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Covariant Quantum Error-Correcting Codes with Metrological Entanglement Advantage
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We show that a subset of the basis for the irreducible representations of a tensor-product SU(2) rotation
forms a covariant approximate quantum error-correcting code with transversal U(1) logical gates.
Generalizing previous work on “thermodynamic codes” to general local spin and different irreducible
representations using only properties of the angular momentum algebra, we obtain bounds on the code
inaccuracy under generic noise on any known d sites, under independent and identically distributed noise,
and under heralded d-local erasures. We demonstrate that this family of codes protects a probe state with
quantum Fisher information surpassing the standard quantum limit when the sensing parameter couples to

the generator of the U(1) logical gate.
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Quantum error-correcting codes have found applications
beyond fault-tolerant quantum computation to a wide array
of quantum technologies and physical scenarios, each
requiring unique features. For quantum metrology, protected
encodings allow for a metrological entanglement advan-
tage, where the ability to measure a signal, quantified by the
quantum Fisher information (QFI), surpasses the standard
quantum limit [1-12]. Another example is code covariance
with continuous transversal (i.e., tensor-product) gates,
which is relevant in scenarios like reference-frame error
correction [13,14]. While these gates are incompatible with
exact finite-dimensional codes due to the Eastin-Knill
theorem [15], they are achievable with approximate quan-
tum error-correcting codes (AQECCs) [16-19].

One can then consider the task of measuring the variable
parametrizing a continuous transversal gate for metrologi-
cal purposes. Various studies have established bounds on
the inaccuracy of covariant AQECCs from this perspective
[20-25]. Conversely, codes with continuous gates can be
candidates for QFI protection, though code covariance is
not necessary for this application.

Motivated by these ideas, we introduce a family of
AQECCs with transversal continuous gates, based on
simple symmetry considerations. Additionally, these codes
provide a metrological entanglement advantage for certain
code parameters. More specifically, we consider N spin-s
degrees of freedom and the irreducible representations
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(irreps) of their total SU(2) rotation. The irrep basis is
|/, M), where J < sN is the total spin quantum number, and
M is the magnetic quantum number. We show that the states
J, M), with certain choices of M, form an AQECC with
transversal U(1) logical gates, and provide bounds on its
code inaccuracy under generic noise on any known d sites,
under independently and identically distributed (i.i.d.)
noise for J < sN, and under heralded d-local erasures
for J = sN.

Our results stem from generalizing and improving upon
results in Refs. [10,20,25,26]. A special case of our
AQECCs is s =1 and J = sN = (N/2), in which case
|/, M) are the Dicke states [27], and the corresponding code
is the “thermodynamic code” [10,20,25,26]. Its code inac-
curacy boundcode inaccuracy bound against generic noise
on any known d sites was first analyzed in Ref. [26], which
also reported a coincidental identical bound for the (s, J) =
(1,N) code. We generalize this code to general s and J ~
N%(a < 1) and tighten the bound against the same noise. We
obtain our bound using the SU(2) ladder algebra without
explicit expressions for the codewords, therefore producing
a general s- and J-dependent bound for this family of codes
and explaining the coincidence from Ref. [26].

In addition, consider the state |[J = (N/2)—-1,.M=J)=
(1/v/N) ;V:I eiz”f/NZIjT|T>®N along with |J = (N/2) -
1, M) for the rest of M, where §i|t)=3[1). In
Ref. [28], a subset of the states with M ~J — N* and
k < 1 was shown to form an approximate error detection
code (“magnon code”). Complementing Ref. [28], we con-
sider codewords |J = (N/2) —1,M) with |M|= O(N”)
for some b < 1.

© 2025 American Physical Society
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The inaccuracy bound of the “thermodynamic code”
with codewords |M| = O(1) in the large-N limit against
heralded d-local erasure errors for a constant d is reported
in Refs. [20,25]. We generalize it to s > 1 and J = sN, but
with |M| = O(N?) and error locality d ~N¢ for some
exponents b and c¢. We obtain a general s-dependent code
inaccuracy bound in this case using the Clebsch-Gordan
coefficients without writing out the codewords.

Our results extend the codes to a regime containing
probe states with a metrological entanglement advantage.
The code inaccuracy bounds also let us bound the loss of
QFI. Accordingly, we rigorously demonstrate (and numeri-
cally confirm) that a noisy probe state in our codes can
retain a metrological entanglement advantage under certain
conditions.

Our SU(2)-symmetry-irrep-based approach offers a gen-
eral route for constructing covariant AQECCs with con-
tinuous transversal gates, complementing randomized
constructions [29-31], reference-frame-assisted construc-
tions [14,32,33], and an approach which identifies exact
codes from certain discrete-group irreps [34-39]. The
protection of a metrological entanglement advantage is
an additional feature.

Codewords from SU(2) irrep states—Consider a system
of N spin-s degrees of freedom (i.e., qudits of dimension
2s 4+ 1), where s can be a half integer or an integer. The
total SU(2)-rotation unitary is a tensor product of the SU(2)
rotations on the individual spins, generated by the su(2)
algebra

. N R N . N
=) g, 0'=> 4. 0 =>4 O
j=1 j=1 Jj=1

where j labels the spin and [§;,47] = 245, [45.47] =
+4¥. This yields [0, 07] = 207 and [07, 0F] = +£0*.

The irreps of the total SU(2)-rotation unitary are labeled
by J < sN, with a possible multiplicity, and each irrep has

dimension 2J + 1 with the basis labeled by |J, M),
Me{-J,...,J}. The state |J, M) satisfies
QZ|J,M>:MJ,M>, Qi J,M)zcjfl J,Mil), (2)

where ¢i; = /(J FM)(J M +1).

We will show that the code space € = span{|J, M); M =
M ins Mo + A, M i + 2A, ..., M0}, equipped  with
transversal U(1) logical gates generated by QF, forms an
AQECC under generic noise on any known d sites, i.i.d.
error with sufficiently low error probability, and heralded
d-local erasures for some parameters—provided the spac-
ing A between magnetic quantum numbers is large enough.
For the maximum J = sN, |J, M) is totally permutation
symmetric, and the irrep multiplicity is one. For a general
J < sN, one can have multiple irreps with the same J,
and we consider |/, M) in any irrep or from any linear

superposition of different irreps with the same J, as long as
the ladder algebra in Eq. (2) holds among the resulting
|/, M). As such, we suppress the multiplicity index.

Code inaccuracy against generic errors—We use the
notation (N, k)) and ¢(N') for an AQECC, where N denotes
the number of qudits, k denotes the number of logical
qubits, and €(/NV') denotes the optimal recovery inaccuracy
against noise channel A (with encoding):

e(N) = minDp(RoNid), (3)

where R is the recovery channel and Dp(E, F) is the
purified distance between channels £ and F, defined as

Dy(E.F) =max /1~ PIE@id(y). F ®idy)]. (4

where f(p, 0) == Tr[\/\/po/p] is the fidelity, y = |y) (y|,
lw) is a purification of p, and id is the identity channel on
the auxiliary space whose input has the same Hilbert space
dimension as the input of £ and F (see Supplemental
Material S1 [40] for a list of definitions used throughout the
paper). As we only consider noise on at most d sites, we use
e(d) to stress its dependence on d, while suppressing N
whose specific choices should be clear from the context.

We bound the code inaccuracy e(N') using a generali-
zation [18] of the Knill-Laflamme conditions [41]. If we let

IT be the projector onto the code space and N(p) =

YK j(p)Kj- be the noise channel, then e(N) < § if and
only if

TIK | KIT = 2,11 + T1B, 11, (5)

where 4;; are the components of a density operator, and

Dp(A+ B,A) <8, where A(p)=>_;,;4;Tr(p)|i)(j| and

(A+B)(p) = Ap) + > ; Tr(pBi;)|i) (Jl.

To this end, we start with the following two lemmas.

Lemma I—Assume F is a d-local operator; then
(J,n|F|J,m) = 0if [n—m| > 2sd + 1.

Physically, this lemma holds since a d-local operator can
change the magnetic quantum number M by at most 2sd. It
ensures the “off diagonal” part of the Knill-Laflamme
conditions to be exactly zero if the codewords have
enough spacing in M. The proof is simple and given in
Supplemental Material S2 [40].

To bound the “diagonal part” of the Knill-Laflamme
conditions, we have the following lemma.

Lemma 2—Assume F is a d-local operator; then
\(J,n|E|J, n) = (J,m|F|J,m)| < dq0||IA?||OPC(n, m), where
C(n,m):=>_m"1[ci;]7! and g is a constant. In particular,
for0<b <a<1,ifwetakeJ~N%and |m—n|~ N", then we
have |[(J,n|E|J,n) — (J,m|F|J,m)| = ||F||0p-0(dN‘(“"’)).
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Note that |||y, = supy, {[|F|y) | : [llw)]| = 1} is the

operator norm and |||y || == v/ (w|y). Relegating the proof
to Supplemental Material S3 [40], we comment that this
bound is obtained by bounding [(J,n + 1|F|J,n+1) —
(J,n|F|J, n)| and using the triangle inequality. We empha-
size that the proof only uses the ladder algebra, Eq. (2), and
the locality of the operator QF without the explicit
expression for |J, M).

Using these two lemmas, we obtain the following upper
bound on the code inaccuracy e(A) for generic noise on
any known d sites N (p) = Z;’il K j(p)Kj- whose Kraus
operators K ; are at most d local, acting on a fixed set of d
qudits, and n; = (2s + 1)?? is the number of independent
Kraus operators. The proof is presented in Supplemental
Material S4 [40].

Theorem 1—Consider the code space € = span{|J,M);
M =M o, Mo + A, M i + 24, ..., M 0}, where J ~ N,
M o — Myin ~ N, and b < a < 1. The code € forms an
(N, O[blog,N])) AQECC against d-local noise on known
sites, with inaccuracy e(d) = O[V/d(2s + 1)¢N-(@=)/2]
if A>2sd+ 1.

We focus on parameters where ¢ — 0 in the thermody-
namic limit N — oo. For error size d ~ clog,N, we have
e = O(y/log,NN~la=b=2clog2(2s+1)}/2) " which vanishes as
N — o provided ¢ < (a—b)/[4log,(2s + 1)]. This is
illustrated in Fig. 1(a) as the shaded area.

Our code inaccuracy bounds generalize and improve the
results in Ref. [26], which gives ¢ = O(ny,N©®?=1/2) for
special cases (s,J) = [3. (N/2)] and (s,J) = (1, N), while
we achieve ¢ = O(,/n;N*=1)/2). Our improvements from
N°P to N? and from n, to /ny come from setting the “off-
diagonal” Knill-Laflamme conditions to zero and a differ-
ent proof technique.

Moreover, the derivation of the bounds in Ref. [26] relies
on the b < % assumption; our approach allows 1 > b > %,
which enables a probe state with a metrological entangle-
ment advantage, as we will discuss below. Notably, using
the ladder algebra of SU(2), we obtain a general s- and
J-dependent bound on the code inaccuracy, explaining
the coincidence of code inaccuracy bounds for (s,J) =
[}.(N/2)] and (s,J) = (1.N) in Ref. [26].

The reason to consider the noise on a fixed set
of d sites in Theorem 1 is to control the number of
Kraus operators n,. For generic d-local noise N(p) =
> Kj(p)KjT., where K; can act on different sets of
d qudits, € forms an (N, O[blog,N]) AQECC with
e(d) = O(VdnyN=@=b)/2) if we take A > 4sd + 1. (See
Supplemental Material [40] S4 for Corollary 1.)

Physically, the above result implies that the code can
tolerate any error with the number of Kraus operators

growing slower than O(v/dN~(*=?)/2), assuming each has
operator norm O(1). However, in practice, more nonlocal

(a) d ~clog, N, J ~ N (b)d ~ N, J=sN
C

k = O(blog, N) ¢ k_’oc((z_b”)l"gzN )
L s=Y%, a=1 — c<2(1-b)
4aof --- s>V, a=1 Ammmme 2 .

— s>, a<1 "

1
4log,(2s + 1)

a

41ogy(2s + 1)

FIG. 1. (a) For our SU(2) code with total spin J~ N¢ and
magnetic quantum number range M, — M, ~ N?, under
heralded d-local noise channel (d ~ clog,N), the (b, ¢) region
where ¢ — 0 (blue and red areas), and the region with metro-
logical advantage (red area). (b) For J = sN, M,,,x — M i, ~ N°,
and d-local erasures (d ~ N°¢), the (b, c) region where ¢ — 0
(blue and red areas), and the region with metrological advantage
(red area), all independent of s.

errors tend to occur with lower probability, resulting in
smaller operator norms for their corresponding Kraus
operators. This structure allows the code to tolerate noise
channels with a larger number of Kraus operators. Indeed,
under i.i.d. errors at unknown locations, we show in
Supplemental Material [40] S5 (Corollary 2) that our
code can achieve vanishing code inaccuracy by correcting
d-local errors with d ~ clog, N, provided the error rate is
sufficiently low, p < N~%log?N. Although this error rate
implies a vanishing expected number of errors Np <
N~'log? N, it is chosen to enable a rigorous analytical
bound on the code inaccuracy. It remains an interesting open
question whether the code can still achieve low inaccuracy
when the number of errors becomes nonvanishing.

Code inaccuracy against heralded erasures—The inac-
curacy of the “thermodynamic code” against heralded
d-local erasures for d = O(1) and |M| = O(1) was found
in Refs. [20,25] to be € = O(N~!). The heralded d-local
erasure channel is NV, (p) := Tr,[p], where a denotes the set
of d erased qudits.

We now generalize the code inaccuracy bound against
heralded erasures to s, d ~ N¢ and |M| = O(N?). In this
case, we consider codes with J = sN only, where |J, M) is
totally permutation symmetric. Owing to the irrep multi-
plicity being one, the J = sN assumption allows us to
express each codeword uniquely in terms of a basis for
two subsystems using Clebsch—-Gordan coefficients. To
bound the code inaccuracy, we follow Ref. [18] by
bounding the channel distance via the complementary

channel AV, (*) = Try(*), where a denotes the set of qudits
not in a (the complement of ). This can be achieved by the
following lemma.

Lemma 3—Consider the irrep of SU(2) formed by
J,M), where J = sN, and the reduced density matrix
pu = Trg[|J, M){J, M|], where & is the complement of the
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set of erased qudits . We have the fidelity f(p, pa—o) =
1 — O(dM?/sN?) = 1 — O(N?*'*=2) asymptotically for
M~NP d~N¢ and 1l > b>c.

Physically, the above lemma states that the environment
can barely tell the codewords apart from each other. In the
proof (presented in Supplemental Material S6 [40]), we
use Clebsch-Gordan coefficients without writing the code-
words out explicitly, enabling a general s-dependent bound
on the fidelity for J = sN. In particular, we can rewrite

|J, M> = {’;lz_jl Cflj‘,/[ml,jg,mz|j1’m1>a ® |j2,m2>a, where

my = M—ml, j] = Sd, j2 = J—jl, and CJ.I]A{ml-J'z-mz =
((j1,my|(j2, my|)|J, M) is the Clebsch-Gordan coefficient.
The fidelity between p,, and pp_o can therefore be
calculated accordingly.

Our proof for a general s has essentially the same
asymptotic scaling as the proof of Lemma 13 in Ref. [20]
for s = 1, which reported f(py., pyr—o) = 1 — Dgpr/N* +
O(N73), where Dy p=d*/8+[d(1+M?+2M)+2d° +
d*(2M —1)]/4. This indeed becomes our result in the
asymptotic regime M ~ N’ d~N¢ and 1 > b > ¢, mak-
ing the leading-order term ~dM?.

The following theorem bounds the code inaccuracy
against a heralded d-local erasure error.

Theorem 2—Consider the code space € = span{|J, M);
M =M o, Mo + A, M i + 24, ..., M 0}, where J = sN,
Moy — Mpyin ~N? and b < 1. € forms an (N, O|[(b—
c)log,N])) AQECC against heralded d-local erasures
of size d~N¢ where 0<c<b<1, with €¢(d) =
O(N~(1=b=¢/2)Y if we take A > 2sd + 1.

Theorem 2 can be obtained by combining our Lemma 1,
our Lemma 3, and Theorem 3 of Ref. [20]. To make our
presentation self-contained, we present the proof of
Theorem 2 tailored to our case in Supplemental Material
S7 [40]. References [20,25] showed that € = Q(N~') for
any U(l) covariant code. Thus, this family of SU(2)
AQECCs is asymptotically optimal for general s since
e = O(N~') when b = ¢ = 0. Although Theorem 1 also
applies to heralded erasure errors, the improvement in
Theorem 2 arises from the assumption that J = sN,
enabling a stronger result.

For general b and c, to have ¢ — 0 when N — oo, we
need ¢ < 2(1 — b). Additionally, we need A = Q(N¢) for
Lemma 1 and ¢ < b to ensure at least one logical qubit.
This parameter regime is shaded in Fig. 1(b), which is
independent of s and k. The codewords with M ~ N? for
b >% [red shaded area in Fig. 1(b)] are crucial for a
metrological entanglement advantage.

Metrological entanglement advantage—We now apply
our codes to quantum metrology and show that they
can have an entanglement advantage with noise resistance.
In the local parameter estimation problem [10], we would
like to estimate the parameter € imprinted on the probe

state |yo) €C as |yy) = e @7y ) €G. Abbreviating

Wo = |pe)(wy|, the noisy probe state is then pg,:=
N (yy) for the noise channel N.

In quantum metrology, QFI is a central figure of merit,
which characterizes how well a parameter can be estimated
via the quantum Cramér-Rao bound [42]. For the states py
parametrized by 6, the QFI is defined as

& (P 0ppe) = Tr(pgR?), (6)

where R satisfies pgR + Rpg = 20gpy.

If 0 is generated from e’ then without entanglement,
the QFI is upper bounded by the standard quantum limit,
scalingas §§ ~ N. Achieving § ~ N” for 1 < y < 2indicates
a metrological entanglement advantage, with y = 2 as the

Heisenberg limit. Since §(yo: dgwa) = 4[(wol(0%)*|yg) -
(wg|Q%|wy)?] for a pure state, our code can have an
entanglement advantage if it contains a logical state whose
variance of O scales superlinearly with N. This is possible
with the probe state |yq) « |J, M) + |J, —M), whose QFI is
S(wg) = 4M* ~ N* for M ~N® and b > 1.

While a GHZ(-like) state [y’) = (|J.J) + |1, =J))/V2
can achieve the Heisenberg limit [43—45], its QFI becomes
zero even if only one qudit is erased (see Supplemental
Material [40] S8). Various other probe states also provide
an entanglement advantage, e.g., spin-squeezed [46-50],
Dicke [45,51,52], and scrambled [53] states. Additionally,
various studies have employed different methods to assess
the effect noise in metrology [54—60]. Differently, we use
AQECC inaccuracy to rigorously bound the QFI loss under
certain noise, showing that entanglement advantage per-
sists. Notably, the QFI protection here is achieved without
repeated quantum error correction [10], differing from the
typical error-corrected metrology scenarios [1-8,11]. In a
recent work [61], a nonmaximally symmetric state also
achieves metrological entanglement advantage without
error correction.

To this end, we use the following theorem adapted from
Ref. [10] to bound the loss of QFI.

Proposition 27 (Adapted from Ref. [10])—Let y, be a
pure state and dyyy = —i[Q%, ). If, for € > 0, M is a
channel with a diamond distance from identity satisfying
M —id|, < 2e, then

S (wo; dgwo) — M (wg); M(dgy)]

< 16¢(|9pwo |l 1 119w allop- (7)
Since ||€—F|l, <2Dp(E,F) (see Supplemental
Material S1 [40]), taking M = RoN, we have |M —
id||, < 2¢ bounded by the AQECC inaccuracy. In fact,
from the data processing inequality [10,62], we have
B[RoN (pg): RoN (9apg)] < N (pg): N (9gps)]. That is,
the protection of QFI can already be achieved by encod-
ing alone.
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FIG.2. QFIloss A of the probe state |w) o |J, M) + |J, —M)
(J = sN) for (a) M ~JC/5 (b) M ~J%3 and (c) M ~ JG/Y,
after erasing d = j, /s qudits. We calculate A by picking values
of J and j;, giving us results for any spin s and corresponding
N =J/s and d = j,/s. Numerical results show A/ (4M?) ~
J?>+e=2 for the parameters in the red-shaded region of Fig. 1(b).

For metrology purposes, € = span{|J, M), |J,—-M)}
suffices to host the probe state |yq) = (|J, M) + |J,-M))/
/2, which has ||dpyy|, = 190wollop = M. Therefore, we
have F[N (wg); N (0gwy)] > (1 — 4€)4M?, and a protected
entanglement advantage is possible if € — 0 when N — oo
while having M ~ N* with b > 1/2.

Now considering the d-local noise, for J~ N9,
M~ NP, and d~clog,(N), Theorem 1 gives €=
O(N~la=b=2on:(2s+11/2) " S0 for a > b > 1/2, the noisy
probe state can maintain an entanglement advantage
SV (wo)] = OWN?) if ¢ < (a = b)/[41logy(25 + 1)]
[illustrated in Fig. 1(a)]. For heralded d-local erasure
errors with d ~ N¢, Theorem 2 gives ¢ = O(N’+</271),
The partially erased probe state still has an entanglement
advantage F[N (wy)] = O(N?*) with 1> b > 1/2 and
€ = 0 provided ¢ <2(1=b) and ¢ <b [illustrated in
Fig. 1(b)].

To assess our QFI-loss bound, we numerically calculate
AF = F(ypg) — FIN (wy)] for J = sN, where the channel
is N (yy) = Tr,|wy] and a contains d spins (so j; = sd). In
Fig. 2, we plot AZ/(4M?) for various b and c in the red-
shaded region of Fig. 1(b). The numerical calculations are
detailed in Supplemental Material S8 [40]. Applying the
QFlI-loss bound [Eq. (7)], we have AZ/(4M?) < 4e. We
observe that AF/M? ~ J**¢=2 which is indeed asymp-
totically upper bounded by J?+¢/2=1 ~ NP+¢/2=1 Though
the bound is not tight, it could be due to the Fuchs-van de
Graaf inequality [63] not being saturated asymptotically.
However, within the red region in Fig. 1(b), &(yy) and
[NV (wy)] both scale as N?”, both indicating a metrological
entanglement advantage.

In Supplemental Material S8 [40], we present a local
measurement that saturates the quantum Cramér-Rao
bound for the ideal probe state |w,). For the partially
erased probe state, a global measurement can achieve the
QFI scaling, while a local measurement can surpass the
standard limit in certain parameter regimes, despite not
saturating the quantum Cramér-Rao bound.

Discussion—We establish code inaccuracy bounds for a
family of covariant approximate quantum error-correcting
codes whose codewords house irreducible representations
of SU(2). We show that a particular (entangled) codeword
can be used for quantum sensing in a way that outperforms
classical strategies, even in the presence of certain noise.

References [64-68] show protocols to prepare |J, M)
states for J = sN. One can then prepare the probe state |y)
using an ancilla qubit and a controlled version of the circuit
that prepares |J, M).

We have proposed some measurement schemes for the
ideal and partially erased probe states in Supplemental
Material S8 [40]. It is worth investigating whether simpler
measurements can saturate the Cramér-Rao bound for our
noisy state [69]. While the recovery channel [18,70] cannot
increase quantum Fisher information [10,62], it may aid in
devising a measurement protocol for any noisy probe.
References [18,71] proposed a near-optimal recovery
channel for AQECCs, which we outline in Supplemental
Material S9 [40]. Although an efficient circuit implemen-
tation is not guaranteed, it would be interesting to explore
whether the structure of the J = sN code, such as its total
permutation symmetry, can be leveraged for this purpose.

With modifications, our approximate quantum error-
correcting code results can be applied to other SU(2)
codewords, like the quantum many-body scar states in the
spin-1 XY-Dzyaloshinskii-Moriya model [72-74] (see
Supplemental Material S10 [40] for details). Accordingly,
the SU(2)-scar probe states could be noise resilient, com-
plementing the results using scar states for sensing [74-76].
For states with approximate SU(2) symmetry [24,25], like
the scars in a deformed PXP model [77-81], some exact
codes [24,25], or approximately prepared states [82], further
study is warranted to determine if they also provide a noise-
resilient entanglement advantage.

Our result suggests a new way of finding approximate
quantum error-correcting codes with continuous transversal
logical gates by using symmetry irreps, complementing
existing methods [14,29,31-33]. Here, one selects a subset
of the SU(2)-irrep basis to form an approximate quantum
error-correcting code, reducing the symmetry to U(1) and
giving rise to continuous transversal logical gates. This
raises the question of whether one can also devise approxi-
mate quantum error-correcting codes by using irreps from
other continuous symmetries [say, SU(3)], which could
potentially yield transversal gates generated by multiple
(possibly noncommuting) generators and an entanglement
advantage for multiparameter sensing.
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