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Scalable spin qubit devices will likely require long-range qubit interconnects. We propose to create such an
interconnect with a resistive topgate. The topgate is positively biased to form a channel between the two dots;
an end-to-end voltage difference across the nanowire results in an electric field that propels the electron from
source dot to target dot. The electron is momentum incoherent but not necessarily spin incoherent; we evaluate
threats to spin coherence due to spin-orbit coupling, valley physics, and nuclear spin impurities. We find that
spin-orbit coupling is the dominant threat, but momentum-space motional narrowing due to frequent scattering
partially protects the electron, resulting in characteristic decoherence lengths ∼15 mm for plausible parameters.
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I. INTRODUCTION

Silicon spin qubits [1–3] offer a promising platform for
scalable quantum computation, due to existing fabrication
infrastructure and the small size of the physical qubits. Recent
experiments have demonstrated high-fidelity state prepara-
tion, readout, and single- and two-qubit gates [4–8]. But
silicon spin qubits require dense control electronics, which
constrain both device layouts and high-level properties like
qubit connectivity. Moreover, both NISQ calculations [9] and
many quantum error correcting codes [10] benefit from long-
range gates.

A large-scale spin qubit device will therefore require
not only good qubits but also medium- and long-range in-
terconnects between qubits [11,12]. Existing proposals for
interconnects include adiabatic passage through an array
of quantum dots [13–20], bucket-brigade shuttling [21–30],
conveyor-mode shuttling [11,31–34], coupling to microwave
cavities [35–43], and more [44–47]. In bucket-brigade inter-
connects, the electron undergoes coherent adiabatic shuttling
through a sequence of dots, controlled by precise modulations
of barrier and accumulator gate potentials. Conveyor-mode
devices avoid some limitations of bucket-brigade shuttling.
Rather than passing through Landau-Zener transitions from
dot to dot, an electron in a conveyor-mode interconnect
travels in a moving potential created by many gates with
relatively few control lines; the electron speed is a few
meters per second. In microwave interconnects, qubits are
coupled to a microwave resonator, leading to effective two-
qubit gates between qubits separated by distances up to
millimeters.

We propose to shuttle electrons between dots separated
by distances L ∼ 100 µm using a single nanowire as a
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resistive topgate (Fig. 1). The topgate is positively biased, to
form a channel between the two dots; an end-to-end voltage
difference across the nanowire results in an electric field that
propels the electron from source dot to target dot. We assume
that the electron is scattered by phonons, conduction electrons
in the wire, and other inelastic scattering sources, so that
it can move from the source dot to the lower-energy target
dot without heating up. We also assume that this scattering
can be treated in a Drudé-like picture, implicitly resting on a
Boltzmann equation for populations in momentum states.

The shuttling process is necessarily momentum incoherent,
but we expect it to be spin coherent. Momentum scatter-
ing does not directly threaten spin coherence because many
sources of scattering (e.g., phonons or oxygen impurities [48])
do not directly couple to the spin. But other effects do threaten
spin coherence (Fig. 2). These include coupling of the spin to
momentum via spin-orbit coupling such that the momentum
will gradually thermalize the spin [49–51]; the g-factor varia-
tion in space through the channel; diabatic transitions between
the electron’s two valley states give rise to a fluctuating g
factor; and, finally, nuclear spin impurities can flip or dephase
the spin. We estimate the effect of these noise sources on
transport (but not tunneling between dot and channel). We
find that nuclear spin impurities and valley effects are made
negligible by motional narrowing. Spin-orbit coupling to the
momentum, therefore, is likely to be the dominant effect; if
the spin-orbit coupling coefficients are comparable to those
measured [52] and simulated [53] in Si/SiGe heterostructures,
then it will result in fidelities ≈0.996 for a 100-µm shuttling
distance.

The paper is organized as follows. In Sec. II we describe
the proposed device and our model of the moving electron’s
dynamics, and in Sec. III we summarize our results. In Sec. IV
we describe the effect of spin-orbit coupling, in Sec. V we
describe valley effects, in Sec. VI we consider spatial vari-
ation in the g factor, and in Sec. VII we describe nuclear
spin impurities. We conclude in Sec. VIII by summarizing
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FIG. 1. Top: Proposed device. A Si/SiGe heterostructure con-
fines an electron to the thin Si layer. A resistive topgate creates
a one-dimensional channel in the Si layer and generates an elec-
tric field along the channel; an electron in the channel undergoes
momentum-incoherent but spin-coherent transport down the channel.
Bottom left: Entanglement fidelity of transport across the channel as
a function of channel length and spin-orbit interaction. Spin-orbit
interaction couples the electron’s spin degree of freedom to its mo-
mentum degree of freedom, which is incoherent due to scattering.
Momentum-space motional narrowing, caused by frequent scatter-
ing, partially protects the spin degree of freedom. The bold line
shows Dresselhaus spin-orbit coupling β = 1 peV cm, the value we
expect for our devices (cf. Appendix A1). Bottom right: A potential
architecture using interconnects to connect plaquettes of five dots,
four filled (filled circles) and one empty (empty circle).

our assumptions and results, outlining experiments which test
those assumptions, and describing some potential applications
of the device.

II. DEVICE

We consider a layered Si/SiGe heterostructure (Fig. 1,
top), with electrons confined to a b = 10 nm layer of Si
isotopically enriched to 800 ppm 29Si. On top of the device
are accumulation gates, barrier gates, and a resistive topgate.
These gates form two quantum dots connected by a long
channel, formed by biasing the resistive topgate; each dot is
separated from the channel by a barrier controlled by a barrier
gate. The channel is narrow (w = 100 nm), so orbital excita-
tions in the plane of the quantum well but perpendicular to the
wire are gapped out by ∼h̄2/2mw2 ≈ 20 µeV or a tempera-
ture of ∼230 mK, larger than our model device temperature of
30 mK. (If thermal excitations to the transverse orbital excited
state become significant at our channel width, we expect that
they can be mitigated by fabricating a narrower channel.)
We therefore take the channel as effectively one dimensional,
Table I gives the device parameters we use; Table II gives
certain derived quantities.

By running a current through the resistive topgate, one
can induce an electric field E along the length of the
channel. Here we find it convenient to consider the electric

TABLE I. Model device parameters: Except where specified, we
take the device to have these parameters. For the spin-orbit coupling,
see Appendix A1; for the intervalley g-factor variation see Ref. [54].

Si thickness b 10 nm

Channel width w 100 nm
Channel length L 100 µm
Temperature T 30 mK
Electric field in channel E 1 V/cm
Zeeman field B 0.5 T
Spin-orbit coupling (Rashba) α 0.2 peV cm
(Dresselhaus) β 1 peV cm
Intervalley g-factor variation δg/g 10−4

Mobility μ 100 000 cm2/V s
29Si concentration 800 ppm

field in the channel as opposed to potential difference to pre-
vent introducing a spurious length dependence.

Electrons in the silicon forming the quantum dots and
the channel have a band structure with six conduction-band
minima, or valleys, in the ±x, y, z directions. Strain effects
raise the energy of the ±x, y valleys by millielectronvolts,
so they are negligible, leaving the z valley states. These z
valley states are split by the combined effect of the interface
and the confining electric potential of the topgate [2,3]. We
therefore consider a one-dimensional effective model for the
momentum and valley degrees of freedom,

Hmom = − h̄2k2
x

2mt
+ 1

2
�(x)[τ x cos φ(x) + τ y sin φ(x)], (1)

where mt = 0.19me is the transverse effective mass of the
electron, τ x,y are Pauli matrices in valley space, and �(x) and
φ are the the position-dependent valley splitting and phase
[55].

The electron is strongly scattered, resulting in a momentum
correlation time τk = μmt/e, where μ is the mobility; we
take this to be described broadly by the Drudé model. We
assume the scattering is primarily inelastic. Inelastic scatter-
ing requires scattering mechanisms other than the impurities
discussed in Refs. [48,56]—perhaps excitation of phonons or
scattering from conduction electrons in the resistive topgate.
Some degree of inelastic scattering is crucial to our scheme,
because the electron starts at high energy at one end of the
channel and ends at low energy at the other end of the

TABLE II. Derived device parameters (cf. Table I).

Momentum relaxation time τk = μmt/e 11 ps

Larmor freq. (angular) � = gμBB/h̄ 88 GHz
Larmor freq. (rotational) gμBB/(2π h̄) 14 GHz
Electron Larmor period 2π h̄/(gμBBz ) 71 ps
Average electron speed v0 = μE 103 m/s
Average electron momentum k0 = μmE/h̄ 1.6 µm−1

Variance of electron momentum 〈δk2〉 = mT kB
h̄2 (2.5 µm−1)2

Spin-orbit coupling length h̄2/mtβ 40 µm
Spin-orbit coupling velocity β/h̄ 15 m/s
Time across 100 µm interconnect Tcross 100 ns
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FIG. 2. Sources of decoherence. (a) Spin-orbit coupling: as the electron scatters, the effective field due to spin-orbit coupling changes
randomly. We find that this is the dominant source of decoherence. (b) Spatially varying g factor: The effective g factor varies along the
channel; scattering processes mean the electron spends an unpredictable amount of time in different effective g factors. (c) Diabatic valley
transitions: The valley splitting has a large random component, due to (e.g.) alloy disorder at the interface, so sometimes it is small. At points
where it is small, the electron can diabatically transition to an excited state, which has a slightly different g factor. (d) Spin-valley hotspots:
When the valley splitting is on resonance with the Zeeman field, spin-valley coupling can flip both spin and valley; later spin-independent
valley relaxation (e.g., due to phonons) brings the electron back to the valley ground state, now in a different spin state. (e) Nuclear spin
impurities: As the electron passes near the rare spin-1/2 29Si, hyperfine interaction with the 29Si nuclear spin can change the electron spin.

channel; the inelastic scattering also justifies our Drudé pic-
ture of transport. If impurities are in fact the dominant
scattering mechanism in our system, then the electron will
Anderson localize, and electron transport will be better treated
in terms of Mott variable-range hopping between Anderson
eigenstates [57–59]; we leave that regime to future work.

The electron is in a Zeeman field B; we take B to be
oriented along the channel, i.e., the x axis. This gives a Hamil-
tonian term,

HB = 1
2μB[g + g′(x) + (δg)(τ x cos φ + τ y sin φ)]Bσ x, (2)

where g′(x) gives the (random) spatial variation of the g factor.
(Although this spatial dependence results from variation in
the spin-orbit coupling coefficients, it is convenient to treat
it separately from the spin-orbit coupling to the incoherent
momentum state. Note that we assume that the magnetic field
is in the plane of the well. In an out-of-plane magnetic field,
the effective g factor depends on the shape of the electron
wave function [60], which would complicate our analysis.)
δg encodes the valley dependence of the g factor, which we
discuss in Sec. V; in that section we also briefly discuss the
effect of spatially varying g factors, as well as valley hot spots.

The Si/SiGe interface gives a spin-orbit coupling

HSOC = kx(ασ y + βσ x ). (3)

(In principle it also leads to terms ky[ασ x − βσ y], but because
the electron is in a coherent ky state, these terms will not lead
to irreparable loss of fidelity.) The valley dependence of the
spin-orbit coupling does not affect the decoherence, as we
discuss in Sec. V 1.

The longitudinal part of the spin-orbit coupling βσ x can
be removed by a gauge transformation (cf. Ref. [61]) under
the assumption that the momentum scattering rate τk is mo-
mentum independent. In this case, the longitudinal spin-orbit
coupling induces a coherent, predictable longitudinal rotation
that depends solely on the distance between source and target

dot and not on the details of the electron’s momentum history.
But momentum-dependent scattering leads (in the new gauge)
to a direct spin-bath coupling or a gauge-induced spin-orbit
coupling. In that case the gauge transformation, far from re-
ducing statistical uncertainty by decoupling the momentum,
introduces statistical uncertainty in the spin state. Put another
way, if the scattering is momentum dependent, then the correct
gauge transformation depends on the bath state, which is not
known. We expect that effects of this nature make the gauge
transformation inapplicable, so we proceed with an ordinary
D’yakonov-Perel’ analysis. In Appendix A5 we discuss the
gauge transformation, questions of momentum dependence,
and implications for our estimates.

We assume that the momentum degree of freedom relaxes
to a Gibbs state,

ρmomentum = Z−1 exp

[
− h̄2

2mt kBT
(k − k0)2

]
, (4)

where k0 = mEμ/h̄ is the drift momentum. (This is in con-
trast to Ref. [62], which treats conveyor-mode shuttling and
so assumes that the electron is always in a coherent position
state.) Equation (4) can be understood as the maximum-
entropy state subject to energy and average-momentum
constraints.

We are agnostic as to the details of the scattering
process. Instead of considering those details, we use a
phenomenological momentum correlation function. We take
that correlation function to have single-time variance 〈(k −
k0)2〉 = mt kBT/h̄2, in accordance with (4), and a correlation
time τk = μmt/e. We do assume that the scattering process is
inelastic, and in fact thermalizes the electron with the scatter-
ing source, so the electron’s temperature does not increase as
it travels down the wire.

We assume that 29Si nuclear spin impurities are uniformly
distributed at a density of 800 ppm [63] throughout the slice
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TABLE III. Summary of contributions to infidelity and relaxation (L1) and decoherence (L2) lengths. Numerical results use the model
device parameters of Table I. Spatial g-factor variability and valley-dependent g factor lead only to decoherence; likewise, spin-valley hotspots
lead only to relaxation. Although nuclear spins cause both relaxation and decoherence, we only estimate decoherence; we expect relaxation
to be an even smaller effect. � = μBBg/h̄ is the (angular) Larmor frequency, τk = μmt/e the momentum scattering time, and ζ the distance
between points of small valley splitting.

Source Relaxation L1 Decoherence L2 Infidelity at 100 µm

Spin-orbit coupling 4m2
t kBT

h̄4eE
α2

1+(�τk )2 ≈ 0.74 m 2m2
t kBT

h̄4eE
(2β2 + α2

1+(�τk )2 ) ≈ 1.5 × 10−2 m 3.2 × 10−3

Valley-dependent spin-orbit (subsumed by valley-independent SOC)
Valley-dependent g factor ∼(�δg/g)2(ζ/v2) ∼ 1 × 10−1 m 5 × 10−4

Spin-valley hot spots 1 m 5 × 10−5

Spatial g-factor variability 2 m 2 × 10−5

Nuclear spin impurities 1 × 105 m 3 × 10−10

of silicon in which the electron travels. (We ignore the 73Ge
nuclear spins.) We take the nuclear spins to be at infinite
temperature. These nuclear spins interact with the electron via
a contact hyperfine interaction, which we treat in scattering
theory.

III. SUMMARY OF RESULTS

A. Relaxation and decoherence lengths and Kraus operators

Qubit performance can be characterized by timescales for
spin relaxation (T1) and dephasing (T2). For an interconnect
the parameter of interest is not a dwell time but the intercon-
nect length. We therefore frame our results in terms of length
scales for spin relaxation (L1) and dephasing (L2):

〈σ x〉 ∝ e−L/L1

〈σ y,z〉 ∝ e−L/L2 (5)

(recall that our quantization axis is the x axis). We consider
decoherence due to spin-orbit coupling, valley-dependent g
factor, spin-valley hot spots, spatial g-factor variation, and
nuclear spin impurities. Figure 2 shows sketches of these
processes; Table III shows their L1 and L2, as well as their
contributions to the entanglement fidelity (vide infra).

We find that both relaxation and decoherence are domi-
nated by the D’yakonov-Perel’ effect, i.e., spin-orbit coupling
to the incoherent momentum. The resulting lengths are

1

L1
= 4m2

t kBT

h̄4eE

α2

1 + (μBBgμmt/h̄e)2

1

L2
= 2m2

t kBT

h̄4eE

(
2β2 + α2

1 + (μBBgμmt/h̄e)2

)
(6)

for the model device parameters of Table I, these are

L1 ≈ 74 cm (spin-relaxation length)

L2 ≈ 15 mm (spin-dephasing length). (7)

For reasonable parameters the valley-dependent g factor gives
an L2 length ∼10 cm, longer than the SOC L2 (Sec. V 1);
the effects of valley hot spots (Sec. V 2) and nuclear spin
impurities (Sec. VII) are much smaller still.

The resulting quantum channel has Kraus operators

K1 = aσ−

K2 = f (bP↑ + P↓)

K3 = d (bP↑ − P↓). (8)

with

a =
√

1 − e−L/L1

b =
√

e−L/L1

d =
√

1

2
(1 − e−L/L2 )

f =
√

1

2
(1 − e−L/L2 ). (9)

B. Entanglement fidelities and spin blockade

The entanglement fidelity [64,65] of a quantum channel E
is the fidelity of the channel, when applied to one half of a
maximally entangled state. In our case, write |�〉 for a singlet
state; the entanglement fidelity is

Fe(ε) = 〈�| (I ⊗ E )(|�〉〈�|) |�〉 ; (10)

it is related to the average of the channel fidelity between
single-qubit states

FHaar(E ) =
∫

ψ∈Haar
dψ 〈ψ |E (|ψ〉〈ψ |)|ψ〉 (11)

by

FHaar(E ) = dFe(E ) + 1

d + 1
, (12)

d = 2 the onsite Hilbert space dimension (see, e.g., Ref. [66,
Ex. 48])

The entanglement fidelity of the channel with the Kraus
operators of Eq. (8) in the previous section is

Fe = 1

4

∑
j

(Tr Kj )
2

= 1

2
(1 + e−L/L2 )e−L/2L1 + 1

4
(1 − e−L/2L1 )2. (13)

In the limit of long relaxation and decoherence lengths, Fe

reduces to

Fe = 1 − L

2L2
− L

2L1
+ O[(L/L1,2)2]. (14)
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IV. SPIN-ORBIT COUPLING

The spin-orbit coupling term (3) in the Hamiltonian cou-
ples the momentum, which is in an incoherent Gibbs state, to
the spin state we seek to transport; this results in relaxation
and decoherence due to the D’yakonov-Perel’ effect [49–51].
The momentum has a scalar average k0 and a fluctuating part
δk, so the Zeeman and spin-orbit coupling parts of the spin
Hamiltonian are

Hspin = 1
2 gμBBσ x + k0(ασ y + βσ x )

+ δk(ασ y + βσ x ) + . . . (15)

The first term is coherent, so we assume it can be corrected
by a calibrated rotation after the electron reaches the target
dot. The second term, however, results in a combination of
spin relaxation and dephasing. The magnitude of this effect
is controlled by the variance of the momentum 〈δk2〉 = mt T ;
the value of the spin-orbit coupling coefficients α, β, which
we expect to be of order α ∼ 0.2 peV cm, β ∼ 1 peV cm (cf.
Appendix A1); and the momentum correlation time τk given
by the mobility. We model the effect of spin-orbit coupling by
treating the spin degree of freedom as our system of interest,
and the momentum degree of freedom—together with all the
scattering sources (impurities, phonons, conduction electrons,
etc.)—as the bath.

The rate of relaxation and dephasing depend on the distri-
bution of the momentum fluctuations δk. We take k to have
a single-time distribution given by the Gibbs state (4), so
δk = k − k0 is Gaussian

p(δk) = Z−1 exp

[
− h̄2

kBT

δk2

2mt

]
; (16)

the single-time variance is 〈δk2〉 = mt kBT/h̄2. For conve-
nience and definiteness, we take the momentum to have
exponential correlations

〈δk(t ′)δk(t )〉 = 〈δk2〉e−|t ′−t |/τk (17)

with correlation time given by the momentum relaxation time

τk = μmt/e. (18)

We modify the resulting correlation function to satisfy the
KMS relations [67–69], which are a necessary feature of
correlation functions of Hamiltonian systems in thermal equi-
librium. [A careful consideration of scattering processes
would likely further modify the correlation function (17), but
most of those effects are captured by the phenomenological
correlation time τk of (18). As long as the correlations have
that timescale, we do not expect our results to change by more
than an O(1) factor.] We give details of the resulting corre-
lation function, together with the derivation of the Lindblad
equation, in Appendix A2, and a brief discussion of the KMS
relation in Appendix A3.

On timescales long compared with τk , the average dynam-
ics can be approximated by Lindblad evolution,

dtρ = �1−
(
σ−ρσ+ + 1

2 {σ+σ−, ρ})
× �1+

(
σ+ρσ− + 1

2 {σ−σ+, ρ})
+ �2(σ xρσ x − ρ) (19)

µ

FIG. 3. Decoherence lengths due to spin-orbit coupling across
electron temperatures. The decoherence length is approximately mo-
bility independent. Because we take the Zeeman field to be along
the interconnect, the effective Dresselhaus field is parallel to the
quantization axis and decoherence dominates; were we to take the
Zeeman field perpendicular to the interconnect, the effective Dres-
selhaus field would still dominate but would then cause relaxation of
approximately the same magnitude.

with

�1− ≈ α2mkBT/h̄4 4τk

1 + (μBBgτk/h̄)2

�1+ ≈ α2mkBT/h̄4 4τk

1 + (μBBgτk/h̄)2
e−�h̄/kBT

�2 = 2mT τkβ
2/h̄4, (20)

resulting in T1 and T2 rates
1

T1
≈ 4mt kBT α2τk/h̄4 1

1 + (μBBgτk/h̄)2
, (21a)

1

T2
≈ 2mt kBT τk/h̄4

(
2β2 + α2 1

1 + (μBBgτk/h̄)2

)
.

(21b)

(We have ignored �1+, since it is suppressed by a factor
e−�·h̄/kBT compared to the other rates.) For momentum scat-
tering time τk � h̄/μBBg the Larmor precession time, both T1

and T2 increase as the scattering time decreases, i.e., as the
mobility gets lower. This effect, already noted in Ref. [50],
can be understood as motional narrowing in momentum space.
The T1 and T2 of (21) lead to relaxation and decoherence
lengths,

1

L1
= 1

vT1
= 4m2

t kBT

h̄4eE

α2

1 + (μBBgμmt/h̄e)2

1

L2
= 1

vT2
= 2m2

t kBT

h̄4eE

(
2β2 + α2

1 + (μBBgμmt/h̄e)2

)
. (22)

Figure 3 shows the decoherence length L2 as a function of
the spin-orbit coupling coefficients, across temperatures. (We
use the model device values of Table I for other parameters.)
Because the Dresselhaus spin-orbit coupling β is larger than
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the Rashba α and our magnetic field is parallel to the elec-
tron’s motion, decoherence dominates. For the model device
parameters of Table I we find

L1 ≈ 0.74 m

L2 ≈ 15 mm. (23)

When the momentum scattering time is τk � h̄/(μBBg) the
Larmor precession time, the SOC relaxation and decoherence
lengths are mobility independent, because two countervail-
ing effects cancel. As the mobility decreases the momentum
scattering time decreases, leading to the momentum-space
motional narrowing discussed above and longer T1, T2. But as
the mobility decreases, the speed decreases, so the time taken
to travel any particular length increases.

The resulting quantum channel has Kraus operators of
the same form as Eq. (8). The entanglement fidelity reduces
to Eq. (14) in the limit of long relaxation and decoherence
lengths.

V. VALLEY EFFECTS

Bulk silicon has six conduction band minima, or valleys:
one on each of the ±kx, ky, kz axes. In two-dimensional (2D)
heterostructures the ±kx, ky valleys are gapped out by strain,
with gaps of order millielectronvolts [2,3]. The remaining
valleys, on the ±kz axis, have a spatially varying energy dif-
ference, or “valley splitting.” Typically the valley splitting is
of order 10–100 µeV, comparable to the Zeeman energy, but
Ref. [70] argues that under plausible assumptions it frequently
passes through zero along the length of a device.

The valley degree of freedom can impair device perfor-
mance by coupling to the electron spin, together with the
magnetic field (a valley-dependent g factor, varying in space)
and electron momentum (valley-dependent spin-orbit cou-
pling, also varying in space). If the electron is in a mixed
valley state, then the coupling between valley and spin can
dephase the qubit. If the valley splitting—the energy differ-
ence between valley-space energy eigenstates—is near the
Zeeman energy, then the device is said to have a valley hot
spot. At a valley hot spot, the valley states may hybridize with
the spin states, making the qubit sensitive to charge noise1

and phonon-induced relaxation [71–80]. We argue that the
electron is moving too quickly for any of these effects to mat-
ter: Motional narrowing makes the effect of valley-dependent
spin-orbit coupling and g-factor negligible, and the electron
spends too little time near valley hot spots to appreciably
relax.

We do not consider valley-driven decoherence after the
electron enters the target dot. If the electron enters the dot’s
valley-excited state, then it may remain there for milliseconds
[77], much longer than relevant gate times; during that period,
the valley g-factor difference will give nontrivial decoherence.

Although the dot entry process requires further study, we
expect that the probability for the electron to enter the dot

1Typically, the valley states are in slightly different positions (see,
e.g., Ref. [54]), so they couple slightly differently to charge noise.
When the valley states hybridize with the spin states, then, the spin
states also couple slightly differently to charge noise, leading to
decoherence.

valley-excited state will be thermally suppressed. We assume
that the dot entry process will be inelastic, in the sense
that it is driven by a process that exchanges energy with
some other system (e.g., phonon emission or scattering from
wire electrons). Because that other system is at a tempera-
ture small compared to the likely target-dot valley splitting
�target ∼ 100 µeV, the inelastic transition process is much
more likely to take the electron to the target dot’s valley-
ground state than to the valley-excited state. If the transition
process is elastic, then the electron may end up in the target-
dot valley-excited state. We expect that one could engineer
intervalley relaxation, perhaps using a second dot or a protocol
along the lines of that of Ref. [81].2

A. Valley-dependent spin-orbit coupling and g factor

The relevant terms in the Hamiltonian are

Hspin-valley = �(x)τ x [valley splitting]

+ 1

2
h̄�

δg

g
τ xσ x [valley-dependentg]

+ kβ ′τ xσ x [valley-spin-orbit], (24)

where τ x,y,z are valley-space Pauli operators.3 We do not
consider valley-dependent Rashba spin-orbit coupling; in
effective-mass fits to experimental data, the valley-dependent
part of the Rashba coupling is much smaller than the Dressel-
haus coupling, which is largely valley dependent [54].

To estimate the effect of valley-dependent couplings, we
assume that the electron passes diabatically through many
places where �(x) is small, leading to a random valley state.
We assume that small valley splittings occur with density ζ−1

and treat the valley degree of freedom as classical telegraph
noise with switching rate ζ/v. We ignore spatial variation in
the coupling constants between valley and spin.4

2Note, though, that Ref. [81] assumes that the velocity—hence the
valley degree of freedom and indeed the spin degree of freedom—
are coherent if unknown. In our case the scattering results in an
incoherent velocity state, hence an incoherent valley state.

3In fact the valley splitting rotates in the τ x,y plane, as well as fluc-
tuating in magnitude, but this rotation does not affect our estimates.

4This assumption is justified if the correlation length of the cou-
pling constants is not appreciably shorter than ζ , and if the coupling
constants and the valley splitting are independent. They may not
be independent. Consider an interface step. Reference [54] found
the valley-dependent Dresselhaus spin-orbit coupling δβ, and conse-
quently the valley-dependent g factor δg, change signs at an interface
step. But Ref. [55] find that under certain conditions the valley
splitting has a minimum at an interface step. So the effects may can-
cel: The electron may pass diabatically through this valley-splitting
minimuim, leaving the minimum in the valley excited state—but
this valley excited state has the same spin-orbit coupling as the
previous valley ground state. In fact interface steps are unlikely to
produce valley minima. Reference [55] finds that if the interface
is more than a monolayer thick, the interface steps have a small
effect on the valley splitting, which is dominated by alloy disorder,
and (in this particular instance) our independence assumption not
broken. Nonetheless our independence assumption is nontrivial and
may require reconsideration in future work.
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The correlation time of the valley state is

τv ∼ ζ/v0. (25)

For ζ = 100 nm (cf. Refs. [70,82]) and v0 = 1000 m/s, this is
τv ∼ 100 ps 
 τk ∼ 10 ps, the momentum correlation time,
so the effect of Dresselhaus spin-orbit coupling in dephasing
the qubit is controlled by the momentum correlation time, not
the valley-space correlation time, even though the Dressel-
haus spin-orbit coupling is strongly valley dependent. For that
reason, we have already treated the Dresselhaus spin-orbit-
coupling in Sec. IV.

Using the valley correlation time τv ∼ ζ/v0, then, the de-
phasing rate is

1/T2 ∼
(

�
δg

g

)2

(ζ/v0). (26)

For reasonable parameters5 (ζ = 100 nm [82], δg/g = 10−4

[54]) this gives T2 ∼ 100 µs or L2 ∼ T2v ∼ 10 cm, much
longer than the L2 ∼ 15 mm due to spin-orbit coupling.

B. Valley hot spots

In a static dot the fixed valley splitting � may be close
to the Zeeman frequency. If that is the case, and if there is a
spin-valley coupling,

1
2�τ z + Jτ zσ z, (27)

between the valley and spin, then the two will hybridize.
The spin is then subject to phonon-driven valley relaxation
processes and charge noise. In dots the coupling has been
measured at J ∼ 10 MHz ·h ∼ 40 neV [83].

In a resistive interconnect � varies as it passes through
different alloy disorder realizations and (potentially) interface
steps. (Reference [55] gives a helpful introduction to this
physics.) If the electron wave packet has a length scale le and
a speed v0, then the disorder changes on a timescale ∼le/v0;
if the valley splitting � has a standard deviation σ�, then its
rate of change is

d�

dt
∼ σ�v0/le. (28)

The spin and valley can only hybridize if

|� − gμBB| � J (29)

for a time ths � J/h̄. This timescale is

ths ∼ J

[
d�

dt

]−1

∼ Jle
σ�v0

. (30)

5The small-valley-splitting length ζ comes from experiments [82]
with tightly localized electron wave functions. The effective valley
splitting is the result of averaging over the valley disorder in the
whole area of the wave function, so passing from the tightly localized
wave functions of Ref. [82] to the extended wave functions of our
device will change the valley-splitting disorder parameters. If the
valley splitting turns out to be an important source of dephasing,
then this will require more careful consideration. As it is, we do not
expect the resulting change in parameters to change our conclusion
that valley effects are less important than spin-orbit coupling.

The degree of hybridization, then, is roughly

p ∼ λths ∼ J2le
h̄σ�v0

; (31)

if this is small, then the electron passes through the valley hot
spot too rapidly for spin-valley relaxation or valley-mediated
charge noise to affect it.

Assume the electron wave packet has a length scale le ∼
1 µm, and the standard deviation of � is σ� ∼ 10 µeV. Then
ths ∼ 0.7 ps and Jths/h̄ ∼ 7 × 10−6. We can heuristically es-
timate a hot-spot driven relaxation length. Assume that every
time the electron passes through a hot spot, its spin state goes
to the ground state with probability p ∼ Jths/h̄. The probabil-
ity that any particular location is a hot spot is phs � J/σ�,
so the linear density of hot spots is λhs ∼ J/σ�le and the
relaxation length is

1

L1
∼ pλhs ∼ J3

σ 2
�h̄v0

∼ (1 m)−1. (32)

This is comparable to the spin-orbit-driven relaxation length
L1 ≈ 0.74 m (for our model device parameters), so—
depending on the constant factors and the parameters of the
actual device—valley hot spots may in fact control spin re-
laxation. But it is much longer than the spin-orbit-driven
decoherence length scale L2 ≈ 15 mm, so hot spots are un-
likely to limit device performance.

VI. SPATIALLY VARYING g FACTOR

Because the g factor has a contribution from spin-orbit
coupling it varies slightly with alloy disorder, interface steps,
and other random effects. As the electron passes through the
interconnect, then, it experiences a variable g factor.6 The
resulting evolution has both a deterministic component and a
variable component. If the electron’s path were deterministic,
then the resulting total z rotation would be the same shot to
shot and could be corrected. But in fact the electron travels
diffusively through the channel, so the path (i.e., the time
spent in each region) varies from shot to shot.7

In Appendix B we give a detailed calculation. In this sec-
tion we review the assumptions of that calculation and give a
heuristic derivation of the resulting decoherence length.

We assume that the electron’s position state can be mod-
eled semiclassically and that it follows a directed random
walk. We also assume that the variation of the local g factor in
the effective-mass model underlying the semiclassical model

6Strictly speaking it will experience a variable g-factor tensor: That
is, the magnetic field term will undergo small random rotations, as
well as small variations in magnitude. We expect this effect to be of
the same magnitude as, or even smaller than, the already-small effect
of scalar g-factor variation, so we do not treat it in detail.

7In addition, the variable g factor will lead to small spin-dependent
scattering, which may lead to further decoherence. We expect de-
coherence due to this effect to be smaller than other sources we
consider, because it is second-order: It involves both the (small)
spatial g-factor variation and some other source of decoherence, e.g.,
the spin-orbit coupling of Sec. IV or the spatially varying g factor
itself.
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is random and has a short correlation length. We expect that
variation to be driven by alloy disorder, which modifies the
interface properties that control the spin-orbit contribution to
the g factor (cf. Ref. [60]). Consequently, the local g factor
varies on very short length scales. An extended wave packet
like we consider will average over more of the local disorder
than the wave functions an electron in a quantum dot, but in
each case the effective g factor is central limiting. We can
therefore estimate the variability of the local g factor—hence
the dynamics of the effective g factor controlling the spin
dynamics of the electron in either a dot or an extended wave
packet—from dot-to-dot variation.

Consider an electron in a coherent wave packet of some
length le, and assume it travels down the wire in a directed
random walk. The electron coherence length le is a key pa-
rameter of the calculation, but—because it depends on the
details of the scattering—it is difficult to estimate. The coher-
ence length must be longer than the scattering length τkv0 ∼
10 nm; we expect it to be longer than typical dot length scales,
le 
 100 nm. We take the directed random walk to have dif-
fusion constant D = kBT μ/e ≈ (160 nm)2/ns given by the
Einstein relation and drift velocity v = μE ≈ 1000 m/s.

Because the wave packet has length le and width w the
channel width, the electron spin evolves under the average
Larmor frequency in that area. If the variation in the local
Larmor frequency is short-range correlated —e.g., because
it comes from spin-orbit coupling variation due to alloy
disorder— then the effective Larmor frequency, averaged
over the le × w area of the wave packet, has correlation length
lc = 2le8 and location-to-location or device-to-device
variance

σ 2
� ∼ σ 2

0 /(lew). (33)

Here σ0 is a device property which we can estimate from dot-
to-dot g-factor variation

σ 2
0 ∼ l2

dot[�0�g/g]2 ≈ (0.44 GHz nm)2, (34)

where ldot ≈ 50 nm is the length scale of the dots of the
experiments we consider [84,85], �0 = gμBB/h̄ = 88 GHz is
our typical (angular, not rotational) Larmor frequency, and we
take �g/g = 10−4 (see Appendix B1).

To estimate the decoherence length, let us imagine that
the Larmor frequency is uniform within boxes of length lc
the Larmor frequency correlation length but varies randomly
between boxes. The time tbox the electron spends in a box is
on average lc/v0 but has variance

vartbox ∼ Dlc/v
3
0 . (35)

To see this, note that at a time t = lc/v0 after it enters the
left end of the box, the electron’s average position is at the
right end of the box, but the variance of the position is
varx(t ) = Dlc/v0. Since—whatever its position—it is moving
at roughly a speed v0, this means that the variance in its
exit time is vartbox = 1

v2
0
varx(t ), giving (35). (This implicitly

8The factor of 2 comes from a Gaussian integration; see Appendix
B.

FIG. 4. Decoherence length resulting from spatial g-factor vari-
ation, across electron wave-packet lengths. Because the Larmor
frequency variation is central limiting, it is best understood as a
standard deviation per unit length σ0. The red dotted line shows σ0

corresponding to a dot-to-dot g factor variation �g/g = 10−3, consis-
tent with SiMOS measurements [80]; the black dashed line shows a
heuristic estimate for SiGe devices, corresponding to �g/g = 10−4.

assumes that lc 
 D/v, the length scale characterizing when
drift dominates diffusive spread.)

If we work in a rotating frame, so the average Larmor
frequency is 0, then in the box near position x, the electron’s
spin state undergoes a σ x rotation by an angle

θbox = tbox�x. (36)

(Recall that we have taken x to be our quantization axis.) The
shot-to-shot variance of this angle is

varθbox = �2
xvartbox ∼ �2

xDlc/v
3
0 . (37)

The variance of the rotation over the course of the channel,
then, is

varθchannel =
∑
boxes

varθbox ∼ Lσ 2
�D/v3

0, (38)

since the variances add and the �2
x average to σ 2

�. From this
we can read off a decoherence length

L2 ∼ v3
0

σ 2
�D

≈ elewμ2E3

kBT σ 2
0

. (39)

The more detailed calculation of Appendix B gives the
same answer, including constant factors, at leading order in
v0/(Dlc). In our case v0/D ∼ 26 nm and lc 
 200 nm, so this
leading-order approximation is reasonable.

Figure 4 shows this decoherence length as a function of σ0

across wave-packet lengths le. Under pessimistic assumptions
(le = 10 nm; σ0 � 4 GHz nm, consistent with SiMOS mea-
surements) this gives a shorter L2 than the spin-orbit coupling
contribution we calculated for our model device parameters
in Sec. IV. But pessimistic assumptions for the g-factor vari-
ability are in tension with the model device parameters: If
the g-factor variability is large, then we expect the spin-orbit
coupling to be large. For our model device parameters and
le = 100 nm, the g-factor decoherence length is L2 ∼ 2 m,
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much longer than the decoherence length due to spin-orbit
coupling L2 ≈ 15 mm.

Both this heuristic calculation and the more detailed cal-
culation of Appendix B make three major assumptions: that
the Larmor frequency variation is short-range correlated; that
the electron’s position state can be treated semiclassically, as a
wave packet with a center undergoing a directed random walk;
and that the electron’s correlation length is long compared to
the mean free path.

The Larmor frequency variation may not be short-range
correlated. It may come from rare, widely spaced interface
steps, or it may come from magnetic field gradients. Interface
steps, like alloy disorder, can change the spin-orbit coupling
and hence the g factor. In that case we expect the calculation
to be broadly similar to the calculation we present here. If the
typical step separation lstep is lstep � le, then the calculation
here will be unchanged. If, however, the step separation is
lstep 
 le, then the effective g factor will not be central limit-
ing, so the σ 2

� will have a different form, and in the expression
(35) for var tbox lc will become lstep. If the Larmor frequency
variation comes from inhomogeneities in the magnetic field,
perhaps due to a micromagnet, then the tools of Appendix B
can still be used, but the calculation will differ substantially.

VII. NUCLEAR SPIN IMPURITIES

Although the atoms around the electron are primarily 28Si,
which has no nuclear spin, a few are 29Si, which has nuclear
spin 1/2. These nuclear spin impurities have a small gyro-
magnetic ratio, so their spin distribution is not appreciably
modified by the Zeeman field, but they fluctuate on long
timescales.

In a slowly fluctuating Larmor frequency landscape like
that caused by nuclear spins there are two sources of
decoherence: shot-to-shot variations in the amount of time the
electron spends in each part of the landscape and long-time
fluctuations in the landscape itself. We treated decoherence
due to shot-to-shot variations in Sec. VI. (There we focused
on g-factor variation due to other contributions to disorder in
the Larmor frequency, e.g., alloy disorder, but the treatment
applies just as well to the nuclear spin contribution.) In this
section we treat decoherence due to fluctuations in the nuclear
spins themselves; we then briefly return to the nuclear spin
contribution to the shot-to-shot variation.

The nuclear spins interact with the electron spin via a
contact hyperfine interaction [3,86]

Hhyperfine =
∑

α∈impurities

au δ(xe − xn)σe · σn, (40)

where xe, xn and σe, σn are electron and nuclear position oper-
ators and Pauli matrices, and

au = 2μ0

3

gμBγnη

wb
, (41)

where wb is the cross-sectional area of the dot (cf. Table I)
and η ∼ 100 is a dimensionless “bunching ratio” [87–91].
[We review the microscopic origin of the effective mass
Hamiltonian (40) in Appendix B4.] In a dot, this hyperfine
interaction leads to Gaussian-in-time dephasing, because the
electron is in contact with the same impurities, in the same

spin states, for a long time. In an interconnect, by contrast,
the electron is in contact with each impurity only briefly, so
the dephasing is reduced by motional narrowing. We consider
dephasing due to the term

auδ(xe − xn)σ z
e σ z

n . (42)

To estimate the magnitude of the dephasing, including mo-
tional narrowing, we take the electron to start in a mixture of
wave packets with some characteristic length le and consider
the effect of a single nuclear spin. The electron state is

ρ = ρs ⊗
∑
x,k

p(x)p(k) |ψ (x, k)〉〈ψ (x, k)| , (43)

where ρs is the electron spin state,

|ψxk〉 =
∫

dx′ e−ikxe−(x′−x)2/4l2
e |x′〉 (44)

is a wave packet with position ∼x and momentum ∼k, p(x) is
some position distribution, and

p(k) ∝ e− h̄2

2mkBT (k−k0 )2

(45)

is the Gibbs distribution for momentum. Each wave packet has
an interaction matrix element,

〈ψxk|auδ(xe − xα )|ψxk〉 ≈ au

le
, (46)

while the electron is in contact with the impurity.
Ignore, for the moment, momentum relaxation and the

electric field. Then an electron in a wave packet with momen-
tum k is in contact with the impurity for time

tcontact ≈ le/v = lem/h̄k. (47)

After averaging over nuclear spin states the electron’s spin
state evolves by

ρs �→ (1 − �k )ρs + �kσ
z
e ρsσ

z
e ,

�k ≈
(

au

h̄le
tcontact

)2

=
(

mau

h̄2k

)2

. (48)

We give a more careful version of this elementary argument in
Appendix B1; we derive the same result in scattering theory
in Appendix B3.

The dephasing probability �k of (48) diverges at small
k. The divergence indicates that our perturbative approach
breaks down for wave packets with k � mau, and that—in the
absence of momentum relaxation, and ignoring the effects of
the electric field—dephasing is dominated by those small-k
parts of the momentum distribution. All of this small-k be-
havior comes about because at small k the electron is slow, so
tcontact is large.

But this scenario, in which the electron remains in contact
with a single impurity for a long time, is not realistic. Because
the electron is acted on by the electric field from the resistive
topgate and by momentum-relaxation processes, it is best con-
sidered as having a random momentum with correlation time
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τk the momentum relaxation time.9 For times t 
 τk ≈ 10
ps, then, the electron has average speed v0 = μE , so the
contact time is roughly tcontact ≈ le/v0 and the single-impurity
dephasing probability is

�k ≈ (au/h̄v0)2 =
(

au

h̄μE

)2

(49)

independent of momentum. (We give a somewhat more care-
ful version of this argument in Appendix B2, where we
assume that the center of each wave packet undergoes a di-
rected random walk with average speed v0 = μE .) Because
the dephasing probability is momentum independent, the inte-
gration over the momentum degree of freedom k in the initial
state (43) is trivial, and the integration over the position degree
of freedom x in (43) is trivial because every wave packet
eventually encounters the impurity. The dephasing due to this
single impurity is therefore

�single =
(

au

h̄μE

)2

. (50)

The dephasing length is given by the linear density of impuri-
ties λ = νwb, ν the volumetric density:

1

L2
= �singleλ =

(
2μ0

3

gμBγnη

h̄μE

)2
ν

wb
. (51)

At 800 ppm, ν ≈ 0.04 nm−3 for

1

L2
≈ (1.4 × 105 m)−1. (52)

In Appendix B5 we use the results of Appendix B to com-
pute the effect of variation in how long the electron spends
near each spin—that is, the disorder average of the shot-to-
shot variance, as opposed to the shot-to-shot average of the
disorder variance. We find

1

L2
≈

(
2μ0

3

gμBγnη

h̄μE

)2
ν

wb

kBT

eEle
. (53)

For our parameters and le = 100 nm, this differs from (51) by
T/eEle ≈ 0.26, so (51) provides an adequate estimate of the
effect of nuclear spins.

The dependence � ∝ (wb)−1, wb the cross-sectional area
of the channel, deserves comment. This comes about because
the hyperfine coupling is au ∝ |ψ (r j )|2 ∝ (wb)−1, ψ (r j ) the
electron wave function at the impurity, and the hyperfine cou-
pling enters the dephasing probability as (au)2 ∝ (wb)−2. As
the channel grows wider, that drop in the hyperfine coupling
outweighs the increase in the number of impurities the elec-
tron contacts.

VIII. CONCLUSION

We proposed to use a resistive topgate to connect quantum
dots in silicon heterostructures. When the topgate is biased
it creates a 1D channel between the dots; when a current

9Note that in Drudé theory the momentum relaxation time is also
the time it takes for the electric field to accelerate the electron from
a standing start to the steady-state velocity.

runs through the topgate, the concomitant electric field drives
the electron from source dot to target dot. We considered
dephasing and relaxation of the electron’s spin state due
to spin-orbit coupling, valley effects, and nuclear spin im-
purities. We found that both dephasing and relaxation are
dominated by spin-orbit coupling, via the D’yakonov-Perel’
effect, leading to characteristic relaxation and dephasing
lengths L1 ≈ 0.74 m, L2 ≈ 15 mm . Our estimates could be
straightforwardly checked in experiment by performing pro-
cess tomography of the shuttling process: by preparing many
electrons in the σ x, σ y, and σ z eigenstates and measuring
their states after shuttling, e.g., by local unitaries and Elzer-
man readout, one can reconstruct the channel applied by the
shuttling process. This will include not only the incoherent
effects we have treated but also coherent effects like spin-orbit
coupling to the average momentum.

We have focused on transport, not on the one-time dot
entry and exit processes. Tunneling to and from the dot may
be slightly spin-selective, due to magnetic field gradients or
g-factor variation. In principle this spin-selective tunneling
could give rise to an artificial spin-orbit coupling that couples
the spin state to charge noise. In practice, we do not expect this
effect to be larger for our devices than for coherent tunneling
between dots, especially in the bucket-brigade configuration,
which has been demonstrated with high fidelity [21–30].

We assume that electron transport is controlled by inco-
herent, inelastic scattering. Inelastic scattering is crucial: The
electron moves in a potential landscape created by the resistive
topgate, from high potential energy to low potential energy,
and that energy must be dissipated by inelastic scattering
processes. We expect that phonon emission, together with
scattering between the electron in the channel and the many
conduction electrons in the topgate, provides the necessary
dissipation. We further assume that this scattering can be
treated in a Drudé-like picture, implicitly resting on a Boltz-
mann equation for populations in momentum states.

If transport is controlled instead by static disorder, e.g., the
Coulomb disorder treated by Ref. [56], our Drudé-like picture
is not appropriate. In this case a better picture starts with
localized eigenstates, and considers Mott variable-range hop-
ping between those eigenstates. The spin-orbit calculations of
Sec. IV no longer apply; our valley-diabaticity assumptions
of Sec. V have to be reexamined; and nuclear spin impurities
become more important, because the electron spends more
time in contact with each spin and the motional narrowing of
Sec. VII becomes less effective. Experiments are ultimately
needed to determine which regime the device is in.

One may be able to escape this disorder-controlled regime
by adding electrons to the channel, which would fill tightly
localized low energy bound states. In this scenario the elec-
tron would travel through weakly localized high-energy states
above a Fermi level. The crossover would be broadly similar
to the percolation threshold in 2D materials, though instead
of a percolation transition one would hope merely to weaken
the effect of disorder relative to other (inelastic) scattering
sources. Adding electrons to the channel in this way would,
however, introduce other sources of decoherence.

The resistive interconnect we propose imposes certain
design tradeoffs. The interconnect’s relaxation and deco-
herence lengths are controlled by the spin orbit coupling
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coefficients; any increase beyond the ∼1 peV cm expected
for Si/SiGe wells threatens interconnect fidelities. So resis-
tive interconnects will require substantial effort in a “wiggle
well,” in which oscillating Ge concentrations in the Si well
are used to control valley splitting and increase spin-orbit
coupling [55,92–94]. Resistive interconnects likewise may
require more effort in SiMOS or Ge hole devices, where spin-
orbit coupling coefficients are larger than the Si/SixGe1−x

devices we consider [60,95]. In such systems it may be better
to use conveyor-mode shuttling: In conveyor-mode shuttling
the electron’s position state is coherent, so large spin-orbit
coupling protects the electron spin [62].

A functioning resistive interconnect will create a number
of new architectural possibilities, all requiring further theory
work. In the near term, we look forward to using the resistive
topgate for measurement in a solid state Stern Gerlach exper-
iment [96,97]. If the topgates form a Y near a micromagnet,
then the micromagnet will produce a magnetic field gradient
that will divide spin-up and spin-down electrons between the
arms of the Y. Designing such a device will benefit from
theoretical modeling to set the device parameters—the micro-
magnet strength, the electron speed, the width of the channel
at the Y, and so on—to maximize the measurement fidelity.

In the longer term, high-fidelity interconnects will en-
able the genuinely long-range gates required by many error
correcting codes. Our calculations suggest that a resistive
interconnect can transport spin states with fidelities 99.6%
over distances of 100 µm and higher over shorter distances,
depending on spin-orbit coupling and temperature. If a single
qubit in a grid requires 500 nm, then this is a range of 20–200
qubits. But designing a good interconnect architecture for a
many-qubit device will require answering many related the-
ory questions, from high-level questions about, e.g., routing
protocols to low-level device physics questions about, e.g., the
behavior of the electrons at corners.

ACKNOWLEDGMENTS

We thank Ben Woods, Merritt Losert, Steve Lyon, Ryan
Jock, Jan Krzywda, Mike Winer, Yuxin Wang, Jay Deep Sau,
Katharina Laubscher, Michael Swift, Darshana Wickrama-
ratne, and Sasha Efros for helpful discussions. This work was
supported in part by ARO Grant No. W911NF-23-1-0242,
ARO Grant No. W911NF-23-1-0258, and NSF QLCI Grant
No. OMA-2120757. C.D.W. also acknowledges DOE-ASCR
Quantum Computing Application Teams program for support
under fieldwork Proposal No. ERKJ347; the work was com-
pleted while C.D.W. held an NRC Research Associateship
award at the United States Naval Research Laboratory.

APPENDIX A: SPIN-ORBIT COUPLING

1. Value of the spin-orbit coupling coefficient

The values of the spin-orbit coupling coefficients α, β

[for Rashba SOC HR = α(σ xky − σ ykx ) and Dresselhaus-
like HD = β(σ xkx − σ yky)] depend on many device details,
including the electric field, the quantum well thickness,
and the interface disorder [98]. In our model device we
take the Rashba and Dresselhaus spin orbit coupling to
have values α = 0.2 peV cm and β = 1 peV cm, respectively.

This is motivated by conduction electron experiments in
Si/SiGe quantum wells at finite electron density [52], g-factor
anisotropy experiments in Si/SiGe quantum dots [54], and
tight binding calculations [53,94,98].

Wilamowski et al. [52] report conduction-electron spin
resonance and spin echo experiments. (Their device is de-
scribed in Ref. [99].) They apply an external magnetic field
at a variable angle to the quantum well; they find that the
dependence of the g factor and the electron T1 and T2 on the
magnetic field angle and the filling can all be explained with a
single fit parameter, a Rashba spin-orbit coupling coefficient

α = 0.55 peV cm. (A1)

They do not consider whether their data can be fit by a Dres-
selhaus spin-orbit coupling. Later numerical work [53,94,98]
finds that these heterostructures are likely to display larger
Dresselhaus than Rashba spin-orbit coupling (vide infra).

Ferdous et al. [54] measure the g-factor anisotropy in a
SiGe/Si/SiGe quantum dot and estimate spin-orbit couplings
via effective mass theory (and comparisons to atomistic tight-
binding models). They find Dresselhaus and Rashba spin-orbit
coupling

β ≈ 1 peV cm

α≈ −0.15 peV cm, (A2)

respectively; the Dresselhaus coupling has opposite signs
in the dot’s two valley states, while the Rashba differs by
∼0.03 peV cm.

Tight-binding calculations [53] find 10

α ∼ 0.2 peV cm

β ∼ 3.5 peV cm, (A3)

at a transverse electric field 5 × 106V/m, for a narrow well of
31 monoatomic planes [53, Fig. 3]. The couplings decrease as
the well thickness increases; for a larger 20 nm well, Ref. [94,
Fig. 3] finds 11

α ∼ 0.2 peV cm

β ∼ 1 peV cm. (A4)

For wells with clean interfaces the zero-electric-field cou-
plings depend strongly on the number of monolayers in the
well, for symmetry reasons (see Ref. [53] for a concise dis-
cussion or Ref. [98] for a more pedagogical discussion). Real
wells suffer alloy disorder, which smooths the dependence on
the number of monolayers [98].

2. Lindblad dynamics

In general consider

H = HA + HB + AB, (A5)

10Note that Ref. [53] reverses the notation: They write α for
Dresselhaus and β for Rashba.

11[94] goes on to consider so-called wiggle wells, with an oscil-
lating germanium concentration in the well; these wiggle wells have
higher spin-orbit coupling.
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where HA and HB act on a system of interest and a bath,
respectively, and in the small coupling AB A acts on system
and B on bath. Go to the interaction picture with respect to
HA and HB, treat the coupling perturbatively, and make some
standard approximations (Born-Markov and rotating wave).
Then the dynamics of the density matrix for the system of
interest is [100][3.3.1] (cf. Ref. [101])

d

dt
ρ =

∑
ω=0,±�

SB(ω)

[
A(ω)ρA†(ω) − 1

2
{A†(ωA(ω), ρ}

]
,

(A6)

where the Lindblad operators are the frequency components
of A in an HA eigenbasis

A(ω) =
∑

Ej′ −Ej=ω

| j′〉〈 j′| A | j〉〈 j| (A7)

and the rates are given by the B correlation function,

SB(t ) = Tr[B(t )B(0)e−HB/kBT ]. (A8)

Given the approximations that lead to the master equation, this
correlation function is the only property of the bath that enters.

In our case the electron spin is the system of interest,
and the momentum together with all the scattering sources—
impurities, phonons, conduction electrons, and so on—form
the bath. Since k0 is a scalar, the system Hamiltonian is

HA = h̄�

2
σ x + k0(ασ y + βσ x ) ≈ h̄�

2
σ x. (A9)

(Recall that � is the Larmor frequency � = μBgB.) We ignore
the slight perturbation to the spin Hamiltonian due to the
coherent part of the spin-orbit coupling.

The correlation function Sδk (ω) must satisfy the KMS re-
lation [67–69] (cf. Appendix A3)

Sδk (−ω) = e−ω/kBT S(ω), (A10)

have a correlation time τk , and have a single-time variance,

mkBT/h̄2 = 〈δk2〉 =
∫

dω

2π
S(ω). (A11)

We take

S(ω) = mkBT

h̄2

4τk

1 + (ωτk )2

1

1 + e−ω/kBT
. (A12)

To arrive at this form we take an exponential-in-time corre-
lation decay 〈δk(t )δk(0)〉 = mTet/τk and convolve it with a
filter that enforces the KMS relation (A10); the KMS relation
is more transparent if we write the spectral function in the
equivalent form

S(ω) = mkBT

h̄2

2τk

1 + (ωτk )2

eω/2kBT

cosh ω/2kBT
. (A13)

This spectral function gives

〈δk2〉 =
∫ ∞

−∞

dω

2π
S(ω)

=
{

mkBT/h̄2 fast decay T � τ−1
k

1
2 mkBT/h̄2 slow decay T 
 τ−1

k
. (A14)

We are in the fast-decay regime: For our devices

T ∼ 30 mK ≈ 4 GHz

τ−1
k ≈ 100 GHz. (A15)

Moreover, the factor of two difference is smaller than other
sources of uncertainty and device dependence in our calcula-
tion, in particular the spin orbit couplings α, β. We therefore
do not calculate the interpolating T dependence in the corre-
lation function (A12).

The Lindblad master equation, then, is

dtρ = 1

h̄2 Sδk (�)α2

[
σ−ρσ+ − 1

2
{σ+σ−, ρ}

]

+ 1

h̄2 Sδk (−�)α2

[
σ+ρσ− − 1

2
{σ−σ+, ρ}

]

+ 1

h̄2 Sδk (0)β2[σ zρσ z − ρ], (A16)

where Sδk is the correlation function of (A12). It is convenient
to identify rates

�1 = �1− = 1

h̄
Sδk (�)α2

�1+ = 1

h̄2 Sδk (−�)α2

�2 = 1

h̄2 Sδk (0)β2 ; (A17)

these are the rates we quote in Eq. (20) in the main text. The
T1 and T2 times are

1

T1
≈ α2

h̄2 S(�) ≈ 1

h̄4 α2mkBT
4τk

1 + (�τk )2

α2

h̄2 S(−�) ≈ 1

h̄4 α2mkBT
4τk

1 + (�τk )2
e−�/T

1

T2
= β2

h̄2 S(0) = 2

h̄4 mkBT β2τk, (A18)

where we have used that h̄�/kBT 
 1 to simplify the KMS
parts of (A12) and to ignore the contribution of ↓→↑ pro-
cesses to T1.

3. KMS relation

The KMS relation is a basic feature of Gibbs-state correla-
tion functions. In the time domain, a correlation function is

〈A(t )A(0)〉 = Tr e−iHt/h̄AeiHt/h̄Ae−βH , (A19)

where for the moment β = 1/kBT is the inverse temperature,
so

〈A(−t )A(0)〉 = Tr eiHt/h̄Ae−iHt/h̄Ae−βH

= Tr eβH e−iHt/h̄AeiHt/h̄e−βH Ae−βH

= Tr e−iH (t+iβ )/h̄AeiH (t+iβ/h̄)Ae−βH

= 〈A(t + iβ )A(0)〉, (A20)

where in the second line we have inserted 1 = e−βH eβH

and used the cyclic property of the trace. (Recall that here
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β = 1/kBT .) Taking a Fourier transform leads to

S(−ω) = e−ω/kBT S(ω), (A21)

the form used in Appendix A2.

4. Kraus operators of resulting channel

In Appendix A2 we argued that spin-orbit coupling leads
to a Lindblad dynamics for the spin

dtρ = (L1 + L2)ρ

L1ρ = �1
(
σ−ρσ+ − 1

2 {P↑, ρ})
L2ρ = �2(σ xρσ x − ρ). (A22)

Recall that our quantization axis is x, so σ± = σ y ± iσ z. As in
Appendix A2 we are ignoring the σ+ transition, because it is
suppressed by a factor of e−�/T compared to the other terms.

In this subsection we rehearse a standard calculation for the
Kraus operators of the channel given by evolution under this
channel for time t = L/v. To find those operators, we compute
the action of e(L1+L2 )t on the basis operators σ x, σ y, P↑, P↓
and then write Kraus operators that reproduce that action.

a. Action of Lindblad evolution on basis operators

Since

L1σ
y,z = − 1

2�1σ
y,z

L1P↑ = −�1(P↑ − P↓)

L1P↓ = 0 (A23)

and

L2σ
y,z = −2�2σ

y,z

L2P↑,↓ = 0, (A24)

the two Lindblad (super)operators commute, and we can treat
them separately. Immediately

(L1 + L2)σ y,z = −(
1
2�1 + 2�2

)
σ y,z (A25)

so

e(L1+L2 )tσ y,z = e−( 1
2 �1+2�2 )tσ y,z (A26)

from which we can read off

1

T2
= 1

2
�1 + 2�2. (A27)

The action on P↑,↓ is less straightforward. Only L1 acts non-
trivially. Immediately

Ln
1P↓ = 0, (A28)

and one can show

Ln
1P↑ = (−�1)n(P↑ − P↓) (A29)

so

eL1t P↓ =
∑

n

tn

n!
Ln

1P↓ = P↓

eL1t P↑ =
∑

n

tn

n!
Ln

1P↑ = e−�1t P↑ + (1 − e−�1t )P↓, (A30)

from which we can read off

1

T1
= �1. (A31)

Substituting now t = L/v we find that the channel acts by

σ y,z �→ e−L/L2σ y,z

P↑ �→ e−L/L1 P↑ + (1 − e−L/L2 )P↓
P↓ �→ P↓ (A32)

with

1

L1
= 1

vT1
= �1

v
(A33)

1

L2
= 1

vT2
= 1

v

(
1

2
�1 + 2�2

)
. (A34)

These are the lengths we quote in the main text [Eqs. (6) and
(22)].

b. Channel and Kraus operators

It is easiest to estimate the channel we seek as the compo-
sition of two channels:

(1) D1 with Kraus operators aσ−, bP↑ + cP↓, with the
constants 0 � a, b, c � 1 chosen so

D1P↑ = e−�1t P↑ + (1 − e−�1t )P↓
D1P↓ = P↓

D1σ
y,z = e− 1

2 �1tσ y,z. (A35)

(2) D2 with Kraus operators dI, f σ x, with the constants
chosen so

D2P↑,↓ = P↑,↓

D2σ
y,z = e−�2tσ y,z. (A36)

These commute, so

D1D2 = D2D1 (A37)

implements the desired channel. One can check that the de-
sired properties come about with

a2 = 1 − e−�1t

b2 = e−�1t

c2 = 1

d2 = 1
2 (1 − e−�2t )

f 2 = 1
2 (1 + e−�2t ), (A38)

or substituting again t = L/v,

a2 = 1 − e−L/L1

b2 = e−L/L1

c2 = 1

d2 = 1
2 (1 − e−L/L2 )

f 2 = 1
2 (1 + e−L/L2 ). (A39)

085301-13



WHITE, SIGILLITO, AND GULLANS PHYSICAL REVIEW B 113, 085301 (2026)

In the first instance the channel we seek has Kraus
operators

K ′
1 = f aσ−

K2 = f (bP↑ + cP↓)

K3 = dσ x(bP↑ + cP↓)

= (dbP↑ − dcP↓)

K4 = daσ xσ−

= −daσ−

∼ daσ−, (A40)

where in the last line we have used that Kraus operators are
equivalent under sign change. Since K ′

1, K4 are scalar multi-
ples of each other and f 2 + d2 = 1 we can write the channel
with three Kraus operators,

K1 = aσ−

K2 = f (bP↑ + cP↓)

K3 = d (bP↑ − cP↓). (A41)

5. Spin-orbit coupling and gauge transformations

In the main text we argued that coherent transport was
limited by the dephasing induced by Dresselhaus spin-orbit
coupling. But a gauge transformation can remove the spin-
momentum coupling; the spin rotation of the electron is then
completely determined by the electron’s position. This gauge
transformation works under broad but not incontrovertible
assumptions—in particular, it assumes that the scattering rate
is momentum independent and that the spin-orbit coupling
does not depend on any other degrees of freedom.

But the Dresselhaus spin-orbit coupling appears to be
strongly valley dependent [54]. Consequently, to the extent
the gauge transformation applies, we should think about
the gauge transformation controlling the spin dynamics be-
tween valley-splitting minima. Since the valley, hence the
value of the Dresselhaus spin-orbit coupling, changes ran-
domly at the valley minima, this gives a strong valley-induced
decoherence—potentially stronger than the D’yakonov-Perel’
decoherence we treated in the main text.

The assumptions underlying the gauge transformation
may not hold: In particular, phonons may give momentum-
dependent scattering, which would break the assumptions of
the gauge transformation. And even if the assumptions do
hold, the resulting valley-induced decoherence can (we ex-
pect) be mitigated by rotating the magnetic field.

In this Appendix we describe these effects in more detail.

a. Removing Dresselhaus spin-orbit coupling by
a gauge transformation

Recall that our electron is described by a Hamiltonian

H = h̄2k2

2m
+ k(ασ y + βσ x ) + 1

2
gμBBσ x + V (x, t ). (A42)

[We have dropped a number of effects here, including scat-
tering. Recall that we take our quantization axis to be σ x;
here we write a potential V (x, t ) that captures not only the

potential slope in the channel, due to the resistive wire, but
also the barriers between channel and dots.] Under the gauge
transformation

|ψ (x)〉 → e−im(ασ y+βσ x )x/h̄2 |ψ (x)〉 (A43)

the Hamiltonian becomes

H = h̄k2

2m
+ 1

2
gμBBσ x + V (x, t ), (A44)

where we have ignored higher-order corrections
∝ α2, β2, αβ, and in the new gauge

σ y(x) = eim(ασ y+βσ x )x/h̄2

σ ye−im(ασ y+βσ x )x/h̄2

. (A45)

Crucially, the Hamiltonian (A44) in the new gauge does not
couple spin and momentum.12

Physically, the gauge transformation can be understood
as correcting for the effect of the longitudinal (in this case
Dresselhaus) spin-orbit coupling. As the electron moves,
the spin-orbit coupling causes its spin state to wind around
the σ x axis at a rate ∝ βk ∝ βv, v the electron speed. In a
time interval δt , then, the electron moves an amount vδx and
its spin state winds an amount ∝ βδx. This is true even if
the momentum (hence speed) changes due to scattering. Ulti-
mately, the integrated longitudinal-SOC-induced spin rotation
is linked not to the details of the momentum history but to the
electron’s position, and any dephasing can be eliminated by a
simple position-dependent gauge transformation.

The gauge transformation does not materially affect relax-
ation from (e.g.) a Rashba term perpendicular to the field.
Under the gauge transformation, a Rashba term becomes

αkσ y �→ αk eiβmxσ x/h̄2

σ ye−iβmxσ x/h̄2

; (A46)

going to the interaction picture with respect to a magnetic field
giving Larmor frequency �, this is

ασ y(t ) = exp(−i[�t − 2βmx(t )/h̄2]σ x )αkσy. (A47)

In principle this could change the relaxation processes: If
the field (hence �) were small compared to βmẋ(t ) ∼ βmv,
then the gauge transformation would be the dominant source
of time dependence in σ y(t ). But in our case 2βmv ∼
50 MHz � � ∼ 88 GHz, so the βmx contribution is negli-
gible and the D’yakonov-Perel’ relaxation calculation goes
through as described in the main text and the previous part
of this Appendix.

b. Spin-orbit coupling gauge transformation
and valley-induced decoherence

In the geometry we consider, the magnetic field is aligned
with the electron’s direction of travel. The gauge transforma-
tion then depends on the Dresselhaus spin-orbit coupling. But
this can vary widely with the valley degree of freedom, from

12This gauge transformation only removes spin-orbit coupling in
one-dimensional systems. In 2D and higher, the noncommutation of
σ x,y means that spin-orbit can give nontrivial holonomy—that is, it
can cause a change in spin state when the electron is moved around
a closed loop. Consequently no gauge transformation can remove it.
See Ref. [61] for more.
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β → −β, and the electron randomly switches between valley
degrees of freedom at valley-splitting minima. The valley-
splitting minima are spaced by some characteristic length
scale ζ . From one minimum to the next the spin evolves by
a unitary

eiβmζσ x/h̄2

(A48)

with random β. The resulting gauge-valley decoherence
length is

1

L2
∼ [(β+ − β−)m/h̄2]2ζ , (A49)

where β± are the Dresselhaus SOC in the two valleys. In
Sec. V we take ζ ∼ 100 nm, based on Refs. [55,82]. This
estimate gives

1

L 2
∼ (βm/h̄2)2ζ ∼ (15 mm)−1, (A50)

(Coincidentally, this is the same as our D’yakonov-Perel’
length.)

The estimate ζ ∼ 100 nm sufficed to estimate the magni-
tude of a subleading effect like g-factor variation. But ζ could
be substantially different—perhaps substantially longer—due
to the fact that our electrons are not confined in the channel
direction. In the model in Ref. [55], the valley splitting de-
pends on how spread out the electron wave function is. If the
wave function is more spread out, then it averages over more
alloy disorder, so the standard deviation of effective valley
splittings is smaller. [Reference [55] does not emphasize this
point, but it is visible in, e.g., the adot dependence in Eq. (E6)
of [55].] Consequently, the distance between minima will be
longer.13 How much longer depends on the coherence length
of the electrons, which in turn depends on the details of the
scattering mechanisms, which are not clear. The coherence
length may be as short as vτk ∼ 10 nm, comparable to the
adot ∼ 10–20 nm of Ref. [55], but it may be much longer.
Consequently the gauge-valley decoherence length (A49) may
be much shorter than the 15 mm that results from the Dressel-
haus D’yakonov-Perel’ effect treated in the main text.

This effect can be mitigated by rotating the magnetic
field. If we take the magnetic field B = Bŷ, i.e., in the
plane of the well but perpendicular to the channel, then the
Dresselhaus SOC gives relaxation—unaffected by the gauge
transformation—and Rashba gives decoherence. The decoher-
ence length is then

1

L2
∼ [(α+ − α−)m/h̄2]2ζ . (A51)

But the valley dependence of the Rashba SOC seems to be
about two orders of magnitude smaller than that of the Dres-

13At the same time, because our electrons are quite fast—both the
thermal and drift velocities are ∼1000 m/s—the electron may be
able to pass diabatically through quite large valley splittings. This
will have the countervailing effect of making the distance between
relevant valley-splitting minima smaller, because so many more are
relevant.

selhaus: Reference [54] estimate

α+ ≈ −0.159 peV cm

α− ≈ −0.126 peV cm. (A52)

So in this setup the direct (i.e., neglecting relaxation) SOC
contribution to the decoherence length is a negligible

1

L2
∼ (14 m)−1 (A53)

and the relaxation length is the Dresselhaus D’yakonov-
Perel’ relaxation length, roughly the Dresselhaus 1/L2 ∼
1/(15 mm) of our paper. (Recall that because the scattering
time and the Larmor time are comparable, D’yakonov-Perel’
relaxation/decoherence rates do not change much depending
on orientation.)

This orientation does come with an additional cost. When
the magnetic field is in the well plane but perpendicular to
the channel, the Lorentz force modifies how much contact the
electron wave function has with the interface in a momentum-
dependent way; the SOC parameter and g factor, then, will
depend on the momentum. This effect will introduce a direct
spin-momentum coupling. We expect it to be small.

c. Momentum-dependent scattering

Many effects can complicate the gauge transformation
picture of Appendix A5b. In particular, if the momentum
scattering rate—e.g., due to phonons—is momentum depen-
dent, then the gauge transformation leads to a direct spin-bath
coupling. (Momentum-dependent phonon scattering is known
to lead to a temperature-dependent renormalization of the gap
and other band structure properties [102, Secs. III.A.2, V.B.3,
IX.A.1]; these are studied in Allen-Heine perturbation theory.)

Phonons couple to electrons via a term∑
kq

g(k, q)c†
k+qx

ck (aq + a†
−q), (A54)

where we have introduced momentum-k electron creation and
annihilation operators c†

k , ck and momentum-q phonon cre-
ation and annihilation operators a†

q, aq. We assume that the
coupling is spin independent. Because the electron is con-
fined to a one-dimensional channel, only momentum along
the channel is conserved. Generically14 one expects the matrix
element g(k, q) to expand

g(k, q) = g(q)

(
1 + k

k1
g1(q) + 1

2

(
k

k1

)2

g2(q) + . . .

)
,

(A55)

14Some care is required here. Our electron is not near a high-
symmetry point in the Brillouin zone, but it is on the � line (kz

axis). One might therefore expect the matrix element g(k, q) to be
symmetric under k → −k, qx → −qx; in that case the linear term g1

is forbidden. But in fact we expect interface effects—steps and alloy
disorder—to break that symmetry; they couple to both the electron
and the phonons. (Recall that germanium has about 2.5 times the
atomic mass of silicon.) We do not attempt to calculate the magnitude
of this effect.
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where k1 is an arbitrary reference momentum and g1, g2 are
dimensionless. Under the gauge transformation (A43) the
coupling becomes

∑
kq

g(q)

(
1 + k

k1
g1(q) + 1

2

(
k

k1

)2

g2(q) + . . .

−βm

k1
g1(q)σ x

μμ′ − βm

k1
g2(q)kσ x

μμ′

)
× c†

k+qx
ck (aq + a†

−q) + O(β2) (A56)

—that is, the first-order term leads to a direct spin-phonon
coupling, and the quadratic term leads to a phonon-state-
dependent spin-orbit coupling.

We have not attempted to estimate the magnitude of this
effect; it is not even clear that phonons are the dominant
scattering mechanism. (Other scattering mechanisms include
conduction electrons in the resistive wire, disorder in the oxide
layer at the device surface, alloy disorder at the well interface,
and more.)

It is possible that these effects are small, and the gauge
transformation of (A43) gives the appropriate frame in which
to work. We expect that experiments at different magnetic
field angles (cf. Appendix A5b above) could resolve this
question, but the interplay of effects is subtle; we leave that
investigation to future work.

APPENDIX B: VARIABLE g FACTOR

Consider a 1D Hamiltonian

H =
∑ p2

2m
+ 1

2
h̄�(x̂)σ z. (B1)

The Larmor frequency �(x) is random per device and varies
in space, hence its dependence on the operator x̂. Write square
brackets

[·] (B2)

for the average over devices, i.e., realizations of the random
Larmor frequencies �. Work in a rotating frame to null out
the average Larmor frequency [�].

Now consider a state

|ψxk〉〈ψxk| ⊗ ρs, (B3)

where ρs is a spin density matrix and |ψxk〉 a wave packet with
center x, momentum k, and length le. At leading order in � the
effective dynamics on the spin state is

dtρ = − i

2
〈ψxk|�(x̂)|ψxk〉︸ ︷︷ ︸

≡�x

[σ z, ρs]

= − i

2
�x[σ z, ρs]. (B4)

The effective Larmor frequency is

�x ≡ 〈ψxk|�(x̂)|ψxk〉

=
∫

dx′ |ψxk (x′)|2�(x′). (B5)

1. Properties of Larmor frequency disorder

Assuming the wave packet is Gaussian with width le
and the function �(x̂) is short-range correlated, the effective
Larmor frequency is

[�x] = 0

[�x�x′] = σ 2
�e−(x−x′ )2/2l2

c , (B6)

for some variance σ 2
� and correlation length lc = 2le. Some

later calculations are more transparent if we take �x to have
exponential, rather than Gaussian, correlations

[�x�x′] = σ 2
�e−|x−x′|/lc . (B7)

We expect the difference between exponential and Gaussian
correlations to be small compared to the other approximations
we are making.

The variance σ 2
� is a key parameter. It is central limiting,

because (B5) is an average over a length le, as well as a width
w. So

σ 2
� = σ 2

0

wle
, (B8)

where σ 2
0 is a real device property. Since we assume no mag-

netic field gradients, the Larmor frequency variation comes
from g-factor variation; we can use dot-to-dot variation in the
g factor to estimate σ0.

We expect σ0 to correspond to a dot-to-dot g-factor varia-
tion �g/g ∼ 10−4, based on experiments in SiMOS [84] and
SiGe [54,85], but it may be as large as 10−3.

Reference [84] measured �g/g ∼ 10−3 in SiMOS devices.
Since the g-factor variation is proportional to the SOC vari-
ation and SOC is roughly an order of magnitude larger in
SiMOS devices than in the SiGe devices we consider, this
result suggests �g/g ∼ 10−4 for SiGe. The dots of Ref. [84]
are ∼50 nm × 50 nm [84, Supplemental Fig. 1].

Reference [85], working in SiGe, do not quote a dot-to-dot
g-factor difference, but their results can be used to estimate
an upper bound. They attribute the difference in Larmor fre-
quencies to hyperfine interaction with nuclear spins in their
devices, which are made with natural silicon. They see a
standard deviation σHF = 2.6 neV, consistent with a priori
calculations for the effect of nuclear spins. Since they work at
30 mT, the Zeeman energy is ≈3.5 neV ∼103σHF, suggesting
�g/g < 10−3 consistent with our estimate �g/g ∼ 10−4.
Their electron wave functions are somewhat smaller than
50 × 50 nm [85, Fig. 1].

Reference [54] measures the difference between the g fac-
tors in two valleys, rather than two dots, and find �g/g ∼
10−4. We expect this to be a reasonable proxy for dot-to-dot
variation: The g-factor difference is driven by an SOC differ-
ence, which is in turn driven by alloy disorder at the interface,
and the two valley states see different portions of the interface
alloy disorder.

The result is

σ 2
0 ∼ l2

dot[�0�g/g]2 ≈ (0.44 GHz × nm)2. (B9)
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2. Properties of electron motion

We assume the electron follows a random walk ξt with
diffusion coefficient

D = T μ/e ≈ (160 nm)2/ns (B10)

and drift velocity

v0 = μE = 1000 m/s, (B11)

so the probability that it is at position x at time t given that it
was at position 0 at time 0 is given by the propagator

P(ξt = x|ξ0 = 0) = e−(x−vt )2/2Dt . (B12)

Drift becomes more important than diffusion on length scales
larger than

lD = D/v0 ≈ 26 nm. (B13)

Concretely, from (B12) one can see that once the electron has
traveled more than [a few] · lD, it is unlikely to return to its
starting position. On length scales long compared to lD, then,
we should think of the electron as primarily following the
deterministic drift velocity.

Write

〈·〉 (B14)

for the average over ξ , i.e., electron paths in single device.

3. Computing decoherence

Suppose the center of the electron wave packet follows a
random walk ξt in the channel. The electron acquires a total z
rotation angle

θ =
∫ ∞

0
dt �ξt =

∫ ∞

0
dt

∫ L

0
dx �xδ(x − ξt ), (B15)

where we take � = 0 in the target dot. (Recall that � is
actually the noise around some nominal value.) The average
over electron paths for a single device is

〈θ〉 =
∫ ∞

0
dt

∫ L

0
dx �x〈δ(x − ξt )〉

=
∫ ∞

0
dt

∫ L

0
dx �xP(ξt = x|ξ0 = 0)

= 1

v0

∫ L

0
dx �x (B16)

〈θ〉2 = 1

v2
0

∫ L

0
dx dx′ �x�x′ , (B17)

where the last step in the 〈θ〉 calculation follows by inter-
changing integrals and using the diffusion time integral (C3).
The device average is

[〈θ〉] = 1

v0

∫ L

0
dx [�x] = 0. (B18)

The second moment of the rotation angle is

〈θ2〉 =
∫ L

0
dx dx′ �x�x′

∫ ∞

0
dt dt ′〈δ(x − ξt )δ(x′ − ξt ′ )〉

=
∫ L

0
dx dx′ �x�x′G(x, x′). (B19)

Here

G(x, x′) =
∫ ∞

0
dt dt ′〈δ(x − ξt )δ(x′ − ξt ′ )〉

=
∫ ∞

0
dt

∫ ∞

0
dτ 〈δ(x − ξt )δ(x′ − ξt+τ t ′ ) )〉

+ (x ↔ x′)

=
[∫ ∞

0
dtP(ξτ = x′ − x|ξ0 = 0)

]

×
[∫ ∞

0
dτP(ξt = x′|ξ0 = 0)

]
+ (x ↔ x′)

= 1

v2
0

{
e−2|x−x′| x′ < x
1 x′ > x

}
+ (x ↔ x′)

= 1

v2
0

[1 + e−2|x−x′|/lc ], (B20)

using the diffusion time integral of Appendix C. Now the
second moment is

〈θ2〉 = 1

v2
0

∫ L

0
dx dx′ �x�x′[1 + e−2|x−x′ |/lc ]

= 〈θ〉2 + 1

v2
0

∫ L

0
dx dx′ �x�x′e−2|x−x′|/lc , (B21)

for a variance

〈θ2〉 − 〈θ〉2 = 1

v2
0

∫ L

0
dx dx′ �x�x′e−2|x−x′|/lc . (B22)

The average over devices of the variance over shots per device
is

[〈θ2〉 − 〈θ〉2] = 1

v2
0

∫ L

0
dx dx′ [�x�x′]e−2|x−x′|/lc

≈ L
2σ 2

�lc
v2

0

√
2πe4l2

e /l2
D erfc(2lc/lD) [Gaussian]

≈ L
2σ 2

�

v2
0

[1/lc + 2/lD]−1 [exponential],

(B23)

depending on whether the noise has exponential or Gaussian
correlations in space. Assuming lD, lc � L, the Gaussian case
can be treated with the small-x Taylor and large-x asymptotic
expansions of erfc,

erfcx ≈
{

1 − 2√
π

x x � 1
1

x
√

π
e−x2

x 
 1.
(B24)

Since this is somewhat opaque we instead consider exponen-
tial correlations, from which we can read off a decoherence
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length,

L2 = v2
0

σ 2
�lD

[1 + lc/2lD]. (B25)

APPENDIX C: DIFFUSION TIME INTEGRAL

We repeatedly encounter the integral∫ ∞

0
dt P(ξt = x|ξ0 = 0)

=
∫ ∞

0
dt

1√
2πDt

exp

[
− (x − vt )2

2Dt

]
. (C1)

To do the integral change variables

u = v

D
x

y = v2

D
t (C2)

for ∫ ∞

0
dt P(ξt = x|ξ0 = 0)

=
∫ ∞

0
dt

1√
2πDt

exp

[
− (x − vt )2

2Dt

]

= 1

v

∫ ∞

0

dy√
2πy

e−(u−y)2/2y

= 1

v

{
e−2|u| x < 0
1 x > 0

. (C3)

APPENDIX D: NUCLEAR SPIN IMPURITIES

1. Elementary calculation of dephasing by a single impurity,
ignoring electric field and momentum scattering

Consider an electron and a single nuclear spin, with the
nuclear spin located (for convenience) at x = 0. Take the
initial state of the combined system, at some tinit � 0, to be

ρ(tinit ) = ρ0 = ρnρs ⊗
∫

dx dk p(x)p(k) |ψ (x, k)〉〈ψ (x, k)| ,
(D1)

where ρn, ρs are the nucleon and electron spin states,

|ψ (x, k)〉 =
∫

dx′ e−ikxe−(x′−x)2/4l2
e |x′〉 , (D2)

is a wave packet with position ∼x, momentum ∼k, and
width le,

p(k) ∝ e− h̄2 (k−k0 )2

2mT (D3)

is the Gibbs distribution for momentum, and p(x) is some
initial distribution of wave-packet midpoints. We assume that
p(x) is nontrivial only for x � −le, so the wave packets start
well to the left of the impurity.

The system has a Hamiltonian

H = h̄2k̂2

2m︸︷︷︸
≡K

+ auδ(x̂)σe · σn︸ ︷︷ ︸
≡V

. (D4)

(Here we hat the position and momentum operators x̂, k̂ to dis-
tinguish them from the various other position and momentum
variables.)

Estimate the electron spin density matrix long after it
passes the nuclear spin by treating treating the interaction V as
a perturbation, working in the interaction picture, and tracing
out the nuclear spin and momentum degrees of freedom. The
full density matrix (of all three degrees of freedom, electron
spin, nuclear spin, and electron momentum) is

ρ(t = ∞) = ρ0 − ih̄
∫ ∞

−∞
dt [VI (t ), ρ0]

− h̄2
∫ ∞

−∞
dt

∫ t

−∞
dt ′ [VI (t ), [VI (t ′), ρ0]],

(D5)

where we have extended the lower integration limit from tinit

to −∞. Performing the trace, the individual terms are

Trk,n[VI (t ), ρ0] = au
∫

dx dk p(x)p(k) 〈ψxk|δ(x̂(t ))|ψxk〉

× Trn[σn · σeρnρs]

= 0 (D6)

because Tr σ jρn = 0, and

Tr[VI (t )[VI (t ′), ρ0]]

= (au)2

[∫
dx dk p(x)p(k) 〈ψxk|δ(x̂(t ))δ(x̂(t ′))|ψxk〉

+H.c.

]
× (ρs − σ zρsσ

z ), (D7)

where for now we are ignoring the relaxation terms σ x, σ y in
the interaction.

To compute the overlap 〈ψxk|δ(x̂(t ))δ(x̂(t ′))|ψxk〉 note that
|ψxk〉 is in a subspace close to momentum k. Ignoring
dispersion, then,

x̂(t ) ≈ x̂ + (h̄k/m)t, (D8)

so

〈ψxk|δ(x̂(t ))δ(x̂(t ′))|ψxk〉

=
∫

dx′dx′′ψxk (x′)∗ 〈x′|δ(x̂ + vt )δ(x̂ + vt ′|x′′〉 ψxk (x′′)

=
∫

dx′dx′′ψxk (x′)∗ 〈x′|x′′〉 δ(x′′ + vt )δ(x′′ + vt ′)

= |ψxk (−vt )|2δ(vt − vt ′)

= |ψxk (−vt )|2v−1δ(t − t ′), (D9)

where v = k/m. Now

Tr[VI (t )[VI (t ′), ρ0]] = m(au)2

k
δ(t − t ′)(ρs − σ zρsσ

z )

(D10)
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and the t = ∞ electron spin state is

ρs(t = ∞)

= ρs(0) −
∫

dx dk p(x)p(k)
∫ ∞

−∞
dt

∫ t

−∞
dt ′ δ(t − t ′)

× |ψxk (−h̄k/m · t )|2 m(au)2

h̄3k
(ρs − σ zρsσ

z )

=
∫

dk p(k)[(1 − �k )ρs(0) + �kρs(0)]. (D11)

The position integral is trivial—physically this came about
because every wave packet eventually encounters, or has en-
countered, the nuclear spin, and we assume that position and
momentum are uncorrelated. We therefore drop it. We have
identified a momentum-dependent dephasing probability

�k =
∫ ∞

−∞
dt

∫ t

−∞
dt ′ δ(t − t ′)|ψxk (−h̄k/m · t )|2 m(au)2

h̄3k

=
(mau

k

)2
. (D12)

(where the t integral is done by change of basis and normal-
ization of ψxk . This agrees with the momentum-dependent
dephasing probability estimated in the main text, which fol-
lowed the same logic. It also agrees with a scattering theory
calculation in Appendix C3.

2. Elementary calculation of dephasing by a single impurity
with random walk

In Appendix C1 we assumed that a wave packet |ψxk〉
traveled with a constant speed v = k/m in the unperturbed
(KE-only) dynamics. That dynamics gave an interaction-
picture position operator,

x̂(t ) = x̂ + ξt , ξ = (h̄k/m)t, (D13)

where ξt was the amount the wave packet had moved. This ig-
nored both momentum relaxation and the effect of the electric
field.

To account for the effect of momentum scattering and
electric field we now assume that the wave packet follows
a random walk with average speed v0 = μE and diffusion
coefficient given by an Einstein relation D = T μ/e; for our
model device these are v0 = 1 µm/ns and D ≈ (160 nm)2/ns.
This random-walk model is reasonable on timescales t 
 τk

the momentum relaxation time. In this model ξt , the amount
the wave packet has moved, is a Wiener process with drift.

Although we view the random walk primarily as a
phenomenological description of the effect of momentum re-
laxation and electric field, it can be justified microscopically.
Translation-invariant scattering sources—e.g., phonon emis-
sion or scattering from conduction electrons in the resistive
topgate—will give a Lindblad dynamics,

dtρ = − i[K, ρ]

−
∫

dk γk′k

[
c†

k′ckρ − 1

2
{nk (1 − nk′ ), ρ}

]
(D14)

(or, equivalently, Boltzmann-equation dynamics for the mo-
mentum degree of freedom), where K = k2/2m is the kinetic
energy and γk′k is the rate of scattering k → k′; it depends

on matrix elements with the scattering source, the scattering
source temperature and density of states, and so on. The Lind-
blad dynamics (D14) has many unravelings—that is, there
are many different stochastic dynamics that give the same
Lindblad equation on averaging. One convenient unraveling
consists of random jumps

|ψxk〉 → |ψxk′ 〉 (D15)

with rate γk′k . In Boltzmann language, this corresponds to
sampling from the Boltzmann dynamics of the combined
probability distribution p(x, k). On timescales t 
 τk the re-
laxation time, these jumps lead to a random walk.

In this random-walk picture the relevant matrix element is

〈ψxk|δ(x̂(t ))δ(x̂(t ′))|ψxk〉

=
∫

dx′dx′′ψxk (x′)∗ 〈x′|δ(x̂ + ξt )δ(x̂ + ξt ′ |x′′〉 ψxk (x′′)

=
∫

dx′dx′′ψxk (x′)∗ 〈x′|x′′〉 δ(x′′ + ξt )δ(x′′ + ξt ′ )

= |ψxk (−ξt )|2δ(ξt − ξt ′ ) (D16)

[compare (D7)] and so—for a particular random walk ξ—the
momentum-dependent dephasing probability is

�k = (au/h̄)2
∫ ∞

−∞
dt

∫ t

−∞
dt ′ |ψxk (−ξt )

2|δ(ξt ′ − ξt ).

(D17)

But we also need to average over random paths ξ . The path
average of the integrand can be rewritten

〈|ψxk (−ξt )|2δ(ξt − ξt ′ )〉

=
∫

dx′ |ψxk (x′)2| · P(ξ ′
t = x′|ξtinit = 0)

× P(ξt = x′|ξt ′ = x′) (D18)

(note that we are abusing notation by writing 〈·〉 for the
average over paths). In general, the the (time- and space-
translation invariant) propagator of a Wiener process is

P(ξτ = y|ξ0 = 0) = 1√
2πDt

exp

[
− (y − vτ )2

2Dτ

]
, (D19)

so

P(ξ ′
t = x′|ξtinit = 0) = 1√

2πD(t ′ − tinit )
ex′2/2D(t ′−tinit )

P(ξt = x′|ξt ′ = x′) = 1√
2πD(t − t ′)

e−v2(t−t ′ )/2D. (D20)

The latter is independent of x′—ultimately this is because the
random walk is translation invariant. So the matrix element is

〈|ψxk (−ξt )|2δ(ξt − ξt ′ )〉
= 1√

2πD(t − t ′)
e−v0(t−t ′ )/2D (D21)

×
∫

dx′ |ψxk (x′)2| 1√
2πD(t ′ − tinit )

ex′2/2D(t ′−tinit ).

(D22)
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The x′ integral is easily estimated by noting that tinit is large, so
most of the time |ψxk (x′)|2 is narrowly spread around x′ = x
and

〈|ψxk (−ξt )|2δ(ξt − ξt ′ )〉

≈ 1√
2πD(t − t ′)

e−v2
0 (t−t ′ )/2D × P(ξt ′ = x|ξtinit = 0).

(D23)

Now

�k = (au/h̄)2
∫ ∞

tinit

dt P(ξt ′ = x|ξtinit = 0)

×
∫ ∞

0
ds

1√
2πDs

e−v2
0 s/2D. (D24)

The s integral in the second line is easily seen to be∫ ∞

0
ds

1√
2πDs

e−v2
0 s/2D = 1

v0
(D25)

[after a change of variables, one recognizes �(1/2)]. The t
integral is the diffusion time integral of Appendix C,∫ ∞

tinit

dt P(ξt ′ = x|ξtinit = 0)

=
∫ ∞

0
dτ

1√
Dτ · 2π

exp

[
− (x − v0t )2

2Dt

]

= 1

v0
. (D26)

Combining the integrals gives the expected

�k =
(

au

h̄v0

)2

=
(

au

h̄μE

)2

. (D27)

3. Scattering theory calculation of dephasing
by a single impurity

Write |k〉 for an incoming wave packet at momentum k;
|Lk〉 , |Rk〉 are outgoing wave packets (leftward and right-
ward) at momentum k; and R̂σ

k , T̂ σ
k are the action on the spin

degree of freedom corresponding to reflection and transmis-
sion respectively. σ = ±1 labels the nuclear spin. In general
the outgoing momenta do not have to match the incoming
momenta. But the scattering is elastic because we consider
dephasing, which does not change the electron energy.

We again treat the hyperfine interaction as a perturbation.
Consider an eigenstate of the unperturbed Hamiltonian (KE
and Zeeman field)

|φ〉 = |kz〉 , (D28)

where z = ±1 is an electron spin eigenvalue. This state has
energy

E = h̄2k2

2m
− 1

2
h̄�z, (D29)

so the Green’s function is

[H0 − E − iε]−1

=
∫

dk′ 2m/h̄2

k′2 − k2 − (m�/h̄)(σ z
e − z) − iε

|k′〉〈k′|
(D30)

and the first Born approximation is

|ψ〉 = |k〉 +
∫

dk′ 2m/h̄2

k′2 − k2 − (m�/h̄)(σ z
e − z) − iε

|k′〉〈k′|

× −auσ z
nσ z

e |r = 0〉〈r = 0| kz〉. (D31)

Since 〈r = 0|k〉 = 1, this is

|ψ〉 = |k〉 −
∫

dk′ 2muaz/h̄2

k′2 − k2 − (m�/h̄)(σ z
e − z) − iε

|k′z〉

= |k〉 −
∫

dk′ 2muaz/h̄2

k′2 − k2 − iε
|k′z〉 . (D32)

In real space this is

|ψ〉 =
∫

dx

[
eikx + i

mauz

h̄2k
e−ik|x|

]
|xz〉 (D33)

from which we can read off reflection and transmission
matrices

R̂k = iσn
mau

h̄2k
z

T̂k = 1 − iσn
mau

h̄2k
z. (D34)

The scattering rate mua/k diverges as k → 0.
The scattering process takes

|k〉〈k| ⊗ ρ �→
∑

σ

[ |Lk〉〈Lk| ⊗ R̂σ
k ρR̂σ†

k

+ |Rk〉〈Rk| ⊗ T̂ σ
k ρT̂ σ†

k

]
+ [L-R cross terms]. (D35)

We assume that soon after scattering from the nuclear spin, the
electron scatters again from non+magnetic impurities, from
conduction electrons in the wire on top of the channel, or from
other scattering sources. That scattering renders the momen-
tum degree of freedom incoherent, so the action on the spin
degree of freedom is given by the partial trace, which can be
read off using the fact that all the |Lk〉 , |Rk〉 are orthonormal.
The partial trace—the effective action on the electron spin
degree of freedom—is therefore

ρ �→
∫

dk pk[R̂kρR̂†
k + T̂kρT̂ †

k ]. (D36)

Averaging out the nuclear spin and recalling that z is the
eigenvalue of σ z

e gives

ρ �→
∫

dk pk
[
(1 − �k )ρ + �kσ

zρσ z
e

]
,

�k =
(

mau

h̄2k

)2

. (D37)
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4. Hyperfine interaction

a. Dipole-dipole interaction with the nucleus

A magnetic impurity with nuclear spin I (in our case
I = 1/2) gives rise to a magnetic field

B(r) = μ0

4π

[
3r̂(r̂ · m − m)

r3
+ 8π

3
mδ3(r)

]
(D38)

with m = γnI , γn the gyromagnetic ratio of the nucleus, and
the nucleus at r = 0. Experiments of Feher [86] show that the
δ-function part dominates, so we can take this to be

B(r) = 2μ0

3
γnI δ3(r). (D39)

Reference [103] gives

γn = −8.458 MHz/T · 2π h̄

≈ −35 neV/T (D40)

for the 29Si gyromagnetic ratio.
The energy of an electron in this field is

E =
∫

d3r|ψ (r)|2μBzeBz(r)

= 2μ0

3
gμBγn(zeσ )|ψ (r)|2 (D41)

(assuming, as elsewhere in this Appendix, that the nucleus is
in a ±z spin eigenstate σ ).

The question, now, is the wave function |ψ (r)|2.

b. Effective mass theory: Wave function on scales r > a

To predict the wave function at the level of unit cells—
that is, with a “resolution” R � a the lattice constant—use
effective mass theory: Solve

Eψ (R) = − h̄2

2mα

∂2

∂x2
α

ψ (R) + V (R)ψ (R). (D42)

We write ψ for the wave function at this resolution, which
tells you how much amplitude is in each unit cell.

The potential varies with the system under consideration.
References [104,105], on which Ref. [86] leans, consider a
single donor electron (e.g., P). [Feher goes on to use the
bunching—Appendix C—to predict the hyperfine spitting of
(D41) and compare to his experiments.] We will have in mind
a hard-walled box in two directions, and an infinite extent in
the third.

c. Bunching: Wave function on scales short compared to lattice

The effective mass theory of tells us the amplitude in each
unit cell, but we need the amplitude at the 29Si site. This is
given by the full wave function, which we call ψ (r): the wave
function that describes the electron on scales comparable to an
atomic covalent radius. We already have ψ (R), R the unit cell
holding the spin impurity, from effective mass calculations.
We would expect ψ (r) at the impurity to scale with ψ (R), so
define the bunching

η = |ψ (r)|2
|ψ (R)|2 . (D43)

In terms of the bunching, the energy of the electron is

E = 2μ0

3
gμBγnη(zeσ )|ψ (R)|2. (D44)

The precise value of the bunching factor is in some doubt.
Reference [87] measure it at

η = 186 ± 18 [Shulman and Wyluda]; (D45)

this is what Feher uses. Reference [88] claims that Shul-
man and Wyluda made two roughly countervailing errors—a
factor-of-2 mistake and an incorrect mobility—and quotes
unpublished work of I. Solomon as giving

η = 178 [Solomon]. (D46)

(see Refs. [31,32] of Ref. [88].) Knight shift measurements of
Ref. [89] in phosphorus- and boron-doped Si give

η = 100 ± 10 [Sundfors; P], (D47a)

η = 80 ± 10 [Sundfors; B] (D47b)

(Table V of [89]). DFT calculations of Refs. [90] and [91]
give

η = 159.4 ± 4.5 [Assali et al.], (D48a)

η = 88 [Philippopoulos et al.]. (D48b)

We take

η = 100. (D49)

d. “Effective mass theory” for our channel

We have in mind a long wire with width w ≈ 100 nm and
thickness b = 10 nm.

To reduce the effective model to 1 + 1d, factorize the (ef-
fective mass theory) wave function

ψ (r) = ψx(x)ψy(y)ψz(z) (D50)

with x along the wire and z transverse to the Si layer. The x
and y factors will be of order

ψx ∼ 1/
√

w (D51a)

ψy ∼ 1/
√

b, (D51b)

so the energy (D44) becomes

E = 2μ0

3
gμBγnη(zeσ )|ψx|2|ψy|2|ψz(0)|2

= 2μ0

3

gμBγnη

wb
(zeσ )|ψz(0)|2,

(D52)

from which we can read off the parameters au

au = 2μ0

3

gμBγnη

wb
. (D53)

5. Nuclear spin contribution to the Larmor frequency landscape

The 29Si nuclear spins give an Overhauser magnetic field
resulting in a contribution to the electron Larmor frequency,

�nucl =
∑

j

σ j (au/h̄)|ψ (x j )|2, (D54)
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where the sum is over nuclear spin impurities. The variance is

σ 2
�nucl

= var�nucl ∼ a2u2(wbν)/leh̄2 (D55)

using that |ψ (x j )|2 ∼ 1/le on a length scale of le, from which
we can estimate an area-corrected variance

σ0;nucl ∼ a2u2w2bν =
(

2μ0

3
gμBγnη/h̄

)2 1

b
ν. (D56)

Returning to the results of Appendix B, this gives

L−1
2 ∼ σ 2

0;nuclkBT

elewμ2E3

=
(

2μ0

3

gμBγnη

h̄μE

)2
ν

wb

kBT

eEle
. (D57)
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