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Measurement-induced phase transitions in monitored infinite-range interacting systems
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A key challenge in observing measurement-induced phase transitions is the mitigation of the post-selection
barrier, which causes the reproducibility of specific sequences of measurement readouts—the trajectory—to
be exponentially small in system size. Recent studies suggest that some classes of monitored infinite-range
systems alleviate this problem by exhibiting a fast saturation of entanglement, resulting in only a polynomial
post-selection overhead. This paper answers whether this feature is inherent in infinite-range systems, due to
their underlying semiclassical dynamics. We consider three experimentally relevant monitored models: a Tavis-
Cummings model, a Superradiance model, and a Bose-Hubbard dimer, each exhibiting nontrivial monitored
dynamics. We unveil the occurrence of entanglement phase transitions in these models, showing how the
saturation time is strongly affected by bistability regions, which also prevent the mitigation of the post-selection
barrier. Finally, we propose experimental realizations of these models, providing a discussion of post selection
from an experimental perspective.
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I. INTRODUCTION

Synthetic quantum many-body open systems offer a
rich playground to explore an amazing variety of out-of-
equilibrium phases and phase transitions [1–5]. The last
decade has witnessed impressive progress in the available
experimental platforms, from arrays of coupled cavities [6–8]
to cold atoms with controlled dissipation [9–11], from trapped
ions [12–15] to exciton-polariton condensates in cavities
[16,17] and ultracold atoms in optical lattices [18,19]. This, in
turn, stimulated an intense theoretical effort [20–25]. Notable
examples, in a long list of very interesting developments, of
experimental breakthroughs are the realization of the Mott
insulating state with photons [26], the first dissipative tran-
sition in a cavity dimer [27], and in arrays of long-lived
Sr dipoles [28]. Nonequilibrium is attained in these systems
due to the interplay between the unitary dynamics and the
damping/decoherence, they are often referred to as driven-
dissipative systems. Essentially in all the cases of interest, the
dynamics is Markovian and the evolution of the (mixed) state
is governed by the Lindblad equation [29].
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The dynamics of the system is however profoundly dif-
ferent if one is able to continuously monitor its state
[30,31]. In this last case, the quantum system is char-
acterized by a wavefunction whose smooth evolution is
interrupted at random times by sudden changes that ac-
count for the interaction of the system with the environment
[32,33]. Averaging over all possible quantum trajectories,
i.e., averaging over all the measurement outcomes, leads
to the mixed-state Lindblad evolution. The dynamics of
monitored systems has been extensively investigated, for
several decades, in few-level systems and under different
monitoring [34–42].

Measurement-induced phase transitions. For many years
unravelling the Lindblad dynamics of many-body open sys-
tems into its quantum trajectories was mainly considered a
numerical tool to simulate open systems. Only recently it was
found that a monitored many-body quantum system shows
a rich phenomenology that is invisible at the level of its
average state, the density matrix [43]. Examples of this sort
are the measurement-induced phase transitions (MIPTs) that
have been predicted initially in monitored quantum circuits
[44–49], separating phases with different entanglement prop-
erties. In Ref. [43], the circuit consisted of a sequence of
entangling gates intertwined by local projective measurement
on a fraction of the qubits. The interplay between the gates,
leads to extensive entanglement and the local projections
that disentangle the qubits results in a critical phenomenon
occurring as a function of the fraction of measured qubits,
separating volume from area law. Most importantly, none of
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the expectation values of the local observables of the systems
would be able to detect this transition. Entanglement, like any
other nonlinear function of the state, has properties that cannot
be ascertained from the knowledge of the average density
matrix.

These initial works [43,45] stimulated an intense the-
oretical activity scrutinizing many different facets of
measurement-induced phases and transitions. In the most
common cases, unitary dynamics will generate entangle-
ment and the process of local measurement on the other
side will destroy it; hence this phenomenology should be
observed in a quite broad range of systems coupled to an
environment/measurement apparatus. This interplay so far
has been investigated in quantum circuits [50–54] and in
Hamiltonian systems [55–66]. Both projective measurements
and/or generalized measurements [47,67–71] performed by
an external environment have been considered as well.
There is a deep connection between measurement-induced
phases and the encoding/decoding properties of a quantum
channel [48].

The post-selection problem. Despite this large theoreti-
cal activity, the experimental evidence of MIPTs is much
more limited. As of today, only three pioneering experimental
works have been able to observe the monitored many-body
dynamics. The first quantum simulation was performed with
trapped ions [72]. The scaling close to the critical point has
been explored with the IBM quantum processor [73,74] and
with the Google quantum processor for different settings of
the quantum circuits [75]. The reason for this difficulty is
of fundamental nature and very often is referred to as the
post-selection problem [76,77].

The problem is very easily stated. Monitored dynamics
requires evaluating observables (or any nonlinear function of
the state) conditioned to a given sequence of outcomes of the
measurements/jumps—a quantum trajectory. This means that
in order to perform the quantum average one should be able to
reproduce with sufficiently high probability the same record
of outcomes. While this is certainly possible for few-body
systems, it becomes exceedingly difficult in a many-body
setting as the probability of reproducing the same trajectory
becomes exponentially small both with the system size and the
time at which the average should be taken. This is the reason
why experiments have been limited to moderate system sizes
and considerable efforts were required to increase the system
dimension.

Even though most probably there is no way to overcome
the post-selection barrier under general conditions, some
interesting progress has been made to alleviate (or even sup-
press) it in specific cases. This is for instance the case of
quantum-classical approaches that combine measurement out-
comes with classical post-processing [78,79]. These methods
work efficiently when one is able to simulate efficiently the
quantum dynamics on a classical computer (i. e., in the area-
law phase). A recent experimental demonstration of these
approaches has been reported in Ref. [74]. Post-selection is
also eluded in the semiclassical regime by combining classical
simulations with the output from a quantum simulation [80].
For certain classes of circuits, post-selection overhead can
be mitigated by resorting to space-time duality [75,77,81].
Furthermore, a series of works [51,52,82–90] explored the

possibility of using quantum circuits with feedback, where
the evolution is conditioned on the measurement registry
to render the measurement-induced transition visible in the
average dynamics. In this last case, the observation is indi-
rect and relies on the assumption that the transition captured
by the density matrix coincides with that in the monitored
dynamics. It should be taken into account however that feed-
back may alter the physical properties of the system and
separate transitions may occur in the monitored and average
dynamics. Despite these progresses, the post-selection barrier
remains a tough challenge, and progress in overcoming it is
of fundamental importance to studying monitored dynamics
in quantum many-body systems. Post-selection-free moni-
tored dynamics was shown to emerge naturally in a fully
connected model [91] describing a monitored ensemble of
atoms driven by a laser field and in the presence of collective
decay.

The aim of this work is to further explore regimes where
post-selection can be mitigated. Specifically,

(1) we start from Ref. [91] where a specific class of
infinite-range models was shown to have only a power-law
(in system size) overhead associated with post-selection;

(2) we investigate to which extent this post-selection
friendly situation is common to infinite-range interacting
monitored systems by studying several different infinite-range
monitored Hamiltonian systems;

(3) we propose their implementation addressing also prac-
tical aspects of the post-selection problem.

The paper is organized as follows. In the next section,
Sec. II, we will introduce the various models we are going
to study, briefly recap their properties, define their moni-
tored dynamics, and introduce the quantities (both linear and
nonlinear in the quantum state) that we are going to use to
characterize the transitions. Specifically, we will study (i)
a driven-dissipative Tavis-Cummings model, also known as
collective resonance fluorescence model, presenting a rich
phase diagram, (ii) a monitored ensemble of atoms driven by
a laser field and in the presence of collective decay, extending
the results of Ref. [91] to the case of finite temperature to
include both collective absorption and emission, and (iii) a
driven-dissipative Bose-Hubbard dimer undergoing, depend-
ing on the regime of the coupling, either a first-order or
a second-order phase transition, as a function of the driv-
ing. In Sec. III, we will show the results for the different
models. We will see that there are generic features that are
common to these cases. At the same time, the existence
of underlying classical dynamics is not, by itself, sufficient
to dictate the properties of monitored systems, especially
for what concerns the post-selection barrier. We will see
that a crucial point in this respect is the type of transition
the system is undergoing as a function of the monitoring
strength. All the models discussed here have an immedi-
ate experimental realization, in Sec. IV we propose how to
implement them. This discussion will allow for a more pre-
cise discussion of experimental aspects of the post-selection
problem. We then move to the conclusions in Sec. V, infinite-
range models are therefore a useful playground to test the
properties of monitored many-body systems without a post-
selection barrier. Some details of our analysis are included
in Appendixes.
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FIG. 1. Sketch of the infinite-range models considered in this work. (a) Driven-dissipative Tavis-Cummings model. Spins are depicted as
blue dots with arrows inside a cavity. They interact with photons (red dots) with strength λ and are driven by an external field with strength �.
The photons can leak from the cavity with fixed rate κ . (b) Superradiant model at finite temperature. Lower temperatures favor the dissipation
process with rate κ−. Higher temperatures make the opposite process with rate κ+ more relevant. (c) Bose-Hubbard dimer and configuration
considered in our study. Two photonic cavities are coupled linearly via photon hopping (with rate J) and each cavity is nonlinear due to the
on-site photon-photon interaction energy U . The drive with amplitude F and opposite phases addresses the antibonding mode of the dimer,
and each cavity has a dissipation rate of κ .

II. INFINITE-RANGE MODELS
AND THEIR MONITORED DYNAMICS

In this section, we introduce three distinct models that will
be then studied in the rest of the paper. Specifically, we will
consider: a Tavis-Cummings model describing a collection of
spins in a single-mode cavity, see Fig. 1(a); a superradiant
model with collective decay and pumping, see Fig. 1(b); a
Bose-Hubbard dimer consisting of two coupled cavities with
Kerr nonlinearity, see Fig. 1(c), that is also implementable
with multilevel long-lived atoms in an optical cavity. Our goal
is to study and understand the dynamics of quantum correla-
tions present in the systems subject to monitored dynamics.

In the following part of the section, we briefly define the
monitored dynamics we are going to consider and, to keep the
presentation self-consistent, we recap the main properties of
the models.

A. Monitored dynamics

To model the monitored dynamics of our system, where we
count events associated with the jump operators L̂i occurring
with rates κi, we can define a stochastic time evolution of the
state |ψ (t )〉 as follows Refs. [30–33]. After an interval dt , the
state is either evolved with a non-Hermitian Hamiltonian (in
units where h̄ = 1)

|ψ (t + dt )〉 = e−idtĤnh |ψ (t )〉
‖e−idtĤnh |ψ (t )〉‖

Ĥnh = Ĥ − i

2

∑
i

κiL̂
†
i L̂i, (1)

with probability 1 − P , or is discontinuously changed to

|ψ (t + dt )〉 = L̂i|ψ (t )〉
‖L̂i|ψ (t )〉‖ , (2)

with probability P . The ith jump operator is selected with
probability Pi /P . The latter process, dubbed quantum
jump, happens with a probability proportional to the κi rate

and to the density 〈L̂†
i L̂i〉:

P = dt
∑

i

κi 〈ψ (t )|L̂†
i L̂i|ψ (t )〉 =

∑
i

Pi. (3)

The final state |ψγ (t f )〉 is uniquely determined by the
sequence of the detection/nondetection of events associ-
ated with L̂i at each time step. This defines the quantum
trajectory γ .

Averaging the stochastic dynamics defined above over all
possible outcomes leads to the Lindblad equation [30–33]

d ρ̂

dt
= −i[Ĥ, ρ̂] +

∑
i

κi

(
L̂iρ̂L̂†

i − 1

2
{L̂†

i L̂i, ρ̂}
)

. (4)

Here, ρ̂ = |ψγ 〉〈ψγ | is the average density matrix, where we
adopt the short-hand notation

• ≡ Eγ [•] (5)

to denote trajectory-average quantities. Note that in the case
of the quantum expectation of an observable (we omit the
subscript γ when there is no confusion) 〈Ô〉 ≡ 〈ψ |Ô|ψ〉 =
Tr[Ô|ψ〉〈ψ |], a linear function of the state, the trajectory
average gives

〈Ô〉 = Tr [Ôρ̂], (6)

which is a quantity that can be deduced from the average
state ρ̂, and thus from the Lindblad equation (4). On the other
hand, the trajectory average of nonlinear quantities, such as
entanglement (as we will be investigating in this work), does
not follow from the Lindblad dynamics, as they require the
additional information present in the ensemble of trajectories
as a direct consequence of monitoring, that is washed out in
the average density matrix ρ̂. In Appendix E we propose an
alternative conditional master equation that takes into account
finite-time-resolution effects that emerge in experimental re-
alizations of the dynamics.

B. Driven-dissipative Tavis-Cummings model

The driven-dissipative Tavis-Cummings model, also
known as collective resonance fluoresce model [12,28,92–97]
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serves as a natural playground to study the infinite-range in-
teraction between a single-mode cavity and resonant spins. In
particular, we are interested in analyzing the steady state of
this model, whose richness stems from the dynamic interplay
between an external drive, light and matter interaction, and
dissipation processes. The model, sketched in Fig. 1(a), is
described by N spins in a single-mode cavity. The spins and
the cavity mode are resonant with characteristic frequency
ωc. The spins collectively interact with the single bosonic
mode with a strength λ proportional to the single photon
Rabi frequency and experience a coherent driving field of
strength � and frequency ωd . The Hamiltonian can be written
as Ĥ = ωc

2 Ŝz + ωcâ†â + λ√
N

( â†Ŝ− + âŜ+ ) + �( Ŝ+e−iωd t +
Ŝ−eiωd t ), where â†, â are photons creation and annihilation
operators, and Ŝμ = 1/2

∑N
i=1 σ̂

μ
i with μ = x, y, z,±, are

collective spin operators. In the frame rotating at the driving
frequency, and assuming the drive to be resonant with the
cavity, ωc = ωd , the Hamiltonian reduces to the simpler form

Ĥ = �(Ŝ+ + Ŝ−) + λ√
N

(â†Ŝ− + âŜ+). (7)

Infinite range interactions allow us to express the Hamiltonian
through Ŝμ spin operators, highlighting the collective nature
of the model. Due to S2 conservation, starting from initial
states with maximal Ŝ2 eigenvalues, we can effectively de-
scribe this model as a single N/2 spin interacting with photons
in the cavity. We monitor the photons leaking out of the cavity
with a rate κ . The jump operator in this case is only one:
L̂ = â. Using this jump operator, one can derive the stochastic
evolution of the state given by equations (1) and (2), as well
as the Lindblad master equation (4) for the average state ρ̂:

d ρ̂

dt
= −i[Ĥ , ρ̂] + κ

(
âρ̂â† − 1

2
{â†â, ρ̂}

)
. (8)

The Heisenberg equations for the magnetizations mμ =
2〈Ŝμ〉/N and the quadrature operators mq = 〈â† + â〉/√2N
and mp = i〈â† − â〉/√2N have already been studied in the
thermodynamic limit N → ∞ [98]. The steady-state diagram
has three phases as in Fig. 2: a stationary phase corresponding
to a fixed point in the evolution [panel (b)]; a time-crystal
phase [99–102] corresponding to limit cycles in the magne-
tization [panel (d)]; a bistable phase characterized by both
aforementioned behaviors (depending on the choice of the
initial state) [panel (c)]. The intermediate, bistable phase,
vanishes at the tricritical point (λT /κ,�T /κ ), corresponding
to the red dot in Fig. 2. For λ/κ < λT /κ , the system undergoes
a continuous phase transition from the stationary phase to
the time-crystal phase at �C/κ = λ2/κ2. With increasing �,
at fixed λ/κ � λT /κ , the system undergoes a discontinuous
phase transition from stationary to time crystal behavior at a
critical point (in the bistable phase) dependent on the initial
state. For more details on the mean-field limit of the model,
see Appendix A.

C. Driven spins with collective absorption and emission

We will also study the correlation dynamics of a system
of N noninteracting two-level atoms, represented in Fig. 1(b).
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FIG. 2. (a) Mean-field phase diagram of the driven-dissipative
Tavis Cummings Model, also known as the collective resonance
fluorescence model. The border of the time-crystal phase (TC) is
known analytically, and the border between the stationary (Stat) and
bistability phase (Bist) is determined numerically. The red dot signals
the tricritical point. (b), (c), and (d) show semiclassical trajectories
in the (my, mz, mq ) space from several initial conditions (signaled by
×) respectively in the stationary (b), bistable (c), and time crystal
(d) phases.

The Hamiltonian is given by

Ĥ = 1

2
�

∑
i

σ̂ x
i = �Ŝx, (9)

with � being the Rabi frequency. We monitor the system
through the two jump operators L̂1 = Ŝ− and L̂2 = Ŝ+. The
dynamics of the average state ρ̂ is then described by the
Lindblad equation (4),

d ρ̂

dt
= −i[Ĥ, ρ̂] + κ−D−[ρ̂] + κ+D+[ρ̂], (10)

where the two dissipators Dα (with α = ±) read

Dα[ρ̂] = Ŝαρ̂Ŝ†
α − 1

2

{
Ŝ†

α Ŝα, ρ̂
}
, (11)

and κα is their corresponding rate. This spin model can be
effectively obtained through a coupling with the infinite-range
mode of a finite-temperature electromagnetic cavity. In this
framework, the cavity is responsible for two competing effects
on the dynamics of the atomic ensemble: the jump operator Ŝ−
pushes the total magnetization m = S/S (with S = N/2) to-
wards the south pole of the generalized Bloch sphere, whereas
Ŝ+ does the opposite and pushes the system towards the
north pole. We can thus regard the south pole as an effective
zero-temperature state [103] and define the effective bath tem-
perature T = 1/β through the detailed balance condition

κ+/κ− ≡ e−β�B , (12)

where �B is the typical energy of the bath (we will consider
�B = κ for simplicity). The detailed balance condition is sat-
isfied by choosing

κ− = κ (1 + nβ )

S
, κ+ = κnβ

S
, (13)
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where nβ = 1/[exp(β�B) − 1] is the Bose-Einstein distribu-
tion of the photons in the cavity and κ is the energy scale of
the dissipative part of the dynamics. The picture is clear: if the
bosonic mode is empty (nβ = 0, at zero temperature), the bath
cannot provide energy to the ensemble, which can only relax
towards the south pole. Instead, if nβ > 0, the bath can give
energy to the ensemble and push it up the Dicke ladder [29].

The superradiant model proposed in Ref. [99], whose en-
tanglement properties were later analyzed [91], corresponds
to the zero-temperature limit of this model, which also fea-
tures a time-crystal (TC) phase in the weakly dissipative
regime. This finite-temperature extension was partly analyzed
in Ref. [104], where the authors studied the quantum thermo-
dynamics of a dissipative time crystal. The mean-field (MF)
equations for the evolution of the magnetizations in this model
do not depend on temperature: the dissipative phase transition
between the TC phase and the symmetry-unbroken (finite-mz)
phase exists for all T at � = κ and the phase diagram coin-
cides with the zero-temperature one. More details about the
mean-field solution are in Appendix B. Despite the fact that
the mean-field equations (and, in general, all observables in
the thermodynamic limit) do not depend on T , we will show in
Sec. III B that the bipartite half-system entanglement entropy
SN/2 of an ensemble of quantum trajectories is instead depen-
dent on T , in the magnetized phase and at the critical point,
though its scaling with the system size generally remains the
same except at the critical point.

D. Driven-dissipative Bose-Hubbard dimer

Another infinite-range model that we will investigate in
this study is the driven-dissipative Bose-Hubbard dimer,
which is a semiclassical model yet with rich entanglement
dynamics. As sketched in Fig. 1(c), the model describes
two nonlinear photonic cavities coupled via photon hop-
ping and subjected to one-photon drive and dissipation. The
Bose-Hubbard dimer has been extensively studied and is
known to present a complex phase diagram [105–109]. In this
work, we study the entanglement dynamics of the monitored
Bose-Hubbard dimer and investigate the entanglement phase
transitions in different regimes. The system is described by
the following Hamiltonian (in the frame rotating at the drive
frequency),

Ĥ =
2∑

i=1

[
−�â†

i âi + U

2
â†2

i â2
i + Fi(â

†
i + âi )

]
− J (â†

1â2 + â†
2â1), (14)

where � ≡ ωd − ωc is the detuning between the drive fre-
quency (ωd ) and the bare cavity frequency (ωc), U is the
on-site photon interaction strength, Fi is the driving amplitude
on each site and J is the photon-hopping coupling strength be-
tween the two sites. We subject the dimer to local dissipation
channels with Lindblad jump operators L̂1,2 = â1,2 with rate
κ , corresponding to the monitoring of photons being emitted
from the two cavities. The dynamics for the average state ρ̂ is
given by the master equation (4),

d ρ̂

dt
= −i[Ĥ , ρ̂] + κ

∑
i

(
âiρ̂â†

i − 1

2
{â†

i âi, ρ̂}
)

. (15)

This system admits a well-defined thermodynamic limit under
the scaling

U −→ Ũ/N, Fi −→
√

NF̃i, (16)

which can be seen as the limit of having infinitely many
photons as N → ∞ (cf. Appendix C). This scaling also allows
us to identify each cavity mode as the k = 0 momentum mode
of a Bose-Hubbard lattice with N sites [110]. Therefore the
Bose-Hubbard dimer can be identified with a photonic lat-
tice with highly nonlocal coupling and dissipation and is of
infinite-range nature by construction. A parallel visualization
can be done using multilevel atoms in cavities. A discussion
of this case is provided in the experimental implementation
section below, Sec. IV C. The linear part of the Hamiltonian
(14) admits two normal modes, i.e., the bonding mode â+ ≡
(â1 + â2)/

√
2 with eigenfrequency ω+ = −� − J , and the

antibonding mode â− ≡ (â1 − â2)/
√

2, with eigenfrequency
ω− = −� + J . In the rest of this discussion, we will consider
a driving profile of F1 = −F2 ≡ F , which is driving the anti-
bonding mode â− of the dimer. We also consider a detuning �

that is sufficiently redshifted from the higher-energy mode but
sufficiently above the lower-energy mode. The order in energy
of the two modes will depend on the sign of the coupling
constant J .

(1) J > 0. The driven mode â− is higher in energy. This
regime admits a second-order phase transition when the drive
strength F is tuned, corresponding to the spontaneous break-
ing of the spatial symmetry of the dimer [108].

(2) J < 0. The driven mode â− is lower in energy. This
regime is dominated by the first-order phase transition cor-
responding to the usual optical bistability of the lower mode
[111]. Note that the negative hopping has been experimen-
tally realized in photonic crystals [112,113] and can also
be achieved in circuit QED via reservoir engineering [114];
otherwise, a completely equivalent setup can be obtained by
setting J > 0 and F1 = F2, which is still driving the lower-
energy mode.

We will study the Bose-Hubbard dimer in these two differ-
ent regimes using the Gaussian trajectory approximation (cf.
Appendix F) and discuss the different behavior exhibited by
the entanglement dynamics in Sec. III C.

III. RESULTS

The models listed above were extensively studied in the
past and the phase diagram associated with the average state
(steady state of the Lindblad equation) is known. Here we
will present our results for the steady state of the entangle-
ment entropy of the monitored system. The main questions
we will address are related to (i) the (possible) existence
of measurement-induced phase transition, (ii) their location
(their occurrence may/may not be coincident with the phase
diagram dictated by the Lindblad equation), and (iii) the
possibility to observe them (whose difficulty is ultimately
related to the post-selection barrier). More specifically on this
last point we would like to understand whether the semiclas-
sical nature of our models mitigates the post-selection barrier.
Notice however that all the properties we study are related to
the entanglement entropy and may, in general, vary depend-
ing on the nonlinear quantity chosen to study the monitored
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dynamics. To tackle the analysis of quantum correlations and
their postselection barrier, we thoroughly study the dynamics
and extract the time needed to reach the steady state, which
we refer to as the saturation time. The saturation time directly
determines the post-selection barrier as it represents the mini-
mum time needed in experiments to observe a putative MIPT
in the steady state. We will see that all the above-listed models
have a transition in the entanglement when monitored. The
identification and analysis of the properties of these steady-
state phase transitions allow for a direct comparison with the
transition detected by the average state (visible in observables
like magnetization, density, etc.).

A. Driven-dissipative Tavis-Cummings model

In this section, we characterize the quantum correlations
in the monitored driven-dissipative Tavis-Cummmings model,
focusing on the correlations between spins and intra-cavity
photons. The trajectory-averaged entanglement entropy is de-
fined as

SE (t ) = − 1

Ntraj

Ntraj∑
γ=1

Tr
[
ρ̂

(γ )
spins log ρ̂

(γ )
spins

]
, (17)

with ρ̂
(γ )
spins = Tr cav[|ψγ 〉〈ψγ |] the reduced density matrix of

the spins. The average of this quantity over the time window
κt ∈ [0,+∞), labeled as S̃E , will also be useful in our work
since it can capture the steady state properties of quantum
correlations.

To have a full understanding of the entanglement entropy
behavior across the parameters space (�/κ, λ/κ ), we will
need to refer to some properties of the magnetization, specif-
ically we will study in some cases the trajectory-averaged
magnetization mz, and its time-average m̃z computed over the
time window κt ∈ [0,+∞).

Before analyzing the result, some details on the simulations
are needed. The unraveling of the Lindblad equation has been
carried out using the QuTiP package [115,116]. The quantum
jump unraveling has already been applied to several spin
semiclassical systems with Ŝ2 conservation [91,117], whose
Hilbert space H has dimension scaling linearly with N , the
number of spins. A difference in this cavity model stands
out: the bosonic Hilbert space does not have a finite size and
needs to be truncated to allow for numerical simulations. To
make sure that the truncation does not affect the dynamics
of the system, one can check the probability of occupation
of the M th Fock state: the truncation to the Mmax-th Fock
state can be chosen if PM (t ) = 〈ψ (t )|
̂Mmax |ψ (t )〉 � ε with

̂Mmax = |Mmax〉〈Mmax|, Mmax ∈ N. Using this method with
ε = 10−5, one finds that the size of the full Hilbert space is

dim{H} = (Mmax + 1)(N + 1) = χN (N + 1), (18)

with χ depending on λ/κ and �/κ . In general, χ � 1 below
the tricritical point, while χ >1 above the tricritical point.
In Sec. III A 1, we focus on the regime λ/κ = 0.2; in
Sec. III A 2, we focus on λ/κ = 0.8.

In this section, all the plots showing trajectory-averaged
quantities (•, •̃) present shadowed lines which represent the
statistical fluctuations of trajectories.
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FIG. 3. Dynamics of the trajectory-averaged entanglement en-
tropy in the (a) stationary phase �/κ = 0.01 and (b) in the
time-crystal phase �/κ = 0.06. All the pictures are obtained for
λ/κ = 0.2 and from Ntraj = 5000 trajectories. The legend is shared.

1. Quantum correlations at λ/κ = 0.2

We start the study of the entanglement entropy by re-
minding some features of the magnetization transition that
will be useful as a reference for the following discussion.
The mean-field phase diagram of the magnetization indicates
that the region λ/κ = 0.2 hosts a continuous phase transition
from stationary phase to time-crystal phase at �C/κ = 0.04.
Moreover, the steady state is unique and this region shows no
dependence on the choice of initial state.

We carry out the simulations of the entanglement setting
as initial state |ψ0〉 = |ψcav〉 ⊗ |ψspin〉 = |0〉 ⊗ |↑,↑, . . . ,↑〉
(any other state belonging to the same symmetry sector would
lead to the same conclusions).

Figure 3 shows the time-evolution of entanglement entropy
between photons and spins averaged over trajectories, SE .
From these plots, we notice that the qualitative features of the
temporal behavior of the magnetization is present also in the
entanglement dynamics. The first plot corresponds to �/κ =
0.01 which would yield a stationary behavior for the magne-
tization. Similarly, the entanglement entropy has a stationary
behavior. The same holds for the second plot (�/κ = 0.06):
for this choice of �/κ, the magnetization has oscillations and
so does the entanglement entropy.

The time average of S̃E carries important information about
the steady state properties of the entanglement entropy. In
Fig. 4(a), this quantity exhibits a phase transition between a
nonentangled region in which S̃E ∝ N0 and a highly entangled
one with S̃E ∝ lnp N with p dependent on �, p < 1. The red
dot-dashed line at �C/κ = 0.04 signals the maximum of the
of ∂�S̃E as shown in the inset. We identify this value of �/κ as
critical point. The entanglement phase transition occurs along
with the magnetization one, signaling the entangled nature
of the time-crystal phase in the Tavis-Cummings model [98].
The scaling with the size of the entanglement entropy in the
two phases is shown in Fig. 4(b).

This result integrates what is already found in Ref. [91].
By adiabatic elimination of the cavity, our Lindblad dynamics
can be recast in the master equation of Ref. [91] in which
a spin-spin entanglement transition has been found in corre-
spondence with the transition between a time crystal behavior
and a stationary behavior.

The saturation time obtained from the dynamics (more
details in Appendix D, grows as powers of ln(N ) yielding
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FIG. 4. (a) S̃E for different sizes and its derivative in the inset. The vertical dash-dot line signals the maximum of the derivative and
corresponds to the critical point for the mean-field magnetization. (b) Scaling of S̃E with the size of the system. (c) Saturation time τS with
respect to N for different values of �/κ .

a fast-saturating process, see Fig. 4(c). This makes cal-
culating entanglement entropy with trajectories a partially
post-selection-free problem as the probability of measuring
a specific trajectory is suppressed only as a polynomial in the
system size N .

In Appendix E we discuss variations in the scaling that may
emerge from experiments due to the finite-time resolutions of
the monitoring devices.

2. Quantum correlations at λ/κ = 0.8

The analysis of quantum correlations in this region is
strongly affected by the bistable nature of the model. There-
fore it is convenient to start by carefully analyzing the
finite-size dynamics of the magnetization. In the following
plots, the bistable region will be signaled by a light yellow
shadowed region.

Figure 5 hows the time-evolution of the magne-
tization starting from two initial states: |ψ0〉 = |my =
0, mz = 1, mq = 0〉 = |0〉 ⊗ |↑,↑, . . . ,↑〉 and |ψ1〉 = |my =
0.7, mz = −0.71, mq = −1〉, for which the mean-field phase
diagram predicts a phase transition respectively at �

(0)
C /κ =

0.46 and �
(1)
C /κ = 0.57. The plot presents their dynamics at

finite sizes compared to the mean-field one. The finite-N mag-
netization’s evolution in the stationary and time-crystal phases
shows the same behavior starting from the two initial states
and matches the predictions of the mean field. See panels (a)
and (c). Panel (b) shows instead the dynamics in the bistable
region for �/κ = 0.55, a value between the critical points of
the two states. The finite size magnetization has an interesting
behavior in this case: |ψ0〉 yields a magnetization with oscil-
lations in a transient time, and then a decay to a steady-state
value; |ψ1〉 shows a transient stationary behavior which then
leads to the same steady-state value as |ψ0〉. Furthermore, the
duration of the transient increases as the size is increased,
and in this time interval the finite-size magnetizations match
their respective mean-field predictions: oscillatory for |ψ0〉
and stationary for |ψ1〉.

This indicates the noncommutativity of the thermodynamic
limit and the infinite-time limit

lim
t→∞ lim

N→∞
mz(t ) 
= lim

N→∞
lim

t→∞ mz(t ). (19)

Taking the thermodynamic limit first makes the transient dom-
inate the dynamics and yields a different behavior at any

time for the two initial states. On the contrary, taking the
infinite time limit first makes the unique steady state dominant
(independent of the choice of the initial states). This point is
especially important since we are going to discuss properties
like the entanglement entropy that should be computed at
finite N in the long-time limit.

Bistability is not only witnessed in averaged observables
but also at a single-trajectory level. Along one trajectory we
notice the switching between two different behaviors: an os-
cillating highly-entangled one with a low average number of
photons Nph = 〈â†â〉, and a stationary one with a high number
of photons which is separable between spins and photons, see
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FIG. 5. mz from initial states |ψ0〉 (solid lines) and |ψ1〉 (dotted
lines) for different N (corresponding to gradient colors) compared to
the mean-field for |ψ0〉 (black dashed line) and |ψ1〉 (black dotdashed
line). (a), (b), and (c) are respectively �/κ = 0.2, 0.55, and 0.8. All
the plots are obtained from Ntraj = 5000 trajectories and the legend
is shared.
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FIG. 6. Plots for N = 25, and �/κ = 0.62. (a) Single-trajectory
values for the average magnetization, number of photons, and en-
tanglement entropy in the bistable phase. (b) and (c) show the
bimodality in the probability distribution of the magnetization and
the number of photons in the steady-state.

Fig. 6. In the bistable phase, for N finite, the lifetime of the
states between which we observe a switching is finite and
comparable. In the stationary and time-crystal phases, one of
the two behaviors dominates while the other gets suppressed,
this yields a commutativity of the thermodynamic and infinite-
time limit outside the bistable region. Bistability can also be
noticed as bimodality in the steady-state probability distribu-
tion of the observables mz and Nph [118], see panels (b) and
(c) of Fig. 6.

An important consequence of the noncommutativity of the
two limits is that the phase diagram of the model is twofold: it
can be obtained with the limit ordering limt→∞ limN→∞, cor-
responding to a “dynamical” phase diagram that only studies
the transient time and leads to the magnetization mean-field
phase diagram in Fig. 2; it can be obtained with the opposite
ordering limN→∞ limt→∞, corresponding to the phase dia-
gram of the steady-state, independent on the choice of the
initial state since the steady state is unique for finite sizes.

To obtain the dynamical and steady-state phase diagram
the following procedures are adopted. The decay time to the
steady state τm is obtained from the time evolution of the mag-
netization, see Appendix D. Choosing T = 3τm as the bound-
ary between transient and steady state, one can simply define
the order parameter for the steady-state phase diagram as:

m̃SS
z = lim

t f →∞
1

(t f − T )

∫ t f

T
dt mz(t ). (20)

The order parameter for the dynamical phase diagram, can be
instead defined as

m̃Dyn
z = 1

T

∫ T

0
dt mz(t ). (21)

The latter definition of order parameter leads to the already
presented mean-field phase diagram and therefore will not be
presented in this section.

The steady-state phase diagram and its comparison with
the mean-field (or dynamical for N → ∞) phase transitions
for |ψ0〉 and |ψ1〉 are presented in Fig. 7. The steady-state
magnetization has a behavior that does not match any of the
mean-field first-order transitions. The dark-shadowed green
line signals the value of �SS

C /κ ∼ 0.61 in which the �-
derivative of m̃SS

z has a maximum and separates two regions
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FIG. 7. Steady-state phase diagram for finite size compared with
mean-field phase diagram for |ψ0〉 (dashed line) and |ψ1〉 (dash-dot
line). Derivative of m̃SS

z in the inset. The green narrow region signals
the critical point. The yellow shadowed region corresponds to the
bistable phase.

with positive and negative magnetizations. We identify this
value as critical point for the magnetization phase transition.
In all plots (Figs. 9, 11–13), the bistable region is indicated
with a yellow shadowed region.

The same procedure is applied again to analyze properly
the entanglement entropy. The time-evolution of the entangle-
ment entropy in Fig. 8, obtained from |ψ0〉 and |ψ1〉, shows
once again the noncommutativity of the thermodynamic limit
and infinite time limit in the bistable region.

Also in this case, a steady-state and a dynamical order
parameter can be defined. Following closely the procedure
already used for the magnetization, we can identify a τS

saturation time from the time-evolution of the entanglement
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FIG. 8. SE from initial states |ψ0〉 (solid lines) and |ψ1〉 (dotted
lines) for different N . (a), (b), and (c) are respectively for �/κ =
0.2, 0.55, and 0.8. All the plots share the legend and are obtained
from Ntraj = 5000 trajectories.
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FIG. 9. (a) S̃SS
E for different size and its derivative in the inset. The green narrow region signals the critical point. (b) Scaling of S̃E with N in

the steady-state phase diagram. (c) Scaling of the entanglement entropy saturation time with system size N at criticality. The lines correspond
to two different values of λ/κ both affected by the bistability. The yellow region corresponds to the bistable phase.

entropy, set T = 3τS and define S̃SS
E with a time-average over

[T ,∞] and S̃Dyn
E through a time-average over the window

[0, T ].
The unique steady-state phase diagram in Fig. 9(a) shows

an entanglement transition between a nonentangled region in
which S̃SS

E ∝ N0 and an entangled region with S̃SS
E ∝ N0 (scal-

ings shown in panel (b)). The green shadowed line, that sepa-
rates the two phases, indicates the value �SS

C ∼ 0.61 at which
the derivative has a maximum. This value precisely coincides
with what we found in the magnetization steady-state phase
diagram. Once again we have found in the driven-dissipative
Tavis Cummings model an entanglement transitions occur-
ring together with a magnetization transition. However, an
important difference arises from the previous entanglement
phase transition found at λ/κ = 0.2. The saturation time at
criticality scales in this case superlinearly, without mitigating
the post-selection barrier. Figure 9(c) shows the saturation
time at criticality for λ/κ = 0.8 and deeper in the bistable
region at λ/κ = 1: in both cases, the entanglement presents
a slow saturation worsened by the increase of λ/κ . We argue
that bistability, which causes a slow-down of the dynamics
with a noncommutativity of the N → ∞ and t → ∞ limits,
does not allow for a reduction of the post-selection problem.

The dynamical computation of S̃Dyn
E shows for both initial

states a jump in the entanglement entropy around a critical
point that matches exactly the critical point for the magnetiza-
tion transition in the mean-field (dynamical) phase diagrams,
as shown in Fig. 10. We conclude that also in this different
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FIG. 10. (a) S̃Dyn
E calculated from |ψ0〉 and critical value as red

dashed line. (b) S̃Dyn
E calculated from |ψ1〉 and critical value as

red dot-dash line. The yellow shadowed region corresponds to the
bistable phase and the legend is shared.

type of phase diagram, we have an entanglement transition
occurring along with the magnetization one. The scalings of
the entanglement entropy in the entangled and nonentangled
region of the dynamical phase transition are shared with the
steady-state one, as outside the bistable region the commuta-
tivity of the thermodynamic limit and infinite time limit holds.

The features arising from the bistability of the model can
be summed up in a single plot. Figure 11 shows the behavior
of the magnetization’s saturation time with respect to �/κ .
Before the bistable region (yellow shadowed region) the sat-
uration time does not have size-dependence and this plateau
corresponds to a minimum, this identifies the stationary phase
(in the mean-field dynamical sense). In the bistable region,
the saturation time starts to have a size dependence and peaks
around �SS

C /κ ∼ 0.61, which can be identified as the crit-
ical point of the steady-state phase diagram and decreases
until the end of the bistable region. A cusp appears at the
boundary between the bistable and time-crystal regions (in the
mean-field dynamical sense) and then starts to increase again.
Thus the cusp defines where the bistable region ends. This
plot allows us to identify altogether the three regions of the
dynamical phase diagram, along with the boundary between
the stationary phase and time-crystal phase of the steady-state
phase diagram.
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FIG. 11. Saturation time of the magnetization for different sizes.
The plot is obtained for |ψ0〉, but the same holds from |ψ1〉. The
yellow part corresponds to the bistable phase.
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FIG. 12. Entanglement dynamics for N = 320 in the finite-temperature superradiant model, for different temperatures (see colorbar).

B. Driven spins with collective absorption and emission

In our finite-N simulations, we consider Ntraj = 1024 tra-
jectories. We initialize the system in the state |ψ (0)〉 =
|↑↑ . . . ↑〉. We consider temperatures in the range T ∈ [0, 2κ],
for three values of � representative of the whole phase di-
agram: � = κ/2 (magnetized phase), � = κ (critical point),
and � = 3κ/2 (TC phase). En passant, we note that the fi-
nite temperature is responsible for finite-size effects in the
behavior of the order parameter of the symmetry-breaking
transition, m̃z, which disappear for large N .

First of all, we study the effect of raising the temperature
for a fixed system size. In Fig. 17, we plot SN/2 as a function
of time for N = 320. For a single trajectory with index γ , the
half-system entanglement entropy is defined as

S(γ )
N/2 = −Tr

[
ρ̂

(γ )
N/2 ln ρ̂

(γ )
N/2

]
, (22)

where ρ̂
(γ )
N/2 is the reduced density matrix obtained from the

pure-state density matrix ρ̂γ = |ψγ 〉〈ψγ | by tracing out half
of the system, irrespective of the single-particle indices thanks
to permutational invariance [119]. In panel (a), we show the

behavior of SN/2 in the magnetized phase. We see that the
entanglement entropy quickly reaches a plateau that corre-
sponds to the stationary state. The value at the plateau depends
on T : jumps mediated by Ŝ+ push the state vector up the
Dicke ladder, towards states with larger entanglement entropy
compared to the bottom of the ladder. As a result, the value at
the plateau grows with T . In panel (b), we plot the dynamics
of entanglement at the MF critical point. Also in this case,
the entanglement entropy quickly saturates to a plateau for all
values of T . However, this time increasing the temperature
from T = 0 makes the stationary value of SN/2 decrease. By
further increasing T (above T ≈ 0.5κ), the stationary value
no longer changes. In panel (c), we show the entanglement
dynamics in the TC phase. Here, we see that the effect of
raising the temperature is to decrease the amplitude of the
oscillations of SN/2, which are related to the oscillations of
mz in the time-crystal phase.

Second, we study the entanglement entropy for several
sizes N , and for some temperatures T , to see how the finite
temperature affects its scaling properties. We report our re-
sults in Fig. 13. First of all, let us recall the results of the
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FIG. 13. Entanglement dynamics in the finite-T superradiant model, for different temperatures, frequencies, and sizes [sizes are shown in
the legend of panel (a)].

023082-10



MEASUREMENT-INDUCED PHASE TRANSITIONS IN … PHYSICAL REVIEW RESEARCH 7, 023082 (2025)

0 1 2

Ω/κ

0.0

0.5

1.0

S̃
N

/
2

(a) T/κ = 0.0

0 1 2

Ω/κ

0.0

0.5

1.0

S̃
N

/
2

(b) T/κ = 0.5

0 1 2

Ω/κ

0.0

0.5

1.0

S̃
N

/
2

(c) T/κ = 5.0

10
20
40

80
160
320

FIG. 14. Entanglement entropy of the finite-T superradiant model at saturation as a function of �, for different temperatures and sizes [see
legend of panel (c)].

zero-T model (top row) [91]. In all phases, SN/2 reaches a sta-
tionary value within a time frame that scales differently with
N , depending on �/κ . In the magnetized phase (left), the en-
tanglement entropy obeys an area law, and the saturation time
is size-independent. At the transition (center), both the asymp-
totic entanglement entropy S̃N/2 and the saturation time scale
as ln N . In the time-crystal phase (right), the entanglement en-
tropy is sublogarithmic and the saturation time grows as ln N
(with oscillations superimposed on the saturation behavior).
Therefore the analysis of the quantum trajectories unveils a
measurement-induced entanglement transition whose critical
point coincides with the one of the MF transition [91].

Some of these features are found also at finite temperatures,
while others do change. In the other two rows of Fig. 13, we
consider T = κ/2 and T = 5κ . In the magnetic phase (left
column), the effect of a finite T is to increase the station-
ary value of the entanglement entropy as discussed before;
the system remains in an area law phase and the saturation
time remains independent of N . At the critical point (center
column), we see that by increasing the temperature the ln N
dependence of the asymptotic entanglement entropy S̃N/2 is
lost for sufficiently high temperatures and all curves saturate,
in a time scale proportional to ln N (see later), to a size-
independent (area) plateau. Finally, in the TC phase (right
column), the finite temperature suppresses the time-crystal
oscillations of SN/2 and the scaling of the asymptotic entan-
glement entropy becomes ln N . This is more clearly seen in
Fig. 14, where we report the stationary S̃N/2 as a function of
�, for different system sizes and at different temperatures. We
can clearly see that, in the magnetized phase, the scaling with
N is unchanged compared to T = 0. Instead, the logarithmic
scaling of S̃N/2 with N at criticality is fragile and disappears
by increasing T : for instance, at T = 5κ , all curves cross close
to � = κ , where there is no scaling with N within margins of
error. Apart from this, also at finite temperatures, we observe a
measurement-induced entanglement transition, separating an
area-law phase (� < κ) from a sub-volume phase (� > κ).

We summarize the scaling of S̃N/2 and its saturation time
τsat with the system size in Fig. 15, for some values of T
and �.

C. Driven-dissipative Bose-Hubbard dimer

Finally, in this section, we discuss our results on the Bose-
Hubbard dimer in the two different regimes introduced in

Sec. II D, namely, (1) the regime J > 0 with a second-order
phase transition and (2) the regime J < 0 with a first-order
transition. We will study the dynamics of both linear ob-
servables (i.e., the usual order parameters for the dissipative
phase transitions on the level of the density matrix) and the
entanglement entropy.

1. J > 0: Second-order phase transition
with fast-saturating entanglement

We consider the system evolving from a vacuum initial
state with parameters � = −1.5κ , J = 2.5κ and Ũ = 2κ (as
considered in Ref. [108]). In this regime, the drive has a
negative detuning respective to the driven mode â− and the
system is known to undergo a second-order dissipative phase
transition breaking the symmetry between the two sites of
the dimer. We study the behavior of the entanglement in the
vicinity of this transition using the quantum trajectories within
the Gaussian approximation.

Figure 16(a) reproduces the known dissipative phase tran-
sition of the average steady state [111] witnessed by the order

parameter 〈â†
+â+〉/N (normalized population in the bonding

mode) [120]. As we approach the thermodynamic limit by
increasing the scaling parameter N , the steady-state order
parameter approaches the mean-field solution. We identify
a second-order continuous transition between a symmetric

phase with 〈â†
+â+〉/N

N→∞−−−→ 0 and a symmetry-broken phase
with nonzero population in the bonding mode.

Figure 16(b) shows SE (â+, â−), the steady-state trajectory-
averaged entanglement between the bonding mode â+ and
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FIG. 16. Steady-state behavior of the Bose-Hubbard dimer in the regime with negative drive detuning with respect to the driven mode
(the higher one in energy), for different values of the scaling parameter N [legend shared between (a) and (b)]. (a) Normalized population

in the bonding mode 〈â†
+â+〉/N as a function of the normalized drive amplitude F̃ with the mean-field solution (dashed line) superimposed.

(b) Trajectory-averaged entanglement entropy between the two normal modes (â+ and â−) of the steady-state as a function of F̃ . The vertical
dotted lines mark the critical points predicted by the mean-field theory, at F̃ = 2.26κ and 3.14κ , respectively. (c) Scaling of the maximum
steady-state entanglement entropy and for two other values of F̃ (see legend) vs the scaling parameter N in linear-logarithmic scale. Parameters:
J = 2.5κ , � = −1.5κ , and Ũ = 2κ .

the antibonding mode â− across this dissipative phase tran-
sition. As N increases, we observe similar behavior as the
order parameter 〈â†

+â+〉/N , where the entanglement between
the two momentum modes vanishes in the symmetric phase
and becomes nonzero in the symmetry-broken phase. This
suggests the emergence of a second-order entanglement phase
transition occurring at the same critical points as the dissipa-
tive phase transition. We perform a finite-size scaling analysis
of the entanglement in Fig. 16(c). Our results suggest that
the maximum steady-state entropy achieved in the symmetry-
broken phase tends to saturate with increasing N , while that
in the symmetric phase vanishes as N → ∞.

We also study the saturation time in the dynamics of the
trajectory-averaged entanglement entropy SE (â+, â−) and of

the order parameter 〈â†
+â+〉/N . As shown in Figs. 17(a) and

17(b), these two quantities follow very similar saturation dy-
namics. In the symmetric phase, both saturate very quickly
at a time scale practically independent of N . In the symmetry-
broken phase, they also feature fast saturation times. As shown
in Fig. 17(c), the saturation time of the entanglement entropy
at F̃ = 2.34κ (in the symmetric broken phase but closer to
the left critical point [121]) scales as τsat ∼ lnp N , with p �
3.2 ± 0.1 extracted from a fit. The order parameter 〈â†

+â+〉/N
shares essentially the same saturation time. In this regime,
the experimental observation of the entanglement transition
would not suffer from the exponential post-selection problem,
but still requires a subexponential overhead.

2. J < 0: first-order phase transition with critical
slowing down of entanglement

Let us now consider the regime where the system admits a
negative coupling constant. We still assume a vacuum initial
state for the system, while adopting the following parameters:
J = −2.5κ , � = −1.4κ , and U = 2κ . The driven mode â−
is now the lower one in energy, and the drive frequency is

sufficiently blue-shifted with respect to this mode. Therefore
we expect the first-order dissipative phase transition cor-
responding to the optical bistability of the lower mode to
dominate in the dynamics [111].

We now perform the same analyses as for the previous
regime. In Fig. 18(a), we recover the dissipative phase tran-
sition witnessed by the trajectory-averaged normalized total
population 〈n̂tot〉/N . While the mean-field equations give two
stable classical solutions (the higher and lower branches of
the S curve) for driving amplitudes close to the transition, the
steady-state density matrix is unique since quantum fluctua-
tions allow the state to tunnel between the two metastable
solutions. This results in an average population between the
high and the lower branches. In the thermodynamic limit
N → ∞, the steady-state population develops a first-order
discontinuity between the low-density phase and the high-
density one.

Figure 18(b) shows the trajectory-averaged steady-state en-
tanglement entropy between the two spatial modes â1 and â2

across the dissipative phase transition discussed above. As N
increases, a first-order discontinuity also develops at the same
critical point as the dissipative phase transition (F̃ � 0.373κ),
followed by a peak in entanglement which could be due to
quantum fluctuations driving the dissipative phase transition.
Figure 18(c) shows the scaling of the steady-state entan-
glement entropy as N increases, in different phases. In the
low-density phase, the entanglement saturates to a relatively
low value. In the high-density phase close to criticality, the
maximum entanglement entropy scales linearly with ln N . For
larger driving values deep inside the high-density phase, the
entanglement has a slower growth as a function of N that is
sublogarithmic.

Finally, we study the transient dynamics of the order pa-
rameter 〈n̂tot〉/N and of the trajectory-averaged entanglement
entropy SE (â1, â2). As shown in Figs. 19(a) and 19(b), these
two quantities again follow very similar time dynamics. In
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〈â†+â+〉/N
τsat ∼ lnp N

FIG. 17. Dynamical properties of the Bose-Hubbard dimer in the regime with negative drive detuning with respect to the driven
mode (the higher one in energy), for different values of the scaling parameter N (increasing exponentially from light to darker color:
N = 40, 80, 160, 320, 640, 1280). (a) Dynamics of the normalized population of the bonding mode â+ for three different values of F̃ (see
legend) in linear-logarithmic scale. (b) Dynamics of the trajectory-averaged entanglement entropy between the two normal modes SE (â+, â−)
for the same values of F̃ as considered in (a), in linear-logarithmic scale. (c) Saturation time of the entanglement-entropy (solid line) and of
the population (dashed line) at F̃ = 2.34κ as a function of N , in a log-log scale. The entanglement saturation time is fitted to a power law of
ln N : τsat ∼ lnp N with p = 3.2 ± 0.1.

both lower- and higher-density phases away from criticality,
the relaxation time required to reach the steady state shows
no significant dependence on N . At criticality, the dissipa-
tive phase transition associated with the optical bistability
is known to display an exponential critical slowing down
[110]. This is indeed observed in the dynamics of the pop-
ulation 〈n̂tot〉/N at a critical driving value F̃ = 0.373κ . The
entanglement entropy is found to replicate this behavior. Fig-
ure 19(c) shows the scaling of the saturation time τsat of both
the population and the entanglement at criticality, where both
appear to follow the same exponential growth with N . We
obtain a good fit to the exponential law τsat ∼ epN with p =
0.078 ± 0.002. Therefore the entanglement phase transition
of the Bose-Hubbard dimer in the optical bistability regime

is clearly not post-selection-free in terms of its experimental
detection, due to the critical slowing down in the entanglement
dynamics.

IV. EXPERIMENTAL IMPLEMENTATIONS

In this section, we describe implementations of all the
models considered in the previous sections focusing partic-
ularly on the regions in which the post-selection barrier is
mitigated. This provides a more comprehensive perspective
on the practical realizability of the monitored phases we have
presented. We also use the case of the driven-dissipative Tavis-
Cummings model to discuss in more detail the experimental
aspects of postselection.
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FIG. 18. Steady-state behavior of the Bose-Hubbard dimer in the optical bistability regime for different values of the scaling parameter
N [legend shared between (a) and (b)]. (a) Normalized total photon population as a function of the normalized drive amplitude F̃ with
the mean-field solution (dashed line) superimposed. The vertical dotted line marks the driving amplitude F̃ = 0.373κ , where the curves for
different N cross. (b) Trajectory-averaged entanglement entropy between the two spatial modes (â1 and â2) of the steady-state as a function of
F̃ . The vertical dotted line is at the same position F̃ = 0.373κ as in (a), where the different curves for entanglement also cross. (c) Scaling of
the maximum steady-state entanglement entropy and for two other values of F̃ (see legend) versus the scaling parameter N in linear-logarithmic
scale. Parameters: J = −2.5κ , � = −1.4κ , and Ũ = 2κ .
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FIG. 19. Dynamical properties of the Bose-Hubbard dimer in the optical bistability regime for different values of the scaling parameter
N (increasing linearly from light to darker color: N = 10, 15, . . . , 50). (a) Dynamics of the normalized photon population for three different
values of F̃ (see legend) in linear-logarithmic scale. (b) Dynamics of the trajectory-averaged entanglement entropy SE (â1, â2) for the same
values of F̃ as considered in (a), in linear-logarithmic scale. (c) Saturation time of the entanglement-entropy (solid line) and of the population
(dashed line) close to the transition as a function of the scaling parameter N , in log-linear scale. The entanglement saturation time is fitted to
an exponential function τsat ∼ epN with p = 0.078 ± 0.002.

A. Driven-dissipative Tavis-Cummings model

As discussed in Sec. II B, the driven-dissipative Tavis-
Cummings model can be implemented naturally using
cavity-QED. For definiteness, we describe here two possible
implementations, both of them using Sr atoms.

In the first setup, we consider an ensemble of 88Sr atoms
within a high-finesse optical cavity and define a two-level sys-
tem for each atom using the ground state |g〉 = |1S0, mJ = 0〉
and the long-lived excited state |e〉 = |3P1, mJ = 0〉. The col-
lection of all these two-level systems constitutes the collective
spin degree of freedom used in Eq. (7). When the atoms are
resonantly coupled to one of the cavity modes (frequency of
|g〉 ↔ |e〉 is equal to resonance frequency of the mode), the
ensuing interaction between the mode and the atoms is nat-
urally given by the Tavis-Cummings model ∝ â†Ŝ− + âŜ+.
The extra drive present in Eq. (7) can then be realized by send-
ing a laser, resonant with the |g〉 ←→ |e〉 transition, through
the side of the cavity. Alternatively, the cavity can be driven
directly instead, with no substantial modifications to the sys-
tem properties. This experimental setting was indeed recently
used to observe the phase diagram of the driven-dissipative
Tavis-Cummings Model [28]. The steady state phases were
determined by measuring the magnetization of the spins and
also the photons leaking out of the cavity.

If we use the parameters from Refs. [28,122], the cavity
mode would have a full width at half maximum (FWHM)
linewidth of κ = 2π × 153 kHz (i.e., the lifetime of a photon
inside the cavity is 1 µs). The single photon Rabi frequency
2g = 2π × 21 kHz reported therein is related to the λ pa-
rameter in Eq. (7) via λ = g

√
N . For moderate atom numbers

N = 103–104 this leads to λ/κ = 2.3–7.2, very deep into the
bistability regime. In this implementation, atoms in state |e〉
can also decay by spontaneously emitting photons into free
space, with a 1/e decay time of 21 µs. This process is not
included in our model, so the results of Sec. III A are valid
for times shorter than 21 µs. To guarantee a clean observation
of the driven-dissipative Tavis-Cummings dynamics, we can
increase κ (by, e.g., reducing the cavity finesse) to accelerate

the relevant timescales. A factor of 10 increase in κ would
push the interaction strengths towards λ/κ ≈ 0.2–1.7, which
fall inside Fig. 2 and still display bistability. Hence, current
cavity-QED experiments can faithfully implement the driven-
dissipative Tavis-Cummings model in the parameters regimes
of interest.

The measurement process can be realized by using high
efficiency photodetectors to count the photons coming out
through the cavity mirrors. Each detected photon would carry
a time tag, indicating when it was observed. Naively, repeating
a quantum trajectory would then require repeating the same
sequence of detections at exactly the same times. In practice,
a coarse-graining procedure is necessary: the total evolution
time is divided into intervals of size �t and detection events
are binned into these intervals, whose length is chosen so
that ideally at most one photon is detected within them. A
given quantum trajectory is then defined by the presence (or
absence) of a photon within each time interval. Repeating the
same trajectory means repeating the same set of outcomes in
each interval. From Appendix E the time bins can be chosen
to be as big as �t ≈ κ−1 without substantially modifying the
results of Sec. III A Given that saturation times in the time-
crystal phase [see Fig. 4(c)] are in the range κτS = 40–100
this means, naively, that there are about 240–2100 possible
trajectories, but some comments are in order.

(1) Figure 4(c) indicates that the dependence of κτS with
particle number is weak, with κτS ≈ A(ln N )α . The large num-
ber of trajectories is instead a consequence of the prefactor A
being large. The favorable scaling with N means that measure-
ment strategies aimed at reducing the postselection overhead
would be effective even for reasonably large numbers of
particles.

(2) The quantum state itself biases the trajectories that
actually occur in a given trial, meaning that not all trajectories
are explored. This point is made clearer by considering the
cavity to have an average number of photons � 1 (e.g., if the
system is driven along the cavity direction [28]) or if the time
bins are chosen to be very small. Then a given time bin will
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FIG. 20. Phase diagrams obtained from the size-rescaled vari-
ance Ŝz. All the plots are obtained with Ntraj = 4000 trajectories at
λ/κ = 0.2. The plots correctly signal the monitored critical point
�C/κ = 0.04 and share the legend. (a) Phase diagram obtained in
the steady state. (b) Phase diagram obtained respectively at κt = 110
smoothing the oscillations in the entangled phase with a Gaussian
filter with variance equal to the oscillations’ period.

report no detection across many repetitions of the conditional
dynamics.

(3) The saturation time τS may also be a memory time
[123], indicating that outcomes in time bins far in the past
matter less, reducing the effective number of bins that need to
be tracked.

This particular monitored transition can also be probed
using other nonlinear quantities in the system state that are
easier to measure than the entanglement entropy [124]. The
variance of Ŝz, which is easier to access in a given quan-
tum trajectory, clearly signals the monitored transition with
a peak at the correct critical point, as shown in Fig. 20(a). The
phase diagram in Fig. 20 is obtained at λ/κ = 0.2 from the
steady state values of the dynamics (extracted at κt ∼ 500),
similarly to what was done previously for the entanglement
entropy. Note that the transition can be witnessed likewise
at earlier times. Panel (b) shows the variance of Ŝz obtained
at κt = 110 when saturation has not yet been reached; the
critical point is still well-signaled by a peak. The saturation
time generally depends significantly on the quantity used to
probe the transition. However, the possibility of observing
the transition at earlier times could help reduce the required
number of trajectories.

All of these considerations reduce the postselection over-
head, but we leave an in-depth investigation of them for future
work.

The second implementation uses instead 87Sr. We can
define the two-level system using the ground states |g〉 =
|1S0, mF = −9/2〉 and the ultra long-lived excited states |e〉 =
|3P0, mF = −9/2〉. Using the same cavity with a FWHM
linewidth κ = 2π × 153 kHz, a single photon Rabi frequency
of 2g = 2π × 8 Hz [125], and N = 104 − 105 leads to λ/κ =
0.001–0.01. This is very close to the horizontal axis in Fig. 2,
but still displays a transition between a stationary phase and
a time crystal phase [see the discussion after Eq. (8)]. In this
limit, the ensuing dissipative/measurement dynamics occurs
with the timescale λ2/κ (15–150 ms) [32,99] and the average
time between photon detections increases. The size of the
time bins can thus be made to be �t ∼ λ2/κ , much larger
than κ−1. Furthermore, spontaneous emission into free space

now has a 1/e decay time ∼100 s, and is thus not relevant
when compared to λ2/κ . Apart from the limitation set by
the excited state lifetime, we expect one major challenge in
the practical implementation of the model to be the finite
detection efficiency, but past works [59,71,91] have shown
that the qualitative features of the transition are preserved.

B. Driven spins with collective absorption and emission

Besides the approach described in Sec. II C, which is based
on coupling an ensemble of two-level emitters to a finite
temperature cavity, we provide here another implementation
based on the experiment done in Ref. [126]. In this setup
there is an ensemble of 87Rb atoms inside an optical cav-
ity, with no spatial confinement along the cavity axis. The
two-level system is then defined in terms of motional states,
with |↓〉 = |p0 − h̄k〉 and |↑〉 = |p0 + h̄k〉 representing wave
packets with well-defined momenta. The collective dissipa-
tion described by Eq. (10) can be generated via four-photon
Raman processes involving the cavity and two assisting dress-
ing lasers. The resulting jump operator

L̂ ∝ β1Ŝ− + β2Ŝ+eiδt (23)

is determined by parameters β1,2 and δ that can be controlled
by changing the power and frequency of the assisting lasers.
When δ is larger than other timescales of the system, this
leads to independent collective decay (Ŝ−) and absorption
(Ŝ+) processes. The single particle coherent drive can then
be implemented using two-photon Bragg pulses [127]. The
dressing lasers and Bragg beams can introduce decoherence
by causing scattering from the excited states, but such effect
can be mitigated by having a large collective cooperativity
and by increasing the detuning of the Bragg beams from the
excited state as shown in Refs. [126–128].

The quantum jumps associated to Eq. (23) are monitored
via photodetection of the light escaping through the cavity
mirrors. Each detected photon mathematically corresponds to
the application of the operator L̂ on the atomic ensemble.
The distinction between Ŝ+ and Ŝ− is then encoded in the
frequency of the detected photon, provided the average time
between each photon is large enough that frequencies of size
δ can be resolved (easier to do at large δ). Although such
a frequency-selective photodetection may be challenging to
implement, heterodyne detection of the output light would
distinguish the Ŝ− and Ŝ+ processes and might not modify
substantially the results of Sec. III B (see Ref. [91] for a re-
lated discussion). Alternatively, proposals that use more than
one cavity mode could be explored [129]. In these alternative
setups, the Ŝ+ and Ŝ− processes are coupled to different cav-
ity modes that can be unambiguously differentiated by, e.g.,
frequency, or spatial structure, or the modes could be associ-
ated to different cavities. This allows for easier discrimination
between the different quantum jump processes.

C. Driven-dissipative Bose-Hubbard dimer

Here we provide two implementations of the driven-
dissipative Bose-Hubbard dimer. The first implementation
is in cavity-QED using also alkaline-earth atoms but here
we consider instead an ensemble of 173Yb atoms trapped in
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FIG. 21. Proposed experimental implementations for (a) driven-dissipative Tavis-Cummings model, (b) driven spins with collective
absorption and emission, and (c) driven-dissipative Bose-Hubbard dimer. (a) When the cavity mode ωc is on resonance with the atomic
transition ωa, the system realizes the Tavis-Cummings interaction. Working with narrow-linewidth transitions such as 1S0−3P0 or 1S0−3P1

on 88Sr and placing an additional resonant laser beam (red arrows) realizes the driven-dissipative Tavis-Cummings model. (b) We utilize two
momentum states in the ground state of 87Rb as an effective two-level system (red and blue spin-down atoms). By shining two off-resonant laser
beams (red and blue arrows) from the excited state |e〉, we can engineer and control the Ŝ+, Ŝ− processes between the two-level system (bottom
part). (c) We encode the ground state Zeeman levels |mF = −1/2〉 (|mF = 1/2〉) of 173Yb as |1〉 (|2〉). The lattice polarization is parallel to
the quantization axis along ẑ, providing a quadratic tensor shift to the ground state atoms. Off-resonant π -light from 3P1, sent through the
cavity (yellow arrows), facilitates four-photon processes that generate the local interactions. A transverse magnetic field By provides the
coherent coupling J between |1〉 and |2〉. Two Raman beams from the side of the cavity (orange arrows) coherently populate |1〉 and |2〉 from
|mF = ±3/2〉 and also provide the detuning �. An off-resonant beam (purple arrows) connecting to the 3P2, F = 1/2 manifold engineers the
dissipation of |1〉 and |2〉 via loss to the meta-stable states.

a one dimensional lattice inside an optical cavity. The ground
state of 173Yb (1S0) consists of 6 levels (F = 5/2), and we
define the quantization axis (ẑ) to be parallel to the lattice
polarization, which is transverse to the cavity axis [x̂, see
Fig. 21(c)]. We choose |1〉 ≡ |mF = −1/2〉 and |2〉 ≡ |mF =
1/2〉 to encode the two bosonic modes analyzed in Sec. II D,
such that â†

1â1 and â†
2â2 (as defined in Sec. II D) correspond to

the number of atoms in |1〉 and |2〉, respectively. Importantly,
the â1,2 are bosonic because they encode symmetric permu-
tations among the spin states of the Yb atoms, although the
isotope in question is fermionic. The tensor light shift caused
by lattice light leads to a parabolic profile for the ground state
energies [as shown in Fig. 21(c)], so |1〉 and |2〉 are isolated
from the other ground states.

The tunneling −J (â†
1â2 + â†

2â1) can be engineered by
adding a transverse magnetic field (perpendicular to the lat-
tice polarization), as shown in Fig. 21(c). Alternatively, it
can be engineered using a single laser tone, propagating in
the ŷ direction and circularly polarized, to generate two-
photon Raman transitions mediated by states in the excited

3P1 (F = 3/2) manifold. The coherent drives Fi are imple-
mented via another set of Raman pulses (orange arrows) that
coherently couple |1〉 with |mF = −3/2〉 and |2〉 with |mF =
3/2〉, respectively. When preparing a large number of atoms in
|mF = ±3/2〉 they act as particle reservoirs. The two-photon
detuning will then control the � in Eq. (14), or alterna-
tively the strength of the axial field that set the quantization
axis.

Interactions are generated by dispersively coupling the
1S0 ↔ 3P1 optical transition to a far-detuned optical cavity
mode and driving the cavity with light (yellow arrows) that
is moderately detuned from the 1S0 ↔ 3P1 transitions. This
generates correlated four-photon processes where a ground
state atom scatters a drive photon into the cavity, while an-
other ground state atom scatters that cavity photon back to
the drive [130] (see Appendix G). Besides the onsite interac-
tions, this scheme also generates density-density terms of the
form â†

1â1â†
2â2. The latter could be canceled for appropriate

parameters by using the contact interaction between the
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|mF = ±1/2〉 nuclear spin levels. While the scattering length
can not be easily tuned via Feshbach resonance, the use of
Ramam drives to couple the ground states to the 3P0 states can
open some degree of tunability. We leave for future work a
more in-depth investigation of the effect of this new interac-
tion on the results of Sec. III C.

Finally, to mimic the photodetection process we send laser
light polarized along z, off-resonant with the 1S0 ↔ 3P2 (F =
1/2) transition (purple arrows), so that atoms in |1〉 and |2〉
get incoherently excited to the 3P2 states. Since 3P2 are meta-
stable excited states, atoms that end up in these excited states
are “lost” from the dynamics in the ground state manifold,
giving rise to â1,2 jump operators. To monitor the number of
atoms that have been lost, we couple the 3P2 (F = 1/2) ↔
3D3 (F = 3/2) transition to another cavity mode and perform
continuous nondemolition readout of atom number by keep-
ing track of the cavity frequency shift. The large number
of lasers employed in this implementation requires a careful
accounting of possible AC Stark shifts of the energy lev-
els. A large collective cooperativity and a clever choice of
dressing laser detunings can ensure the single particle de-
coherence will be much slower than the coherent collective
interactions.

The second (modified) implementation is with circuit-QED
platforms, where dissipative Bose-Hubbard models have been
demonstrated in the past [26,131]. Following Ref. [26]), two
transmon qubits, acting as nonlinear microwave resonators,
constitute sites 1 and 2 in Sec. II D. The tunneling J can be
created by capacitively coupling the resonator and is fixed
by fabrication, but the onsite energies � can be indepen-
dently controlled. The interaction energy U is similarly fixed
by the fabrication procedure and generally negative. The
parameters reported in Refs. [26,132,133] correspond to large
U/J ≈ 15–25 but it should be possible to reduce this ratio.
Alternatively, a tunable J can be engineered by coupling the
transmons via a three-wave mixing element such as a SNAIL
[134]. This allows for a tunable J , controlled by keeping
the resonators spectrally separated and externally driving the
SNAIL at the respective frequency difference. Furthermore,
in this configuration the two transmons could be replaced by
resonators, and would inherit weak nonlinearities from their
coupling to the three-wave element, allowing for ratios J/U
closer to the values inspected in Sec. III C.

The drives Fi are generated by coupling each resonator
to a transmission line and sending microwave with variable
strengths. The measurement process is then implemented by
monitoring the light leaking out from the resonators into their
respective lines. Although high-efficiency single microwave
photon detectors are not commercially available, single mi-
crowave photon detection has been demonstrated in the past
[135,136]. Furthermore, it is technically more convenient
to perform homodyne detection of the outgoing light, and
it would thus be interesting to consider how the results of
Sec. III C are modified. We leave this to future work.

V. CONCLUSIONS

In this paper, we performed a thorough investigation of
monitored dynamics and phase transitions in infinite-range
systems. We introduced and analyzed three collective moni-

tored models: the Tavis-Cummings model, the Superradiance
model, and the Bose-Hubbard dimer. Our goal was to study
their monitored dynamics and steady-state properties, focus-
ing particularly on measurement-induced phase transitions in
entanglement entropy. For all models, we observed that the
entanglement transitions occur at the same critical point as
the already-known phase transitions in the mixed state. We
argue that this feature is typical of infinite-range models and
we expect this to break down for noncollective cases such
as short-range interactions or local dissipation. The nontriv-
ial dynamics and mixed-state phase diagrams of our models
provided deeper insights into these phase transitions. Specif-
ically, we studied whether these entanglement phase transi-
tions exhibit fast-saturating dynamics, which would reduce
the post-selection overhead due to their semiclassical nature.

In the case of the driven-dissipative Tavis-Cummings
model, our results suggest that the entanglement phase
transition is subject to a post-selection barrier that scales
polynomially with system size for values of the light-matter
interaction λ/κ outside the bistable region. When the bistable
region is met, however, we find that the thermodynamic limit
and the infinite-time limit no longer commute, leading to a
slow saturation of the entanglement entropy. This results in
a monitored phase transition that suffers from a significant
post-selection challenge.

The Superradiance model exhibits unique dynamics deter-
mined by the relative weights of the two jump operators, Ŝ+
and Ŝ−, which can be interpreted as temperature-like effects
in the dissipator. Although the mean-field equations remain
temperature-independent, the entanglement transition’s scal-
ing in size in the steady state is modified by temperature.
However, the saturation time does not depend on temperature,
and the monitored transition preserves the polynomial post-
selection problem already found at T = 0 [91].

Similarly to the Tavis-Cummings model, we examined the
Bose-Hubbard dimer under two conditions. For positive val-
ues of the cavity-cavity coupling, J , the entanglement phase
transition is characterized by fast-saturating entanglement,
resulting in a polynomial post-selection problem. In contrast,
for negative values of J , where the system is known to exhibit
bistability and undergoes a first-order phase transition in the
mixed state, the monitored dynamics also exhibits slow satu-
ration times, leading to high post-selection overhead.

Our study suggests that semiclassical dynamics alone does
not guarantee fast-saturating entanglement or reduced post-
selection overhead. When bistability and first-order phase
transitions are present, the associated critical slowdown also
affects entanglement entropy, hindering the favorable post-
selection properties observed in other collective models.

Considering the regions with favorable post-selection
properties, we propose experimental implementations of our
monitored models. This discussion allowed us to identify
additional challenges in observing these monitored phase
transitions, including the impact of finite time resolution of
the devices and the need to reduce the numerical coefficients
that define the saturation time. In this context, we propose
several considerations, including the role of typicality and
memory effects in quantum trajectories, and the possibility
of observing transitions at earlier times to minimize post-
selection overhead.
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Lastly, we note that the conclusions presented here are spe-
cific to monitored phase transitions in entanglement entropy.
Such transitions could also be probed using other nonlinear
observables, such as trajectory-averaged spin variances [124],
which have a transition at the same critical point of the en-
tanglement transition in the case of this paper. However, the
properties of such phase transitions may vary depending on
the choice of observable and in other models have been found
to be independent of the behavior of the entanglement entropy
[63,137]. This remains an open question for future studies.
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APPENDIX A: DISSIPATIVE-DRIVEN
TAVIS-CUMMINGS MODEL

The behavior of the Driven-Dissipative Tavis-Cummings
model has been studied in the thermodynamic limit through
mean-field equations for the spins’ magnetizations and the
field’s quadratures [98]. To this stand, it is important to
introduce the normalized operators m̂ j = 2Ŝ j/N with j =
x, y, z,±, m̂q = (â† + â)/

√
2N and m̂p = i(â† − â)/

√
2N .

These operators are well-defined in the thermodynamic limit
and admit vanishing commutators for N → ∞, which justifies
the mean-field decoupling 〈m̂im̂ j〉 = 〈m̂i〉〈m̂ j〉 ≡ mimj [138]
in the semiclassical picture.

The average values of the magnetizations and quadratures
evolve according to Heisenberg equations given by the adjoint
master equation [29]. Setting 〈m̂p(0)〉 = 0 and 〈m̂x(0)〉 = 0,
one simply can study:

dmy

dt
= −2�mz −

√
2λmqmz,

dmz

dt
= 2�my +

√
2λmqmy,

dmq

dt
= − λ√

2
my − κ

2
mq, (A1)

where mμ = 〈m̂μ〉. The semiclassical dynamics of the
model can be studied through (deterministic) trajectories
characterized by the evolution of the expectation values
(my(t ), mz(t ), mq(t )). Due to conservation laws, the dynamics
we are studying occurs on the surface of the cylinder given by
m2

y + m2
z = 1 and mq ∈ R.

Based on the type of trajectories, three phases can be
identified as in Fig. 2(a) as already explained in the main
text: a stationary phase, a time crystal phase, and a bistable
phase. The boundary of the time-crystal phase can be derived
analytically: �C/κ = λ2/κ . The boundary between the sta-
tionary phase and bistability phase can be only determined
numerically by checking the uniqueness of the steady-state
from several random initial conditions. It corresponds to the
line with error bars in Fig. 2. Notice that the phase diagram
presents a tricritical point (red dot), above which the bistabil-
ity region appears.

The difference between stationary behavior and time crys-
tal behavior can be characterized by the magnetization order
parameter:

m̃z = lim
t f →∞

1

t f

∫ t f

0
dt mz(t ), (A2)

that corresponds to the average value over time of the magne-
tization mz(t ). Solving the differential equations (A1) one can
easily realize that the stationary behavior yields m̃z � 0, while
the time-crystal limit cycle behavior attains positive values for
the order parameter [98,117]. Notice that the order parameter
is blind to the bistability region. In this phase, m̃z can only
detect the type of behavior given by the chosen initial state.

Through this order parameter, a continuous phase tran-
sition between stationary and time-crystal phases can be
witnessed below the tricritical point. Above the tricritical
point, m̃z detects a first-order phase transition between sta-
tionary and time crystal behavior that happens in the bistable
phase with a critical point determined by the initial condition.

APPENDIX B: FINITE-TEMPERATURE SPIN MODEL

As for all collective models, we can easily derive the
mean-field (MF) equations of motion of the magnetization
components m starting from the Ehrenfest equations and ex-
ploiting the fact that correlations become negligible in the
thermodynamic limit so that the equations can be closed at
the first order in the cumulant expansion (〈m̂im̂ j〉 = mimj).
The surprising result, already noted [104], is that the MF
equations are independent of the bath temperature T : at the
mean-field level, which is exact for large N , the finite-T super-
radiant model behaves exactly as its zero-temperature limit.
For collective systems, the proper high-temperature limit en-
tails rescaling the temperature with the system size N so to
have a sizable effect when N → ∞ [139].

Let us briefly compare the two scenarios. Without any
temperature rescaling, the MF equations of motion read

dmx

dt
= −κmxmz, (B1a)

dmy

dt
= −�mz − κmymz, (B1b)

dmz

dt
= �my + κ

(
m2

x + m2
y

)
, (B1c)

023082-18



MEASUREMENT-INDUCED PHASE TRANSITIONS IN … PHYSICAL REVIEW RESEARCH 7, 023082 (2025)

which, as anticipated, do not depend on β. If, on the other
hand, we scale the temperature with N according to the scaling
law β → β/N , the equations of motion become

dmx

dt
= −κmxmz − 2κ

β
mx, (B2a)

dmy

dt
= −�mz − κmymz − 2κ

β
my, (B2b)

dmz

dt
= �my + κ

(
m2

x + m2
y

) − 4κ

β
mz. (B2c)

Compared to Eqs. (B1), in each of Eqs. (B2) there is an extra
term, proportional to the component itself and to the temper-
ature T . Terms like these also arise when local dissipation
is added to the Lindbladian of Eq. (10) [140]. The effect
of local dissipation is to destroy the time-crystal dissipative
phase transition [141] and make the system always converge
to the featureless fixed point mi = 0.

Therefore, in the main text of this manuscript, we consider
the case where the temperature is not rescaled with N .

APPENDIX C: DRIVEN-DISSIPATIVE
BOSE-HUBBARD DIMER

We briefly discuss in this Appendix the mean-field
equations of the Bose-Hubbard dimer. In a mean-field ap-
proximation, where one assumes the factorization 〈â†m

i ân
j〉 �

〈â†
i 〉m〈â j〉n, the fields αi ≡ 〈âi〉 evolve under the following

dynamics:

dαi

dt
= i(�αi − U |αi|2αi − Fi + Jαi′ ) − κ

2
αi, (C1)

where i′ denotes the site that is not i within the dimer.
Note that the mean-field equation (C1) is invariant if we

scale the driving F , the nonlinearity U and the field amplitude
αi simultaneously according to

U −→ Ũ/N, Fi −→
√

NF̃i, αi →
√

N α̃i. (C2)

The limit N → ∞ is therefore a well-defined thermodynamic
limit for the Bose-Hubbard model.

APPENDIX D: SATURATION TIME

The saturation time τ corresponds to the time needed to
reach the steady state value for the operator ô(t ). We are
interested in particular in the saturation time of the magne-
tization and the entanglement entropy. In general, since the
average value of the magnetization is linear in the density
matrix (〈m̂(t )〉 = Tr [m̂ρ̂(t )]), the saturation time of the mag-
netization τm corresponds to the real part of the longest-lived
eigenvalue of the Liouvillian. This procedure can be per-
formed only for very small system sizes, thus we obtained
τm numerically. Also the saturation time of the entanglement
entropy τS has been obtained numerically due to its less trivial
dependence on the density matrix.

We obtained the saturation time for the magnetization τm

and the entanglement entropy τS from the data shown in
Figs. 3, 5 and 8. The procedure requires smoothing out the
oscillations of the time traces of 〈ô(t )〉 with a Gaussian filter
and fitting the smoothed curves with an exponential decay
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FIG. 22. Smoothing of the magnetization curves for λ/κ = 0.8
and �/κ = 0.8 for different sizes, and their exponential fit (dashed
lines). The opaque solid lines correspond to the original oscillating
function.

Ffit (t ) = ae−t/b + c [91]. In many cases, to obtain a better fit,
it has been necessary to fit the function |〈ô(t )〉 − oSS| with oSS

being the steady state value of the observable. The choice of
fitting with a decaying exponential is due to the knowledge of
the evolution of the density matrix:

|ρ(t )〉〉 = eLt |ρ(0)〉〉 =
dimH2−1∑

μ=0

〈〈πμ|ρ(0)〉〉 eλμt |ρμ〉〉. (D1)

An estimate of the saturation time can be obtained from the b
parameter of the fit.

An example of the procedure is shown in Fig. 22 for the
magnetization m̃z in the upper part of the phase diagram. The
plot is obtained for �/κ = λ/κ = 0.8 and shows the original
curves (opaque solid lines), the smoothed-out curves (solid
lines), and the exponential fit (dashed lines).

APPENDIX E: TIME-RESOLUTION EFFECTS
ON THE ENTANGLEMENT TRANSITION

Throughout this paper, we have shown in which cases
measurement-induced phase transitions in infinite-range sys-
tems admit a fast-saturating entanglement and can be re-
produced experimentally with a polynomial post-selection
problem. Beside imperfections in the efficiency of the pho-
todetector which were already addressed in Refs. [58,91],
the experimental realization of the physics we are presenting,
has an additional intrinsic challenge compared to numerical
simulations: the fact that experimental devices have a finite
resolution �T , which does not allow to distinguish trajecto-
ries that differ within time intervals δt < �T . For example,
two trajectories having a jump at different jump times in-
side the interval [t, t + �T ], may not be distinguishable in
experimental implementations. Not knowing the precise oc-
currence of quantum jumps implies partial information about
the quantum state, hence the quantum state is no longer pure.
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In practice, this means that the building block of our simu-
lations, the pure-state-trajectory, is replaced in experiments
by a mixed-state-trajectory corresponding to the average of
pure-state-trajectories that differ only inside bins. Suppose
{|ψγ1〉, . . . , |ψγn〉} is a family of pure-state-trajectories which
are indistinguishable from an experimental point of view. The
associated mixed-state-trajectory is defined as

ρ̂γ = 1

n

n∑
i=1

|ψγi〉〈ψγi | (E1)

This inaccuracy in the trajectories’ resolution does not affect
average observables but does modifies those quantities that are
nonlinear in the state. For this reason, the question we would
like to answer concerns how the experimental resolution �T
affects the transition we are witnessing from the exact sim-
ulations. In the case of entanglement entropy, the question
translates to understanding how the binned time evolution
decreases the purity of ρ̂γ and whether the change in the
behavior of the (entanglement) entropy reflects the behavior
of quantum correlations or classical correlations.

We tackle this problem by writing a conditional master
equation for an approximate time evolution of ρ̂γ . This allows
us to estimate the (entanglement) entropy in the steady state
and verify how the scaling with the system size changes. The
procedure corresponds to a rewriting of the quantum jump
master equation considering the evolution at fixed time steps
ti ∈ (0,�T , 2�T , . . . , t f ) of the mixed state ρ̂γ .

Consider now a system described by a Hamiltonian Ĥ0. We
monitor events associated with the quantum jump L̂ occurring
with rate κ . Our discussion is trivially generalized to the case
of multiple dissipative channels. Restricting to the case in
which the waiting time is comparable with the experimental
resolution �T , we can assume to have only zero jumps or
one jump inside a bin.

We label as ρ̂γ (ti ) the state of the system at time ti, and as
Û�T = exp{−i�T (Ĥ0 − iκ

2 L̂†L̂)} the nonunitary evolution
operator corresponding to nondetection.

The evolved state at time ti+1 is given with probability p0 =
1 − κ�T 〈L̂†L̂〉ti by

ρ̂γ (ti+1)0J = Û�T ρ̂γ (ti ) Û†
�T

Tr {Û†
�T Û�T ρ̂γ (ti )}

, (E2)

in the nondetetction case, or with probability p1 =
κ�T 〈L̂†L̂〉ti by

ρ̂γ (ti+1)1J

=
∫ 1

0

Ûx�T â Û(1−x)�T ρ̂γ (ti ) Û†
(1−x)�T â† Û†

x�T

Tr {Ûx�T â Û(1−x)�T ρ̂γ (ti ) Û†
(1−x)�T â† Û†

x�T } dx.

(E3)

in the detection case. The last expression takes into account
the fact that the jump may happen at any time inside the bin
and calculates the average over all the possibilities.

A further approximation has been introduced: we are defin-
ing the probability of the jump event based on the density
〈L̂†L̂〉 calculated at the beginning of the bin, while it may
change due to the intra-bin evolution. We assume the ap-
proximation to hold since the resolution should be smaller
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FIG. 23. [(a) and (b)] Average number of jumps for the binned
evolution respectively in the stationary and time crystal phase. The
bin width is �T = 1.4/κ and the statistics has been obtained from
120 000 pure-state-trajectories for N = 5.

than the timescale of the dynamics in all reasonably accurate
experimental setups.

1. Tavis-Cummings model

We apply this method to the Tavis-Cummings model, fo-
cusing on the region with λ/κ = 0.2 where the mitigation of
the post-selection problem applies.

We repeat the simulation for several choices of bin widths,
each corresponding to a different time resolution of a pu-
tative experimental setup. The bin widths we choose cover
the range �T ∈ [0.1/κ, 1.1/κ]. The statistics of jumps has
been studied for each binning (an example for N = 5 is
shown in Fig. 23) and for each bin and size the condi-
tion κ�T 〈â†â〉 < 1 is verified, meaning that on average the
number of jumps is less than one inside each bin and the
proposed master equation represents a good approximation.
Furthermore, to confirm the quality of the approximation, we
show that the purity does not decrease dramatically in Fig. 24
justifying the calculation of the entanglement entropy as if the
state were pure. Interestingly, notice how the purity of the
stationary phase in panel (a) can be safely considered to be
always 1, indicating this phase to be stable with respect to
the choice of binning. In cases in which the state cannot be
regarded as pure, other measures of entanglement such as the
logarithmic negativity [58] or the quantum Fisher information
[91] should be used.
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FIG. 24. [(a) and (b)] Purity evolution respectively in the station-
ary and time crystal phase for several binning choices. The average
is obtained from 1000 mixed-state trajectories for N = 9. The legend
is shared.
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As anticipated, observable averages do not depend on the
binning procedure as the trajectory and quantum average com-
mute. Panel (a) of Fig. 25 shows an example of the dynamics
of the magnetization for N = 9 in the time crystal phase,
compared to the exact simulations (orange dashed line). They
match perfectly. Panel (b) compares the entanglement entropy
obtained with finite time resolutions and the exact simulation.
In this case, we observe a strong dependence on the bin size
of the steady-state value.

In Fig. 26, we show the steady-state value of the entangle-
ment entropy in the stationary phase (with markers �) and in
the time-crystal phase (with • markers). The stationary phase
has the property of having a low number of photons in the
steady state, resulting in having few jumps along trajecto-
ries. This causes the steady-state value of S̃E to be robust
to variations of the binning size. We always obtain results
that are consistent with the exact simulations (black dashed
line). The time-crystal phase, exhibiting a higher number of
photons and jumps, is strongly affected by the change in the
bins’ size and deviates from the exact result (black dash-dot
line). Also in this case, the scaling is given by (ln N )α with
α < 1. The power α increases for increasing bin sizes, as the
entanglement entropy in these cases also accounts for classical
correlations. Notice however that a resolution �T ∼ 1/κ

yields a scaling qualitatively different from ln N , which corre-
sponds to the scaling of the (entanglement) entropy given by
the Lindblad equation (red dotted line). Thus we can say that
for �T ∼ 1/κ the entropy is mostly governed by quantum
correlations, and the entanglement transition can be witnessed
by the experimental device.

As a closing remark, we notice that our approximation
of the master equation is reliable as long as the typical
waiting time ∝ (κ〈â†â〉)−1, which scales at most as N−1, is
smaller than the bin size �T . To take into account larger
sizes with a smaller waiting time one should allow for the
occurrence of more than one jumps in the master equa-
tion. For example, allowing for the presence of two jumps,
one would have the following modified master equation: the
nondetection state (E2) occurs with probability p0 = 1 −
κ�T 〈(â†â)2〉; the detection state, happening with probability
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FIG. 25. (a) Magnetization dynamics for several bin sizes com-
pared to the exact result (orange dashed line). (b) Entanglement
dynamics for several bin sizes compared to the exact result (orange
dashed line). For both plots, the average is obtained from 1000
mixed-state trajectories for N = 9. The legend is shared and both
plot represent the dynamics in the time-crystal phase.
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FIG. 26. Steady-state value of the entanglement entropy with
respect to system size for several bin widths. � markers correspond
to the stationary phase, the • markers correspond to the time-crystal
phase. The exact results for the stationary and time crystal steady-
state SE are reported respectively with a dashed and dash-dot line.
The red dot line shows ln N for reference. The average is obtained
from 1000 mixed-state trajectories.

p1,2 = p1 + p2 = κ�T 〈(â†â)2〉 is instead modified to

ρ̂1,2J
γ = p1

p1,2
ρ̂1J

γ + p2

p1,2
ρ̂2J

γ (E4)

with ρ̂1J
γ as in Eq. (E3) and ρ̂2J

γ being the average over all the
trajectories having two jumps inside the bin. The probabilities
in the above expression are defined as p1 = κ�T 〈â†â〉 (prob-
ability of having one jump) and as p2 = κ�T (〈(â†â)2〉 −
〈(â†â)〉) (probability of having two jumps).

APPENDIX F: GAUSSIAN TRAJECTORY
APPROXIMATION

In our study of the Bose-Hubbard dimer, we further per-
form the Gaussian approximation on top of the quantum-jump
unraveling defined in Eqs. (1) and (2), since the exact simula-
tion of the system is numerically challenging especially when
approaching the thermodynamic limit (N → ∞). This method
was introduced in Refs. [142,143] and has been demonstrated
to work well in semiclassical bosonic systems. The Gaussian
approximation consists of assuming the state along any un-
raveled trajectory to be a Gaussian state, which is essentially
a variational ansatz completely parametrized by its first and
second moments, i. e., 〈âi〉, 〈âiâ j〉, and 〈â†

i â j〉. In practice, we
define and evolve the following quantities:

R ≡ ‖|̃ψ〉‖2
,

αi ≡ 〈âi〉, ui j ≡ 〈âiâ j〉 − αiα j,

vi j ≡ 〈â†
i â j〉 − α∗

i α j, (F1)

where |̃ψ〉 denotes the unnormalized wave function. In
the quantum-jump unraveling, the state between jumps
evolves under the effective non-Hermitian Hamiltonian Ĥ −
i κ

2

∑
i â†

i âi according to Eq. (1). The wave-function norm is
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therefore not conserved and evolves as
dR

dt
= −κ

∑
i

〈â†
i âi〉R. (F2)

For a time-independent observable Ô, its normalized expecta-
tion value propagates under this nonunitary evolution as

d〈Ô〉
dt

= i〈[Ĥ, Ô]〉 + κ
∑

i

(
〈â†

i âi〉〈Ô〉

− 1

2
〈â†

i âiÔ〉 − 1

2
〈Ôâ†

i âi〉
)

. (F3)

This evolution is interrupted by jumps occurring at ran-
dom times, where the wavefunction updates as |̃ψ〉 →
âi |̃ψ〉/

√
||âi |̃ψ〉||2 with probability Pi(dt ) = κ〈â†

i âi〉dt for
each infinitesimal interval dt . This translates into the update
rule of the expectation

〈Ô〉 −→ 〈â†
i Ôâi〉

〈â†
i âi〉

, R −→ 1. (F4)

Under the Gaussian approximation, we can express any
expectation involving products of more than two bosonic op-
erators in terms of the Gaussian variational parameters αi, ui j

and vi j , by repeated applying the Wick’s theorem. A closed
set of equations of these quantities can therefore be obtained
from Eqs. (F2)–(F4). The detailed equations of motions are
given below.

The advantage of the Gaussian trajectory approximation
compared to phase-space trajectory approaches (such as the
truncated Wigner approximation [144]) is that each Gaussian
trajectory fully characterizes the evolution of a physical state
represented by the Gaussian parameters, which allows access
to any physical quantity on the level of single trajectories. For

example, the entanglement entropy between the two bosonic
modes can be calculated as [145]

SE = (
μ + 1

2

)
ln

(
μ + 1

2

) − (
μ − 1

2

)
ln

(
μ − 1

2

)
,

μ =
√

|σ|, (F5)

where σi j ≡ 1
2 〈r̂i r̂ j + r̂ j r̂i〉 − 〈r̂i〉〈r̂ j〉 is the covariance matrix

of one of the modes, with the standard definition r̂ ≡ (x̂, p̂),
x̂ = (â† + â)/

√
2, p̂ = i(â† − â)/

√
2, where â denotes the

bosonic annihilation operator of the mode in question.

1. Detailed expressions for the equations of motions
of the Bose-Hubbard dimer in the Gaussian approximation

We give below the equations of motion of the quantum
jump unraveling of the Bose-Hubbard model on a generic
lattice, defined by the following Hamiltonian and master
equation:

Ĥ =
∑

i

(
−�iâ

†
i âi + Ui

2
â†2

i â2
i + Fiâ

†
i + F ∗

i âi

)

− 1

2

∑
i, j

(Ji j â
†
i â j + J∗

i j â
†
j âi ),

d ρ̂

dt
= −i[Ĥ, ρ̂] +

∑
j

κ j

(
â j ρ̂â†

j − 1

2
{â†

j â j, ρ̂}
)

,

where we assume the on-site detuning �i, nonlinearity Ui,
drive Fi and dissipation κi to be generic and site-dependent.
The connectivity of the lattice is specified by the coupling ma-
trix Ji j . Within the Gaussian approximation and the quantum
jump unraveling, the deterministic evolution between jumps
is given by

dR

dt
= − dt

∑
j

κ jNjR,

dαn

dt
=

(
−κn

2
+ i�n

)
αn + i

∑
j

Jn jα j − iUn(|αn|2αn + 2αnvnn + α∗
nunn) − iFn −

∑
j

κ jA
(α)
n j ,

dunm

dt
=

[
−κm + κn

2
+ i(�n + �m)

]
unm + i

(∑
n′

Jnn′un′m +
∑

m′
Jmm′unm′

)
− iUn

[
vnm

(
α2

n + unn
) + 2unm(|αn|2 + vnn)

]
− iUm

[
vmn

(
α2

m + umm
) + 2umn(|αm|2 + vmm) + δm

n

(
α2

m + umm
)] −

∑
j

κ jA
(u)
nm j,

dvnm

dt
=

[
i(�m − �n) − κm + κn

2

]
vnm + i

(∑
m′

Jmm′vnm′ −
∑

n′
Jn′nvn′m

)
+ iUn

[
2vnm(|αn|2 + vnn) + unm

(
α∗2

n + u∗
nn

)]
− iUm

[
2vnm(|αm|2 + vmm) + u∗

nm

(
α2

m + umm
)] −

∑
j

κ jA
(v)
nm j,

where

Nj = |α j |2 + v j j,

A(α)
n j = α jv jn + α∗

j u jn,

A(u)
nm j = v jnu jm + v jmu jn,

A(v)
nm j = v jmvn j + u∗

jnum j .
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When a jump associated to the jump operator â j occurs,
the variational parameters update as follows:

R → 1,

αn → αn + A(α)
n j

Nj
,

unm → unm + A(u)
nm j

Nj
− A(α)

n j A(α)
m j

(Nj )2 ,

vnm → vnm + A(v)
nm j

Nj
− (A(α)∗

n j )A(α)
m j

(Nj )2 ,

and the probability for the jump to occur at each time step
dt is

Pj (dt ) = κ j〈â†
j â j〉dt = κ jNjdt . (F6)

APPENDIX G: MORE DETAILS ON EXPERIMENTAL
IMPLEMENTATIONS

In this Appendix, we provide some numbers for the cold
atoms experimental implementation of the Bose-Hubbard
dimer described in Sec. IV C. To begin with, from comparison
with other atoms with similar level structures, the ground state
splittings caused by the tensor light shifts can be as large as
of 2π × 1–10 MHz [see Fig. 21(c)]. The couplings induced
by the magnetic field and/or Raman transitions should be
such that their associated Rabi frequencies are no larger than
∼2π × 100 kHz to avoid coupling |1〉 and |2〉 to the rest of
nuclear sublevels.

As described in the main text, generating interactions re-
quires dispersively coupling the 1S0 ↔ 3P1 optical transition
to a far-detuned cavity mode (with detuning �ac) and driving
the cavity with ẑ polarized light that is moderately detuned
from the 1S0 ↔ 3P1 transitions (with detuning �da and Rabi
frequency �d ). This gives rise to the four-photon process de-
picted in Fig. 27. The associated U is approximately given (up
to factors of order 1 related to Clebsch-Gordan coefficients)

oms i and j exchange cavity photon

Atom i absorbs a drive photon

3. Atom j emits a drive photon

i j

i j

i j

FIG. 27. Four photon process between atoms i and j. First a drive
photon (yellow) is absorbed by an atom i. Then, atom i emits a cavity
photon with π polarization, and this cavity photon is absorbed by
atom j. Finally, atom j emits a photon stimulated by the drive. The
process depicted in the figure leads to a density-density terms of the
form (â†

1 )2â2
1, and there is a similar process for atoms in |2〉.

by [130]

U ≈
(

Cκ

�ac

)(
�2

d

�2
da

)
γ , (G1)

where C and κ are the cooperativity and FWHM linewidth
of the cavity, respectively, and γ is the decay rate out of the
excited 3P1 (F = 3/2, mF = ±1/2) manifold. To guarantee
that unitary dynamics is not affected by γ , which induces
incoherent ground state processes at a rate γ (�d/�da)2, we
need Cκ/�ca � 1, which can be achieved by using a cav-
ity with large enough cooperativity. Noting that γ −1 ≈ 1 µs
[146], we can guarantee that U � 2π × 100 kHz by using
adequate � and �da.
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