerge in this case in Sec. Il C and discuss the
corresponding universal features in Sec. I'V.

o = 0: This case corresponds to a one-way coupling where
the dynamics of ®; is coupled to ®, but not vice versa, so
we refer to @, as the dependent field and @, as the inde-
pendent field because the latter evolves independently of the
former. In terms of the g, g»1 parameters, this regime cor-
responds to the gj2g>; = 0 subspace; here we have assumed
that g;» # 0 without loss of generality. The one-way dynamics
in this sector cannot be derived from a free energy and gives
rise to genuinely nonequilibrium behavior, which we discuss
in detail in Sec. V. Furthermore, this sector puts an impor-
tant constraint on the nonequilibrium critical behavior in the
o = —1 sector. To see this, we first note that the RG flow is
closed in the subspace gi»2g21 = 0 since one field is decoupled
from the other at all scales. This implies that the long-distance
behavior in the 0 = —1 sector cannot flow to the o = 1 sector
under RG, hence the dynamics in the former sector must be
genuinely nonequilibrium provided the fields remain coupled
under RG [62].

B. Summary of previous and present results

Before proceeding to the RG analysis of the above model,
we summarize several of the key features of the nonequilib-
rium critical phenomena that emerge at the new nonreciprocal
fixed points. We discuss three types of critical exponents:
v, Z, yr. The first, v, describes the divergence of the corre-
lation length £ in r as the multicritical point is approached
and also plays a role in the structure of the phase dia-
gram. The second, z, is the dynamical critical exponent and
relates the scaling of the correlation length to the correla-
tion time t according to t o« £%. The third exponent, yr,
describes the scaling violation of the fluctuation-dissipation
theorem (FDT). In a thermal equilibrium setting, the FDT
relates the correlation functions C; and the response functions
Xi via

2T
Ci(q, ) = —Im xi(q, ®), “4)

where q is the momentum, w is the frequency, and T is the
temperature. At the nonequilibrium fixed points, this rela-
tion no longer holds, and the scaling of the correlation and
response functions is no longer connected. We quantify this
mismatch relative to the FDT via an effective scale-dependent
temperature, which we quantify via yry and formally de-
scribes the mismatch between the anomalous dimensions of
the correlation and response functions compared to equi-
librium. Finally, we investigate a universal feature of the
relaxation to the steady state. Due to nonreciprocity, some
regions of the phase diagram can exhibit underdamped oscil-
lations arbitrarily close to the critical point. The underdamped
oscillations are described by a complex frequency w, + ik,.
We capture this behavior via a universal constant 6*, which
describes the maximal angle (as a function of the posi-
tion in the phase diagram) 6 = arctan "‘(L possible near the

critical point. Since this relies on the nonreciprocal interac-
tions, this is not possible for equilibrium universality in our
model, which effectively exhibits overdamped dynamics with
no oscillations.

Before summarizing the results of this paper, we discuss
the critical phenomena identified in Ref. [62], which con-
sidered the case of n; =n, =1 and provides a basis for
understanding the more general case. There we identified a
pair of stable NEFPs which emerge for 0 = —1, one for
u12 > 0 and one for uj; < 0, which we expect to describe
criticality in the top left and bottom right quadrants in gj>-g21
space, respectively. In contrast to typical equilibrium systems,
v takes on a complex value v=' = v'~! 4 jv”~! In this case
the real part v’ continues to describe the behavior of the
correlation length. However, the imaginary part v heralds the
emergence of discrete scale invariance, where scale invariance
is preserved only under a preferred scaling factor (in momen-
tum) b, = ™" This discrete scale invariance imprints itself
both on the form of the correlation and response functions as
well as on the structure of the phase diagrams, which exhibits
a discrete scale invariance in the form of spiraling phase
boundaries. Furthermore, we showed yr < 0, corresponding
to the complete violation of the fluctuation-dissipation theo-
rem with an effective temperature becoming “hotter” at larger
length scales. Finally, we showed that 6* = 7 /3, heralding
underdamped dynamics in the relaxation of the order parame-
ters to the steady state, which occur within the doubly ordered
phase ((®1) # 0 # (®2)).

In the generalized model, i.e., the O(n;) x O(ny) model,
the NEFPs do not necessarily appear as a pair. Depending
on ni, ny, there can be no, one, or two NEFPs. Moreover,
two NEFPs, one stable and one unstable, can be present in
the same quadrant (top left or bottom right) of g12-g2; space.
Depending on the values of n, ny, the exponent v can be
either complex, as in Ref. [62], or purely real. By analytically
continuing the model in ny, n,, an exceptional point occurs in
the RG at the boundary of complex and real v, resulting in
logarithmic features in the correlation and response functions
as well as the phase diagram. The NEFPs always violate the
FDT with an effective temperature which always appears to
get “hotter” at longer wavelengths. Similarly, 6* is always
nonzero (unlike the discrete scale invariance which may or
may not emerge).

In the case of one-way coupling where ®, is independent
of @, we identify a single coupled fixed point which is stable
when both n; < n, and the decoupled fixed point is unstable.
Naturally, the independent field always exhibits the corre-
sponding equilibrium criticality. In contrast to the NEFPs, v
is always real and 6* = 0, both of which intrinsically rely
on o = —1. Nevertheless, the dependent field still exhibits
a scale-dependent temperature which gets “hotter” at large
length scales, and the FDT is violated for the dependent field.
Finally, we investigate one-way coupling for n; = n,, where
the fixed points become nonperturbative. This form of cou-
pling was not considered for the Z, x Z, model of Ref. [62]
due to this nonperturbative behavior. We find that a tran-
sient criticality relevant to physical systems at intermediate
scales can potentially emerge before the system can flow to a
nonperturbative regime, allowing us to identify potential tran-
sient critical phenomena.
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III. FIELD THEORY AND RG ANALYSIS

To investigate the dynamics due to the nonreciprocal cou-
pling, we shall use the response-function formalism. This
allows us to investigate the critical phenomena of this model
by extending standard techniques of RG analysis to a dynam-
ical setting.

A. Formalism

We define the nonequilibrium partition function Z =
[ Dlidy, ®1;i®,, Byle~A®121:®2.220 where we have in-
troduced the functional integral measure D (composed of
a product of four measures, one for each field) and the
“action” A, which involve both the fields ®,, and their
corresponding “response” fields <i>1,2 [12]. Note that the
measure integrates the response fields over the imaginary
axis. The statistical weight of ®;,(#,x) can be obtained
by integrating out both response fields as P[®;, ®,] =
[ DIi®]D[id,]e~A®1-®1:®2.221 While the partition func-
tion Z =1 by construction, the expectation value of any
quantity—the fields themselves or their correlations—can be
determined by computing a weighted average in the partition
function. To this end, we shall use the representation in terms
of u, where the ratio of the inter-coupling coefficients is
fixed (up to the constant o = 0, +1) rather than that of g,
where the temperature ratio is set to 1. The technical reason
is that, although all the coupling terms g, are renormalized
at one loop, the ratio gj»/g»; is not renormalized until two
loops. Moreover, the effective temperatures 7; are similarly
not renormalized until two loops. Thus by considering the
renormalization of u at one loop and 7; at two loops, we may
determine both the RG fixed points and the critical exponents
to lowest nontrivial order.

Next, we write the explicit form of the action corre-
sponding to the Langevin equations after rescaling to the u,
variables [12]:

Al®), ®1; ®), @5] = Ay + A, (5a)
Ay = / Z ®, - (53, — D;V? +1)®; — ;T;|®;|*, (5b)
rx
A = / 0|1 (®) - @) +f 1|2 2(@, - B2)
X £,x

+/ u12|<1>2|2(<1>1~<i>1)+f oup|®1*(®; - &)
t,X t,X
(5¢)

In Fig. 1 we illustrate the resulting interaction vertices that are
considered in our perturbative RG analysis.

B. RG equations

To study the RG flow, we first define renormalized
parameters

D;, = Zp.D;, Fip = Zy1ilt 2,
Uiy = ZyWiAg W™, w2, = Zy,unAapt”™¢, (6)
Cix = Z1:8i, T, =771,

L4 ’ L4
L4 4 L4
L4 7 L4

(a) (b) (c) (d)

FIG. 1. Interaction vertices. Thin black (thick cyan) lines corre-
spond to the first (second) field and solid (dashed) lines correspond
to the classical (response) field. The inclusion of the circles is
to illustrate the pairing of legs, i.e., the two legs without circles
are involved in one dot product while the two legs with circles
are involved in the other. For each vertex, we must sum over all
of the components contributing to the dot product for each leg pair.
The vertices correspond to (a) u;|®|>®; - ®,, (b) u|®,|*®, - »,
(€) up2| @@ - i’ls and (d) oupp| D> ®; - ‘i’z-

where Ay = '3 —d/2)/(29"'7%/?) is a geometrical factor,
['(x) is Euler’s Gamma function, @ is an arbitrary small
momentum scale (compared to the lattice spacing), and € =
4 — d defines the small parameter of the epsilon expansion.
The effect of renormalization is captured in the Z factors
that contain the divergences according to the minimal sub-
traction procedure. Here we note that in contrast to other
approaches, the renormalization has been defined entirely in
terms of the parameters, while the fields themselves have
no additional nontrivial renormalization beyond their bare
scaling.

We determine these Z factors perturbatively to the lowest
nontrivial order in € or loops. The lowest-order corrections to
Z, and Z, occur at one loop (~e¢), while those of Z;, Zr, Zp
appear at two loops (~¢?). The corresponding diagrams are
illustrated in Fig. 2. As in equilibrium, these corrections
are modified from the case of n; = n, = 1 entirely through the
inclusion of n;-dependent combinatorial factors, and the inte-
grals associated with the diagrams are otherwise unchanged.
While the diagrams are similar to those of model A, which
have been calculated up to five loops [104,105], the pres-
ence of two order parameters modify the associated integrals,
leading to more complex forms which cannot be directly
mapped to model A results, which is further complicated by
the nonequilibrium features of our model. Expressions for
the resulting Z factors are presented in Appendix A. The
corresponding RG flow equations are

Yp = o, In(pr/p), (7

where p € {r;, ¢;, D;, T;}. To identify the fixed points, we de-
fine the parameters

T D,
V= —, w =,
T D,

Lo
= Ui, i
1 2

D;

T
DD,

up, (8)

where we have defined D; = D;/¢;. The corresponding beta
functions are

Bs. = 10yuSay 9

where s, € {ily, i, #ij2, v, w}. By introducing these five pa-
rameters, the resulting beta functions are closed. These are
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(a) (b)

M

(m)

FIG. 2. One-loop corrections to (a), (b) 7, ®; - @, (c), (d) u;|®,|>®, - ®,, and (e)—(h) u;,|P,|>®, - ®,. Analogous diagrams for ,®, - ®,,
1y | D, )? P, - &, and oup|® >, - ®, can be obtained by switching thin black and thick cyan lines. Two-loop corrections to (i)—(k) ¢; and
D, as well as (1), (m) ¢, T;. Analogous diagrams for ¢, D,, and {75 can be obtained by switching thin black and thick cyan lines. In these
diagrams, the circles indicate propagators corresponding to the same component of a given field involved in a dot product and which must be

summed over.

given by
Bi = ii1,[ — € + (n1 + 8)it1, | + ovemail,,.  (10a)
Ba, = ﬁzR[ —e+(n+ 8)512R] + UURHIIZ%ZR, (10b)
- VR +Owg _
B, = M12R[ — €+ 4mulzk
+ (my + 2)ity, + (n2 + 2)%} (10c)
By = —nyvrF (wp)ityy, [vr — 0]
n F(le)
— 10d
X|:UR+0712 F(wg) (10)
Bu = —wr{C'[(n1 + )i, — (ny + )it |
+ 12%2R [nzv,%G(wR) —m G(w,;l)]
+ 20 vgilyy, [maH (wg) — mH (wg")]},  (10e)

where we have defined C’=3In(4/3)—1/2 and the
functions

2 242w
F(w)_—aln<2+w>, (11a)
_ 1+ w)?
Gw) = ln( o w)) 2+3w+ el (11b)
1 242w 3w 4+ w?
H(w):;ln( ) ST 1w+ au? (11c)

These equations exhibit several important features. First,
we note that, for n; = n,, the beta functions are invariant
under the transformation ii;, <> ita,, i12, — O VUpili2,, VR —
vg!, and wg — wy'. This implies that the fixed points with
either 0 = —1, vg # 1, or wg # 1 come in equivalent pairs.
However, when n; # n,, there is no such invariance since the
two fields have different symmetries, so the fixed points no
longer emerge in pairs.

Furthermore, under equilibrium conditions with
o = vg = 1, we immediately see that 8, = 0, so the two
temperatures remain identical at all scales. Indeed, one can
further show that yr = 0 in this case, so the temperature
itself does not flow, which is a consequence of the fact
that the temperature of the system is fixed and scale
invariant in equilibrium. Moreover, the beta functions for
it become independent of wg, which underscores how
statics are independent of the dynamics in equilibrium.
Similarly, in Refs. [101-103], the critical exponent associated
with the transient nonequilibrium features represented an
additional hierarchy of this form, where the nonequilibrium
features were dependent on the statics and dynamics but
not the reverse. This illustrates a key difference between an
(effective) equilibrium setting and our nonequilibrium model,
where statics and dynamics are inherently intertwined and
there is no such distinction.

When considering the beta function S,,, there are two dis-
tinct scenarios we must discuss, noting that the beta function
for the ratio p/q is B,/; = 1o, (pr/qr) = " P2 (y, — y,)- In the
first scenario, B,, vanishes when y5 = yp, . Since the dynami-
cal critical exponent is related to the flow of the D; parameters
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through z; = 2 + yp,, we see that, in this scenario, both fields
are governed by the same dynamical critical exponent, which
is known as “strong dynamic scaling” [12,106—108]. In the
second scenario, yp, # ¥p,, Which takes wg to 0 or oo de-
pending on the sign of yp, — ¥p,. As a result, the two fields
are governed by different dynamical critical exponents, which
is known as “weak dynamic scaling” [106—108]; see also [12].
Similarly, one can also consider the beta function 8, with a
similar perspective. Either the two effective temperatures 7;
realize a finite ratio or, depending on the sign of y5, — yr,, the
system flows to vg = 0 or vg = 00, both of which correspond
to one of the two u;, coupling terms vanishing, corresponding
to o = 0. We investigate this scenario in Sec. V.

C. Fixed points and stability

In this section, we identify the fixed points of the RG flow
in different regimes. To this end, we find it useful to consider
separately the cases where the number of components 7; and
n, are identical or different. As noted above, we restrict our
focus for now to o = +£1, while the fixed points when o = 0
are considered later in Sec. V A since they require extra care
due to nonperturbative behaviors.

1. Equal number of components: ny = n,

For an equal number of components n; = n,, the fixed
points can be identified analytically (similar to the cou-
pled Ising models with n; =n; =1 studied in previous
work [62]). We first consider ¢ = 1, in which case we
immediately find that the roots of B, =0 are given by
vg =0, 1, —F(w;l)/F(wR). Setting aside the case of vg =
0, oo (the latter can be understood as a fixed point for 1/vg)
and noting that —F(w;l)/F(wR) <0 for wg >0 (wg <0
results in unbounded dynamics), the only physically sensible
fixed point value is vy = 1, implying that the two temper-
atures are identical at the fixed point. As a result, only
equilibrium fixed points are possible for ¢ = 1, illustrating the
robustness of emergent equilibrium descriptions of nonequi-
librium Ising models. Moreover, this means that an effective
FDT emerges, so yr = 0 and the 7T} = T, are constant, as in
equilibrium.

Thus for o = 1, there are three types of fixed points, one
of which is stable and two of which are unstable, where the
type of the stable fixed point depends on the value of n.
The first is the decoupled fixed point D, at which both fields
become effectively decoupled. The second is the Heisenberg
fixed point H, associated with the emergence of an O(n; + ny)
symmetry at the critical point, where i1, = iip, = it12,. Fi-
nally, the third fixed point is the biconical fixed point B which
remains coupled but with no emergent symmetry at the fixed
point. The biconical fixed point is commonly associated with
its ability to host a doubly ordered phase at the critical point
[95-98,100].

Next we consider the o = —1 sector; the resulting NEFPs
are given by

wp =1,
~% 1 ~% 1 12
Uy, = = 1 2)© 12)

There are several interesting features to note about these fixed
points. First, although v} = 1 at this point, indicating that the
two temperatures are the same, this is not the same as an
effective equilibrium description. This is because there are
two ingredients necessary for an equilibrium description: (1)
the two effective temperatures are the same and (2) there is
an effective Hamiltonian which describes the dynamics. Since
o = —1, the latter requirement is violated, and the fixed points
are indeed nonequilibrium.

Second, we see that the two NEFPs merge at &}, =0
when n =4. For n > 4, i}, becomes imaginary and thus
unphysical, so n = 4 represents the crossover from criticality
governed by NEFPs to an equilibrium criticality governed by
decoupled fixed points. Interestingly, this is also the value of
n at which the stable equilibrium fixed points change from
biconical fixed points to decoupled fixed points. As we show
in the following section, there is a similar relation for n; # n;
to all orders in €.

Third, since the merging and splitting of fixed points coin-
cides with changes in stability, this means that all the NEFPs
for 0 < n < 4 have the same stability as for n = 1. In pre-
vious work for n = 1 [62], we showed that three of the five
eigenvalues of the stability matrix are stable at O(¢), while
two are marginal at this order and would require considering
two-loop corrections to i and three-loop corrections to v, w to
determine their stability to O(e?), where O denotes the order
of the perturbative expansion in €.

Before closing this subsection, we conclude with a couple
of additional remarks. First, if we allow ourselves to consider
the n — O limit, &, diverges, and the theory becomes non-
perturbative. In equilibrium, analytic continuation of the O(n)
Ising model in the limit n — 0 describes the behavior of self-
avoiding walks [109,110], so a multicritical, nonequilibrium
generalization of self-avoiding walks may lead to new, non-
perturbative nonequilibrium criticality, although identifying
such a generalization is by no means straightforward. Second,
we note that the two fixed point values of i}, are purely imag-
inary for n > 4. While nominally nonphysical, these complex
fixed points can give rise to approximate conformality and
weakly first-order transitions near (in n;) the crossover from
real to complex fixed points [111-114].

2. Arbitrary numbers of components

In this section, we investigate the fixed points in a more
general scenario where n; and n, are not necessarily equal.
Let us consider the o = 1 sector first. Once again, we imme-
diately find that vi = 1 is the only physically valid solution
when the two fields are coupled and we set aside the case of
vg = 0, co for now. Thus the robustness of the equilibrium
fixed points in the o = 1 sector continues to hold. Moreover,
the same classes of fixed points (D, H, BB) continue to describe
the criticality in this sector as for n; = nj.

Next, consider the o = —1 sector. Although the fixed
points at this order can be identified analytically for both
ny = np and when n; # ny in equilibrium to O(e), there is
no analytic solution here. This is largely a consequence of
the fact that there is no separation of “statics” (i) and “dy-
namics” (v, w) in the nonequilibrium setting. As a result, the
beta functions for & become coupled to those for v, w, and
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FIG. 3. Fixed point behavior as a function of n;, n, with qualitative stability to O(e) aside from i, < 0 fixed points. The top plots indicate
different regions of fixed point and stability behavior, separated by three types of boundaries, labeled I, II, and 111, indicated by dashed, solid,
and dotted lines, respectively. Shading indicates which region of n,, n, we consider. The corresponding bottom plots illustrate qualitatively the
RG flow diagrams in the gi>-g»; plane, although the full flow occurs in a five-dimensional space. N denotes the NEFPs, H the Heisenberg
fixed points with O(n; + n,) symmetry, BB the biconical fixed points, and D the decoupled fixed points. The dotted green lines in the bottom
plots indicate parameters corresponding to effective equilibrium behavior, so H, 3, D lie along these lines. Since stability is only known to
first-order in € along directions which preserve g,1/g21, we use filled black arrows to indicate known stability at this order and gray arrows
to indicate the anticipated stability at higher orders. Given the fact that the system cannot flow through g;» = 0 or g»; = 0, we expect each
quadrant (minus the axes) to broadly define the region of attraction for the corresponding stable fixed point, provided one exists and the system
remains in the perturbative regime. (a) In this region, both NEFPs are present and stable at O(e). Whether B or H is stable is determined by
the values of n;, n,. (b) In this region, there are no physically valid NEFPs, and criticality is described by D. (c) In this region, one of the two
NEFPs has diverged, leaving only the other NEFP, which is stable at O(e). Whether B or H is stable is determined by the values of ny, n,.
(d) In this region, both NEFPs are in the same quadrant, with one stable and one unstable at O(¢). (e) In this region, one of the two NEFPs has

diverged, leaving only the other NEFP, which is unstable at O(¢).

finding the fixed points no longer corresponds to finding the
roots of simple polynomials. For n; = n,, this was not an
issue because v = wy = 1, and a simple analytic solution
was possible. Instead, the nonequilibrium fixed points are
identified numerically. Interestingly, we can still determine a
simple analytical expression for the temperature ratio as

ni F(wg')
ny F(wg)
which reduces the number of beta functions we need to con-
sider to four.

In Fig. 3 we illustrate the regions where the NEFPs exist
and the qualitative behavior of their stability. In total, there
are eight different regions, six of which are composed of three
equivalent pairs under ®; <> ®,. These different regions are
divided by three different types of boundaries. Each boundary
corresponds to a qualitative change in the behavior or stability
of one or more fixed points.

The first (I) boundary we consider is the dashed curve in
Fig. 3 which is defined by

ny+2 I’l2+2_
n+8 m+8

This boundary corresponds to one (or both for ny = n, = 4)
of the NEFPs passing through the decoupled fixed point. As
a result, the latter two fixed points exchange their stability

*_
Up =

13)

1. (14)

in the nonequilibrium direction (i.e., towards the upper left
and bottom right quadrants), leading to one stable NEFP and
one unstable NEFP. Additionally, beyond the behavior of the
NEFPs, this boundary is also associated with a change in the
behavior of the equilibrium fixed points. Like the NEFP, the
biconical fixed point also passes through the decoupled fixed
point, which exchange stability in the equilibrium direction
(i.e., along the equilibrium line) with each other.

The fact that these two boundaries are equivalent is not
merely a coincidence of perturbation theory at this order;
indeed, it extends to all orders and is exact. This can be
understood by considering the stability matrix

3P,

) 15
o (15)

ab =
and considering gj», &, rather than #;,, v since v becomes 0
or oo at the decoupled fixed point when n; # n, due to weak
dynamic scaling. Moreover, note

Bz, = 812/12(58), Bz = &21/21(sR), (16)

which is a consequence of the fact that g, (similarly, g»1)
cannot be generated if it is zero. For the decoupled fixed

0B, dfi ~ . .
, Bsi i ijngs,. = 0 fors, # gjand i # j. As aresult,
A becomes block triangular, so we can consider the stability

in the g», g>1 subspace on its own. For the same reasons, the

point
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corresponding 2 x 2 submatrix is diagonal with eigenvalues
A12, A21. Moreover, since the stability is marginal when any
fixed point passes through the decoupled fixed point, at least
one of the two eigenvalues A >, A>; must be zero. Now we con-
sider the equilibrium boundary where the biconical fixed point
passes through the decoupled fixed point. Since equilibrium
perturbations to the model cannot give rise to nonequilibrium
dynamics, the stability matrix can be put into a different basis
and retain a triangular form. This means that (in)stability in
the equilibrium case extends to the more general model. Since
the stability in the equilibrium direction is marginal when the
biconical fixed point passes through the decoupled fixed point,
we find that the corresponding eigenvalue is A1y + Az = 0.
Combined with the fact that one of A, A,; must be zero when
the decoupled fixed point exhibits marginal stability, it thus
follows that A1, = Ay} =0, i.e., the stability is marginal to
both equilibrium and nonequilibrium perturbations. Since the
equilibrium model only exhibits marginality in this decoupled
fixed point when the biconical fixed point passes through it, a
NEFP must also pass through the decoupled fixed point here;
otherwise, it would contradict the established behavior of the
equilibrium model. This means that conclusions based on the
more sophisticated approaches to determining the boundary
between the stability regions of the biconical fixed point and
decoupled fixed point in equilibrium also apply to one of the
two NEFPs. Note that when n; = n, = n, we anticipate that
the decoupled fixed point describes the phase transition for
n > 2 based on higher-order results for the equilibrium model
in 3D [98,100,115].

An interesting consequence of this relation between the
NEFP and the biconical fixed point is that the stability of
one gives insight into the stability of the other. Since the
stability of the n; = 1, n, = 2 biconical fixed point in three
dimensions has been the subject of extensive research using
both numerical and diagrammatic approaches, with some re-
sults indicating stability [98,100,115] and others indicating
instability [116—119], investigating the stability of the related
NEFP could provide an alternative means of understanding
the nature of the equilibrium multicritical point.

The second (II) boundary we consider is the solid bound-
ary in Fig. 3. This boundary corresponds to the two NEFPs
merging in the same quadrant (with the exception of n; = n,
which occurs at iij,, = 0) and becoming complex, which can
lead to approximate conformality and weakly first-order tran-
sitions [111-114], as discussed for n; = n,.

The third (IIT) boundary is in fact a pair of boundaries de-
noted by the dotted lines. These boundaries are approximately
defined by

ny np
+2 — % 2) | —— 2 .
(n1 —np) = ny(ng + ),/nl T3 +ni(n2 +2) P

a7

These boundaries are different from the previous two in that
they do not involve a pair of the previously discussed fixed
points merging or passing through one another. Rather, these
two boundaries correspond to a breakdown in perturbation
theory, expressed by the divergence of coupling terms, hence
why there is no stable fixed point for the upper left quadrant
in Figs. 3(c) and 3(e). Since this divergence is quite sharp, it

is important to ensure that the model is still perturbative in
the vicinity of this boundary. In light of this nonperturbative
feature, functional or exact RG techniques [120,121] could
give valuable insight into the behavior of the field theory in
this regime.

Note that the asymptotic behaviors of boundaries II and
IIT indicate that the two NEFPs persist for n, = 1 in the limit
of n; — oo, which occurs in the region shown in Fig. 3(d),
where boundary II approaches n; &~ 1.141 and boundary III
approaches n,; =~ 0.9707, both of which may be sensitive to
higher-order terms in €. In this limit, the two fixed points
neither merge nor diverge. We identify the stable fixed point
for n, = 1 in this limit numerically as

vi A~ 0.4885n;,  wh ~ 0.4302,

. 7.4336 »
iy, ~ €, i~ 2.361e€, (18)
ni
» 9.895
U, ~ — €,
12z n1

and the unstable fixed point exactly as

v = ny, wi =1,
. 3+2V3 .«
I/th = 6—]/116, MZR = 8, (19)
- V3
M12R = —6—n16.

An interesting future direction would be to investigate
whether these fixed points continue to persist along ny = 1
when higher-order corrections are taken into account. Finally,
we remark that there exist unstable fixed points with un-
bounded dynamics in the absence of higher-order terms (i.e.,
iy, < Oori; < 0)which we do not investigate.

In Table I, we present the numerical fixed-point values of
ity, vy, wy for the stable NEFPs at lowest order in € with
ni, ny < 16. Analytic values for n; = n, are listed in Eq. (12).

IV. UNIVERSAL SCALING BEHAVIOR

In this section we investigate the universal scaling behavior
that emerges due to the NEFPs. Near criticality, the correlation
and response functions can be generically expressed

Ci(q, o, {r;}) = F(¢i(0,0)¢i(r, 1))

N w r;
x Iql‘“”"*”Ci(—,{ / }) (20a)
lql=” | Iq'/v

xi(q, @, {r;}) = F(d:i(0, 0)gy(r, 1))

24 /{A w rj
o |q| Xi(@’ { q7 }), (20b)

where we have introduced general scaling functions C;, %;
and several critical exponents. Here 7;, n; define the anoma-
lous dimensions of the correlation and response functions,
respectively, which are equal in equilibrium systems. The
dynamical critical exponent z describes the relative scaling of
time compared to spatial coordinates, where we have dropped
the subscript i since in nearly every case we consider, the criti-
cality exhibits strong dynamic scaling where z; = z;, with the
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TABLE L. Fixed point values i}, , it;, , @if,, . Vg, wg for values of ny, np where the uj, < 0 NEFP is stable.

n; ny iy, i, i, s wg
1 1 0.17¢ 0.17¢ —0.29¢ 1.0 1.0
1 2 0.13¢ 0.11e —0.13¢ 0.66 1.4
1 3 0.12¢ 0.095¢ —0.086¢ 0.57 1.9
1 4 0.12¢ 0.085¢ —0.058¢ 0.58 2.7
1 5 0.12¢ 0.078¢ —0.040¢ 0.65 3.9
1 6 0.11¢ 0.072¢ —0.027¢ 0.78 5.9
1 7 0.11¢ 0.067¢ —0.018¢ 1.0 9.1
1 8 0.11e 0.063¢ —0.011¢ 1.4 15
1 9 0.11¢ 0.059¢ —0.0048¢ 2.7 33
2 1 0.21¢ 0.29¢ —0.39¢ 1.6 0.75
2 2 0.12¢ 0.12¢ —0.13¢ 1.0 1.0
2 3 0.11¢ 0.099¢ —0.075¢ 0.79 1.2
2 4 0.11¢ 0.086¢ —0.046¢ 0.71 1.5
2 5 0.10e 0.078¢ —0.026¢ 0.75 2.1
2 6 0.10¢ 0.072¢ —0.010¢ 1.1 4.2
3 1 0.26¢ 0.46¢ —0.48¢ 2.1 0.64
3 2 0.11¢ 0.13¢ —0.11¢ 1.3 0.86
3 3 0.10¢ 0.10¢ —0.058¢ 1.0 1.0
3 4 0.094¢ 0.086¢ —0.030¢ 0.85 1.2
3 5 0.091¢ 0.077¢ —0.0046¢ 1.1 2.1
4 1 0.30¢ 0.64¢ —0.55¢ 2.6 0.59
4 2 0.10¢ 0.14¢ —0.087¢ 1.6 0.78
4 3 0.089¢ 0.099¢ —0.041¢ 1.2 0.90
5 1 0.33¢ 0.84¢ —0.61¢ 3.0 0.55
5 2 0.093¢ 0.14¢ —0.071¢ 1.9 0.74
5 3 0.079€¢ 0.095¢ —0.024¢ 1.5 0.88
6 1 0.36¢ 1.1 —0.65¢ 3.5 0.53
6 2 0.084¢ 0.13¢ —0.057¢ 2.3 0.73
7 1 0.39¢ 1.3¢ —0.69¢ 4.0 0.51
7 2 0.076¢ 0.13¢ —0.045¢ 2.7 0.72
8 1 0.41¢ 1.5¢ —0.71¢ 4.4 0.50
8 2 0.069¢ 0.12¢ —0.035¢ 3.1 0.74
9 1 0.42¢ 1.7¢ —0.73¢ 4.9 0.49
9 2 0.063¢ 0.12¢ —0.023¢ 3.8 0.81
10 1 0.43¢ 1.8¢ —0.73¢ 5.4 0.48
11 1 0.43¢ 2.0e —0.73¢ 5.9 0.48
12 1 0.44¢ 2.2¢ —0.73¢ 6.3 0.47
13 1 0.43¢ 2.3¢ —0.72¢ 6.8 0.47
14 1 0.43¢ 2.4¢ —0.70¢ 7.3 0.46
15 1 0.42¢ 2.5¢ —0.69¢ 7.8 0.46
16 1 0.41e 2.6¢ —0.67¢ 8.3 0.46
— 00 1 7.4€/m 2.4¢ —9.9¢/n, 0.49n, 0.43

one exception only weakly violating this relation. In contrast,
the various anomalous dimensions are typically different for
the nonequilibrium fixed points we study. Furthermore, we
have expressed r; for j = a, b to reflect the fact that the RG
equations couple ry, r, in a nontrivial way, while the values
of v; determine the scaling of the correlation length and the
crossover exponent, which describes the scaling of the phase
boundaries, near criticality.

Unlike equilibrium, there is no longer a single anoma-
lous dimension which is the same for both the correlation
and response functions. This represents a breakdown in the
fluctuation-dissipation theorem and the absence of an effective
temperature. Nevertheless, through an appropriate modifica-
tion of the usual fluctuation-dissipation theorem, we may

define an effective scale-dependent temperature by roughly
mimicking the fluctuation-dissipation relation as Tfff (q, ) ~
wCi(q, w)/Imy;(q, w). A similar relation is considered in
the context of ageing at criticality, where the violation of
the fluctuation-dissipation relation is instead described by
a universal amplitude ratio [122,123]. In contrast, here the
analogous amplitude ratio is no longer a universal con-
stant but instead exhibits universal scaling. This effective
temperature is then related to the anomalous dimensions
according to Tieff ~ |q|"~" at long wavelengths and fixed
w/|ql*, and hence yr = n; — n;, thereby reflecting the mis-
match in anomalous dimensions between the fields and their
corresponding response fields. For the fully coupled NEFPs,
the value of yr is the same for both fields. In the follow-
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ing analysis, we always find that n; > n;, so the effective
temperatures always get “hotter” or remain invariant at in-
creasing wavelengths.

Note that although the NEFPs do not require 1; = 1, or
n, = ny, we find n; —n] = n, — 15, indicating that the ef-
fective temperatures for each field scale in the same way,
realizing a constant temperature ratio 7y /7. Since there
is only a single dynamical critical exponent z, this indi-
cates the system is described by strong dynamic scaling
[12,106-108]. Additionally, depending on the values of n;,
the value of v can take on complex values, correspond-
ing to the emergence of discrete scale invariance [124]
rather than the usual continuous scale invariance associated
with phase transitions.

This section is arranged as follows. In Sec. IV A we discuss
the flow equations which define the anomalous dimensions 7
and dynamical critical exponent z. In Sec. IVB we discuss
three different scenarios for the mass renormalization, con-
cluding with a discussion of the implications for the phase
diagram in all three scenarios. In Sec. IVD we discuss the
qualitative features of the critical exponents as a function of
n;. Finally, in Sec. IV E we discuss how the usual hyperscaling
relations are modified at the NEFPs due to complex v and

ni # nj.

A. Anomalous and dynamic exponents

We utilize the method of characteristics to identify the crit-
ical exponents [12,62], which we relate to the flow functions
as

n=vYr—vyo, N =—Yp» z=2+yp,—Vs (1)

Using the Z factors presented in Appendix A, we can
determine expressions for these flow functions in terms of
IZRa UR, WR:

Ve, = —CL(ny + )it — npvgiiy, G (wp)
— 20 nyvityy, Hy (wg), (22a)
Ve, = —Cp(ny + )iy, — myiiy,, Ge (wy')
— 20 nyvgityy He (wy '), (22b)
o, = —Cp(ni + )iy, — myviitt,, Gp(wg)
— 20n2vRﬁ%2RHD(wR), (22¢)
Yo, = —Cp(na + Z)ﬁ%R - ”la%zRGD(wEI)
— 20 nyvgit, Hp (wy '), (224d)
v, = mF (wg)itt, vg(vg — o), (22e)
vn = —oan(wE')Lﬁzk(vR —0), (221)
where we have defined the constants and functions
C, =3In(4/3),
c,=1/2, (23a)
Gp(w) = HTlerz (23b)

1 242w
Hy(w) = —1In ,
w 24w
Hp(w) 3w + w? (230)
W)= ————. c
P 8+ 12w + 4uw?

Note that these constants and functions are related to those
used in B, via C'= Cgi —Cp, G(w) = Gy (w) — Gp(w),
H(w) = H;(w) — Hp(w). By inserting the fixed points de-
rived in the previous section in the above equations, one can
readily determine the exponents 7;, 0/, z. The reader can skip
to Sec. IVD to see a summary of the qualitative behaviors
of these critical exponents in different cases or Table II for
their numerical values at the stable NEFPs listed in Table I.
First, however, we must devote special care to the criticality
associated with the mass (r;) renormalization, which is more
complex and is further responsible for several nonequilibrium
features of note, so that we may provide a full summary of the
universality of the NEFPs in various regimes.

B. Mass renormalization

In this section we consider the renormalization of the mass
terms r;. Because their renormalization is intertwined with one
another due to the nonreciprocal coupling, there are several
qualitatively different scaling behaviors which are possible,
each of which require different treatments. Additionally, we
focus specifically on the renormalization of r;/D;, which is
the parameter associated with the scaling of the correlation
length &, so that we only need to consider two flow equa-
tions, similar to our consideration of redefinition of u for the
beta functions, and we replace ; — D;r; in a slight abuse
of notation. Defining the flowing parameters r;(/) and the
corresponding momentum scale u(l) = ul with r;(1) = r;,
the flow equations take the general form

li ) _ (R R\ (nd)

di\r() Rot R )\n())
Rit = =24+ (m +iiy,, Rip= nzvkwglﬁlzm
Rop = =2+ (ny + 2)ila,,

(24a)

~ (24b)
Ra1 = onjwgiliz,,

which have been determined using the Z factors presented in
Appendix A. We shall denote the above 2 x 2 matrix by R.
The values of vi’l are determined by the eigenvalues of R:

Ri+R Ri— R\’
—pl = 1]—; 22:|:\/< ”2 22) + Ri2R2. (25)

There are three separate scenarios we consider with regards
to the matrix R depending on the behavior of its eigenvalues
and eigenvectors. The first scenario is when the eigenvalues
are real. This is the usual behavior that occurs for equilib-
rium models. The second scenario is when the eigenvalues
are complex valued. As we discuss, this corresponds to the
emergence of discrete scale invariance and can only occur
when o = —1. Finally, the third scenario corresponds to the
transition between these two cases (as a function of n; for
o = —1) where an exceptional point occurs. In this case, there
is only a single eigenvalue and eigenvector. Since this occurs
at the boundary of two regions, we expect that it may not apply
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directly to a physical system with integer n;. Nevertheless,
if the values of n; are sufficiently close to this boundary,
the resulting critical behavior may be nearly indistinguishable
from an exceptional point for practical purposes. Finally, we
discuss the implications for all three scenarios on the structure
of the phase diagram.

1. Real eigenvalues

For the equilibrium fixed points, one always has R2R21 =
0, which implies that the eigenvalues v, !, v, !are purely real.
For the NEFPs, this also holds for some values of n;, n,, as we
later show in Sec. IV D. To determine the scaling functions,
we diagonalize R:

5 vt 0
PrRP=~("0 L)
Yp

Pl _ Rii—Ro+v;' =yt 2Ry, (26b)
B Rit—Ra— vl + ! '

(262)

where we assume v, > vp,. To describe the eigenvectors, we
introduce the vector r, which represents the two-dimensional
parameter space defined by (7|, r»). The right and left eigen-
vectors of the matrix R are now denoted by v, and u,,
respectively, corresponding to the eigenvalues v, ;. Given the
nonsymmetric form of R, these right and left eigenvectors
need not be identical; however, they still satisfy the orthog-
onality relation w; -v; = §;;. Note that u are row vectors
of P! and v are column vectors of P. While u can be
read off directly from P~! above, v can be determined up
to a constant factor (which is determined through the or-
thogonality relation) by replacing R» with R, or directly
determining P.

The above diagonalization motivates casting r in the new
basis as

I = 1yVq + pVp, (27)
with the coefficients r, , determined by
Fap =Ugp T, (28)

or, alternatively, (r,, )T =P, rp)T. Indeed, we find that
the scaling functions are naturally described in terms of these
parameters: Eq. (20) can be now cast as

A ~ w ¥, 1y
ool i 25)
TR

i — Ai o s P
lal=" 1al"" " |, |?

where v =v, and ¢ = v,/v,. The behavior of the eigen-
vectors in this region is illustrated in Fig. 4(a). There is
a qualitative change in these eigenvectors compared to the
equilibrium case, which provides a geometrical reason for
why exceptional points and complex v are only possible
with a nonreciprocal coupling. We can understand this by
considering the role that R, R play in the structure of
P! in Eq. (26b), P, and the related eigenvectors. First,
the sign of the second component must swap for either the
left or the right eigenvectors due to the sign change in one

(29a)

(29b)

T2 T2 T2
\\ -~ *711 L 3 ~ T1 L 3 ~ 71
N R N S
A\
£l £ el
L3
\\
< > <
//
¥
(a) (b) (c)

FIG. 4. Behavior of right (solid) and left (dashed) eigenvectors
of the flow defined by R for each of the three possible cases at a
NEFP. The top plots illustrate the behavior of the magnitude of the r;
components while the bottom plots illustrate the behavior of the rel-
ative complex phase ¢ of the r; components. (a) Real-valued v: two
different real eigenvectors. The analogous plots for equilibrium fixed
points can be obtained by applying a reflection to the eigenvectors
(both left and right) associated with one eigenvalue, corresponding
to a shift of 7 in ¥. (b) Exceptional point which occurs between
real- and complex-valued v regions: both eigenvectors coalesce into a
single eigenvector. (c) Complex-valued v: two complex eigenvectors
which are conjugate to one another.

of Ri2, R21 when considering an equilibrium model. Sec-
ond, the (unnormalized) first component can be reexpressed
as Ry — Ry \/(Rll — Rgz)z + 4R 12R»y, so the sign flip
also results in a sign flip for the first component of either
both v, eigenvectors or both v, eigenvectors since the relative
magnitude of the two terms changes. Hence, the eigenvector
structure for the equilibrium flow can be obtained by applying
areflection (in r; or 1) to one orthogonal pair of left and right
eigenvectors from the nonequilibrium flow. This precludes an
exceptional point, and thus complex v, because tuning n;, n;
can only rotate the orthogonal pairs, so it is impossible for
both the left eigenvectors and the right eigenvectors to become
simultaneously degenerate [cf. exceptional point in Fig. 4(b)].

2. Complex eigenvalues

Interestingly, the NEFPs can exhibit a regime where

Ri12R2 < 0, so the eigenvalues of the matrix R can as-
-1 7—1 .—1

sume complex values as v=' = v~ £+ v’ ", hence the two
eigenvalues v, = v} are a pair of complex valued numbers;
our motivation for this notation becomes clear shortly. This
condition, and the emergence of a complex-conjugate pair, is
realized if

(Rn —Raxn

2
> ) < —Ri12Rai. (30)

In this case, it is convenient to consider a different basis
defined by

- - - r—1 7n—1
S:M_]RM = _< v//—l ‘;/_l>’ (31a)
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Ran—Ru
M= (7221 Z ) (31b)
%
This transformation brings the form of the matrix to the same
form as the Z, x Z, (n; = n, = 1) model [62]. Based on the
structure of M~!, we see that this corresponds to applying a
skew transformation to the coordinate system. Similar to the
case of real v, this corresponds to a basis transformation

(32a)
(32b)

r =51V +5;V,
Sjp=1up-r,

where the tildes denote that these are not right and left eigen-
vectors, but we still have @; - ¥; = §;;, where i1 (V) are the row
(column) vectors of M~ (M).

If we define a complex variable § = 3, + i5;, then we have
5(1) = [~V sg. In this basis it is easy to consider the solutions
for the flowing parameters 3 (/), 5,(/) separately as

B s In/ _ . Inl
si) =1 51, cos7+szR sm7 , (33a)

In! In!

5.(0) =17 |:§2R cos — §y, sin 7], (33b)
v

Y
from which we can get the corresponding equations for r; via
M. Note that the skewed basis we find here is connected to the
fact that, as we shall later show, at the boundary between these
two regions in ny, np, the matrix R exhibits an exceptional
point, and the eigenvectors become identical. Thus, as this line
of exceptional points is approached, the flow equations must
become more and more skewed until they only affect one
direction. Given the structure of S, the corresponding left and
right eigenvectors are complex conjugate to one another, and

we may readily identify the eigenvectors of R as
V, = VZ =V —ivV, u, = uZ =1 + illp. (34)

Note that v = §v, + §*v, = 5v, + c.c. The behavior of v,, v,
in this region is illustrated in Fig. 4(c).
We can now express the scaling functions in Eq. (20) as

N ~ § 1
c,:c,»(i, 'Sf',,P(“',f"—arg@R))), (350
lal<" |q]' v

o _ o @ I3l In q| -
Xi=Xi<_Z,%,P< ,fl —arg(Sz) | |, (35b)
lq* " |q] v

where

2
|§R|2 — (RzlrlR + whk> + V//_zi’%k, (36)
while arg(3g) denotes the polar angle in the 5 plane and P
is a 27 -periodic function. Here we have rewritten 5/1'/V+/""
as a function of |3]/I'/"" and ¢/M™D/V"~22®) The first of these
two is the usual scaling form that characterizes the correlation
length, while the second results in a log-periodic function P,
since the transformation In/ — Inl + 27v” leaves the expo-
nential invariant. The appearance of log-periodic functions
corresponds to the emergence of a discrete scale invariance
rather than the characteristic continuous scale invariance that
is typically found at criticality. Thus a preferred scaling factor
emerges as

”

by =™, (37

rescaling by which, or any integer power thereof, leaves the
system scale invariant, mimicking a fractal-like structure.
However, in contrast to fractals where this emerges in the
discrete microscopic structure, here the discrete scale invari-
ance emerges only at long length scales in the continuum.
Additionally, we note that the effect of a physical momentum
cutoff A determines the phase of the oscillations by entering
the functions P as a phase shift.

Similar phenomena appear to arise in earthquakes [125],
equilibrium models on fractals [126], driven-dissipative quan-
tum criticality [91,127], the dynamics of strongly interacting
nonequilibrium systems [128], the behavior of Efimov states
[129,130], Berezinskii-Kosterlitz-Thouless phase transitions
[111,131], disordered classical [132—-136] and quantum [137]
systems, artifacts of position-space RG in the early develop-
ment of renormalization group theory [138—140], and several
other systems [124]. However, the discrete scale invariance in
the current work is distinct from these examples since it arises
in a classical nonequilibrium model without disorder. For a
more detailed discussion of the examples discussed above, see
Ref. [62].

As the upper critical dimension d. = 4 is approached, the
discrete scale invariant approaches a continuous one. Thus,
in three dimensions, perturbative values at the NEFPs can
result in a very large scaling factor b, (e.g., b, ~ 10° for the
Z, x Z, model), although these are very sensitive to even
small corrections beyond lowest-order perturbation theory.
Additionally, higher harmonics in the periodic function P
can be significant in principle, which could be observed over
smaller variations in the physical scale.

3. Exceptional point

As mentioned above, when moving from a region of real v
to complex v, an exceptional point in the flow occurs, leading
to qualitatively different behavior. This occurs when

Rit — R
2

In this case, the matrix R is no longer diagonalizable, pos-
sessing only a single eigenvalue and eigenvector, where we
define u,, v, as the left and right eigenvectors, respectively,
which satisfy u, - v, = 0. Instead of diagonalizing the ma-
trix, we may instead express it in lower-triangular form
according to

2
) + Ri12R21 = 0. (38)

. . . |
§=MIRM = < ‘i _Sl>, (39)
Rii—R
. 11 22 R
M= < 2 ‘2>. (39b)
I 0

As before, we define different coordinates using the row
(column) vectors i (V) of M~ (M) withr = ¥,V + 5.V, and
coefficients §; = U; - r (where we have chosen the convention
V) = V., U; = u,), and we solve the flow equation l%é = S8:

51(D) =17, (40a)
$2(1) = 17V (%, 4 51, In1), (40b)
where the / argument denotes that we are considering the
flowing parameters. Here we see that the effect of the excep-
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9

1 T 1

FIG. 5. Phase diagrams associated with the NEFPs. The white region indicates the disordered phase with (®;) = (®,) = 0, the red
vertically shaded region (blue horizontally shaded region) one of the singly ordered phases with (®;) # 0 ((®,) # 0), and the purple square
shaded region the doubly ordered phase with both (®,), (®,) # 0. The behavior of the phase diagram depends on the exponent v. (a) When v is
real, the phase diagram generally behaves like for the equilibrium coupled fixed points, where the phase boundaries approach the multicritical
point tangentially to v,, the right eigenvector of R associated with the correlation length exponent v, like a polynomial. (b) In the transition
between these two scenarios as a function of n;, n,, the flow of r undergoes an exceptional point. The corresponding phase boundaries
approach the multicritical point like 7 In r. Note that the phase boundaries approach from the same side of v,, the only right eigenvector of R,
a consequence of the coalescence of the eigenvectors. (c) When v is complex, the eigenvectors of R are as well. As a result, the phase diagram
exhibits logarithmic spirals with discrete scale invariance. In general, these spirals are skewed along a vector ¥,, which is defined by a matrix

M [cf. Eq. (31)] that transforms the skewed spirals into isotropic spirals via a basis change.

tional point is to add a logarithmic correction to the flow. This
logarithmic correction is similar to the logarithmic corrections
which emerge due to a parameter becoming marginal in the
RG flow (e.g., the quartic couplings at d. = 4 [12]). However,
in this case it is more correct to say that one direction is
marginal relative to the other since §; and §, themselves are
both relevant parameters.
The resulting scaling functions are now

A ~( @ 31, Te
Ci = i<_a 1 v + ln |q|>7 (413)

lql" Iq'/v" 31,

A ~ w EIR Ve
X=X\ — oo s +ln|q|), (41b)

(|(l|Z lql'/v” 3y,

where we have identified r, = §,. Note that we may write
Vi = av, + bu,, and thus r = (a¥ + r.)v. + bS;u, in a con-
venient orthogonal basis. We see that §; can be associated with
the distance from the axis defined by v,, so §; determines the
correlation length. However, even if §; is 0, we see that the
logarithmic corrections in Eq. (40b) disappear, and the flow
of §, is determined by v alone, so the critical exponent for the
correlation length is still v with no logarithmic corrections.
The coalescense of v, ;, (u,,5) into a single eigenvector v, (u,)
in this region is illustrated in Fig. 4(b). We see that, on the one
hand, this behavior is qualitatively similar to the case of real v
via the third argument’s dependence on r,, /51,, corresponding
to a crossover exponent ¢ = 1 (up to logarithmic corrections)
due to the existence of a single eigenvalue. On the other
hand, it is qualitatively similar to the case of complex v via
the dependence on In |q|. Hence the fact that the exceptional
point corresponds to a crossover between the two scenarios is
reflected in the resulting scaling behavior.

4. Phase diagram

The NEFPs also exhibit qualitative differences in the struc-
ture of the phase diagram compared to their equilibrium
counterparts. While bicritical points with only two ordered
phases (either (®;) # 0 or (®,) # 0, but not both) are possi-
ble for the equilibrium fixed points, the NEFPs only exhibit
tetracritical points involving four phases: The disordered
phase where (®;) = (®,) = 0, the two singly ordered phases
present in the bicritical case, and a fourth doubly ordered
phase where (@) # 0 # (®,). As we discussed earlier in the
text, the stability of the equilibrium fixed points is related to
that of the NEFPs. As a result, investigating the stability of
the NEFPs can give insight into open questions about whether
bicriticality or tetracriticality emerges in certain equilibrium
systems.

The behavior of the phase boundaries is determined by
the scaling behavior of r;. In light of this, we expect three
types of behavior of the phase boundaries. To identify this
behavior, we consider the scaling functions in Eq. (20) in
the limit w, ¢ — 0. In the region of real v, the simplest case
most similar to equilibrium fixed points, we expect the phase
boundaries to approach the multicritical point tangentially to
v, with power-law scaling 7y, o |r,,|?. This is illustrated in
Fig. 5(a).

In the case of complex v, in the w, @ — 0 limit the scaling
functions are determined purely by the 2m-periodic func-
tion of l‘j—/ In(|sg|) — arg(sg), which can be seen by switching
the momentum scale in Eq. (35) from |q| to sg. The phase
boundaries, characterized by a divergence of correlations, thus
occurs at fixed values of the periodic function, and the shape
of the phase boundaries is set by

v_” In(|sg|) — arg(sg) = const, 42)
v
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which defines a spiral in sg. Recall that in general, sg describes
a skewed basis in terms of r;,, and so the corresponding spirals
are skewed. In the § basis, these spirals are perfectly isotropic,
so in order to determine the phase diagram in terms of r;, we
can apply a skew to these spirals. The resulting phase diagram
in r; is acquired in this fashion and illustrated in Fig. 5(c).

Similar to the discrete scale invariance in the correlation
and response functions, the perturbative values of the ex-
ponents at € = 1 generally require large variations in r to
observe a full spiral, although these scales are very sensitive
to small corrections. However, partial spirals can still be ob-
served for reasonable scales. Since the phase boundaries all
spiral in the same direction, it may be possible to distinguish
them from equilibrium critical points even for very weak
spiraling. Finally, when two NEFPs are present, they can be
distinguished via the form of the phase diagram. For example,
if both have complex v, then they can be distinguished by the
direction of the spirals.

The phase diagram at an exceptional point in the flow of R
also leads to logarithmic corrections, although not in the form
of spirals. Fixing the second and third arguments of Eq. (41)
to ¢y, ¢ and eliminating the momentum scale in favor of r,,,
we have

Fop = <c2 —vin Sﬁ)flk, (43)
C1

which corresponds to the phase boundaries approaching v,
logarithmically. Again, this illustrates qualitative similarities
to both cases of real and complex v. If we ignore the loga-
rithmic contribution, it corresponds to linear phase boundaries
with ¢ = 1 and real v. On the other hand, the equation defin-
ing the phase boundary for the exceptional point is very
similar in form to the case of complex v [cf. Eq. (42)].
Additionally, unlike for the usual case of real v, the phase
boundaries for the disordered phase approach v, from the
same side rather than opposite sides. The corresponding phase
diagram at an exceptional point is illustrated in Fig. 5(b).

C. Relaxational behavior

Finally, we remark on the relaxational behavior in the
doubly ordered phase. For the equilibrium fixed points, it
is equivalent to overdamped dynamics with no oscillations,
which is captured by the real-valued poles of the propa-
gators. Indeed, even for emergent equilibrium criticality in
nonequilibrium systems, oscillatory effects tend towards zero
as criticality is approached [101,141]. As a result, the poles
rapidly become real-valued near criticality, corresponding to
overdamped dynamics. However, for some regions of the
doubly ordered phase, the pole can take on complex values
arbitrarily close to the multicritical point, leading to under-
damped dynamics in the form of oscillatory relaxation to the
steady state. This gives rise to a different universal quantity,
which is the maximum angle that the pole can take compared
to overdamped dynamics. Physically, this corresponds the
maximum ratio of the frequency of the oscillations to the rate
of the exponential decay near the steady state.

To understand the origin of this behavior, it is helpful
to utilize a mean-field picture. In the doubly ordered phase,
the two order parameters realize nonzero values, and for

each order parameter we can identify an ordered mode ¢;
and n; — 1 corresponding Goldstone modes. Since the Gold-
stone modes are massless, we are primarily interested in
the behavior associated with the relaxation of the ordered
mode. Hence, we consider the linearized dynamics of ¢; about
the mean-field steady-state values M;. Making the change of
variables ¢; — ¢; + M; and defining ¢ = (g1, ¢»)7, we find

09 ~ Ro, (44a)
2u, M? 2u1, M\ M.
Re 1M 12M1 2, (44b)
20u12M1M2 2u2M22

where R is the matrix that defines the relaxational be-
havior. Hence, if the eigenvalues of R are complex, the
system exhibits underdamped oscillations. This occurs when
—doui,MiM3 > (uM? — u;M3)?, so we see complex eigen-
values are only possible when o s 0, indicating the un-
derlying nonequilibrium origin of this behavior. Under an
appropriate rescaling of ¢, ¢» such that the diagonal entries
are equal, we see that the dynamics map to a damped oscilla-
tor, where the off-diagonal nonreciprocal elements define the
frequency and the diagonal elements define the damping.

Near criticality, the maximal ratio (as a function of ry, r;)
of the imaginary to real parts of the eigenvalues of Eq. (44)
approaches a universal value. We describe this ratio via the
angle that the complex eigenvalues form with respect to the
real axis. However, given the scaling freedom we utilized
previously as well as the redefinition of u couplings in terms
of ii couplings, this limit requires care. The detailed derivation
of 6% via the action is presented in Appendix B. The value of
the corresponding maximal complex angle is defined by

J—ovkit
0" = arctan ~—Ii12" . (45)
/uTRuiR

Qualitatively, this expression is best reproduced in mean-field
theory by shifting all features of the nonreciprocity from 73, 7>
(by rescaling such that 71 = T5) to g1p = vitya, &1 = oily2,
8 = i, i.e., by treating the strength of the noise for each field
on equal grounds. In this case,

S

6* = arctan
81:82

_ 3t o*
812;8214 ) (46)

Note that there are underdamped oscillations only in the
doubly ordered phase away from the phase boundaries
(but arbitrarily close to the multicritical point). Near the
phase boundaries, the dynamics become overdamped due
to the restoration of effective equilibrium criticality. From
a mean-field theory perspective, we see that as one of the
magnetizations M; goes to 0, thereby approaching a phase
boundary, R can no longer possess complex eigenvalues,
so the underdamped dynamics can disappear even before
criticality from one field dominates. This is analogous to
the crossover from underdamped dynamics to overdamped
dynamics, where critical damping occurs between the two.
For a damped harmonic oscillator x(¢), the damping ratio
gq describes the damping strength relative to the harmonic
oscillator frequency who via X + 2¢qwhoX + wﬁox = 0, where

034132-15



YOUNG, GORSHKOV, AND MAGHREBI PHYSICAL REVIEW E 113, 034132 (2026)

15 (e)
0
n2

5

1 (b) 15 (d) (f)
>2— 5
10 10 by<0
N9 no
5 5 Vie <25
o >0
ﬂ"llllllllllllllll]‘mﬂ
0 5 n, 10 15 0 5 ny, 10 15 0 5y 10 15

FIG. 6. Scaling behavior for different values of n;, n, for the NEFPs with i,,, < 0. Equivalent figures exist for iij, > 0 but with the
field indices swapped. (a) Sign of n;. The anomalous dimension n; can be both positive and negative, taking negative values for smaller n,.
(b) Sign of n}. The anomalous dimension 7 can only take positive values, unlike the other three anomalous dimensions. (c) Sign of 7,. Like
11, the anomalous dimension 7, can be both positive and negative, taking negative values for smaller n,. Although the regions of negative 1,
and 7, are similar, they are distinct, so the signs are not necessarily the same. (d) Sign of n5. Unlike n/, the anomalous dimension n} can be
both positive and negative, taking negative values for smaller n,. (¢) Regions of real- and complex-valued v~—!. The region of complex-valued
v~ is qualitatively similar to the regions where negative anomalous dimensions can occur, although it extends to larger n,. At the boundary
between real and complex v~!, there is an exceptional point in the flow of r;. (f) Sign of 87 = n; — 1, = 1| — 15 and behavior of v} = (v;1 +
v, D} /2. The change in behavior at this order occurs at n; = n, since vy = wj = 1 here, which causes the flow for the two fields to become

equivalent.

&4 < 1 corresponds to underdamping. Thus, we may relate 6*
to a minimal damping ratio {q min = cos 6*.

D. Critical exponents
1. Equal number of components

We now proceed to identify the critical exponents and 6*
for the case of n; = n, = n, which are the same for both fields
for all n to lowest nontrivial order:

_ 1+2n+12(n —4)In(4/3) ,

122+ ny? € (47a)
;L 1+2n ,
T= ot (47b)
z—2=[6In(4/3)— 17, @7c)
-1 _ -1 Lor—1 _ S n 4/n —1
v =0 i _(2 2) Z—ZV(n—l—Z) e, (47d)
6* = arctan(y/4/n — 1). (47e)

There are a variety of interesting features to note concern-
ing the behavior of these exponents at this order: (1) The
relationship between z and 1’ is the same as in equilibrium
and independent of n. (2) The exponent 1 changes sign at
n =~ 2.35. However, for all n <4, yr =n —n' <0, which
indicates that the effective temperatures always get “hotter”

at large length scales. (3) The real part of v~! does not depend
on n. This is a consequence of the fact that at this order,
ﬁ’fR = ﬁ;R, which likely changes at higher orders. (4) The
maximal value of v”~! is realized at n = 1. (5) Although Uiy,
is divergent as n — 0, the critical exponents themselves do
not diverge, and v"~! goes to zero. (6) The value of 6* takes
on simple values: 7w /2, /3, /4,7 /6 forn =0, 1, 2, 3, re-
spectively. Interestingly, the n — 0 limit indicates that the
damping can go to 0, leaving purely oscillatory dynamics,
which may have connections to critical exceptional points or
nonequilibrium rotating phases [28].

2. Arbitrary number of field components

Next, we consider how the behavior of the critical ex-
ponents changes for arbitrary n; and n,. In particular, we
focus on some of the most distinguishing features of the fixed
points: the signs of #;, n;; the asymmetry of the anomalous
scaling dimensions, defined as 6y = n; — 2 = 1] — nj; the
imaginary component of v~!; the scaling of the effective
temperatures (yr); and the relaxation angle 6*. Aside from
0*, which always takes on nonzero values for the NEFPs,
these results are illustrated in Fig. 6. In Table II we present
the numerical fixed-point values of the critical exponents and
0* at lowest order in € for the stable NEFPs listed in Table 1.
In the following discussion, we shall consider the behavior of
only the stable fixed point with i}, < 0.
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TABLE II. Critical exponents and 6* for values of n;, n, where the ufzk < 0 NEFP is stable.

n np vi—2 Ul Up) n n yYr z—2 0% /(7 /2)
1 1 (—0.50 £ 0.29i)e —0.068¢2 —0.068¢> 0.028¢2 0.028¢2 —0.096¢2 0.020¢? 0.67
1 2 (—0.42 £0.150)e —0.00062¢* 0.0055€ 0.019¢ 0.025¢? —0.019¢2 0.017¢2 0.47
1 3 (—0.42 £ 0.099i)e 0.0096¢2 0.015¢2 0.018¢2 0.023¢? —0.0084¢> 0.017¢> 0.35
1 4 (—0.43 £ 0.042i)e 0.014¢2 0.018¢2 0.018€2 0.022¢? —0.0042¢> 0.016€ 0.26
1 5 —0.51¢ —0.38¢ 0.016¢ 0.019¢ 0.018¢2 0.022¢? —0.0022¢2 0.016€ 0.21
1 6 —0.56¢ —0.36¢ 0.017¢2 0.020¢? 0.018¢2 0.21€? —0.0012¢> 0.015¢2 0.16
1 7 —0.5%¢ —0.35¢ 0.018¢2 0.020¢? 0.018¢€2 0.020¢? —0.00059¢2 0.015¢2 0.13
1 8 —0.62¢ —0.34¢ 0.018¢ 0.019¢ 0.018¢2 0.020€? —0.00026¢2 0.014¢ 0.096
1 9 —0.65¢ —0.34¢ 0.018¢2 0.019¢? 0.018¢2 0.019¢> —0.000084¢2 0.014¢€> 0.062
2 1 (—0.87 £ 0.70i)e —0.30€ —0.41€? 0.099¢2 —0.010€2 —0.40¢2 0.052¢2 0.70
2 2 (—0.50 £ 0.250)e —0.0099¢ —0.0099¢2 0.026€2 0.026€2 —0.036¢€ 0.019¢ 0.50
2 3 (—0.47 £ 0.16i)e 0.0093¢2 0.012¢? 0.022¢? 0.024¢? —0.012¢2 0.017¢2 0.36
2 4 (—0.47 £0.10i)e 0.016¢ 0.018¢2 0.021€2 0.022¢2 —0.0049¢? 0.016€2 0.25
2 5 (—0.48 £0.0200)e 0.018¢2 0.020€? 0.020€2 0.021€ —0.0017¢€> 0.015¢2 0.16
2 6 —0.56¢ —0.41e¢ 0.020¢? 0.020¢> 0.020¢? 0.021€? —0.00038¢2 0.015¢? 0.081
3 1 (—1.3£1.2i)e —0.72€ —1.1€2 0.26€ —0.16€> —0.98¢2 0.16€> 0.71
3 2 (—0.55 £ 0.300)e —0.011€? —0.017¢€> 0.031€2 0.025¢? —0.042¢* 0.021¢ 0.5

3 3 (—0.50 £ 0.17i)e 0.012¢? 0.012¢? 0.023¢2 0.023¢? —0.12¢2 0.017¢€> 0.33
3 4 (—0.49 £ 0.093i)e 0.018¢2 0.019¢2 0.021€2 0.022¢2 —0.003¢? 0.016€2 0.19
3 5 —0.53¢ —0.46¢ 0.021¢ 0.021¢? 0.021€2 0.021€ —0.0001¢? 0.015¢2 0.038
4 1 (—1.9 £ 1.8i)e —1.4€? —2.4¢? 0.55¢2 —0.49¢2 —1.9¢2 0.37¢2 0.71
4 2 (—0.58 £0.31i)e —0.0085¢2 —0.018¢? 0.033€? 0.023€2 —0.041€? 0.022¢2 0.48
4 3 (—0.51 £0.16i)e 0.015¢* 0.014¢2 0.023¢2 0.022¢2 —0.0083¢? 0.017¢2 0.29
5 1 (—2.4£2.4i)e —2.2¢2 —4.2¢2 0.96¢2 —1.0€2 —3.2¢2 0.72¢€2 0.70
5 2 (—0.60 £ 0.31i)e —0.0047€2 —0.015¢? 0.033€? 0.022¢2 —0.037¢€> 0.022¢2 0.46
5 3 (—=0.52 £0.11i)e 0.018¢2 0.018¢2 0.022¢2 0.022¢2 —0.004¢> 0.016¢2 0.21
6 1 (—=3.0£3.0i)e —3.3¢? —6.6€2 1.5¢2 —1.8¢2 —4.8¢2 1.2¢2 0.70
6 2 (—0.60 £ 0.29i)e —0.00068¢> —0.011€? 0.031€? 0.021€2 —0.032¢2 0.022¢2 0.44
7 1 (=3.64+3.6i)e —4.5¢? —9.5¢2 2262 —2.8¢2 —6.7¢ 1.9¢2 0.70
7 2 (—0.60 £ 0.26i)e 0.0032¢2 —0.0051¢? 0.029¢2 0.021€> —0.026¢2 0.021€? 0.41
8 1 (—4.2 £4.2i)e —5.9¢2 —13€? 3.0¢? —3.9¢2 —8.9¢2 2.7¢2 0.70
8 2 (—0.59 £ 0.22i)e 0.0069¢? 0.0012¢? 0.027¢2 0.021¢ —0.02¢2 0.019¢? 0.37
9 1 (—4.8 £4.8i)¢ —7.4€> —16€2 3.8¢2 —5.2¢2 —11€2 3.6¢€2 0.69
9 2 (—0.58 £ 0.150)e 0.011¢? 0.009¢2 0.023€? 0.021€? —0.012¢2 0.017¢2 0.31
10 1 (=5.3+5.4i)e —8.9¢2 —20¢2 4762 —6.6¢> —14e? 4.6¢2 0.69
11 1 (—5.8£5.9i)¢ —10€2 —24¢? 5.6€2 —8.0¢2 —16€2 5.6€2 0.69
12 1 (—6.3 £6.3i)e —12¢? —28¢? 6.4€? —9.4¢? —18¢? 6.6€> 0.69
13 1 (—6.7+67i)e —13¢2 —31e2 7262 —1L.¢ —20¢2 7.5¢2 0.69
14 1 (=7.1£7.1i)e —14€? —34¢2 8.0¢2 —12.€2 —22¢2 8.5¢2 0.69
15 1 (=7.4£7.4i)e —15€? —37¢€? 8.7¢2 —13.€? —24¢? 9.3¢2 0.69
16 1 (=77+77i)e —16¢2 —40¢? 9.3¢2 —14e? —26¢2 10¢2 0.68
— 00 1 (=73 +6.9i)¢ —11€2 —30¢? 6.7¢2 —12¢€2 —18¢? 9.0¢? 0.65

For both 5, n,, the region where these exponents realize
negative values are largely present around the area associated
with n; — oco. While the regions of negative 1, 1, are similar
and appear for n, < 3, they differ slightly for smaller values
of ny. While n} remains positive everywhere, there is a small
region of negative 1, when n, < 2 that is also associated with
the ny — oo limit. For n; = n, at this order, we find én = 0
and vl = (v 1+ vb_l)/2 =2 — 5. For 47, this is because
vi = wf = 1, and the flows for the two fields become equiv-
alent (aside from the asymmetric part of R), although this
is likely to change at higher orders. When n; > np, 6n > 0
and v;l <2 —€/2, while when n; < ny, 7 < 0 and v,;! >
2 — €/2. Additionally, we see that the region of complex v

is qualitatively similar to the regions where the anomalous
dimensions become negative, although it extends as high as
np = 5. Finally, we remark that the NEFP which persists in the
n; — oo limit exhibits three negative anomalous dimensions
as well as complex-valued v.

For all values of n, ny, we find yr < 0, indicating that
the effective temperature always gets “hotter”’; whether this is
generally the case for nonreciprocal models remains an open
question. In the n; — oo region, yr diverges to —oco at the
bottom boundary and approaches y; ~ —0.1618¢? at the top
boundary.

The relaxation angle 6* realizes all values between 0
and 7 /2 and is generically nonzero everywhere, which is a
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consequence of the fact that \/ﬁﬁ’fzk /3, 5, # 0, which de-
termines 6* (see Appendix B). This emphasizes the fact that,
although both nonzero 6* and complex v require o = —1,
0* is generically nonzero while v can be either complex or
real. The generically nonzero value of 6* is a consequence
of the fact that the relaxation depends on (®;), which can
be varied. In contrast, v solely depends on the flow of r;,
which is entirely determined by the fixed point values of the
couplings. Additionally, the region of n; — oo varies from
approximately 6* &~ 7 /3 at the bottom boundary to 6* ~ /4
at the top boundary.

For the stable fixed point in the limit of n; — oo for
ny = 1, we find the critical exponents

vl A2 —(7.259 £ 6.9130)e,
m ~ —10.98¢2, n A~ —29.92¢%,
n) ~ 6.721€%, ny ~ —12.22€%, (48)
yr & —17.70€*, 7 -2~ 8.957¢2,

0% ~ 0.65322 .
2

Given these values, particularly for v~! we can see that this

fixed point can no longer be considered perturbative fore = 1,
hinting at the breakdown of perturbation theory in this limit.

E. Hyperscaling relations

Next, let us investigate how the above critical phenomena
can modify the usual hyperscaling relations. We shall focus
on the case where v is complex and we have four anomalous
dimensions ;, n;. The case of real v simply corresponds to re-
placing all instances of v’ with v and removing any functions
which depend on v”. This holds for the exceptional points as
well. Here we consider the scaling of the order parameter and
magnetic susceptibility

9 (®;)

®;) x /3,"
(®;) o || oh,

o || (49)

For the equilibrium model, these are related to the other expo-
nents via

Bi=vid—=2+n)/2, vi=vi2—n), (50

(®7) = lim Ci(x.t, {r;}), (la)
|x|,t—00
9(®:) lim xi(q, o, {r;}) (51b)
_ = i , W, \Iijy),
8]1[ h=0 q,w%OX q J

where h; is the field conjugate to ®;, and that in the or-
dered phases, (<I>i2) and (®;)? scale the same way. To identify
the hyperscaling relations, we take |rg| to define the small
momentum scale and consider the limits w, || — O for the
correlation function and ¢, |x| — O for the response function,

resulting in the following scaling behavior:
(@F) oc lre|" 72 p, (”—,, In(rgl) — arg(rR)), (52a)
v

3 (®i)

@) v
o |rgl Py \ —; In(|rgl) —arg(rg) |, (52b)
Bh,- hi=0 v

where Fc,, Py, are 2m -periodic functions. For convenience, we
fix the argument of the periodic functions, which correspond
to the presence of discrete scale invariance in the phase di-
agram, thereby restricting the discrete scale invariance to v.
This results in the generalized hyperscaling relations.

Bi=vd—-2+n)/2, yi=VvVQ2-n), (53)

which depend only on the real part v’. Similar analysis can
be used to relate the critical exponent characterizing the order
parameter’s dependence on the magnetic field

(®;) oc |n]'* (54)

as
8 —1 - )
S—d =21,

d=d , 55
51 +vr (55)

which involves a mix of n;, n; since yr = n; — .. Interest-
ingly, the scale-dependent temperature leads to a reduced
effective dimension d in this expression.

V. ONE-WAY COUPLING

Finally, let us consider the case where only one of the two
fields is affected by the other, corresponding to the g1,g2; = 0,
o =0, or v =0, oo subspaces, all of which are equivalent.
In Ref. [62], which studied the case n; = n, = 1, this sce-
nario was not considered due to the nonperturbative behavior
that emerged when n; = n, = 1. In the more general case of
ny # ny, this is not always the case, and we find a different set
of fixed points, although we further find that nonperturbative
behavior persists for n; = n,. In addition to elucidating the
behavior of these fixed points for n; # ny, we can better
understand the resulting behavior at n; = n, by investigating
potential transient phenomena through our perturbative treat-
ment. Similar to generic nonreciprocal coupling, feedback in
both classical and quantum [15,93,94] systems or dissipative
gauge symmetries in quantum systems [23] can be utilized to
realize one-way coupling between two order parameters.

This section is arranged as follows. In Sec. V A we discuss
the modified beta functions in this subspace and identify the
corresponding fixed points. In Sec. V B we present the result-
ing critical exponents for these fixed points. In Sec. VC we
investigate the behavior of these fixed points at n; = n,, where
they simultaneously become nonperturbative and marginal,
identifying potential transient critical phenomena and
exponents.

A. Beta functions, fixed points, and stability

First, we consider the behavior of the beta functions. While
there were five parameters whose fixed point values needed
to be identified in the case of full coupling, since one of the
original coupling terms has been set to 0, we may anticipate
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that only four beta functions should be considered. In partic-
ular, we see that only one term remains in 8, [cf. Eq. (10d)]
when o = 0, indicating that there can be no finite nonzero
value for vg. This is a natural result given that this subspace
is defined by v = 0, oco. In order to remove the v dependence
in the remaining four beta functions, we absorb v into i}, via
Z12 = vilp = u1pTh/D1D;. The resulting beta functions are

Biy = iin,[ — € + (n1 + 8)iiy, ], (56a)
Bi, = fin,[ — € + (n2 + 8)ita, |, (56b)

1
14+ wp

2, = 812, |:—€ +4 812,

+ (1 + )i, + (n2 + 2)172Ri|, (56¢)

Buw = —wr{C'[(m + 2)ii;, — (m2 + 2)ii3, ]
+m&7,, G(wg)}.

There are several features worth noting in the above beta
functions as compared to those of the fully coupled model.
First, as one would expect, the beta function for i, becomes
independent of the other three parameters as ®; is decoupled
from ®,. Interestingly, this is also the case for i}, meaning
that, at this order, both u; take on their equilibrium value. In
the case of n; = ny, this has important implications on the
flow of w, where the first pair of terms in 8,, cancel, leading to
a flow which is determined by only one term, which precludes
strong dynamic scaling.

We may readily identify the fixed point values of the cou-
pling terms as functions of w} as

(56d)

~k €
0= g ©7a)
14+ wj n+2 m+?2
=k R
= 1- — . 57b
812, 1 < R n2+8)€ (57b)

Using these values, the fixed point value of w}; can in general
be found self-consistently according to

n]+2 n2+2
0=—wi{c -
wR{ [(n1+8)2 (n2+8)2]

1+ wg n+2 n+2 2
1-— — Gwi) .
+n2[ 4 ( n+8 "2+3>} (wR)}
(58)

We find that a new fixed point exists when n; > n;. While
solutions exist for ny < ny, we find wy < 0, which results in
unbounded dynamics and is thus not physically relevant.

With this in mind, let us consider more fully the stability of
this type of fixed point to lowest order. Given that ii; are not
affected by 21», w, the stability matrix takes a block-triangular
form. This allows us to consider each of the coupling terms
separately. For i;, this just reduces to the usual O(n) stability,
and thus we are only concerned with g, whose stability is
determined by

- n+2 n,+2
aglzkﬁfm = Bz /812 + (1 - m — m)E 59)

At the fixed point, the first term is O, and thus the stabil-
ity is entirely determined by the sign of the second term,

15

=

—
o

Na?

10

n2

[JIITTee

i

FIG. 7. Stable fixed point behavior as a function of n;, n, for the
one-way coupled fixed points when @, is the independent field (i.e.,
g21 = 0). (a) Red shading denotes the region where the fixed point
is stable, which is enclosed by two boundaries. Boundary I from
the fully coupled fixed points shows up again as the dashed line [cf.
Eq. (14)], although this may not hold at higher orders unlike the fully
coupled model, while the second boundary occurs at n; = n, and
is associated with a change in the sign of wj and nonperturbative
behavior. (b) Qualitative illustration of the RG flow diagram in the
g12-821 plane, although the full flow occurs in a five-dimensional
space. Arrows indicate the stability of the o = 0 fixed points in
different directions. O denotes the one-way coupled fixed points and
D the decoupled fixed points; other fixed points (e.g., o # 0) are not
shown.

corresponding to the lower region below the dashed line in
Fig. 7(a), where only the red shaded region has wy > 0.

Finally, we investigate the stability of the stable fixed point
to perturbations towards full coupling. For convenience, we
work in terms of v with o # 0, where the above fixed points
occur at vy = oo and a perturbation towards full coupling
corresponds to that towards a finite value of vg, allowing
us to utilize the beta equations in Eq. (10). To simplify this
analysis, we consider the stability in terms of V = 1/v. While
we could instead consider perturbations in the coupling term
directly, this would require the full two-loop corrections to the
coupling terms, which v, V allow us to avoid as usual. Here
we rely on the fact that By vanishes with V since Vg = 0 is
a fixed point. As a result, when Vg — 0, 9;, By = 0 for all
Sp, 7 Vg, so the stability matrix becomes block triangular and
the stability of Vz depends entirely on By = —V;?f,. Hence,
we consider

Bv = mVrF (wp)gi,,[1 — o Vi)

ni F(w,;l)
1 ———=Vr |, 60.
><|: +0n2 Faog) (60a)
lim By, By = magis, F(wg), (60b)
R

and we see that these fixed points are unstable in this di-
rection since F(wg) < 0 for wg > 0. This means that these
fixed points cannot describe systems in which both fields are
coupled to one another due to this instability, and the system
will flow to a fully coupled or decoupled fixed point instead. It
is only when the system itself exhibits one-way coupling that
these fixed points describe the critical point.
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TABLE III. Fixed-point values g7, , wg and nontrivial critical exponent shifts for the stable one-way coupled fixed points.

*

n n Wr 82 n = Nowm) n — Now) yn

1 2 0.52¢ 6.9 —0.084¢2 0.0079¢2 —0.092¢2

1 3 0.27¢ 4.1 —0.048¢> 0.007¢> —0.055¢2

1 4 0.16¢ 2.8 —0.028¢> 0.0055¢ —0.033¢2

1 5 0.096¢ 2 —0.015¢2 0.0039¢2 —0.019¢2

1 6 0.056¢ 1.3 —0.007¢> 0.0024¢> —0.0094¢>

1 7 0.03¢ 0.8 —0.0027¢2 0.0012¢2 —0.004¢>

1 8 0.014¢ 0.37 —0.00078¢> 0.0005¢2 —0.0013¢2
1 9 0.0053¢ 0.084 —0.00013¢> 0.00011¢2 —0.00024¢>
2 3 0.29¢ 6.9 —0.037¢2 0.0035¢2 —0.041¢€2

2 4 0.096¢ 2.8 —0.01¢2 0.002¢2 —0.012¢2

2 5 0.034¢ 1.2 —0.0022¢2 0.00081¢> —0.003¢>

2 6 0.0092¢ 0.29 —0.00025¢2 0.00017¢> —0.00042¢>
3 4 0.044¢ 2.8 —0.0021¢€2 0.00041¢2 —0.0025¢2
3 5 0.0018¢ 0.038 —8.2 x 107%¢? 7.8 x 107%¢2 —0.000016¢>

B. Critical exponents

Next, we turn our focus to the critical behavior of the
one-way coupled fixed points. Since the second field is inde-
pendent of the first, the criticality associated purely with @,
is the same as the usual equilibrium O(n) model for n = ny,
which we report for completeness:

n+2
nowm) = Mom) = mez, (61a)
Zom) = 2+ Nom)(61n4/3 —1). (61b)

The critical exponents for the one-way coupled fixed points
thus take the form

N = Now,) + m2[F (wy) + Go(w;i)]gﬁ,p (62a)
0} = o) + mGp(WHE,. (62b)
(62¢)
(62d)

m = 71’2 = N0ny)>
)
21 = Zo(m) + M G(WR)EY, = Zo(my) = 22,

where we have expressed the nonequilibrium exponents rel-
ative to the decoupled equilibrium exponents, using n; to
calculate the corresponding equilibrium exponent. Note that
Ny # 15, 80 z1 # 2+ ny(61n4/3 — 1) at lowest nontrivial or-
der. Additionally, we see that the dynamical critical exponent
is defined by the independent field. This is a consequence of
the fact that the fixed points exhibit strong dynamic scaling.
Since the second field is independent of the first, its scaling
cannot be modified from equilibrium, so the first field can only
match it in the region of multicriticality. Furthermore, we nat-
urally have yr, # yr, =0, and thus n} —m #ny, — 2 =0,
unlike the fully coupled fixed points. In Table III we report
the stable fixed point values of g7, , wg as well as the critical
eXponents 11 — Noe,)» Ny = Nowm)» V1;-

Finally, let us turn our attention to the behavior of the
flowing parameters r;(/), which evolve according to

d (n)\ _(Ru Ri\(n
ldl <V2(l) N0 Rn)\rn) (632)
Rit = =2+ (n + Dity,,  Riz = magiz,/wr,
Ry = =2+ (ny + 2)ity,,. (63b)

Here we see that the flow equations have block-triangular
form. This means that the eigenvalues are given by the di-
agonal entries and the eigenvectors by r;(/), and we have
-1 _ ni+2
—Ui = -2 + mé .
Solving the flow equations with r;(1) = r;,, we find

l)ll_l/‘)1 — l)zl_l/vz

1) =
ri(l) — Tig

n 1)111'27312(1_1/\,1

—1/v
_l /2)r2R’
Vi — 12

(64a)

r(l) =177, (64b)

Fixing the left-hand side for both,

g = C]ll/vl +61211/V2, g = Czll/vz, (65)

from which we see that in the limit [ — 0, the scaling is gov-
erned by the exponent v; since v, > v;. Hence, the correlation
length for both fields is defined by v,, and the exponent v and
the crossover exponent ¢ are given by

2
-1 2_n2+

= 66
v n2+8€’ (66a)
Vi n+2 n+2\e
= —=1 _ )= 66b
¢ 1% +<n2+8 I’l1+8>2 ( )

Since n; < n,, we find the crossover exponent ¢ > 1, indi-
cating that the phase diagram is similar to Fig. 5(a), with
the caveat that the transition associated with ®, becomes
a straight line, as it occurs independently of ®;. However,
unlike the case of a fully coupled multicritical point, there is
no regime with a complex-valued v or a nonzero value of 6*,
both of which require o0 = —1.

An interesting question is whether there are any physically
relevant fixed points which realize v; > v,. In this case, there
would be two correlation length exponents because the scaling
of the dependent field would be dominated by v; in Eq. (65)
and the independent field by definition is described only by
V. In such a case, even if strong dynamic scaling were to
hold with z; = z;, the scaling of the correlation times would
differ. While the n; > n, fixed points have this property, their
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instability and negative wj values means they are unlikely to
play a role in physical systems.

C. Marginality at n, = n,

As discussed above, for n; > n,, there are fixed points
with wj < 0, indicating that a sign change occurs. Indeed,
we find that as the relative values of n;, n, are varied, the
value of 1/wy passes through 0 at n; = n,, and 1/w becomes
marginal. Although the fixed point value of g7, here is diver-
gent and thus unphysical, the flow towards this divergence is
much slower due to the marginality of 1/w, allowing for a
treatment of transient critical phenomena which emerge prior
to entering the nonperturbative regime. In this subsection, we
summarize the key transient features that arise due to the
marginality, the details of which may be found in Appendix C.

The flow to nonperturbative regimes is a consequence of
wpg flowing to infinity, which in turn results in the divergence
of g1, because it rapidly flows to a value proportional to
1 4+ wg [cf. Eq. (57b)]. To better understand the flow in this
regime, we recast the flow in terms of W = 1 /w:

Bw o Wg + O(Wy), (67)

which possesses no linear terms in Wg. As pointed out earlier,
this is because two fixed points merge along the Wy direction
at n; = np, and the two roots of By combine into a double
root, which in turn renders Wy marginal in terms of its sta-
bility. Since this occurs here at n; = n,, it might be tempting
to view this as a consequence of a symmetry of the model.
Nevertheless, we anticipate that the locus of marginality shifts
once higher-order corrections in € are included. Crucially, the
structure of By means that W (I) flows to 0 logarithmically in
[ as opposed to the typical algebraic flow, and significantly
larger length scales are necessary for the model to reach
the nonperturbative regime. In light of this, the perturbative
expressions may exhibit transient critical phenomena in real
systems.

The independent field exhibits equilibrium criticality as
usual, so we summarize the critical behavior of the first field
in this transient regime as

m = now + nG, — (In2)n*Giy |In(u/m*),  (68a)
n = Now + nGT%R, (68b)
T~ &% /| Ing|, (68¢)
V = Vo), (68d)
- 1—n/4
G, = ﬁe, (68¢)

where (@ is some relevant momentum scale (e.g., g or 1/§).
Here GTzR is the fixed point value of G12R = Wrgi2, and
describes the coefficient of the divergence of g, with Wg,
evaluated at Wy — 0. Additionally, u* > u is a momentum
scale which we have introduced to capture nonuniversal be-
havior of 5. Specifically, because W continues to flow, n;
exhibits scale dependence via u, so we must put in a mo-
mentum scale u* by hand. Here u* captures effects from the
approach to transient universality which would normally be
absent at a true fixed point. Scale-dependent critical exponents
also appear in other contexts [142—145], although the under-

lying origin of the scale-dependent exponent in the one-way
coupling model is qualitatively different because it is only a
transient phenomenon.

Unlike 7;, we see that the other exponents are not
scale-dependent. Moreover, n; differs from n; only in the
scale-dependent part. This is a consequence of the fact that
this scale-dependence comes specifically from the flow of T,
while all other exponents are not affected by the divergence.
Additionally, we see that z; exhibits logarithmic corrections,
corresponding to an intermediate regime between strong and
weak dynamic scaling. This is qualitatively similar to the
Ising model in four dimensions where the fourth-order terms
become marginal, leading to logarithmic corrections to the
critical exponents [12]. Furthermore, v remains the same as
in equilibrium, similar to the n, > n; case. However, in this
case an exceptional point is present in the flow of r; due to a
combination of n; = n; and the one-way coupling, resulting
in a nominal crossover exponent ¢ = 1 as well as a phase
diagram similar to Fig. 5(b) and scaling functions of the same
form as Eq. (41).

Finally, we briefly remark on the stability of these fixed
points. Since the ii; are not coupled to other parameters in the
beta functions, they are stable as in the O(n) model. Further-
more, we find that in the limit of W — 0, marginality implies
that the stability matrix becomes triangular, so stability can
be considered independently for GIZR and Wy, and we readily
determine flow in G, . as stable. In the case of Wk, marginality
leads to weak stability to perturbations towards positive Wg
and weak instability to perturbations towards negative Wk,
where by “weak” we mean that the flow is logarithmically
slow in [.

VI. CONCLUSION AND OUTLOOK

In this work, we have considered the effect that O(n)
symmetries have on the critical behavior of nonequilibrium
multicritical points described by two nonreciprocally coupled
Ising-like order parameters using a perturbative RG approach.
To lowest nontrivial order, we determined the behavior of the
NEFPs as a function of ny, ny, illustrating both similarities
with and differences from the behavior of the related equi-
librium fixed points, particularly the biconical fixed points.
Some of the key features of this behavior are the connection
between the stability of one of the NEFPs to the biconical
fixed point, the potential existence of NEFPs in the limit of
n, = 1, n; — 00, and nonperturbative regions of ny, n,.

We have also investigated the previously neglected case of
a one-way nonreciprocal coupling, which becomes nonpertur-
bative in the model considered in Ref. [62], and could possibly
provide a realization of critical exceptional points [28]. We
discovered an additional type of perturbative fixed point which
can emerge and identified the corresponding nonequilibrium
modifications to the critical exponents for the dependent field.
Furthermore, we clarified the nature of the nonperturbative
behavior initially identified in Ref. [62]. We showed that this
behavior is connected to a breakdown in strong dynamical
scaling, where the corresponding parameter that captures the
presence or absence of strong dynamical scaling simultane-
ously becomes marginal. Due to this marginality, the model
becomes nonperturbative slowly, allowing for the identifica-
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tion of critical exponents, including logarithmic corrections
to the dynamical critical exponent from the breakdown in
strong dynamic scaling and nonuniversal anomalous dimen-
sion which depends logarithmically on the momentum scale.

Numerical and experimental realizations of the criticality
associated with these fixed points remain important directions
to investigate. By investigating toy models which give rise
to these forms of criticality numerically, the field theoretical
predictions may be put on more solid foundations, and the
numerical models will give further insight into formulating
experimental realizations. For example, in the case of one-way
coupling, the behavior of the independent field is already
well understood, which could allow for a simplified model
in terms of only the dependent field. Moreover, due to the
nonperturbative behavior at some n;, n, for both 0 = —1, 0,
approaches beyond perturbative RG must be used, such as
functional or exact RG methods [120,121] or large n ex-
pansions [146] for the interesting case where the number of
components goes to infinity for one of the fields. This
similarly applies to two-dimensional systems, which are non-
perturbative for all values of n;, n,. Furthermore, it is unclear
whether a nonequilibrium dynamical version of self-avoiding
walks can allow for a realization of the n; — 0 limit of our
model. In all cases, understanding further nonequilibrium im-
plications of the fixed points warrants additional investigation,
such as entropy production and violations of time-reversal
symmetry [147,148] or ageing [123].

One interesting avenue for the realization of nonrecipro-
cal multicriticality, whether experimentally or numerically,
emerges in an alternative formulation of our model. In
particular, by mapping the free energy J, — —7F, and si-
multaneously changing { — —&, T» — —T», the resulting
dynamics are described by a free energy F = F| + F, +
(u12/2) [, |®1]*|®,|* with a negative temperature 75. Thus,
the nonreciprocity is fully encoded in the two effective tem-
peratures. The concept of negative temperatures has been the
subject of extensive theoretical debate [149—153] and exper-
imental investigation [154—-157], and the current work can
provide insight into how phase transitions in these systems
are modified when different aspects of the system experience
different temperatures, such as the two-temperature models
studied in Refs. [72,74-76], which investigated scenarios sim-
ilartooc = 0 butnot o = —1.

Additionally, several open questions remain concerning the
possible forms of universality that can occur in the presence
of nonreciprocal coupling. For example, a complex order
parameter with U (1) symmetry is equivalent to a real two-
component order parameter with SO(2) symmetry. Although
rotations leave the order parameter invariant, reflections (com-
plex conjugation) do not, thereby distinguishing it from the
0O(2) group we considered. While this distinction is absent for
an equilibrium model described by a real free energy, there is a
greater range of nonequilibrium dynamics possible, which has
been previously investigated in Refs. [77,78,101-103,158].
Specifically, in terms of a complex order parameter, several
parameters in the action become complex which would other-
wise be real for an O(2) symmetry. While, for a single order
parameter, the RG fixed points for a U (1) symmetry are all
the same as for an O(2) order parameter [101], this situation
might be modified in the presence of a multicritical point with

nonreciprocal couplings. SO(n) models for n > 2 also intro-
duce dynamics not present for O(n), but the corresponding
terms in the action are all irrelevant in the sense of RG, so
n = 2 represents a unique case. Finally, the results presented
in this work and others [14,16,23,41-43,50,59-61] indicate
the need to study the effect of nonreciprocal couplings in other
types of critical systems, such as quantum generalizations
and realizations of the models studied here or generalized
multicritical points formed at the intersections between other
types of phase transitions in one order parameter (e.g. model
B dynamics, which describe a conserved order parameter with
diffusive relaxation).
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DATA AVAILABILITY

The data in Fig. 3 result from identifying the solutions to
Eq. (10) by using FindRoot in Mathematica since they do not
have a closed form result. The data in Fig. 6 are obtained
from plugging the relevant solutions into Egs. (21)—(23) and,
essentially, Egs. (26), (31), and (39). The numerical values of
these solutions are openly available [159].

APPENDIX A: Z FACTORS

In this Appendix we present the Z factors used for the
renormalization discussed in the main text. These are iden-
tified using the minimal subtraction procedure using standard
techniques. More comprehensive details concerning the eval-
uation of the integrals for the corresponding diagrams can be
found in Ref. [62].

First, we consider the renormalization of r, r;, corre-
sponding to Figs. 2(a) and 2(b). To lowest order, the location
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of the multicritical point is shifted to

(n +2) T/—ddp b
= —(n
P | Q) D2

T f dfp 1 (Ala)
— nolt —_— a
222 ] @y Dyp?
(12 + 2 T: f dp 1
=—(n u —_—
2T ] @n) Dop?
T / dfp 1 (A1b)
—onmu D — .
111211 2n) Dip?
Defining an additive renormalized mass term 7; = r; — r;,, we
determine the Z factors for 7;:
Zr = 1= (m +2)=% — nyvgwy' 2D (Aa)
€ T,
Zyy = 1= (m+2)2% —onuwp =22 (A2p)
€ T2

From this point on, we simply write 7; as r;.

Next, we consider the one-loop corrections to u;, u;, cor-
responding to Figs. 2(c) and 2(d), and u,, corresponding to
Figs. 2(e)-2(h). The resulting Z factors are

~2

i u
Zy =1—(m + S)ui — OnpUR ~12" , (A3a)
€ i,
it i,
Ziy =1—(ny +8)—=% —onjvg—=, (A3b)
) € Upp€

VR + owpg ﬁlZR

Zi, =1—4
1+wR

iy, i,
— D) ()
€ €
(A3c)

We now consider the two-loop corrections for terms which
are not renormalized at one loop. First, we consider the renor-
malization of ¢;, D;, corresponding to Figs. 2(i)-2(k). The
resulting Z factors are

2 2

=1+ C(n + 2) s nngG;(wR) SE:
2
+2an2vRH;(wR) 12R (Ada)
2 P2
_1+c’(n2+2)—+n,cg( )212
ity
+ 20 n vrH; (w,;l) 2 (A4b)

2e
|

i i
— 1+ C(m + 2)— + mav G (wr) st
i
+20n2vRHD(wR) 12R (Adc)
i i
12R
=1+4+Cp(ny + 2)— +n1GD(wR ) e
i
+20n1vRHD( )% (A4d)
€

where the constants and functions are defined in Eq. (23) of
the main text.

Finally, we consider the two-loop corrections to ¢;7;, corre-
sponding to Figs. 2(1) and 2(m). For convenience, we remove
the contributions from Z;, using the above expressions, leav-
ing only Zr. The resulting Z factors are

2

Zr, = 1 — nyF (wg)vg(vg — o) Dioe (AS5a)
E
2
Zr, = 1+ mF(wg")o(vg — o) 212'* (A5b)
€
where the function
2 (242
F(w):——ln< + w), (A6)
w 24w

was introduced in the main text for §,.

APPENDIX B: RELAXATION BEHAVIOR

In this Appendix we investigate the relaxation behavior of
the system in the doubly ordered phase. In contrast to the equi-
librium fixed points, which exhibit overdamped relaxational
dynamics, the NEFPs exhibit a qualitatively different behavior
in the form of underdamped relaxation.

We consider the system in the doubly ordered phase where
both fields take nonzero expectation values. Due to the rota-
tional symmetry, this necessitates a separation of our fields
into condensed modes and Goldstone modes. We take the n;th
component of each field to have a nonzero expectation value
(®;) = M;, while the remaining n; — 1 are Goldstone modes.
To distinguish these, we refer to the ordered components as ¢;
and make the change of variables ¢; — ¢; + M;, where ¢; now
represent fluctuations around the order parameter. In addition
to the terms in the original action, this transformation intro-
duces quadratic and linear terms as (including the original ry
and r, terms too)

/ ("1 + 3u M7 + u12M22)§01¢1 + (rz + 3uM3 + Gu12M12)§02¢2 + 2u1 MMy @1 + 20 u1 .M Mo &2
X,t

+ M (r1 + uiM} + uoM3) @1 + Mo (s + usM3 + ouinM?) s (B1)

n—1 ny—1

+ Z (rl + u1M12 + UIZMQZ)Q?&;; + Z (1’2 + Lt2M22 + Uulngz)<I>‘§<i>;.
o

In addition, several cubic terms are also introduced which
are not reported for simplicity. We set the vertices @, @, to
zero since, by definition, ¢; solely represent the fluctuations.

(

This in turn sets r; = —u1M12 — u12M22 and rn, = —u2M22 —
oulelz, which eliminate the contributions from the Gold-
stone modes as expected, since these are massless modes. We
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include the effect of fluctuations up to order O(u) to determine
the remaining quadratic vertices

2wy, M3 131 + 2z, M3 020 + 2110, MiMa (0251 + 00132),
(B2)

which we have written in terms of the renormalized coupling
terms after accounting for fluctuations in the form of coun-
terterms. Although the other parameters are not renormalized
at this order, they would likewise take on their renormalized
values at higher orders since the ordered phases have the same
Z factors.

The resulting quadratic part of the action takes the form

So = / > @0 — DV? + R — 6T
X,t i

+ Ri2(0201 +00132), (B3)

where R; = 214,-RMl-2, Ri» = 2ujp,MM,, and we have taken
advantage of the fact that, by rescaling the fields by constant
factors, we can set {; = ¢, = ¢ without modifying the remain-
ing terms. We identify the poles of the propagators via

0=0R}, — (DIK’ + Ry + i0)(D2k* + Ry + iCw), (B4)

whose roots are

D, + D R +R R, — R\
‘er 2K2 4 ‘er Z:I:\/JR%2+(—12 2).

(BS)

—ilw =

From this, we determine that underdamped relaxation will

occur when
R —R\?
—asz > (T) . (B6)

At the equilibrium fixed points, where o = 1, this condition
is impossible, so the relaxation can only be overdamped with
no oscillations. This likewise holds for the one-way coupled
fixed points since o = 0. In contrast, for the NEFPs, where
o = —1, this condition can be rewritten as

4y MPM3 > (un M7 — up,M3)”. (B7)

This is trivially satisfied when u;, M} = up, M3, which can
always be realized for some parameters in the doubly
ordered phase. Defining |MM,| = M? and considering the
limit k — 0, the pole with lowest nonzero decay rate takes
the form

—itw = 2M? (\Jfurgti, % iur,). (B8)

In fact, this scenario corresponds to when the pole achieves
its largest real value relative to its real part. We can thus
identify the maximal angle 6* formed by the pole relative to
the imaginary axis as

6* = tan~! <—VUR”12> (BY)
NG
lR 2R
where we have replaced ug values with the fixed point values

of iig, leading to the additional contribution from vy. The
presence of this factor can be better understood by recasting

this equation in terms of

812, = VRi12,, 8215 = Oll1ng,  8ix = Mg, (B10)

which corresponds to shifting all features of the nonreciproc-
ity into g12, g21 and setting 7;, = T5,. The new maximal angle

is then
0% = tan~! | XKook P
N

Hence we see that the two nonreciprocal terms enter this
equation in the same fashion and that we must have g}, &5, <
0 for underdamped relaxation, which is only possible
foro = —1.

(B11)

APPENDIX C: MARGINAL FIXED POINTS

In this Appendix we present detailed analysis and dis-
cussion of the marginal, nonperturbative fixed points of the
one-way coupled model at n; = n,. We also discuss the sta-
bility of the fixed points in the region of n; ~ n,.

1. Beta functions and fixed points

To understand the behavior near n; = n, = n, we first note
that the ii; couplings flow to their fixed point values quickly
compared to the other two parameters, and as such we may ig-
nore their flow. Additionally, given the divergence of wg, g12,,
we consider the beta functions of

W=1/w, Gp=Wgp, (C1)

which allows us to remove the divergent behavior from the
beta functions (although not necessarily the flow equations).

Noting that By = —pB,, /w3, the relevant beta functions are
~ n+2 G[z
6, =G —142 4—=L, (C2
Po ‘ZRK * n+8>6+ 1+WR] (C22)

Bw = nGt, G(Wg') /W
= nG, Wi + O(WR), (C2b)

where we have considered the small W limit of By in the last
line and neglect higher order terms in Wr. In terms of these
parameters, we see that G also quickly flows to its fixed

point value
14+ W 2
T WR (2 (C3)
4 n+8

~T2R(WR) =

In the limit of Wiz — 0, this quantity approaches a constant
Gy, = G, (0).

Let us now consider the implications of the marginality of
Wk. Like the logarithmic corrections to criticality in d = 4
where € = 0, there are logarithmic corrections to the scaling
here as well, although not necessarily in the same fashion. The
beta function at small Wy implies

13, Wr = nGj3, Wy, (C4)
whose solution is given by

Wr

W) = —=
D=y — nG3 Welnl

(C5)
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where we have introduced the flowing parameters W(/),
w(l) = ul and fix W(1) = Wi. We see that, while the model
becomes nonperturbative in the thermodynamic limit, it does
so logarithmically in /. Thus, for finite systems, the perturba-
tive approach here may nevertheless remain valid in the form
of transient criticality.

2. Flow functions and critical exponents

Next, let us consider how the behavior of W modifies the
flow functions and thus the critical behavior. In the limit of
Wr — 0, these are given by

Vo = —Cp(n+ )i, —nGi,, (C6a)

yp, = —Cp(n+2)ij, — nGi,,, (C6b)

5, = C'(n+ 2)it;, — nG, W, (C6e)
2In2 .,

Yn = - nGiy,, (C6d)

where we have included the flow for D; = D, /1 since the
leading order terms (in Wy) from Dy, ¢; cancel, so we include
the next order. The flow equations for the second field are
unchanged. We can see that, although the flow of ¢; and D,
are not affected by Wk, the flow of D has small corrections
due to Wy, and the flow of 7} diverges as Wz — 0.

First, let us focus on the flow of D; since there is no
divergence involved. In this case, the corrections to the scaling
are analogous to the logarithmic corrections for d = 4, where
the couplings become marginal. Utilizing the method of char-
acteristics, we have

18Dy (1) ~ —C'(n+ 2)it;, — 1/|In1], (C7)
which we may readily solve for [ < 1:
Dy(l) ~ Dy =€ In 1), (C8)

Matching |q| = g = ul and noting w; ~ Dy (I)¢*, we have
™~ CIZ_C/(HZ)QT’z* | In g|, and hence

o ~ g Ingl, T ~E"/|Ing], (C9)

where 7 is the correlation time of the first field. Since we have
22 = Zow, this indicates the presence of weak dynamic scal-
ing, although the difference is only logarithmic. Additionally,
this means that the correlation time for the first field is smaller
than that of the second field in the thermodynamic limit due
to this logarithmic correction.

Next, let us consider the flow of T;, which affects the
behavior of 7;. In this case, we have

1, Ty(1) ~ =2(In2)n*G73 | Inl], (C10)

whose solution is

Tl(l) ~ l—(an)nZG‘;gR\lnII’ (C11)

which implies that, in addition to the effective temperature
increasing, this increase accelerates at small wavelengths. In
terms of the critical exponent 7, this means that the exponent
is no longer constant but depends on the length scale.

Let us now turn our attention to the behavior of r;. Here
we see that Ri; = Ry, while Ri» ZHGTZ, Rot =0 [cf.
Eq. (63)], and there are no divergences. Interestingly, this

corresponds to an exceptional point in the flow equations for
r;, and the phase diagram is similar to Fig. 5(b). As before,
the curve associated with a phase transition in ®, becomes a
straight line since it is independent of ®;.

Finally, we consider the stability of this fixed point as
well as the qualitative consequences that higher-order terms
may have on the critical behavior discussed above. Given the
independence of B; on the other two parameters, we may
ignore their contribution to the stability, allowing us to only
consider Gy,, W, resulting in the following matrix in the limit

of Wg — 0:
A 4GT2 —4GT§
GLWg  Gpwe)

where the top and bottom rows correspond to B¢, and By,
respectively. In the limit of small Wy, we see that the bottom
left term becomes small faster than the bottom right term,
and hence A becomes increasingly triangular. As such, the
stability is purely determined by the diagonal terms, so again
we have stability in Gi» when G%, > 0 and (marginal) stability
in Wy since we only need consider perturbations to positive
Wk.

When higher-order terms are included, there are two pri-
mary possibilities. First, Wz no longer becomes marginal
anywhere, and there is always a strong dynamic scaling fixed
point. In this case, none of the above analysis applies given
the drastic change to the behavior of the fixed points as a
function of ny, ny. Second, By WR2 still can occur, but the
line where this occurs is shifted away from n; = n,. While
there may be additional terms couplings Wy to the iig param-
eters we nevertheless have the same triangular form of the
stability matrix since the off-diagonal terms in the By row
are higher order in Wy, and the stability is determined purely
by ow, Bw and thus still marginal. While the shift in the locus
of marginality means that W at n; = n; is no longer marginal,
if the shift is not too large, it may nevertheless appear nearly
marginal for finite system sizes, leading to similar behavior in
the criticality.

We can also utilize this approach to determine stability in
the vicinity of n; = ny by defining 6, =n; —ny,n= (n; +
ny)/2, resulting in the stability matrix of the coupled fixed
point

(C12)

4-n (=4
7 7)2
A = 8+n 4(8+n)

72 128 2 1 _4-n
C a0 —C gt

; (C13)

which exhibits a similar triangular form in the limit of
én — 0. Thus for 7 < 4, we see that stability is achieved only
for én < 0, i.e., n; < ny. We remark that the divergence in the
stability matrix near 7 = 4 is a consequence of the fact that
there is a discontinuity in the fixed point value of Wy when
moving to higher n, from the stable fixed point region, where
it jumps from O to just below —1/2 since the flow is not well
defined for —1/2 < W < 0 due to the function G(1/Wg).
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