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Confinement prohibits isolation of color charges, e.g., quarks, in nature via a process called string
breaking: the separation of two charges results in an increase in the energy of a color flux, visualized
as a string, connecting those charges. Eventually, creating additional charges is energetically favored,
hence breaking the string. Such a phenomenon can be probed in simpler models, including quantum spin
chains, enabling enhanced understanding of string-breaking dynamics. A challenging task is to understand
how string breaking occurs as time elapses, in an out-of-equilibrium setting. This work establishes the
phenomenology of dynamical string breaking induced by a gradual increase of string tension over time. It,
thus, goes beyond instantaneous quench processes and enables tracking the real-time evolution of strings
in a more controlled setting. We focus on domain-wall confinement in a family of quantum Ising chains.
Our results indicate that, for sufficiently short strings and slow evolution, string breaking can be described
by the transition dynamics of a two-state quantum system akin to a Landau-Zener process. For longer
strings, a more intricate spatiotemporal pattern emerges: the string breaks by forming a superposition
of bubbles (domains of flipped spins of varying sizes), which involve highly excited states. We finally
demonstrate that string breaking driven only by quantum fluctuations can be realized in the presence of
sufficiently long-ranged interactions. This work holds immediate relevance for studying string breaking in
quantum-simulation experiments.

DOI: 10.1103/c4zd-lbyq

L. INTRODUCTION

Unlike electrons that can be detached from atoms, iso-
lated quarks have never been observed in nature. The
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absence of isolated quarks stems from the confining nature
of quantum chromodynamics (QCD), the theory of the
strong force [1]. In the case of static charges, the energy
stored in a color flux tube connecting those charges,
namely a string, grows linearly with the string length.
At a critical distance, the energy threshold is passed for
the production of new charges, which screen the original
static charges, in a process known as string breaking [2].
While QCD studies of confinement and string breaking
have been carried out using the nonperturbative method of
lattice QCD [3—10], they have so far been limited to prob-
ing these phenomena in static, equilibrium settings. Since
string breaking is conjectured to be a primary mechanism
behind the hadronization of color charges in the aftermath
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of high-energy particle collisions [11], a detailed under-
standing of string breaking in dynamical, nonequilibrium
settings will be of significant value [12,13]. As current
computational methods generally become inadequate in
probing real-time QCD processes, the focus has shifted to
studies of simpler models, including spin models and field
theories in lower spatial dimensions, so as to offer insights
into dynamical mechanisms governing string breaking
[14-26]. Notably, recent interest surrounds quantum sim-
ulators’ potential to emulate and study string breaking in
such models [23,27-30].

Indeed, certain Ising spin models in 1+1 dimensions are
known to exhibit confinement of domain walls [19,31-33],
i.e., the elementary excitations of the Ising chain in the
ordered phase, which can be interpreted as charges [34].
Nearest-neighbor interactions control the mass of indi-
vidual domain walls, whereas interactions beyond nearest
neighbors induce an attractive potential between domain
walls, causing them to form bound states, or mesons. If
interactions decay sufficiently slowly with distance, this
potential diverges at large distances: the domain walls are
confined, meaning that it is impossible to isolate a sin-
gle domain wall with any finite amount of energy [31,33].
If interactions decay quickly with distance, a confining
potential can still be induced by a longitudinal field. Bound
states formed by pairs of domain walls have been observed
experimentally, and their low-lying spectrum was deduced
from nonequilibrium dynamics after a quantum quench
[35]. However, the simple notion of a confining potential
growing unbounded with distance is only valid in the limit
of suppressed charge fluctuations, e.g., for infinitely mas-
sive charges. When the mass is finite, instead, as the dis-
tance between the two domain walls grows, the potential
energy eventually overcomes the threshold for producing
a new pair of domain walls, which screen the confining
potential. The resulting state is a pair of mesons, which can
be easily separated, since the meson-meson interaction can
be shown to be suppressed at large distances. Similarly to
QCD, this string breaking manifests as the saturation of
the potential between two static charges beyond a critical
distance [16,17].

The experimental observation of domain-wall bound
states [35] raises a natural question: can one observe
string breaking in spin quantum simulators? The sim-
plest scenario to create nonequilibrium conditions is an
instantaneous quantum quench: a string, i.e., a pair of
static domain walls at a distance, is set to evolve under
the confining Hamiltonian, producing a state with non-
vanishing overlap with broken-string states. This process
was first investigated theoretically in the regime of reso-
nant string breaking [27,29]. Recently string breaking in
quench processes has been realized for an Ising model,
i.e., a (1+1)D lattice gauge theory, in a trapped-ion quan-
tum simulator [36], for a non-Abelian lattice gauge theory
in (I1+1)D on an IBM quantum processor [37], and for

lattice gauge theories in (2+1)D in arrays of supercon-
ducting qubits [38] and Rydberg atoms [39]. Nonetheless,
inducing string breaking in adiabatic and controlled dia-
batic processes allows for an enhanced theoretical under-
standing of string breaking in real-time dynamics. These
controlled processes, for instance, can reveal potential uni-
versal dynamics, and share similarities with the physical
setup of an expanding string generated by a collision of
charges and bound states in high-energy experiments. Our
work develops a theoretical foundation for, and numeri-
cal analysis of, string-breaking dynamics in adiabatic and
controlled diabatic processes. As will be demonstrated
in an upcoming paper [40], recent advances in trapped-
ion systems enable realizing our proposed beyond-quench
string-breaking processes in present-day experiments.

We focus on string breaking in the presence of a pair
of static charges in a quantum Ising chain with either
exponentially decaying or power-law decaying interac-
tions. This choice is inspired by the capabilities of modern
trapped-ion experiments, which can implement both types
of interactions [36]. We study the time-evolved state of the
region enclosed between the static charges as the string
tension is slowly increased in time through the breaking
point. We find two different regimes. For short strings, the
breaking materializes as a collective flip of all the spins
in the region, adiabatically following the lowest-energy
state. This case can be interpreted as the creation of two
dynamical charges at the edges of the region, such that
the static charges are completely screened. We describe
this breaking using two-state transition dynamics within
the Landau-Zener formalism. As the corresponding energy
gap is exponentially small in the string length, for long
strings, such a collective flip involves diabatic transitions
which excite low-energy many-body states, unless the
variation of the string tension is prohibitively slow. For a
ramping speed that is independent of the string length, we
find that the string breaking manifests in the formation of
finite bubbles of flipped spins. We study how bubble nucle-
ation depends on the ramp speed and establish that the
typical size of the bubbles decreases with the speed. A sim-
ilar evolution has previously been studied in the regime of
small transverse fields and long evolution times [41]. This
analysis demonstrates the value of controlled diabatic pro-
cesses in characterizing the evolution of a string toward a
superposition of broken strings.

Our analysis establishes a direct connection between the
string-breaking dynamics and the crossing of a first-order
quantum phase transition, offering a novel perspective on
the real-time behavior of confined systems. We identify
concrete observables and dynamical protocols that quan-
titatively capture string breaking in real-time. Our results
show that identifying static string breaking for long strings
from real-time dynamics can be challenging, as achieving
adiabaticity is generally difficult. We, therefore, provide
pathways for studying string-breaking dynamics in the
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absence of adiabaticity, which turned out to present rich
dynamics; with associated diagnostics that are accessible
in experiment. Our findings in such diabatic settings may
have implications for other processes, such as string break-
ing induced by collisions, although establishing a precise
connection is left for future work. Moreover, our analy-
sis reveals an unexpected scaling law for nonequilibrium
dynamics across the string-breaking transition, as well
as novel phenomena arising from long-range interactions,
such as the emergence of string breaking driven purely by
quantum fluctuations.

The remainder of this paper is structured as follows. In
Sec. II, we introduce the model and the string-breaking
setup. In Sec. III, we focus on the model with exponential
decay of interactions. We first study static string break-
ing by analyzing how the energy spectrum depends on the
string tension. We then study the dynamics of the string as
the string tension is linearly increased in time. In Sec. IV,
we discuss the case of power-law decaying interactions
and show how string breaking can occur upon increas-
ing the strength of quantum fluctuations at constant string
tension. We conclude in Sec. V with a discussion of the
results, and with considerations for experimental realiza-
tion. Three Appendices offer further details on our setup,
models, and assumptions.

I1I. QUANTUM ISING CHAIN AND
STRING-BREAKING SETUP

Consider a quantum Ising chain described by the Hamil-
tonian

Hing = = ) _Jijoio] =g ) o) =h) o (D
J J

i<j

The ferromagnetic Ising coupling J;; > 0 is a function
of the distance |j — i| between spins i and j, g is the
transverse-field strength, and % is the longitudinal-field
strength. For # = 0, the model has a second-order quantum
phase transition between a ferromagnetic and a paramag-
netic phase at a critical value g = g,. We will focus on
sufficiently small values of g, such that, for # = 0, the
system is in the ferromagnetic phase. In the limit of van-
ishing g, the ground state of the system for 4 > 0 is the
maximally polarized state along the +Z direction. Further-
more, ferromagnetic domain walls, pictorially denoted as
oML s and Ll LMY ..., are the elementary
excitations for 4~ = 0, where 4 and | denote spins pointing
along the positive and negative Z directions, respectively.
In the ferromagnetic phase, away from the g = 0 limit, the
spins are no longer maximally polarized but the description
in terms of domain walls is still valid. The interpretation of
domain walls as charges can be made more rigorous by
mapping the quantum Ising chain to a 1 4+ 1-dimensional
lattice gauge theory [23]: upon this mapping, domain walls

become particles and domains of | spins are electric-flux
strings.

Realizing the paradigmatic string-breaking thought
experiment requires imposing static charges as well. This
can be done by freezing a pair of neighboring spins in
the domain-wall configuration 1] and another pair in
the domain-wall configuration | 1. The domain walls are
fixed at a distance £ 4+ 2 from each other. The £ dynam-
ical spins located between the frozen pairs are allowed
to evolve, while the external spins located beyond the
static charges are kept static. This simplified arrangement
with nondynamical external spins does not qualitatively
alter the string-breaking scenario [27,36], as discussed in
Appendix A. We will consider a configuration like the
one shown in Fig. 1(a): £ spins (with j =1,...¢) are
dynamical (i.e., acted upon by the transverse field); one
external spin on each edge (j = 0 andj = £ + 1) is polar-
ized along —Z, and all the other external spins (j < 0 and
j > £+ 1) are polarized along +2. The string is considered
to be the state consisting of only two domain walls—the
ones involving the static edge spins. Therefore, the inter-
nal spins in the string are polarized along —Z. This state
may or may not be the ground state of the model, as will
be discussed shortly. The external spins have no dynamics:
their only effect is to induce an effective longitudinal field
hj‘?‘:f on the dynamical spins. Explicitly, the Hamiltonian
governing the ¢ dynamical spins, including the effective
longitudinal field h]‘?ff generated by the external spins and
the homogeneous field 4, reads

4 ?
H=— ) Jyoioi—g) o +) (5"—ho,
I<i<j=<t Jj=l1 j=1
@

where

—1 +o00
hfff:Jo,/ +Jje+1 — Z Jij — Z Jji (3)
i=—00 i={+2
represents the site-dependent coupling of a dynamical spin
j to the static spins.

III. STRING BREAKING WITH SHORT-RANGE
INTERACTIONS

For concreteness, in this section, we focus on the case of
exponentially decaying interactions of the form

Jij =y = e VTITE, 4

with & > 0. We set our units such that the nearest-neighbor
interaction is J; = 1. This interaction type is inspired by
condensed-matter systems whose underlying interaction is
short-range [42]. Such interactions can be experimentally
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FIG. 1. (a) Schematic illustration of a “string-like” ground
state in the presence of static charges. The static charges (in
green) are domain walls separated by a string of length ¢ + 2.
Only the ¢ spins between the static charges (yellow region) are
dynamical. Red and blue colors are used for static spins polar-
ized along +z and —z, respectively, while a red (blue) gradient
illustrates the dynamical spins with net positive (negative) zZ mag-
netization. (b) Schematic illustration of the ground state of ¢
dynamical spins without static charges. The potential is com-
puted as the energy difference between the ground states with and
without static charges. (c¢) The saturation of the potential V(£) for
large ¢ indicates the presence of string breaking in the model. The
potential saturates when the string potential V'(¢) overcomes the
energy needed to produce two additional charges, thus breaking
the string. (d) Another indication of string breaking is the sud-
den change of slope of the potential [from 2(£ + 2) to 4] as a
function of string tension % for a fixed string length £. The slopes
noted correspond to g = 0 but they remain good approximations
for g # 0.

realized in a native manner in trapped-ion quantum sim-
ulators [43—45], photonic meta-materials [46], and other
quantum simulators whose synthetic interaction can be
programmed efficiently [47,48]. The phase diagram of the
Ising model with such interactions is qualitatively the same
as that of the standard Ising model with nearest-neighbor

interactions. With this choice of couplings, the effective
field in Eq. (3) has the form

1 —2e 1% 4 .
B = T (e"0=D/E 4o =DIEY - (5)
The effective field 4T, thus, is positive (negative) for all
jif & <1/log(2) (¢ > 1/1og(2)). In the following, we
will assume & < 1/1log(2), such that the positive effective
field h]‘?ﬁ favors polarization along the —Z direction and the
string is stable for 2 = 0. In all the numerical simulations,
we will set £ = 1.

A. String-breaking statics

Before studying string breaking in a dynamical,
nonequilibrium setting, we analyze the statics of the string
and the broken string in the short-range model to gain an
intuition for states and their properties. In the short-range
model, the longitudinal field # > 0 induces a linear poten-
tial (proportional to 4¢) between the static charges, which
are now confined in composite excitations (mesons, pic-
torially represented as ... 11| {11 ...). In this section,
we derive the analytic form of the confining potential,
and of a residual potential among mesons in a broken
string, in the absence of a transverse field, and further
analyze these potentials numerically when a nonvanishing
transverse field is introduced.

1. Caseg =0

In order to understand how the string can break as one
introduces a confining potential 4 # 0, it is useful to first
focus on the case g = 0. The Hamiltonian is diagonal in
the z basis and the energy difference between the string
state, labeled by “s” (with all dynamical spins polarized
along —Z2) and the broken string, labeled by “bs” (with all
dynamical spins polarized along +Z) can be computed as

4
Ep—E; =2 hT—2¢h
j=1
S =2e715) 1 — et
(1—e )2

—20h.  (6)

Equation (6) shows that there is a value 4.(£) such that, for
h > h.(£), the broken string has a lower energy than the
string. We will refer to this value as the string-breaking
point, which reads

(1 =2e715)(1 —e7Y%)
(1 —e1/8)2

he(£) =2 (7

Since h.(¢) decreases as £, in the limit of large ¢, a
vanishingly small string tension is sufficient to break the
string.
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Finally, to argue that 4.(€) is the string-breaking point,
one also needs to check that all the other states in the z
basis have an energy larger than the string configuration
for i < h.(£). This check is provided in Appendix C. Note
that this is enough to prove that the broken string state is
the ground state for 4 > h.(¢) [49].

For the simple case of g =0, one can also write an
explicit expression for the potential for the string and
broken-string states, defined with respect to the energy
of the configuration without static charges [shown in

Fig. 1(b)],

-1 ¢+1 +1 oo
Vol ) =20 +2)+2 3 Y Ty 42 > Uy
i=—00 j=0 i=0 j=0+2
= 2h(€ +2) + a; + be /* (8)

and
Ves(.h) =4h+2 > (Joj +Jeg1))

JEZN{0,6+1}

= 4h + aps + bpge 5, 9)

where a, = 4(1 — e V/5)72, by = —4(e'f — )72, ap, =
8(1 — e V&)~ and by, = —4.

This calculation shows how (static) string breaking is
associated with a sudden change of the slope of the poten-
tial computed for the lowest-energy configuration: the
slope changes from dV/dh =2(£ + 2) for the string to
dV/dh = 4 for the broken string. Note that, for g =0,
the Hamiltonian is diagonal in the z basis, and there is
no matrix element between the string and broken-string
states. Therefore, to observe string breaking in real-time
dynamics, one has to consider a finite transverse field

g#0.

2.Caseg #0

For g # 0, the spectrum cannot be computed analyti-
cally, but one can use intuition from the g = 0 case to
understand the general features of the low-energy spec-
trum as a function of 4. Moreover, for relatively small
system sizes (up to £ < 16), the spectrum can be computed
numerically using exact diagonalization. As we will show,
all the key signatures of interest in our work are already
clearly visible in this regime, making larger system sizes
unnecessary for establishing our main conclusions.

For g = 0, the string and the broken-string configu-
rations cross at 42 = h.(£). For small g, we expect that
the main effect of the transverse field is to open a gap
at the crossing of the lowest two energy levels, i.e., the
crossing turns into an avoided crossing. As shown in
Figs. 2(a)2(c), this picture is true even for fairly large
values of g (but small enough to remain in the ferromag-
netic phase). The minimum gap as a function of £ for a

fixed g occurs for a value 4.(£,g) that is very close to
the one in Eq. (7), which was computed for the g =0
case [Fig. 2(g)]. We refer to /.(¢, g) as the (static) string-
breaking point. Following the ground state for different
values of 4, the properties of the state change abruptly as
one crosses the string-breaking point 4.(¢, g): the magneti-
zation, for example, rapidly changes sign, as shown by the
colormap in Figs. 2(a)-2(c). This abrupt change is shown
in Figs. 2(d)-2(f) as a function of g and 4 for different val-
ues of £: the change is less abrupt as / is varied across the
string-breaking point when g is larger and ¢ is smaller. For
such values, the gap at the avoided level crossing is larger.

Comparing the spectrum for different values of ¢, we
observe that the minimum gap A, where the avoided cross-
ing takes place is suppressed very rapidly upon increasing
£. This rapid decrease can be understood as follows: the
gap is given by the matrix element between the string and
the broken-string state; these two states are macroscopi-
cally different (intuitively, all ¢ spins have to be flipped
to connect them), and hence this matrix element is expo-
nentially small in £. The plot in Fig. 2(h) confirms the
exponential scaling of the gap for g < g,: A, o e ¢,
where ¢ depends on g roughly as ¢ ~ —log(g/1.88). This
shows that the gap can vary by many orders of magnitude
as £ changes.

The exponential closing of the gap and the sudden
change in the nature of the ground state across the string-
breaking point is a witness for a first-order phase transition.
In the phase diagram of Hing [Eq. (1)], the line 2 = 0 (for
g smaller than its critical value) corresponds to a first-order
phase transition, with a discontinuous change of magne-
tization between £ < 0 and 4 > 0. In our string-breaking
setup, the system size is finite, and the boundary condi-
tions corresponding to the presence of external charges
shift the crossing point from 2 =0 to & = h.(¢,g). The
transition point of the mixed-field Ising chain is recovered
in the thermodynamic limit since /. (¢) vanishes as £~! for
large £.

B. String-breaking dynamics

The energy of the string is proportional to both the
length and the string tension. In the conventional notion
of string breaking, the potential between the static charges
is tracked as a function of the distance between them
[Fig. 1(c)]. Here, we choose to focus on a different pro-
tocol: instead of increasing the distance between the static
charges, we increase the string tension, i.e., the strength
of the confining field 4, while keeping the distance fixed
[Fig. 1(d)]. This choice is particularly convenient for
experimental implementations, where system sizes are typ-
ically limited. Moreover, the string tension is an external
parameter that can be controlled and smoothly changed in
time while keeping the external charges static. Changing
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(a)o(c) Lowest-energy eigenvalues, E;, of the Hamiltonian in Eq. (2) with short-range coupling J;; given in Eq. (4) and

effective longitudinal field in Eq. (5) (with & = 1), as a function of the homogeneous longitudinal field /# for g = 1.2 and strings of
lengths ¢ = 5,7, 9. The color indicates the expectation value of the magnetization along the Z direction for each energy eigenstate. The
two lowest levels are well separated from the rest of the spectrum. They correspond to the string (in blue) and broken-string (in red)
configurations and undergo an avoided level crossing at 2 =~ h.(€). (d)«f) Magnetization of the ground state as a function of g and &
for strings of lengths £ = 5,7, 9. (g) The static string-breaking point /., corresponding to where the minimum gap A. between ground
and the first excited state occurs, as a function of £~! for different values of g. Even for fairly large values of g (up to g = 1.2), A,
shows rather small deviations from the g = 0 case (gray line) obtained in Eq. (7). (h) Gap A. at the avoided crossing as a function of
£. The gap is exponentially small in £ and grows with g. A fit to the data gives A, o (g/1.88)¢.

the position of the charges dynamically instead involves
significant technical challenges.

As one increases the string tension, the result is anal-
ogous to increasing the string length: the energy of the
string becomes larger than the energy needed to produce
additional charges (domain walls) and the string breaks.
In this protocol, the potential does not saturate as % is
increased past the string-breaking point, but keeps grow-
ing with a smaller £-independent slope dV/dh = 4 [dotted
line in Fig. 1(d)]. The reason is that the masses of the two
mesons that are created when the string is broken grow lin-
early with /: for large A, the spins are z-polarized, and the
mass of a meson is the energy needed to flip a single spin,
i.e., Myes ~2h+ 4 Z}x’:l Joj = 2h + aps/2, where ap, is
defined as in Eq. (9).

To observe string breaking, expected to occur at a value
h. of the string tension, we imagine a protocol where
the system is prepared in the ground state for # = 0 and
finite g [50], which happens to be a string state. Then the
longitudinal field is slowly turned on in time [51]

W) = t/t. (10)

If the speed 7! is sufficiently small, then the system fol-
lows the ground state adiabatically, and magnetization, as
a function of 4, changes abruptly when /# ~ h.. However,
with the exception of very short strings, the gap at & ~ A,
is extremely small, and an adiabatic protocol is practi-
cally unattainable. Naively, this implies that probing string
breaking at 4 & A, is not possible. However, we will show
below that string breaking can be probed even for long
strings when accounting for the nontrivial diabatic com-
ponent of the evolution. In this case, the string-breaking
process observed in real-time evolution will be rather dif-
ferent from that for the (perfectly adiabatically prepared)
ground state.

1. Observables across a longitudinal-field ramp

To probe string breaking in the diabatic regime, we
will first focus on the following protocol. We evolve from
h =0 at time t = 0 to & = Ay at time ¢ = ths. We choose
he >~ 2h.., so that we can characterize the evolution close to
the avoided crossing. Figure 3 displays various observables
as a function of /(¢) for different values of 7. We consider
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(b)

0.75 F
0.0 = 0.50F
0.25 F

0.00 ===
0.

(d)

rdPy(t)/dt

FIG. 3. Time evolution as a function of /(¢) = ¢/t for different
values of t. The dashed gray lines represent the adiabatic limit
T — 00. The length of the string is £ = 5, and the transverse field
is g = 1.2. (a) Magnetization along z [Eq. (11)]. (b) Population
P, of the (instantaneous) first excited state [Eq. (12)]. (c) Con-
nected spin-spin correlator [Eq. (13)]. (d) dP,/dh = t©dP,/dt. In
all plots, the value of 4. = 0.252 where the gap is minimal is
indicated as a gray vertical line.

the average magnetization along Z [Fig. 3(a)],

~

1

() =5 3 (WOlof W), (11)
j=1

and the populations (i.e. occupation probabilities) of the
instantaneous eigenstates [Fig. 3(b)],

Py(t) = (¥ @) YD), (12)

where |\ (7)) is the state of the system at time ¢ and |y, (4))
is the n-th eigenstate of the Hamiltonian H (%) (ordered
from lowest to highest energy). In particular, n = 0 is the
ground state and n = 1 is the first excited state. As shown
in Fig. 3(a) for ¢ = 5 and g = 1.2, the magnetization grows
when £ is close to 4., indicating that the string is (partially)
breaking. For sufficiently large values of t, the magnetiza-
tion changes sign and starts to oscillate around a positive
value. The growth is faster for large t, where the evolu-
tion is closer to an adiabatic one. The deviation from an
adiabatic evolution can also be observed in Fig. 3(b). For
large 7, the evolution is slow and the population P; of
the (instantaneous) first excited state remains small for the
entire evolution. For sufficiently small 7, instead, this pop-
ulation can reach P; ~ 1: this is the case of a completely
diabatic evolution, where the system essentially remains in
the string state.

To further characterize the evolution, and, in particular,
to find independent methods to estimate 4. from real-time
evolution, it is useful to consider additional observables.

We define the following connected correlator:

(13)

For adiabatic evolution, we expect C to have a sharp peak
at h =~ h., where the ground state is a coherent superpo-
sition of string and broken-string states, and to be small
for all other values of 4. As shown in Fig. 3(c), for large
values of 7, the correlator C has a large peak at & ~ A,
in agreement with the expectation from the adiabatic case.
Residual oscillations for 4 > A, indicate that the system
remains in a superposition of string and broken-string
states for some time after the avoided crossing. The value
of A, can be estimated by extrapolating the value of 4 of
the first local maximum of C for t — oo.

Another method to estimate /. from real-time dynamics
is to look for the maximum of the derivative dP;/dh, as
shown in Fig. 3(d). This method, however, has the disad-
vantage that, since the instantaneous eigenstate |11 (%)) is
not known for g # 0, it is not easy to measure P; exper-
imentally. The correlator C can instead be directly mea-
sured in present-day experiments, since these experiments
can typically sample from the distribution of bitstring
configurations of the quantum state of interest.

2. Landau-Zener approach

The evolution discussed earlier can be quantitatively
understood using a Landau-Zener approach (see Ref.
[52] for a similar discussion). The string and broken-
string states can be approximated by a two-level system
described by the Hamiltonian

Em*(h ) — hc)
A.)2

A./2

Hyz () = < —tm, (h(f) — hc)) . (14)
The effective magnetization m,, the crossing point /4., and
the gap A, at the crossing are obtained by fitting £; — Ej as
a function of % close to its minimum to the functional form
E\ — Eg = 2/€m2(h — h.)? + (A:/2)?, where Ey and E|
are the energies of the ground and the first excited states
of the original Ising Hamiltonian, respectively. This model
is expected to be accurate as long as the two lowest states
are separated from the other states in the spectrum of A
by a large gap (compared to v/m,t~1), such that the other
states are not excited during the evolution. As shown in
Figs. 2(a)-2(c), a large gap is present for the range of
parameters considered here. We also check in Appendix B
that the population of other levels is smaller than 10~ for
the range of t considered (7 > 4.0 for £ =5, T > 5.6 for
£="7,andt > 7.1 forf =9).

The Landau-Zener formula [53] predicts that the popu-
lation of the excited state at t = 4-oc after evolving it from
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FIG. 4. The final values of probabilities after the ramp from 2 =0 to & = h¢ for (a) £ =5, (b) £ =7, and (¢) £ =9, t (here,
hy = 0.5,0.36,0.28 for £ =5,7,9, respectively). Solid lines: population P; of the first excited state. Dotted lines: population Pz
from the Landau-Zener formula in Eq. (15). Where not visible, the dotted lines overlap with the solid lines. Dashed lines: population
P, defined from the magnetization [see Eq. (16)]. Difference P, — Pz for (d) £ = 5, (e) £ = 7 and (f) £ = 9.

the ground state at = —oo has the form
TA’t
Pz = —— . 15
LZ CXP( 4£m*> (15)

In Fig. 4, we compare this expression with the value of
P, at the end of the evolution (when 4 = k) as a func-
tion of t: despite the finite time interval of the ramp in
the calculation of P, we find excellent agreement between
the two. This agreement shows that the Landau-Zener pre-
diction from a simple two-level system is able to capture
the string-breaking dynamics of the much more complex
many-body Hamiltonian.

The excited state |y (%)) is not analytically known for
g # 0. One way to measure the population P; experimen-
tally is to adiabatically turn off the transverse field g, in
order to map |y (hs)) to the first excited state in the Z basis.
This approach can be challenging because the system may
lose coherence during such an adiabatic ramp. As an alter-
native approach, it is useful to consider a more accessible
quantity, P,,, defined as

0 f
m; + m,

sz 2}’}’[? >

(16)

which can be directly obtained by measuring the final
magnetization. Here, m? and mf are the values of the mag-
netization at the beginning and the end of the linear ramp,
respectively. For small g, the z magnetization is approx-
imately diagonal in the Landau-Zener basis used in Eq.
(14), with diagonal elements Fm,. Within this approx-
imation, the initial and final states have magnetization
md ~ —m, and mf ~ Pym, + Pi(—m,) = m,(1 — 2P)).

By plugging these expressions in Eq. (16), we find that, in
this regime, P,, is a good approximation of the final P;. In
Fig. 4, we compare P,, with P; and the Landau-Zener pre-
diction. We find that P,, captures the overall decay, even
for large values of g, but exhibits additional oscillations as
a function of 7.

3. Potential

As mentioned before, string breaking is triggered for a
fixed ¢ by increasing /: a sharp suppression of the growth
of the potential is expected between two static charges as a
function of / for & > h.. In the dynamical setup of interest
here, we need a suitable definition of the potential to probe
such an effect. At a time ¢ of the linear ramp, we define the
potential V(¢) as the difference between the energy E(f) =
(W (®|H ()|¥ (1)) with the Hamiltonian defined in Eq. (2)
and the ground-state energy of the state in the absence of
the static charges, EV*°(f). Explicitly,

V() = E(f) — EV*(f) + 4h(2). 17)

Here, we have included 44(¢), the contribution to the
energy difference coming from the longitudinal field
applied to the static spins at positions j = 0 and £ + 1. In
this equation and in the numerical results, we have dropped
some additional terms, coming from interactions between
static spins, that do not depend on ¢, and only contribute a
constant shift to the potential. The energy £V%°(¢) is defined
as the ground-state energy of the Hamiltonian in Eq. (3)
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FIG. 5. Potential of the static charges in the dynamical proto-

col, as defined in Eq. (17), for different values of 7 in the range
5.0 to 100.0 and for (a) £ = 5 and (b) £ = 9. The dashed line
is the value of V in the ground state (i.e., in the adiabatic limit
T — 00), and the vertical line indicates the values of 4.: in (a),
h. = 0.25 and in (b), &, = 0.13.

with & = h(¢) but with h;?ff replaced with hJVaC, where

0 +00
B == Jiy— > Ji (18)

i=—00 i=l+1

This state corresponds to the vacuum configuration in
Fig. 1(b). Figure 5 displays the potential V(f) through-
out the evolution from 2 =0 at time r =0 to Ar =1 at
time ¢ = 7. As shown in Fig. 5(a), for £ = 5, the poten-
tial grows linearly with # with almost no dependence on
T for h < h., while for & > h,, significant deviations are
observed among potential values for different t. For small
7 (large diabaticity), the probability of string breaking is
small, and the potential exhibits an approximately linear
growth, similar to the potential for # < A.. For large t
(closer to adiabaticity), on the other hand, the growth is
greatly suppressed for 4 > k., and the potential extracted
dynamically approximates the static potential computed
from the ground state of H in Eq. (2); the probability of
string breaking is large, and the potential tends to grow
with a smaller slope at large 4. This behavior can be under-
stood by comparing these results with Fig. 4(a) and Eq.
(15): in the range of t considered in Fig. 5(a), the popu-
lation of the first excited state goes from the large value,
Przq =~ 0.82 (for T = 5), to the very small value, Pz ~
0.02 (for T = 100). The characteristic scale for t, set by
Eq. (15) as 7, = 4¢m, /(7w Aﬁ) is, in this case, 1, ~ 25.
The same analysis for a larger string (£ = 9) shows a
rather different behavior: for all values of t considered
(up to T = 100), the r-independent linear growth contin-
ues well beyond /4. The origin of such discrepancy is the
exponential dependence of the gap A, on £. For the val-
ues considered here, the characteristic scale for T from
Eq. (15) is 7, = 4¢m, /m A2 ~ 1800. For the values of t
in Fig. 5(b), the Landau-Zener probability of ending up
in the excited state goes from Prz ~ 0.997 (for T =5)
to Prz ~ 0.973 (for t = 100). In other words, the evo-
lution is completely diabatic given the small size of the

gap, and the probability of string breaking (defined as the
probability Py of ending up in the ground state for iz > h,.)
is extremely small. Figure 5(b), nonetheless, reveals that
the linear growth of the potential is eventually suppressed
in the evolution for values of / significantly larger than
h. (larger than the values considered, for example, in the
Fig. 4). This suppression, therefore, cannot be attributed
to the avoided crossing between the string and the broken-
string configuration, and cannot be understood using the
simple two-level Landau-Zener approach. As we will show
below, the suppression of the potential in this case is due
to the other states in the spectrum, which correspond to
bubbles that nucleate and thus break the string. Extend-
ing the evolution to larger values of /4 (compared to the
ones in Fig. 4 and to the static string-breaking point 4.)
can therefore lead to string breaking even when the gap A,
is prohibitively small.

4. Bubble nucleation

Our earlier observations demonstrate that, in the dynam-
ical protocol of this work, the Landau-Zener approach and
quasi-adiabatic evolution can explain the mechanism of
string breaking when short strings are considered. Extend-
ing this approach to long strings is challenging due to the
exponentially small gaps, which make quasi-adiabatic evo-
lution practically impossible in accessible time scales. To
observe string breaking for longer strings, the string ten-
sion /& needs to be increased further beyond the (static)
string-breaking point 4.. Note that we previously chose
hy = 2h,., in which case h; goes to zero as £~! for large
£. We now will evolve from 4 =0 to & = hy, indepen-
dent of £. String breaking can then be understood as the
effect of transitioning through numerous avoided crossings
with other states in the spectrum [41], as shown in Fig. 6.
In the limit g = 0, analyzed in Appendix C, these states
are associated with “bubbles” (i.e., domains with oppo-
site magnetization). For g # 0, such bubbles dynamically
nucleate in the string. Since the size of the flipped domain
is smaller than ¢, the matrix elements that determine the
transition rates from the string state are larger for a bubble
state than for the broken-string state considered in the pre-
vious sections. These levels can then be populated in the
dynamics on practically accessible time scales. As & grows
during the evolution, increasingly smaller bubbles become
energetically favorable.

Interestingly, the inhomogeneous nature of the bubble
states has observable effects in the dynamics. In Fig. 7, we
plot the local magnetization as the system evolves from
h(t =0) = 0.0 to A(¢ = 100) = 1.0 for different lengths ¢
of the string. In all the cases considered, the string breaks
and magnetization changes sign. For £ =5, the break-
ing occurs at 1 &~ h.(¢ = 5) = 0.25, and the magnetization
profile remains spatially homogeneous throughout the evo-
lution. For £ = 7, we observe homogeneous oscillations in
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FIG. 6. (a)and (b) Spectrum of H in Eq. (2) for the short-range

Ising coupling in Eq. (4) (with £ = 1) as a function of the lon-
gitudinal field 4 for g = 1.2 and strings of length (a) £ = 7 and
(b) £ = 11. After the first avoided crossing at &4 = A, the string
state undergoes multiple avoided crossings with other states in
the spectrum. (c) and (d) Population of the eigenstates as the state
evolves from the # = 0 ground state (string state) with a linear 4
ramp with t = 25.

the magnetization starting at 4 ~ h.(¢ = 7) = 0.21: these
oscillations demonstrate a partial occupation of the broken-
string state, but do not completely change the sign of the
magnetization, showing that the evolution is far from adi-
abatic. A more significant growth of the magnetization
is observed for 4 > 0.5, after transitioning through the
avoided crossing with the next largest bubble [Fig. 6(a)],
which is of size 6 (see Appendix C for an explanation when
g = 0). As a consequence, since a bubble of size 6 can
form either adjacent to the left edge (hence leaving out the
rightmost site) or adjacent to the right edge (hence leaving
out the leftmost site), the magnetization at the boundary
sites j = 1 and j = 7 differs from that in the bulk. More
complex patterns are observed for £ = 9,11, 13, suggest-
ing that different types of bubbles are produced. In these
cases, the magnetization changes sign at 2 =~ 0.4. We find
that this value is almost independent of ¢ but changes sig-
nificantly with the total time of the ramp (the t dependence
will be studied in Sec. 111 B 5) [54].

To further characterize the formation of bubbles in the
evolution, we analyze the probability distribution of the
size of the largest domain. Given a state |W), the proba-
bility that the largest domain with positive magnetization
in | W) has length r is

Pa(r) =Y Sawl (1) I, (19)

=t/T

A(t)

FIG. 7. Local magnetization in the time evolution with the lin-
ear ramp A(f) = t/t for T =100, g = 1.2, and string lengths
£=5,7,9,11,13.

where the sum runs over all bitstring configurations s =
(s1,...,8¢) in the z basis and d(s) is the length of the
largest domain with positive magnetization in the bitstring
s (i.e., it is the length of the longest sequence of consec-
utive sites with s; = +1). As shown in Fig. 8, for £ =5,
the probability distribution is peaked around » = 0 (r = ¢)
before (after) the string breaking. For larger ¢, we find
that the final probability distribution is much broader and
peaked at values r < ¢, showing that the string breaks
through the formation of smaller bubbles.

We emphasize that, in this regime, bubble nucleation
is a genuinely nonperturbative, strongly correlated phe-
nomenon, for which analytical descriptions such as those
developed in Ref. [41] break down. In particular, we are
far from both the low-density regime of bubbles (g7% « 1)
and the regime dominated by small bubbles of length » = 1
(g <« 1) explored in that work. Instead, bubbles are not
dilute and span a broad range of sizes, as illustrated in
Fig. 8. A key qualitative consequence is that the density of
bubbles of length » = 1 decreases with increasing 7 (see
Appendix D), in stark contrast to the behavior found in

(=5 (=7 (=9 (=11 Fa(r)
1.0 = = — 1.0
| =
0.8 E = = 0.8
= = = =
=06 = - - 0.6
I - =
= 04 ] = 0.4
ol
0.2 0.2
0.0 er 0.0
0 40 4
T r T T T
FIG. 8. Probability distribution, P,;(#) defined in Eq. (19), of

the size of the largest domain, r, during the time evolution
with the linear ramp () = ¢/t for t = 100, g = 1.2, and string
lengths £ = 5,7,9,11,13.
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the regimes discussed in Ref. [41]. In our regime, slower
ramps promote the growth of extended bubbles rather
than the proliferation of isolated » = 1 bubbles, which are
suppressed at larger 7.

5. Scaling

For long strings and accessible evolution times, string
breaking cannot be understood as a simple Landau-Zener
process. The aim in this subsection is to characterize the
7 dependence of the observed dynamics in this more
complex regime.

Figure 9(a) displays the magnetization in the evolution
with the linear ramp A(f) = ¢/t for different values of
for a system of £ = 15 dynamical spins. For the range of
7 considered here, the magnetization changes sign at some
value g, (7) < Ay In Fig. 9(b), we plot Ay, — A, as a func-
tion of 7. The dependence is well approximated by a power
law (see Appendix D): a fit yields Ay, — h. ~ 1.3 77931,
The inset in Fig. 9(b) shows that, by appropriately rescal-
ing the x axis in Fig. 9(a), it is possible to find a good
collapse of the curves obtained for different T onto one
curve. We conjecture that such scaling properties may
emerge close to the critical point [52,55]. The conjecture
is motivated by the following physical picture. At the crit-
ical point of the model, the correlation length diverges.
It is well known that ramps across a continuous phase
transition lead to universal scaling behavior described by
the Kibble-Zurek mechanism, where the correlation length
cannot grow indefinitely during the dynamics but instead
“freezes out” at a value determined by the ramp speed
and universal critical exponents. In our case, the system
undergoes a first-order transition that becomes weakly first
order close to the critical point. Although the correla-
tion length does not diverge in this regime, it can still
become very large. As a result, when the ramp crosses
the transition sufficiently close to criticality, the dynam-
ics may be unable to adiabatically follow the instantaneous
ground state, leading to a freeze-out mechanism qualita-
tively similar to that occurring at continuous transitions.
This provides the physical basis for our conjecture that
scaling behavior may emerge in this regime. Our numerical
results indicate that the extracted exponents are not univer-
sal, but instead depend smoothly on the transverse field g
(although we expect that universal critical exponents will
be recovered for g — g,). To understand whether the con-
jecture applies here, we need a more systematic study of
the correlation length and more extensive simulations of
the dynamics for different values of g, which we leave for
future work.

We note that the approach based on describing the
dynamics in terms of individual level crossings, as demon-
strated in Ref. [41], is instead expected to hold in the
perturbative regime of small transverse field, away from

(a)w 100 (b) ——

o 0.8 05 H

[ 80 [ = 00f 1

05E| o K 0.0 1
= 60 Tosf
s 0O0F =
= L 0 < [
—05F! 0 04
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FIG. 9. (a) Time evolution of the average magnetization m. for
g = 1.2 and £ = 15. In the adiabatic limit 7 — oo (dashed gray
line), the magnetization changes sign abruptly at 4. = 0.078.
(b) hg, is the value of h(f) where m,(f) = 0. The difference
hgy — he is plotted here as a function of 7 for £ = 11,13,15,
with increasing intensity of color (from light to dark) corre-
sponding to larger system sizes. The dotted gray curve is the fit
he — he 2 1.3 x 703! of the £ = 15 data. Inset: collapse of the
time evolution of the average magnetization plotted as a function
of (h(t) — h.)T*3! for ¢ = 15.

criticality. Bridging these two distinct regimes—the per-
turbative small-g limit, where a description in terms
of individual level crossings is expected to apply, and
the near-critical regime characterized by large correla-
tion lengths and collective dynamics—remains an open
problem.

IV. STRING BREAKING DYNAMICS WITH
POWER-LAW INTERACTIONS

We now shift our discussion to the case of power-law
decaying interactions. The setup is the same as in Fig. 1(a),
described by the Hamiltonian in Eq. (2), with the effective
field h;’ff in Eq. (3) that accounts for the interaction with the
external, nondynamical spins. Instead of the exponentially
decaying interactions in Eq. (4), we now assume a power-
law decay of the form

Jij=Jj—y = —il™® (20)
with o > 1. In this case, the effective longitudinal field
takes the form

J
T _ P —a ; —a —a
h;-—2{(0¢)+] +€—-j+1 +E k
k=1
—j+1

+ )k,
k=1

e2y)

where ¢ (a) = Y o2 n™ is the Riemann zeta function.
Interactions of the form in Eq. (20) describe emergent
Ising couplings in certain trapped-ion setups [56], as well
as in Rydberg-atom arrays [57,58], magnetic atoms [59],
Nitrogen-Vacancy (NV) centers [60], and polar molecules
[61,62]. Systems with long-range interactions are known
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to exhibit, among other phenomena, a peculiar nonballis-
tic spreading of quantum correlations, a counter-intuitive
slowdown of entanglement dynamics, suppression of ther-
malization and equilibration, anomalous scaling of defects
upon traversing criticality (of relevance here), dynamical
phase transitions, and genuinely nonequilibrium phases
stabilized by periodic driving [63,64]. As was shown
in Refs. [33,35,65], for 1 < o <2, the model exhibits
domain-wall confinement even in the absence of the homo-
geneous longitudinal field 4: the effective potential as a
function of distance grows sub-linearly (V(£) ~ £2~%) for
1 < a < 2, and logarithmically (V(£) ~ log¥) for o = 2
[66,67]. Note that this kind of sub-linear confinement is
associated with a nonstandard notion of string tension, that
changes significantly with the length. For a > 2, on the
other hand, the model is deconfined: the potential grows
before eventual saturation, with a saturation value that
diverges as « approaches 2 from above. As we will show
in this section, string breaking occurs in this model even in
the absence of 4, arising solely from the effect of quantum
fluctuations. We will therefore set # = 0 throughout this
section.

A. String-breaking statics

Similar to Sec. III, we start by analyzing the statics of
the string and the broken string in the long-range model,
before moving on to a nonequilibrium scenario.

1. Caseg =0

To understand the string-breaking effect for the case of
power-law interactions, it is useful to first focus on the
case g = 0. The energies E; and Ej; of the string and
broken-string states, respectively, can be straightforwardly
computed, yielding

4 4
Ep—E;=2) BT = 4@ +4) (£—j+2)"
j=1 Jj=1
(22)

The sign of E»; — Eg depends on « and £ in a nontrivial
way. Figure 10(a) displays this dependence: the blue region
indicates the values of ¢ and o where the string is stable
(Eps > E,), while the red region indicates the values where
the string breaks (Ep; < E;). In particular, we observe that,
for 1 < < amin = 1.72865 [obtained as the solution of
¢ (otmin) = 2], the string is broken for every £ > 1. For
o > Qmax = 2.4787793 [where o solves 2¢ (atmax) =
¢ (otmax — 1)], the string is stable for every £ > 1. In the
intermediate regime oy, < @ < omax, there is an integer
£, such that the string is stable for £ < ¢. and breaks for
£>L..

Note that the domain walls are genuinely confined only
for 1 < o <2, while for @ > 2, they can be isolated at the

price of a finite energy cost [33,35,65]. For 2 < o < omax,
this finite energy is large enough to make the broken-string
state energetically favorable. In particular, the value o,y
is realized when the string-breaking length diverges, i.e.,
when two isolated domain walls (corresponding to a very
long string) have the same energy as two isolated mesons
(which can be interpreted as a long broken string). Accord-
ingly, the above analysis shows that string breaking occurs
even for those values of o for which domain walls are not
confined.

2. Case g # 0: string breaking from quantum
fluctuations

Let us now consider the effect of a nonzero transverse
field g. We will show that the transverse field can desta-
bilize a string and induce string breaking. To understand
this phenomenon, it suffices to study a perturbative regime
where g is small. We consider values of £ and « such that
the ground state has a string for g = 0. The transverse field
g <« 1 gives a correction to the energy of the string and
broken-string states in second-order perturbation theory.

All processes that flip one spin contribute to the per-
turbative shift in second-order perturbation theory. The
second-order corrections to the string and broken-string
energies from these processes read

2 L
g
E(g) ~ Ej(g =0) — = —_— 23
(g) ~ Ey(g = 0) 2;%+W (23)
j= J
e 1
En@~Eng=0-2) — = (24)
— h —
J j
where we have defined
hi= > Ju (25)
k=1,..,0kA
If the condition
- -1 - -1
3 (hj - h;ff) =3 (hj + h;?ff) (26)

J J

is satisfied, the energy of the broken-string state decreases
faster with g than the one of the string state, and the two
levels can cross upon increasing g. It should be noted that
the matrix element connecting the string and broken-string
states is much smaller than the second-order corrections
computed here, appearing only at order g* in perturbation
theory. This strong separation of scales is crucial for the
argument, as it ensures that the avoided crossing remains
sharp over a wide range of g.

While the condition Eq. (26) can be explicitly checked
for any values o and ¢ of interest, it is useful to con-
sider a simple argument to verify it for a sufficiently large
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FIG. 10. (a) String-breaking length ¢. as a function of « for g = 0. The black dots indicate, for each integer ¢, the value of o for

which Eyps = Es. The blue (red) region indicates the values of £ and o where the string is stable (breaks). The string-breaking length
diverges at the vertical dotted line corresponding to & = amax, and no string breaking occurs for o > omax. For o < amin (vertical
dotted line) the string is unstable for every £. The green dotted line @ = 2 marks the boundary between the confined (o < 2) and
deconfined (o > 2) regimes. (b) In the large « limit, the process of flipping the spin j = 1 gives a correction AEy, ~ —g?/(4.J>) to
the energy of the broken string in second-order perturbation theory. (c) In the same limit, the process of flipping the spinj = 1 gives
a correction AE; &~ —g?/(4J;) to the energy of the string in second-order perturbation theory. (d) Low-energy spectrum with o = 2.2
and ¢ = 7 as a function of the transverse-field strength g. (e) Energy difference E; — Ej as a function of g, where Ej, denotes the

ground-state energy.

a. For the string state, every spin flip increases the num-
ber of domain walls [Fig. 10(c)], so the energy cost is
larger than 4J; for every spin. For the broken-string state,
on the other hand, flipping a spin adjacent to the bound-
ary does not change the number of domain walls, and the
energy cost of flipping one such spin is roughly given by
4.J,, where J; is the next-nearest-neighbor interaction. This
process has a lower energy cost than 4J; and therefore
contributes a larger negative perturbative correction to the
energy of the broken-string state. Processes that flip the
other spins change the number of domain walls and thus
cost at least an energy 4.J;, similarly to the case of the string
state.

This argument suggests that the two energy levels
can cross upon increasing g, i.e., it is possible to have
string breaking generated by increased quantum fluctu-
ations. Even for strings that are classically stable, i.e.,
Eps(g =0) — Es(g =0) > 0, it is possible to have string
breaking at some value of g = g.. This is illustrated
in Fig. 10(d), where we plot the low-energy spectrum
obtained with exact diagonalization: for o« = 2.2, a string
of length £ = 7 is classically stable, but an avoided level
crossing occurs at g = g. ~ 0.8. The energy difference
between the energy levels in the spectrum and the ground-
state energy is plotted as a function of g in Fig. 10(e).
String breaking is manifested in the sudden change of
magnetization m, of the ground state, with m, going from
negative to positive values at the avoided level crossing.
We note that the avoided crossing occurs at g &~ 0.8, where
g is not particularly small and the validity of perturbation
theory is not guaranteed. Nevertheless, we find that the
second-order estimates in Egs. (23) and (24) remain good
approximations up to g ~ 1, allowing the crossing point to
be predicted with remarkable accuracy.

The effect of the transverse field in inducing string
breaking can also be observed by plotting the potential of
the string as a function of string length, as shown in Fig. 11.
At short distances, the potential grows as V() ~ V° —
cs/€*~% (where ¢ and V2 are coefficients depending on o
but not on £). When string breaking occurs, the potential of
the string levels off for £ > £.. We note that, because of the
long-range interactions, the potential keeps slowly grow-
ing with £ until saturation, as V= Vj — cp,/€* (where
cps and Vj; are £-independent coefficients). The string-
breaking point ¢, (dotted vertical lines) decreases with
increasing g, confirming the observation that the transverse
field can enhance the tendency of the string to break.

We remark that string breaking induced by quantum
fluctuations (that is without any longitudinal field) is pos-
sible, in principle, also for the exponentially decaying
interactions in Eq. (4). A requirement, in that case, is that
the difference Ep; — E; in Eq. (6) is small for # = 0. Then,
the energy difference can be overcome by the perturbative
corrections from the transverse field. If the energy differ-
ence is too large, the large transverse field needed drives
the system into the paramagnetic phase. In order to have
a sufficiently small energy difference in Eq. (6), the range
& of the interactions should be close to 1/1og(2) (but still
smaller, otherwise the string is trivially broken for # =0
and g = 0).

B. String-breaking dynamics

We now consider a dynamical protocol to probe string
breaking, similar to the one considered in Sec. III, but in
the case where the breaking is induced by the transverse
field g. We are interested in observing string breaking as g
is linearly increased from g = O to g > g.. The initial state
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g =00
——g=10 ]

40

FIG. 11. Potential of the string V(£), defined as the excess
energy Eo(£) — E;*(£) between the ground state in the presence
and in the absence of static charges, shown by the solid lines
for (a) « = 2.2 and (b) « = 2.35. The dashed (semi-transparent)
lines show the excess energy E;(£) — E;*°(£) of the first excited
state, demonstrating that the point where the potential’s slope
discontinuously changes can be understood as a level crossing
between the ground and first excited states. The crossings at £,
(marked by dotted vertical lines) underlie the crossover from a
string-type potential to a meson-meson-type potential, which is
the hallmark of string breaking. If ¢ is between the dotted vertical
lines, then changing g from 0 to 1 induces string breaking.

is a product state polarized along —Z. It is evolved with
the Hamiltonian in Eq. (2), where # is set to zero, and the
effective field hf‘f is given in Eq. (21). The transverse-field
strength g is set to vary in time as

gt =t/t. 27

Figure 12 displays the results of the time evolution from
time t = 0 to t = 1.5 7 as a function of g(¢) for different
values of 7.

The dynamics of the magnetization m, and of the
population of the (instantaneous) first excited state P;
[Figs. 12(a) and 12(b)] show, similarly to the case dis-
cussed in Sec. III, that the evolution remains almost adi-
abatic for all values of t for g < g., while significantly
different behavior is observed after the avoided level cross-
ing as a function of t. The final probabilities at the end
of the linear ramp are in good agreement with the ones
obtained from a Landau-Zener prediction, similar to the
one in Eq. (15) [Fig. 12(f)]. Furthermore, dP; /dg displays
a maximum at the crossing point g. [Fig. 12(d)], while g
corresponding to the first peak of the correlator C shows
more significant deviations from g. [Fig. 12(c)] (never-
theless, the value g. can be obtained from extrapolating
the adiabatic limit T — o0). A qualitative difference with
respect to the case studied in Sec. I1I is observed in the evo-
lution of the string potential ¥ [Fig. 12(e)], as the potential
decreases with g. Indeed, while % plays the role of a string
tension, with the potential of the string growing propor-
tionally to /¢, a similar interpretation does not apply to the
transverse field g.

S B -
0 100 200
g T

FIG. 12. Time evolution as a function of g(f) = ¢/t for differ-
ent values of 7 (the dashed gray line represents the adiabatic limit
T — 00). The length of the string is £ = 7, and interactions decay
with a power o = 2.2. (a) Magnetization along z [Eq. (11)].
(b) Population P; of the (instantaneous) first excited state [Eq.
(12)]. (c) Connected spin-spin correlator [Eq. (13)]. (d) dP,/dg.
(e) Potential, V, of the static charges in the dynamical protocol,
as defined in Eq. (17). (f) Final values of populations after the
ramp from g = 0to g = gf = 1.5. The solid line denotes popula-
tion P; of the first excited state, while the dotted line denotes the
population obtained from the Landau-Zener formula in Eq. (15).

V. CONCLUSIONS

In this work, we examine the real-time dynamics of
a quantum spin chain to unveil the mechanisms behind
string breaking. Our study involves a protocol where the
string tension undergoes a gradual increase in time, ulti-
mately exceeding the critical value associated with the
celebrated ground-state string breaking. The protocol we
propose goes beyond the dynamics following a quantum
quench. Quenches have been the most studied protocol
to date to induce string breaking in quantum spin chains
[20,27,29]. Our noninstantaneous protocol, on the other
hand, probes string breaking in a more controlled setting,
by drawing connections to the system’s spectrum at low
energies. It further serves as a probe of static string break-
ing, allowing for the experimental measurement of the
string-breaking point and the properties of the crossover.
Concretely, the adiabatic limit recovers ground-state string
breaking, while diabatic processes show a rich interplay
between energetics and dynamics of allowed transitions
throughout the evolution. For short enough strings, we
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describe the dynamical breaking phenomenon as a Landau-
Zener process, marked by a tunable population of the string
and broken-string states as they cross in energy from the
ground state to the first excited state (a similar analysis
was presented in Ref. [52]). In contrast, longer strings
exhibit a completely diabatic crossing under realistic ramp
time scales. In this case, string breaking occurs at higher
string-tension values due to crossings with higher-energy
levels, going beyond previous studies based on a single
Landau-Zener process [52]. We establish that this intricate
breaking process involves the formation of a superposition
of reversed domains (‘“bubbles”), resulting in the frag-
mentation of the string into pieces rather than a singular,
complete break.

For the case of power-law decaying interactions, we
observe dynamical string breaking even in regimes where
domain walls are not confined, i.e., for values of o where
the static potential does not diverge with the distance. This
shows that string breaking can occur dynamically without
the presence of confinement in this setting. We identify
string breaking driven purely by quantum fluctuations, in
the absence of an external field or thermal effects. This
mechanism differs qualitatively from classical or semiclas-
sical intuition and reflects genuine quantum many-body
effects.

In the following, we draw a few parallels between string
breaking in our work and closely related phenomena in
other contexts. We also point out new directions that can
result from the present study.

o False-vacuum decay and bubble nucleation. Bubble
nucleation, expansion, and collision are a hallmark
of first-order phase transitions, and are conjectured
to play a role in the early universe [68—70]. Notably,
for long strings, the concept of string breaking
in one-dimensional systems parallels a first-order
phase transition, and the dynamics is analogous to
a false-vacuum decay [41,71-75]. Similar methods
can, therefore, be applied to both problems. For
example, bubble nucleation in a false vacuum decay
can be examined as a two-level (at low bubble densi-
ties) or multilevel (at high densities) Landau-Zener
transition [41]. While this approach can quantita-
tively capture the formation of bubbles of various
sizes in some parameter regimes, the hoppings and
interactions of the bubbles may play an interesting
role in other regimes, as demonstrated, for example,
in a recent experiment in a quantum annealer [75].
These effects are expected to be especially relevant
far from the perturbative limit of small transverse
fields and closer to the scaling limit of the Ising
field theory. The formation of bubbles from the false
vacuum has also been studied for a quench setup
[72]. It would be interesting to generalize those
results to the case of the linear ramp of this work.

020331-15

The complex string-breaking process observed for
longer strings in this work provides another unique
lens into the dynamics of bubble formation, going
beyond previous studies that examined the regime
of small transverse fields and long evolution times
[41,75]. Our analysis reveals that the regime of
moderately large transverse field exhibits qualita-
tively different behavior compared to the perturba-
tive small-transverse-field limit. Although achiev-
ing an analytical, even approximate, understanding
of this regime is highly challenging, the emergence
of clear scaling laws strongly suggests the pres-
ence of a distinct and physically rich regime, that is
well suited to exploration with quantum simulators.
Our study, therefore, paves the way for characteriz-
ing the phenomenon of bubble nucleation, including
size distributions, bubble positions, and correlations
between different bubbles, in novel regimes, with
direct experimental relevance. Such studies may be
informed by scaling laws inherited from the vicinity
of the critical point, resulting in universal behavior.
These represent a compelling direction for future
work.

o Parallels to string breaking in particle collisions.

An overarching goal is to shed light on string-
breaking dynamics in the much more complex set-
ting of high-energy particle colliders. There, dynam-
ics are primarily governed by quantum chromody-
namics, a non-Abelian gauge theory in 3+1 dimen-
sions. The model studied in this work can be shown
to have a 1+1-dimensional Abelian gauge-theory
dual [23,36,76—79], hence offering a connection to
gauge-theory dynamics, although in a substantially
simpler setting. Importantly, time-dependent string
tension has parallels to the time-dependent length
of an expanding string resulting from a collision
[11], or to the effect of a time-dependent tempera-
ture on the string [80]. The formation and evolution
of broken-string fragments, both the edge mesonic
pairs produced out of a fully adiabatic string break-
ing or other particle excitations produced in diabatic
transitions, may provide insights into inelastic parti-
cle production in high-energy collisions [79,81-83].
In particle colliders, dynamical charges can also
form strings. Dynamical probe charges can be stud-
ied in a similar setup: an unbroken string remains
localized for very long times [23,27], so its evolu-
tion is essentially the same as for the case of static
charges. Once the string has broken, however, its
smaller components are free to move [20,22,27],
leading to qualitatively different dynamics.

String breaking as a thermodynamic process and
thermalization dynamics. Quench, diabatic, and adi-
abatic protocols represent different thermodynamic
processes. It is, therefore, interesting to explore the
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connection between quantum dynamics of string
breaking, including bubble formation and evolu-
tion, as explored in this work, and the associated
thermodynamic quantities such as internal energy,
work, heat, and free energy in each process. Steps
toward this goal have been taken recently for quench
processes in strongly coupled quantum many-body
systems [84], but need to be generalized to be appli-
cable to the setting of this work. Furthermore, the
possible occurrence of thermalization (or prether-
malization) during evolution for sufficiently slow
ramps can lead to a progression through succes-
sive equilibrium (or quasi-equilibrium) states of the
instantaneous Hamiltonian, opening up new possi-
bilities for investigating thermalization dynamics of
confining theories in a controlled setting.

o Experimental realization. Our results find imme-
diate applicability in the exploration of string-
breaking dynamics using quantum simulators.
Specifically, our protocols are readily suited to
trapped-ion experiments, as demonstrated in Ref.
[35], where signatures of composite excitations
and confinement dynamics were already observed.
The possibility of engineering a range of spin-spin
interactions with both exponentially decaying and
power-law interactions makes experimental imple-
mentations of string breaking in both scenarios fea-
sible in trapped-ion systems. The inhomogeneous
profile of the longitudinal field can be engineered
with individual addressing beams [36,40]. As we
have shown, all the key signatures of the physics
under discussion are already clearly visible for sys-
tem sizes up to L = 15, directly comparable to those
accessible in current experiments. Alternatively, a
larger system, including the frozen or dynamical
external sites, can be realized directly, such that
no additional inhomogeneous field is required. A
trapped-ion experimental demonstration of the pro-
tocol studied in this work is, in fact, underway
[40]. Other potential experimental platforms include
Rydberg-atom arrays and ultracold atoms in opti-
cal lattices, where realizations of the Ising model
and the PXP model have already been demonstrated
[85—87]. Notably, confinement and string breaking
can be studied in the PXP model in the presence of
a staggered detuning, representing a model equiva-
lent to a U(1) lattice gauge theory with a 6 angle
where 0 £ m [28,88,89].
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APPENDIX A: EXTERNAL SPINS

This Appendix offers a comparison of spin-chain evolu-
tion with static and dynamic external spins. The results of
this Appendix justify the implementation of static external
spins introduced in Sec. II.

Consider a string of length £ =5 evolving under the
Hamiltonian in Eq. (2) with exponentially decaying inter-
actions (¢ = 1) and with time-dependent %(¢) = ¢/t. For
the case of dynamical external spins, the chain consists
of 15 sites (j = 1,...15) with two domain walls pinned
at a separation of £ + 2: the spins at sites j =4 and j =
12 are polarized along +Z, while the ones at j = 5 and
j = 11 are polarized along —Z. These four spins are static
and do not evolve in time, while both the external spins
j =1,2,3,13,14,15 and the internal spins j = 6,...10

020331-16



STRING-BREAKING DYNAMICS IN QUANTUM ADIABATIC...

PRX QUANTUM 7, 020331 (2026)

(a) Static external spins Dvnamlcal external splm
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FIG. 13. Evolution of a string of length ¢ = 5 in the presence

of (a) static external spins and (b) dynamical external spins. The
parameters of the evolution are as in Fig. 7 (¢ = 1, T = 100, and

g =12).

are dynamical. Additionally, we consider an effective lon-
gitudinal field generated by the other external sites j =

.,0 and j = 16,...,00, polarized along +z. For
the scenario involving static external spins, spins j =
—00,...,4 and j = 12,...,00 are static and polarized
along z, spins j = 5 and j = 11 are static and polarized
along —Z, and spinsj = 6, ..., 10 are dynamical.

Figure 13 displays the spatiotemporal profile of average
magnetization along Z for both scenarios. No significant
difference between the two cases is observed. This can be
understood at a “mean-field” level: the external dynamical
spins are surrounded by spins with positive magnetization
and the effective field they experience polarizes them along
+Z. Adding the additional % field stabilizes this positive
magnetization and further enhances this effect. Therefore,
the external spins are approximately static throughout the
evolution. The internal spins, on the other hand, especially
the ones close to the static charges, are subject to the com-
peting effect of positively and negatively polarized spins
and of the 4 field that makes the string unstable. These are
the spins that exhibit the nontrivial time evolution [36].

For power-law decaying interactions, we expect that the
external dynamical spins might be more strongly affected
by the internal spins, but this effect is still rather suppressed
for the value of @ considered in Sec. I'V.

APPENDIX B: TWO-LEVEL APPROXIMATION

This Appendix provides evidence supporting the two-
level approximation in the real-time dynamics described
in Sec. III B 2. The Landau-Zener approach is justified as
long as the A-field ramp is sufficiently slow such that the
dynamics are restricted to the two lowest levels in the
spectrum, shown in Fig. 2(a,b,c) for different system sizes.

In Fig. 14, we plot the population of the levels beyond
the lowest two levels as 4 grows in time with the linear
ramp A (f) = t/t, for different values of t. For the smallest
values of t considered here (t = 4.0 for £ =5, 1 =5.6

for £ =7, and T = 7.1 for £ = 9), the combined popula-
tion of these levels remains smaller than ~ 10=2 for the
entire evolution, and it rapidly decreases by many orders of
magnitudes at larger values of t. This confirms the validity
of the two-level approximation in the ranges of parameters
considered in Secs. I[II B 1 and 111 B 2.

APPENDIX C: LOWEST-ENERGY
CONFIGURATIONS FOR g =0

This Appendix expands the discussion of static proper-
ties of the Ising spin chain with exponentially decaying
interactions in the limit of g = 0 beyond what was pre-
sented in Sec. III A 1. We are, in particular, interested in
characterizing the energy of different bitstring configura-
tions, beyond the string and broken-string states consid-
ered in the main text. We will also show that the lowest
energy always corresponds to either the string state or the
broken-string state.

It is convenient to label the bitstring configurations (in
the z basis) by the positions {i}, i», . . . i,,} of the spins polar-
ized along —Zz, withi; < iy < ...i,. We use the convention
that iy =0 and i, = £+ 1 are the static external spins
located next to the edges, and we refer to the other spins
as the dynamical spins. The energy corresponding to one
such configuration can be written as

. . 1
E({ll,.. .,ln}) =2n <el/5——l +h>

n—1 n
—2Y Y et

j=1k=j+1

(Ch

where the energy is computed with respect to a reference
zero-energy state having all the spins in the +Z direc-
tion. For a fixed number n of | spins, the lowest-energy
configuration is obtained when the number of domain
walls is minimal, i.e., when all the | dynamical spins are
adjacent to one of the two edges: these are the configura-
tions {0,1,...n—2,£+ 1} and {0,£ —n+3,...,¢+ 1}.
This statement can be proved by contradiction, assuming
that the lowest-energy configuration contains a domain of
J spins that are not adjacent to one of the edges. One
can split the interaction energy of such a configuration
[i.e., the double sum in Eq. (C1)] into four parts: (i) the
interaction energy Ey obtained for i; and #; contained in
the domain; (ii) the interaction energy £; obtained for i;
located to the left of the domain and i; in the domain;
(iii) the interaction energy E, obtained for i; in the domain
and i, located to the right of the domain; and (iv) the
interaction energy E, for i; and i; both outside of the
domain. One can now imagine moving the entire domain
one site to the left or right: the new interaction energies are
Ej+e 'VSE + e SE. +E, or Ej+e'/*E +e VE, +
E,, respectively. Stating that the original configuration
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FIG. 14. Population of higher levels (beyond the ground state and the first excited state) as a function of 4(f) = ¢/t for different
values of 7 and different system sizes, (a) £ = 5, (b) £ = 7,and (c) £ = 9.

was (one of) the lowest-energy state(s) implies that E; +
E. < e V5E; + 'E,, which gives |E)| > e'/%|E,|, and
E+E, <e'SE; + e '/5E,, which gives |E,| > e'/5|E||,
leading to a contradiction.

Having ruled out the possibility of other lowest-energy
configurations, we can focus on the state with n —2
dynamical spins in the | state all adjacent to one edge,
with an energy denoted by E,(rn — 2,£). With this nota-
tion, the energy of the string state is E, (¢, £), while the
energy of the broken-string state is £, (0, £). For each r
and ¢, there is a critical longitudinal field 4.(r, £) at which
E.(t —rt) =E.(£,2). The critical field A.(r, £), hence,
represents the value of / of the first level crossing between
the string state and a bubble state of size . The values of
h.(r, ) as a function of r for different values of £ are shown
in Fig. 15. The value of 4. is smallest for » = £, confirming
that the lowest-energy state is the string for 2 < A (¢, £)
and the broken string for 4 > h.(¢, ). Nevertheless, the
other crossings with smaller bubbles play an important role
in the dynamical observation of string breaking through a
non-adiabatic protocol, as shown in Sec. III B 4.

T T T
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15F (=7 —e-(=12 ]
LA (=8 --e-({=13 ]
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® e \\\‘\-
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FIG. 15. Value h.(r,¢) of the longitudinal field for which
E.( —r,t) =E,(£,0), as a function of r for different lengths
£ of the string and with g = 0. For any ¢, the smallest 4.(r, £)
value occurs at = £.

APPENDIX D: ANALYSIS OF
BUBBLE-NUCLEATION DYNAMICS

In this appendix, we provide additional information
about the density of bubbles in the complex process of bub-
ble nucleation and the numerically extracted scaling laws
of Sec. I1IB.4 and I1IB.5.

1. Bubble densities

During the dynamics induced by the linear ramp, bub-
bles of various sizes are nucleated. We characterize this
process by introducing the average density A, of bubbles
of size r, defined as

—r—1

1
B 3 piplL Pl t pl
Al y— B P Pria - B B> (O1)
j=1

where ij denote the projectors onto the two spin states
in the Z basis at site j. We compute the expectation value

(Y T T T T T
0.06 >~ 0.0150 E
\.\
ook Y 0.0125 F 3
< OO . <
L ."'\ 0.0100 3
3 .

0.02 “u e
L1 ul B 5 0.0075 B sl T
100 10! 102 10° 10! 10?

T T
:-1 ’}.\.\ T T 0.015 "";L-.\ g
[ VA ] [ Y ]
L ¢ X 4 L $ \ g
. 0.010 /! \ B L, 0.010F ] \ ]
< b b Y ] < s i by ]
[ K ] [ J o]
[ ” 5 ] 0.005F %]
0.005F A - ]
KA BN & L™ it ]
100 10t 102 100 10t 102
T T

FIG. 16. Expectation value of the average bubble density A,
for bubbles of sizes » = 1,2, 3,4. The data are obtained by time-
averaging the expectation values over the interval 4 € [0.8,1]
along the ramp. The transverse field is set to g = 1.2, and the
total string length is £ = 13.

020331-18



STRING-BREAKING DYNAMICS IN QUANTUM ADIABATIC...

PRX QUANTUM 7, 020331 (2026)

of A, at the end of the linear ramp from 27 =0 to 2 = 1.
Since these expectation values display residual temporal
oscillations, we further average them over the interval 4 €
[0.8, 1] along the ramp.

As shown in Fig. 16, the density of bubbles of a given
size r exhibits a nontrivial dependence on the ramp time
T, with a maximum at a characteristic value of 7 that
systematically increases with 7. This is the result of two
competing effects. On the one hand, increasing t enhances
the probability of bubble nucleation, as expected from
Landau-Zener theory. On the other hand, for sufficiently
large t, the nucleation of small bubbles is suppressed,
since the formation of larger bubbles becomes increasingly
favorable.

2. Fit of scaling exponent

The data from Fig. 9(b) are replotted in Fig. 17 as a
log-log plot. The exponent « is initially extracted from a
linear fit in log-log scale (dotted orange line). As shown,
the linear fit exhibits a slight systematic curvature, sug-
gesting that a quadratic fit (green dotted line) may be more
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FIG. 17. Same data as in Fig. 9(b), plotted in log-log scale,

for £ = 11,13, 15. The dotted orange and green lines represent
a linear and a quadratic fit (in log-log scale), respectively. The
parameter « is the slope extracted from the linear fit, while o
are the slopes at the two values 7_ = 5, 7, = 100, extracted from
the quadratic fit.

appropriate. From the quadratic fit, we extract the slopes
o4 at the two extreme values of t considered, 7_ = 5 and
7, = 100. The values of @ and «.. are reported in the leg-
ends. The slopes o provide an estimate of the variation
of « over the interval considered, which is roughly 30%.
In contrast, the dependence of the exponent on £ is much
weaker, with a variation of less than 1% between £ = 13
and ¢ = 15.
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