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We have developed a miniature fused silica flexure-based reference spring which integrates a sphere-flat capacitive
electrostatic actuator and a fiber optic displacement sensor to measure flexure stiffness as defined by Hooke’s law. The
experimental method can be adapted for measurement traceable to physical constants. A separate calibration using
a reference mass validates the measurement. The measured stiffness values from these methods are (45.65± 0.84)
Nm−1 and (46.79± 0.93) Nm−1, respectively. With a displacement measurement resolution of 40 pm, this reference
spring can be used to calibrate forces as low as 2 nN. The instrument represents an important step towards providing a
compact small mass and force reference with embedded metrology traceable to the International System of Units (SI).
This method can be applied to a variety of measurements, including calibration of atomic force microscope (AFM),
instrumented indentation, photon pressure force measurements, and of reference masses.

NOMENCLATURE

∆θ bubble level sensitivity

ε0 vacuum permittivity

λ laser wavelength

dC/dz capacitance gradient

ν Poisson’s ratio

ω oscillation frequency

ω0 fundamental natural frequency

ωd damped natural frequency

σ standard deviation

τ decay time

ξ damping ratio

B flexure leaf width

C capacitance

cz damping coefficient

Dy,Dz distance between the flexure leafs in Y and Z axis

E Elastic modulus

F force

f0 fundamental natural frequency in Hz

fd damped natural frequency in Hz
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G Rigidity modulus

g local acceleration due to gravity

Gz frequency response function

h distance between the rod electrode plane and the
sphere electrode center

I electric current

kx,ky,kz flexure translation stiffness in X ,Y and Z axis

kΘ,kΨ,kΦ flexure rotation stiffnesses in X ,Y and Z axis

kz,e flexure translation stiffness in Z axis determined by
electrostatic method

kz,m flexure translation stiffness in Z axis determined by
reference mass method

L flexure leaf length

M moment

m reference mass

mz flexure modal mass

Q quality factor

q electric charge

r sphere electrode radius

T flexure leaf thickness

t time

u measurement uncertianty

V voltage applied to electrodes

Vs surface potential

Vpd photodetector displacement response voltage

z displacement
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I. INTRODUCTION

In recent years, particularly following the 2019 revision of
the International System of Units (SI), electrostatic force com-
pensation has been increasingly employed for the direct re-
alization of forces traceable to physical constants. This ap-
proach has enabled high precision measurements such as the
weighing of milligram masses and the measurement of photon
pressure force to determine laser power. With this technique,
milligram mass measurements reach measurement uncertain-
ties less than 10 ng, an order of magnitude lower than conven-
tional kilogram sub-division1,2. Additionally, measurements
of photon momentum transfer forces (radiation pressure) have
demonstrated repeatability within a few pN3,4, with forces as
low in the nN and sub-nN range from 1 W and 7 mW lasers
respectively. Furthermore, electrostatic force balances have
been employed to provide SI-traceable calibrations of refer-
ence springs used in measuring forces applied by atomic force
microscopes and nanoindenters5–9. These springs are typi-
cally designed as cantilever beams10, with their stiffness or
the sensitivity of an integrated sensor determined by apply-
ing a known force via the balance and measuring the corre-
sponding displacement or sensor output. The literature11–15

also includes reference springs of various geometries that in-
corporate active components for internal metrology or active
force control.

A common thread among these studies is an initial calibra-
tion using a separate reference device before deployment to
the end user. Consequently, the user’s calibration relies on a
transfer artifact. Alternatively, a known electrostatic force can
be applied directly to a sensor in an instrument, and that in-
strument’s internal measurement capabilities can be used to
measure the response12,16,17. Our work presents the devel-
opment of a self-calibrating reference spring designed to be
more versatile than previous works (see Table I, allowing it
to be utilized in various contexts where precise measurement
of small masses and forces is required and auxiliary metrol-
ogy may not be present. To determine its stiffness, the instru-
ment incorporates an electrostatic actuator that applies forces
in the micronewton range and a fiber-optic Fabry-Perot inter-
ferometer for measuring displacements at the nanometer level.
The spring is designed as a parallelogram flexure made of
fused silica (Fig.1) measuring 13.4 mm×2 mm×2 mm. fabri-
cated monolithically by femtosecond laser-assisted chemical
etching18,19. The compact size of our instrument facilitates the
manual assembly of the electrostatic actuator and fiber-optic
sensor, enabling performance studies and validation through
comparisons with results obtained by applying gravitational
force using a reference mass.

II. PRINCIPLE OF OPERATION

The electrostatic force, F , applied to the flexure is gener-
ated by an electrode pair consisting of a 0.5 mm brass sphere,
epoxied to the moving flexure, and a fixed stainless steel rod.
When a voltage is applied across the electrodes, the result-
ing electrostatic force pulls the flexure toward the fixed elec-
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FIG. 1. Assembly showing: the parallelogram mechanism made of
fused silica with its flexure leafs (A); a single-mode fiber-optic in-
terferometer cavity (B), with one fiber end attached to the flexure
platform (C) for measuring flexure displacement; sphere (E) and rod
(F) electrodes forming the electrostatic actuator, with the sphere at-
tached to the flexure platform; a gold wire (D) for electrically ground
the sphere; and a V groove (G) for loading the reference mass wire.

trode, reducing the electrode gap by distance z, and increas-
ing the capacitance, C, between the electrodes. The measured
voltage, V , is the sum of the potential drop in the gap be-
tween the electrodes, and a surface or contact potential, as
described further below. Displacement is measured using a
fiber- Fabry-Perot laser interferometer positioned adjacent to
the electrodes.

F =
1
2

dC
dz

V 2, (1)

where dC/dz is the capacitance gradient. From Hooke’s law,
the flexure stiffness is

kz,e =
F
z
. (2)

As an alternative method to determine the flexure stiffness, a
reference mass (m) is loaded on the flexure to cause a dis-
placement,

kz,m =−mg
z
, (3)

where g is the local gravitational acceleration, and the neg-
ative sign indicates that the electrostatic and gravitational
forces are in opposite directions for our device.

III. EXPERIMENTAL APPARATUS

Fig. 1 shows a cleaved fiber mirror and spherical electrode
mounted to the end of the flexure. Another cleaved optical
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FIG. 2. Schematic of the experimental setup showing the flexure, capacitance bridge, high voltage amplifier supplying the electrodes through
the bridge, fiber-optic arrangement to measure displacement, voltmeters to measure the interferometer photodetector intensity and the voltage
applied to the electrodes, and the data acquisition20 device with a 16-bit digital to analog converter.

TABLE I. Comparison of our device to similar studies reported in literature. Our work employs a sphere–rod capacitor, a sphere–coaxial wire
capacitor is used in12, and the others use plate–plate capacitors.

Device Material Fabrication Cross-sectional Stiffness Resonant Displacement Electrostatic Measurement
method area (N/m) frequency (µm) force uncertainty

(mm × mm) (Hz) applied (µN) (%)

Torsional spring, Be-Cu Photochemical 15 × 15 0.13 22.5 30 3.9 3.5
15 milling

Electrical Poly-Si chemical vapor 1 × 0.5 0.2 4300 0.4 0.08 5
Nanobalance11 deposition

Colloidal Si Photolithography 0.14 × 0.018 0.35 10900 0.14 0.04 10
probe 612

Nanoforce Mono-Si Bonding and deep 2.5 × 2.5 13 1740 6 70 0.4
actuator13 reactive ion etching

Force balance21 Cu-Be Wire-electro 75 × 20 20 10.9 4 80 1
discharge machining

This work fused silica Laser asisted 13.4 × 2 46 313 0.1 4 4
chemical etching

fiber mounted on the fixed glass substrate acts as the sec-
ond reflector of the low finesse Fabry-Perot interferometer.
This measures flexure displacement due to either electrostatic
force, or gravitational force from a reference mass. A flat elec-
trode forms a capacitor with the spherical electrode, enabling
electrostatic force generation via a DC bias voltage applied
through a capacitance bridge. Fig. 2 shows the schematic of
the overall opto-electro-mechanical setup.

A. Flexure mechanism

The parallelogram flexure mechanism enables a single-
degree-of-freedom rectilinear motion. It comprises four leaf
springs (length L =11.4 mm, width B =0.5 mm, and thickness
T =80 µm) made of fused silica chosen for low thermal expan-
sion and compatibility with laser-assisted chemical etching
fabrication. V-grooves on the side and top of the flexure plat-
form align the optical fibers and provide a stable location for
the reference mass, respectively. Table II lists the analytically
calculated flexure stiffnesses in six-axes, assuming an elas-
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TABLE II. Linear and angular stiffness of the flexure for an applied
force and moment respectively in six degrees of freedom23.

Analytical Analytical FEA Unit
expression result result

kx =
4EBT

L 1 0.93 MNm−1

ky =
4ET B3

L3 1.92 1.6 kNm−1

kz =
4EBT 3

L3 49.21 49.28 Nm−1

kΘ =
√

2D2
y

(
EBT 3

L3 + ET B3

2L3

)
+ 4GBT 3

3(L−0.4B)

0.0017 0.0018 Nmrad−1

kΨ =
EBT (Dz−T )2

L 0.45 0.58 Nmrad−1

kΦ = EB3T
3L +

EBT D2
y

L 0.58 0.58 Nmrad−1

tic modulus E =70 GPa, shear modulus G = 0.5E(1+ ν)−1,
and Poisson ratio ν = 0.15. The distances between the neu-
tral axis of the leafs in the y and z axes are Dy = 1.5 mm
anf Dz = 1.42 mm. Finite element analysis (FEA) simu-
lations were performed to compare analytical stiffness esti-
mates. Linear stiffness kx, ky, and kz were determined by ap-
plying forces Fx = 1N, Fy = 1N and Fz = 1mN on the flexure
platform and recording its displacements in x,y and z axes, re-
spectively. Angular stiffness kΘ, kΨ, and kΦ were determined
by applying moments Mx = 1×10−4 Nm, My = 1×10−3 Nm,
and Mz = 1 × 10−3 Nm to record rotations about the x, y,
and z axes, respectively. Flexures manufactured by laser-
assisted chemical etching are reported to withstand stresses
over 1 GPa22, exceeding fused silica’s typical tensile strength
of 160 MPa. FEA shows a stress of 0.7 GPa on the flexure
leafs under 100 mN (four orders of magnitude larger than the
forces used in this study) causing a 2 mm deflection.

The equation of motion of the fundamental mode of the flex-
ure is given by

mz
d2z
dt2 + cz

dz
dt

+ kzz = Fz, (4)

where Fz is an external force in z direction, mz is the modal
mass, cz is damping coefficient and t is time. Abbreviating

ω
2
0 ≡ (2π f0)

2 =
kz

mz
and ξ =

cz

2mzω0
, (5)

where ω0 is fundamental natural frequency and ξ is damping
ratio. The equation of motion is written as

d2z
dt2 +2ξ ω0

dz
dt

+ω
2
0 z =

1
mz

Fz (6)

The external force Fz(t) = Re
(
Fa exp( jωt)

)
, produces a dis-

placement z(t) = Re
(
za exp( jωt)

)
, where the relationship be-

tween za and Fa is determined by the complex frequency re-
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FIG. 3. Dynamic response of the system; (a) frequency response
function produced using a dynamic signal analyzer showing the res-
onance frequency and multiple harmonics, (b) Fourier transform of
the step response signal shown in the inset used to calculate the
resonance frequency at 313 Hz. The black line in (a) is a fit to
Vpd/Vout ∝ Gz(ω).

sponse function

Gz(ω) =
za

Fa
=

1
kz

1

1− ω
2

ω
2
0
+2 jξ ω

ω0

. (7)

For completion, it is noted that the homogeneous solution to
Eq. 4 is a damped harmonic motion with the natural frequency
of fn given by

ωd ≡ 2π fd = ω0
√

1−ξ 2. (8)

The decay time τ and the quality factor Q of the oscillator are
given by

τ =
1

ω0ξ
and Q =

1
2ξ

, (9)

respectively. The flexure dynamic response was measured
using a sinusoidal frequency sweep with a dynamic signal
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analyzer24. The voltage output Vout from the analyzer is con-
nected to the electrodes to apply force on the flexure. The dis-
placement response voltage Vpd from the interferometer photo
detector, which is for small displacements proportional to z
(see section III C), is connected to the input of the analyzer.
The ratio of these voltages, Vpd/V is shown in FIG. 3(a) along
with a fit to Eq.(7) in black. From this, the fundamental res-
onant frequency and the damping ratio is determined to be
f0 = (312.9± 0.1) Hz and ξ = (1.5± 0.64)× 10−3 respec-
tively. As another approach, the experimental base is gen-
tly tapped (see Fig. 6(a)) to produce the impulse response
shown in the inset of FIG. 3(b). An exponential fit is applied
to this signal with amplitude za = 140 nm, decay rate time
τ = 0.53 s, offset z0 = −30 nm. From the Fourier transform
shown in FIG. 3(b), the resonant frequency is determined to
be fd = (312.93± 0.03) Hz. The damping ratio and the Q-
factor of the system are given by ξ = (8.3±0.4)×10−4 and
Q = 600±28, respectively.

B. Electrostatic actuator

The capacitor electrodes are a 0.5 mm diameter brass
sphere and a 0.9 mm diameter stainless steel rod. The
sphere is epoxied to the flexure (see FIG. 1) and soldered
to a 25 µm diameter, 50 mm long gold-beryllium fine wire
for electrical contact25. From the cantilever beam bending
model, this wire’s stiffness would not exceed µNm−1 level.
The rod is attached to a five-axis parallel manipulator26 to
center it with respect to the sphere while monitoring using
a camera. The end face of the rod was hand polished flat
using sandpapers with grit size down to 2500 on a float
glass. Surface topography of the end face measured using
a Coherence scanning interferometer27 reveal a convex
curvature of 10 µm peak-to-valley with a surface roughness
of 600 nm peak-to-valley. Use of a simple rod rather than a
coaxial flat electrode12 reduces the complexity in determining
the capacitance gradient when a co-axial wire is used, as
described in our previous study28. Other types of electrode
pairs found in the literature include plate-plate3,19,21,29 and
concentric cylinders4,30.

An analytical equation31 for capacitance vs. electrode sep-
aration of a sphere against a planar surface is given by

C = 8πε0

√
h2 − r2

∞

∑
n=0

e−(n+0.5)γ

1− e−(n+0.5)γ (10)

γ = 2ln

(
h+

√
h2 − r2

r

)
,

where h is the distance between the plane and center of the
sphere, r is the sphere radius, and ε0 = 8.854×10−12 Fm−1 is
the vacuum permittivity. Using this equation, the capacitance
and its gradient for an electrode separation from 1 µm to 15 µm
evalutated through n = 10 are shown in FIG. 4(b). For com-
parison, FIG. 4(a) shows a COMSOL® FEM simulation with
results plotted as solid lines in 4(b). The difference between
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FIG. 4. Analytical model and a simulation estimating the capaci-
tance of a sphere-flat electrode as a function of electrode separation;
(a) COMSOL® simulation with color scale indicating the electric po-
tential, and (b) results of the analytical model of capacitance and ca-
pacitance gradient shown in blue and orange solid lines, correspond-
ing simulation results are given by the dots of the same.

the simulation and the theory can be attributed to the finite ex-
tent of the xy plane of the rod electrode which is assumed to
be infinite in the theory. The initial electrode gap is also not
known precisely, as it would be if the flexure and the actuator
were manufactured monolithically19. From FIG. 4(b) and the
experimentally measured nominal capacitance of 73 fF shown
in FIG. 9(a), the electrode gap can be estimated to be 6 µm.
However, the experimentally determined capacitance gradient
is 1.09 nFm−1 as discussed in section IV A, corresponding to
a larger electrode gap of 12 µm. As a precaution, to avoid
electric arcing between the electrodes, we assumed the gap to
be 6 µm, keep the applied voltage below 254 V and limit the
electrical current in our experiments, as discussed in the fol-
lowing subsection. Studies32,33 indicate for such a gap, the
breakdown voltage would exceed 350 V.

C. Fiber-optic displacement interferometer

To measure the flexure displacement z, a fiber Fabry-Perot
interferometer is employed using a laser source34 containing
a a built-in wavelength meter with ±10 pm accuracy. The
laser output fiber connects to a single mode evanescent wave
fiber coupler35, selected for its low return loss36, via an
isolator. As shown in FIG. 1, the flat cleaved exit end of the
coupler fiber is attached to the V-groove on the fixed base
of the flexure, and a flat cleaved termination fiber of 2 mm
long is attached to V-groove on the moving flexure platform.
All fiber connections are fusion spliced to minimize loss.
The two flat faces of the fibers form the mirrors of the low
finesse Fabry-perot cavity. The cavity spacing is estimated to
be less than 25 µm, by sweeping the laser wavelength λ by
50 nm to create a interferometric signal including a complete
period37. A method for calibrating the interferometer inten-
sity signal to displacement by sweeping the laser wavelength
is demonstrated in previous studies28,36–38. However, this
approach is subject to laser wavelength dependent intensity
variation, spurious ripples at the intensity peak due to par-
asitic cavities, and the deviations in the theoretical fit near



6

Datapoints

0 10 20 30 40
Time (minutes)

0

5

10

0

100

300

(a)

8.8

8.9

8.7

0.6

0.3

22

A

24 26 28 30

70 73 76
-2

0

2

-5

0

5

(b)

0 20 40 60 80 100
0

5

10

-40

0

40

(c)

In
te

ns
ity

,V
pd

(V
)

Vo
lta

ge
ap

pl
ie

d,
V D

C
(V

)

R
es

id
ua

l(
m

V
)

R
es

id
ua

l(
m

V
)

D
iff

er
en

ce
(m

V
)

30 70
Datapoints

0

6

8

40 50 60

4

2In
te

ns
ity

,V
pd

(V
)

0
Displacement, z (nm)

100 200 300

In
te

ns
ity

,V
pd

(V
)

200

B

C

D

FIG. 5. Interferometric signal to measure displacement; (a) Intensity
recorded by repeatedly reducing and increasing the cavity length by
applying voltage to the electrostatic actuator, (b) average intensity of
the repeats and its difference between the direction of cavity length
change. Zoomed-in views show the 2nd order polynomial fit to the
peak and the valley and its residual, (c) half cycle of the signal in (b),
where the black circles indicate the peak and the valley points de-
termined from the polynomial fit. Linear interpolation shown in red
obtained from the calibration curve for displacement computation.

the peaks and the valleys of the signal. In our studies, the
laser wavelength is kept constant at λ = 1540 nm or 1558
nm, and the interferometer signal is calibrated by varying
the cavity length using the electrostatic actuator. Since the
peak-to-valley of the signal corresponds to a displacement
of λ/4 and the non-linearity of the flexure stiffness for

a displacements under 1 µm is much smaller39 than the
measurement uncertainty goal of this work, we implemented
a linear ramp in cavity length. As shown in FIG. 5(a), the
linear ramp is achieved by applying a voltage from 0 V to
254 V in a square rooted manner (shown in orange) using
the Kepco high voltage amplifier40, see equations (1) and (2).
This was repeated five times, producing an interferometric
signal (shown in blue) slightly over a complete cycle with
a peak-to-valley range of 8.9 V. The first half of the signal
in each cycle corresponds to the decrease of electrode gap,
while the second half represents the increase. These two
signals are averaged and plotted as blue dots for decreasing
electrode gap, red dots for increasing electrode gap in FIG.
5(b). The maximum difference between the up and down
position ramps at the same applied voltage is less than 1 nm,
attributed to system hysteresis. The zoomed-in views show
the average of the blue and red data points near the peak
and valley region. To obtain the calibration curve, instead
of fitting the signal to a theoretical equation as done in prior
works28,36–38, we linearly interpolate between the measured
data points. The difference between the interpolated points
versus the points from a sine fit is only 2×10−6 V. The peak
and valley of the signal are determined using a second order
polynomial fit to the ten data points surrounding the peak
and the valley respectively. The estimated peak and valley
serve as the first and last data points of the half cycle plotted
in blue dots as indicated by the black circles in FIG. 5(c).
Given that the half cycle of the signal corresponds to a total
displacement of λ/4 = 385 nm, and considering the position
ramp linearity, the data points are linearly interpolated to
produce the intensity versus displacement calibration curve
shown in red.

The calibration discussed in this section uses a signal from a
displacement of slightly over 770 nm, and the fringe region B
to C is used to find its peak and valley, see FIG. 5(b). However,
during the flexure stiffness measurement discussed in section
IV A, the flexure was displaced only by 98 nm correspond to
the region between A and B. Owing to the fringe symmetry41,
the calibration points from region B to C are used to calcu-
late the displacement corresponding to the intensity change
in region between A and B. The combined displacement cali-
bration uncertainty due to non-linearity and variation in volt-
age increments, and surface potential effect is 0.9 %, which is
listed in Table III.

D. Experimental environment

Measurements were conducted in a temperature-controlled
environment at (20± 0.02)◦C with the setup shown in FIG.
6(a) housed in an enclosure to reduce ambient air distur-
bances. The five-axis manipulator is used to to align the rod
electrode, and the flexure assembly epoxied to an aluminum
block is attached to a small breadboard. This breadboard
mounted on a tip-tilt aligner42 and XY stage to align the flex-
ure V-groove with a reference mass. Another motorized43 XY
stage holds two flexible wire hooks to load and unload the
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mass on the V-groove. All components are mounted on a
larger breadboard with four Sorbathane feet44 at the corners
for passive vibration isolation, atop a piezoelectrically con-
trolled active vibration isolation platform45. FIG. 6(b) shows
the results of vibration measured using an accelerometer46

placed on different stages of isolation.

E. Capacitance bridge

Our goal is to measure the capacitance gradient (dC/dz)
when the electrode gap is linearly ramped to displace the flex-
ure by applying a DC voltage VDC to the rod electrode. How-

ever, the capacitance measurement requires an application of
AC voltage VAC = Va cos(ωt) to the sphere electrode, con-
sequently oscillating the flexure. Due to the flexure dynam-
ics, the measured capacitance changes as a function of the
capacitance bridge excitation frequency ω . This subsection
discusses the theory and the mitigation of this effect. The ca-
pacitance bridge47 utilizes co-axial cables with their shields
reaching as close as possible to the electrodes to minimize
stray capacitance. For the spherical electrode, the shielding
ends near the fine gold wire soldered to the sphere. To mini-
mize capacitive coupling between the electrodes and the alu-
minum block supporting the flexure, the block is connected to
the bridge ground. The voltage difference between sphere and
rod is given by

V =VDC +Va cos(ωt), (11)

where the bridge applies an AC voltage to the sphere. A DC
bias voltage VDC is applied incrementally to the rod ranging
from 0 V to 91 V shown as black data points in FIG. 7 (a).
This linearly increases the electrostatic force, and thus linearly
decreases the electrode gap, since the force depends on V 2

according to Eq. (1) which is

V 2 = V 2
DC +2VDCVa cos(ωt)+Va

2 cos2 (ωt)

= V 2
DC +

V 2
a

2
+2VDCVa cos(ωt)+

V 2
a

2
cos(2ωt),(12)

The first two terms produce a force that is constant in time
(DC), resulting in a displacement given by

zDC =
1

2kz

dC
dz

(
V 2

DC +
1
2

V 2
AC

)
. (13)

The third term produces a displacement at ω given by

zAC = Re
(

Gz(ω)
1
kz

dC
dz

VDCVa cos(ωt)
)
. (14)

The 2-ω displacement can be calculated similarly but can be
disregarded when calculating the capacitance measured by the
bridge at ω . The current flow into a time-varying capacitor is
given by the time derivative of the charge, which consists of
two components.

I =
dq
dt

=C
dV
dt

+V
dC
dt

=C
dV
dt

+V
dC
dz

dz
dt
. (15)

The capacitance variation due to the DC displacement is given
by the first-order Taylor series approximation as

C ≈C0 +
dC
dz

zDC, (16)

where, C0 is the capacitance at the initial electrode gap. Fur-
thermore, taking the time derivative of Eq. (14) for dz/dt
gives,

Iω = C0
dV
dt

+
1

2kz

(
dC
dz

)2(
V 2

DC +
1
2

V 2
AC

)
dV
dt

−

V
dC
dz

Re
(

Gz(ω)
dC
dz

VDCVaω sin(ωt)
)
, (17)
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FIG. 7. Capacitance measured at different bridge excitation frequen-
cies. The result at 300 Hz is plotted in the right-axis because of its
larger magnitude.

where we have neglected terms that would produce a current
at 2ω which are rejected by the capacitance bridge. Using Eq.
(11) for V , we obtain dV/dt = −Vaω sin(ωt). The measured
capacitance, Cm reported by the bridge is given by

Cm =
Iω

−Vaω sin(ωt)
. (18)

Substituting Eq. (17) in Eq. (18) results in

Cm = C0 +
1

2kz

(
dC
dz

)2(
V 2

DC +
1
2

V 2
AC

)
+

Re(Gz(ω))

(
dC
dz

)2

V 2
DC, (19)

which is similar to the equation derived in a previous work48.
During experiments, capacitance Cm is measured when the
DC voltage VDC applied to the rod is varied as a square-rooted
ramp from 0 to 91 V. This test was repeated by varying
the excitation frequency of VAC applied to the sphere from
f =160 Hz to 10 kHz. FIG. 7, for simplicity, only shows the
measurement results near the resonant frequency at 300 Hz,
and four adjacent frequencies. Each curve shown in FIG. 7
is an average of five cycles repeated at each frequency, and
each data point is an average of 15 values measured for 12
s. The bridge is set to output a three-point averaged value,
and five of these values are further averaged on the computer.
The experiments use the maximum amplitude of VAC 4 V
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FIG. 8. Slope of the measured capacitance Cm versus the square of
the voltage (a) plotted in blue dots as a function of different bridge
excitation frequencies in log- scale. The black line is a fit to the
model in Eq. (20). The inset shows the result from 1 kHz to 10
kHz frequency in linear scale with error bars indicating the standard
deviation, and red shaded region representing the fit uncertainty, (b)
residual from the fit and the measurement uncertainties shown as er-
ror bars.

RMS. One can observe a large capacitance change at 300 Hz
near resonance, and an out-of-phase capacitance change at
400 Hz. These observations can be explained by Eq. (19)
as will be discussed below. It can also be observed on the
left side of the plot that the absolute value of Cm decreases
(independent of the applied DC voltage) with an increase in
the AC frequency, which is not accounted for by Eq. (19).
We do not have an explanation for this phenomenon as no
significant change in the electrode gap was observed. We
believe this effect is caused by a small frequency-dependent
bias in the capacitance measurement which remains the same
as long as the frequency is not changed and, hence, drops out
when the slope of Cm as a function of V 2

DC is computed.

To verify Eq. (19), the slope of measured capacitance Cm
versus V 2

DC is plotted as a function of frequency in FIG. 8(a),
as blue points. The model for this slope plotted as black curve
is given by Eq. 20, which is derived from Eq. (19) by expand-
ing its real part using Eq. (7).

dCm

d(V 2
DC)

=
1
kz

(
dC
dz

)2

1
2
+

1−ω2/ω2
0(

1− ω
2

ω
2
0

)2

+4ξ 2 ω
2

ω
2
0

 . (20)

The coefficients of the fit are f0 = (306.6±2.0) Hz, ξ = (6.8
± 8.7) ×10−3, and (dC/dz)2 /kz = (24 ± 0.8) ×10−3 aFV−2.
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FIG. 9. Stiffness determination using the electrostatic force method; (a) voltage bias VDC applied in a square root manner, measured capacitance
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corresponds to the decreasing electrode gap when the voltage is ramped positively, and red vice versa, (c) electrostatic force average of 25
cycles calculated using equation (1), (d) displacement average of 25 cycles, (e) stiffness determined by fitting a line to F vs. z

.

For ω = 0 and ω = ∞, Eq. 20 evaluates to 3
(
dC/dz

)2
/(2kz)

and
(
dC/dz

)2
/(2kz). The inset in FIG.8(a) shows the data

points and the fit for above 1 kHz, where it reaches its asymp-
tote at 10 kHz, with the red shaded region representing the
fit uncertainty. The measurement results discussed in section
IV A uses the bridge excitation frequency of 2 kHz which still
experience a frequency dependent variation as show in the in-
set of FIG. 8(a). To mitigate this, since the measured capac-
itance gradient is free of frequency dependent variation at 10
kHz, and it is 4.63 % higher than at 2 kHz, it is applied as a
correction in section IV A. The uncertainty in this correction
is determined using the uncertainties of the fit coefficients f0
and ξ to be 0.06 %.

In summary, the capacitance bridge does not just report
the capacitance due to the gap between the electrodes; it also
gently excites the flexure while performing this measurement.
Near the resonance, this excitation causes extra motion that
the bridge interprets as a change in capacitance, which artifi-
cially steepens the measured slope. Far above resonance, the
resonator cannot follow the excitation, so the measurement
reflects the true geometric capacitance gradient. By mapping
how the slope changes with frequency and fitting it to a simple
mechanical response model, we can determine the real gra-
dient and apply the appropriate correction when operating at
2 kHz. In short, the bridge measurement is a coupled elec-
tromechanical readout, and the frequency dependence tells us
how much the dynamics inflate the apparent capacitance gra-

dient.

IV. RESULTS

The following sections describe the procedure and results
of the flexure stiffness determination by applying forces of
similar magnitude using (A) electrostatic force method, and
(B) mass loading method. For summary, see FIG. 10.

A. Stiffness measurement using the electrostatic force
method

This section describes the experimental procedure and data
analysis for determining flexure stiffness using the electro-
static force method. FIG. 9(a) shows the applied voltage VDC
using a Tegam49 high voltage amplifier, measured capacitance
Cm, and the displacement z of the first 5 cycles of a 25-cycle
measurement lasting about an hour. Each data point is aver-
aged for 1.6 ms and collected at 4-second intervals. During
each cycle, the voltage VDC was square root ramped up and
down in increments of 20 voltage values between 0 and 93 V.
Capacitance is plotted against displacement and a line (not
shown) is fit to the data to calculate the capacitance gradient
dC/dz shown in FIG. 9(b). The blue data points corresponds
to decreasing electrode gap for the positive voltage ramp, red
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Method A

Ramp voltage VDC to the rod 

electrode to apply electrostatic 

force F on the flexure.

Cavity length change (dz) is measured 

by the fiber-optic interferometer

Electrode separation causes 

capacitance change (dCm), measured 

using a capacitance bridge by 

applying VAC to sphere electrode

Calculate the applied electrostatic 

force (F) using equation (1), and 

plot F vs. z to fit a line and 

determine flexure stiffness kz,e

Results in electrode separation 

and fiber-cavity length change

Method B

Load a reference mass 

wire of less than 0.5 mg 

on the flexure

Use equation (2) to 

determine flexure 

stiffness kz,m

Fiber-optic interferometer 

measures flexure 

displacement z

FIG. 10. A flow chart summarizing the experimental procedure to
determine flexure stiffness using electrostatic force method (A), and
reference mass method (B).

is vice versa, and black is the average of the two measured to
be (1.038±0.018) nFm−1. After applying the 4.63 % correc-
tion discussed at the end of section III E, this value becomes
(1.086±0.019) nFm−1. The applied force F calculated using
equation (1 and 12) is averaged for the 25 cycles, and plotted
as a function of V 2

DC in FIG. 9(c). The corresponding displace-
ment is plotted in FIG. 9(D). To calculate F , the fixed offset
force due to V 2

a /2 term and the dynamic force due to ω and
2ω terms in equation (12) are ignored, and only the VDC term
varied during the measurement are considered. Also, 0.4 V
was subtracted from the measured VDC to account for the sur-
face potential discussed in Appendix IX A. To determine the
flexure stiffness using equation (2), the force is plotted against
the displacement as blue points on the left axis of FIG. 9(e).
A line is fit to to this data to determine the stiffness of the
flexure to be kz,e = (45.65±0.84) Nm−1. Without correcting
for the surface potential, the determined stiffness was 0.7 %
higher. The measured stiffness varied by 0.6 % between this
measurement and another taken on an adjacent day. To indi-
cate the non-linearity in stiffness determination, the residual
from the line fit is plotted as orange points on the right axis of
FIG. 9(e). The magnitude of non-linearity is obtained by di-
viding the 30 nN residual by the nominal displacement range
of 98 nm to be 0.3 Nm−1.

B. Stiffness measurement using a reference mass

To determine the flexure stiffness using Eq. (3), a 99 %
aluminum-silicon reference mass wire m = (0.4258±0.0005)
mg50 was handled with a 0.5 mm diameter flexible stainless
steel wire hooks to prevent flexure damage (FIG. 11(a)). The
mass was loaded and unloaded five times to record flexure dis-

Flexure

Flexible fork

Reference 

mass wire
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D
is
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ac
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en
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z
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m
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350
(b)

VDC=1 V

VDC=102 V

FIG. 11. Stiffness determination using the reference mass; (a) ex-
perimental setup showing the mass held in a flexible fork with hook
ends to load and unload it on the flexure V-groove, (b) measured
flexure displacement when the mass is loaded (green) and unloaded
(red). The electrode gap is varied by supplying three different volt-
age values VDC to the electrodes to operate at different regions of the
interferometer calibration curve shown in FIG. 5(d).

placement z shown in FIG. 11(b). To cover the full range of
the interferometer calibration curve shown in FIG. 5, measure-
ments were taken at three electrode gaps by applying voltages
VDC = 1 V, 102 V, and 203 V with green and red data points
indicating loaded and unloaded states, respectively. Each data
point represents a 1.6 s average recorded every 6 s. To remove
drift, two separate lines were fit to the loaded and unloaded
states, resulting in 87.34 nm, 89.42 nm, and 90.86 nm. Using
the average displacement (89.21± 1.77) nm in Eq. (2), flex-
ure stiffness is determined to be kz,m = (46.79±0.93) Nm−1.

V. UNCERTAINTY EVALUATION

TABLE III lists the factors contributing to the uncertainty
in flexure stiffness measurement. Both electrostatic and
mass-based methods use the interferometric displacement
sensor, so the accuracy of laser wavelength, bidirectional
repeatability (1 nm / 385 nm = 0.26 %), shown in FIG. 5(b), as
well as the digital voltmeter’s (DVM) accuracy and resolution
measuring intensity impacts both methods. To minimize
power supply noise, each intensity measurement was aver-
aged for ten power line cycles (10 NPLC, 1.66 ms) using
the voltmeter. Consequently, the measurement resolution
determined via Allan deviation is 2 mV, see FIG. 12. For the
nominal operating point of 4.45 V in the signal shown in FIG.
5(c), the displacement measurement resolution is 0.045 %.
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FIG. 12. Allan deviation of the interferometer intensity and the volt-
age applied to the electrodes. The raw signals were recorded for 1
minute at 1 ms sample rate to calculate the Allan deviation. The ver-
tical black line indicates the 1.66 s averaging time (ten power line
cycles, NPLC) used in the experiments. The minimum noise that
can be obtained from the interferometer intensity is given by the Al-
lan deviation minimum around 1 mV. Using this and the local slope
(approximately 40 nmV−1) of the sensitive mid region of the inter-
ference signal shown in FIG. 5(c), the resolution of the displacement
computation is determined to be 40 pm.

In the electrostatic force method, the standard deviation of
capacitance measurement is σCm = 1.27 fF and the maximum
standard deviation of the displacement measurement shown
in FIG.9(d) is σz = 0.6 nm. For the nominal capacitance of
73fF and the displacement of 98 nm shown in FIG. 9(a), it is
σCm= 1.75 % and σz = 0.5 % respectively. The interferome-
ter intensity to displacement calibration shown in FIG. 5 was
performed both before and after the capacitance gradient mea-
surements shown in FIG. 9. The difference in the determined
stiffness using the one or the other calibration curve is 0.15
%, accounting for the any drift and gain change in the photo-
diode. Uncertainty in frequency dependent correction of the
measured capacitance discussed at the end of section III E is
0.06 %. From FIG. 12, the Allan deviation in measuring the
applied voltage during capacitance gradient measurement is
0.3 mV. This corresponds to a relative uncertainty in the cal-
culated stiffness of 0.53 %. Uncertainty in the correction of
0.4 V static potential is σVs = 0.01 V, see the end of section
IV A and Appendix IX A. This changes the calculated stiff-
ness by 1.75×10−4. By propagating all the measurement un-
certainties through equations (1 and 2), the combined stiffness
measurement uncertainty for the electrostatic method ukz,e is
evaluated to be 2.8 %.

ukz,e =
√
(−2uz)2 +u2

Cm
+(2uVDC)

2 +(2uVs)
2 (21)

The reference mass wire used in the mass-based method was
measured using a microbalance with a standard deviation of

TABLE III. Factors contributing to the measurement uncertainty (1-
σ standard deviation)

Variable Component Rel. unc., u

Displacement, z λ accuracy 6.5×10−6

bidirec. repeatability 2.6×10−3

DVM accuracy 3.5×10−5

Allan deviation 4.5×10−4

voltage non-linearity 9×10−3

linear interpolation 2×10−6

Electrostatic force method

Capacitance, C σCm 1.75×10−2

bridge accuracy 2×10−5

freq. dependence correction 6×10−4

Displacement, z σz 5×10−3

photodiode drift and gain 1.5×10−3

Applied voltage, VDC Allan dev. σVDC 5.3×10−4

Surface potential, Vs σVs 1.75×10−4

Reference mass method

Reference mass, m σm 1.2×10−3

corner loading 2.6×10−2

buoyant force 4×10−4

Flexure orientation37 tanθ ·∆θ 5×10−5

Accel. gravity g =9.801 ms−2 2×10−6

Displacement, z intensity dependence 2×10−2

σz 4.2×10−3

Electrostatic force method: Total 2.8×10−2

Reference mass method: Total 3.8×10−2

σm = 0.5 µg (0.12 % of the reference mass value). The buoy-
ant force experienced by the mass is 0.04 % of its weight.
Prior to loading the mass on the flexure, a bubble level with a
sensitivity of ∆θ = 5 mradmm−1 is used to align the flexure
to local gravity. The bubble level was placed on a microscope
slide attached to the bottom of the aluminum block on which
the flexure is mounted, see FIG. 6(a). The machining angular
tolerance of the aluminum block is conservatively assumed to
be θ = 10 mrad. This alignment contributes to an uncertainty
of 5×10−5. During loading, the reference mass wire will stay
on the flexure v-groove until its center of mass goes beyond
the platform width (∆y = ±1 mm). Since the angular flexure
stiffness in x axis is kΘ =0.0018 Nmrad−1 (see TABLE II),
the flexure platform would rotate by 2.3 µrad. Since the op-
tical fiber is attached to the V-groove 1 mm away from the
XZ plane cross-section, this results in an abbe error of 2.3 nm,
which is 2.6 % of the average displacement of 89 nm as dis-
cussed in section IV B. As shown in FIG. 11(b), the computed
displacement during the mass loading varies by 2 % at differ-
ent regions of the interferometric calibration curve shown in
FIG. 5(d), with the standard deviation of σz is 0.42 % at each
region. The combined stiffness measurement uncertainty us-
ing the reference mass is ukz,m = 3.8 %.
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VI. DISCUSSION

The ultimate goal of this work is to develop compact and
robust reference mass and force sensors. While miniatur-
izing techniques used in larger-scale instrumentation, some
performance compromises are inevitable. The measure-
ment uncertainty in this study, though comparable to simi-
lar past measurements using direct micro-scale capacitance
techniques12,17 is higher than that of larger electrostatic force
balance systems1,3,21. The primary contributors to measure-
ment uncertainty in the comparisons undertaken in this study
are the capacitance measurement, corner loading during the
mass calibration, and the fiber optic displacement measure-
ment.

All of these challenges can be addressed with design mod-
ifications. For instance, the capacitor could be modified by
applying a conductive indium-tin-oxide coating on platform
to create a flat electrode19. This would increase the sur-
face area and capacitance, making the bridge resolution less
critical. The fiber interferometer is assembled manually by
gluing optical fibers into v-grooves on the flexure, presents
some challenges with optical alignment51. Fiber mirrors are
used because the surface roughness of flat cleaved fiber edges
is typically in single-digit nanometer range52, preserving the
contrast of the interferometer signal. In contrast, the laser as-
sisted chemical etching process produces edges with surface
roughness in the tens of nanometers22. To use these edges di-
rectly as a target mirror, techniques such as annealing53, laser
polishing54, and oxyhydrogen flame polishing55 are shown to
reduce the surface roughness to nanometer levels. To elimi-
nate corner loading error, a sphere mass in a cone constraint
etched on the flexure platform could be used instead of the
wire mass in a V-groove constraint, as employed in this study.
The laser-assisted chemical etching process allows for rapid
iteration of these design changes. Additionally, creating these
sensors from monolithic fused silica ensures that their calibra-
tions remain stable over time, with previous sensors retaining
their calibrated values over several years56.

Based on the sensor’s spring constant and the minimum dis-
placement resolution from FIG. 12, the force resolution of
the sensor is approximately 2 nN. From the flexure geome-
try, the increase in stiffness is estimated39 to be less than 2
% for a travel of 100 µm, allowing for an usable force range
up to 4 mN when employing a suitable method for measuring
larger displacements with the fiber interferometer38. There are
multiple possible applications for a compact reference mass
and force sensor in this range. For instance, measuring pho-
ton pressure force from laser reflection4,57,58 has been used to
establish an equivalence between SI force and optical power.
The sensor developed in this work could be applied to measure
optical power as low as 1 W and as high as is practically feasi-
ble, limited by the size of a high-reflectivity mirror, which can
be mounted on the flexure platform which is only a few mm
in length. Calibration of nanomechanical properties measure-
ment instrumentation such as Atomic Force Microsopes59 and
instrumented indenters17,37 is also feasible in this force range.
As demonstrated in the paper, the sensor can also function as a
spring balance for mass artifacts. Its force range suggests po-

tential applications for measuring from micrograms to nearly
half a gram, provided that precautions are taken to prevent
damage to the sensor.

VII. CONCLUSION

A miniature flexure-based reference spring with an inte-
grated electrostatic actuator and a fiber-Fabry perot displace-
ment interferometric sensor has been developed to use as a
stiffness transfer artefact. The flexure stiffness determined
from the electrostatic force by measuring the capacitance gra-
dient and applied voltage to the electrodes was found to be
(45.65 ± 0.84) Nm−1. Alternatively, as another means of
force; a reference mass was loaded on the flexure, yielding
a stiffness value of (46.79±0.93) Nm−1. The evaluated mea-
surement uncertainty of the two methods are 2.8 % and 3.8
% (k=1) respectively. The instrument is capable of measuring
force in the range from 2 nN (limited by interferometer reso-
lution) to 4 mN (limited by nonlinearity of the flexure mech-
anism) with further improvement possible in both range and
uncertainty. The device demonstrates the feasibility of a com-
pact small mass and force reference that can be deployed to
potentially provide SI-traceable mass and force values to an
end-point user.
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IX. APPENDIX

A. Measurement of surface potential

In addition to the voltage applied to the electrodes, there
is a surface potential, Vs, from contact potentials, patch effect

and surface contaminants on the electrodes of the capacitor1.
To evaluate Vs, voltage VDC applied to the rod electrode was
adjusted to produce the same force, determined by the inter-
ferometer signal, at positive and negative polarity, V+ and V−,
respectively. Surface potential given by Eq. (22) is derived
from Eq. (1). In the range of VDC between -160 V and 160
V, it was found to be 0.4(1) V, where the uncertainty is the
standard deviation of ten measurements.

Vs =
(V 2

+)− (V 2
−)

2((V−)− (V+))
=− (V+)+(V−)

2
(22)


