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Abstract

Scientists, engineers, biologists, and technology specialists universally leverage image segmentation to extract shape ensem-
bles containing many thousands of curves representing patterns in observations and measurements. These large curve
ensembles facilitate statistical inferences about important changes when comparing and contrasting images. We introduce
novel pattern recognition formalisms combined with two-sample hypothesis testing over large ensembles of segmented curves.
Our formalism involves accurately approximating eigenspaces of composite integral operators to motivate discrete, dual rep-
resentations of curves collocated at quadrature nodes. Approximations are projected onto underlying matrix manifolds, and
the resulting separable shape tensors constitute Euclidean invariant decompositions of curves into generalized (linear) scale
variations and complementary (nonlinear) undulations. Hypothesis testing over the separable feature space can be conceived
of as an explainable binary classification mapping from pairs of distributions into a binary conclusion—teject or fail to
reject—offering principled decisions with logical implications. With thousands of curves segmented from pairs of images, we
demonstrate how data-driven features of separable shape tensors inform explainable binary classification utilizing a product
maximum mean discrepancy, absent labeled data, building interpretable feature spaces in seconds without high performance
computation, and detecting discrepancies below cursory visual inspections.
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1 Introduction ing design [1, 2], materials science [3—6], medical imaging [7,

8], functional data analysis [9, 10], biology [11-13], and
Precise measurement and quantification of shape are ubiqui-  ecology [14, 20]. Many of the analyses in these appli-
tous in imaging science with applications spanning engineer-  cations benefit from separable characterizations of shape

translations (where is it?), scale variations (how big is it?),
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else that remains (how nonlinear is it?). In several appli-
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In some cases, scientists or engineers may want to answer
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andrew.glaws @nlr.gov a simple, binary question: Is this the same as that? This nat-
urally leads to the follow-up question: If they are different,
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solar UV imaging, Lagrangian averaged vorticity deviations
of turbulent flows, and Al-generated imagery. For example,
electron backscatter diffraction (EBSD) [23] provides high-
resolution segmentation of material microstructures [24, 25].
Processing these via denoising [3] and segmentation [6, 26]
yields large ensembles of planar curves. Figure 1 illustrates
a segmented EBSD image of deformed ice generated using
MTEX [5, 6, 27], alongside an individual ‘grain boundary’
extracted from the ensemble.

Beyond EBSD, our interpretations are extensible to any
imaging combined with subsequent segmentation informing
a large ensemble of planar curves. Additional examples of
alternative image modalities are shown in Fig. 2.

1.1 Problem Statement

Given two images: are the curves in one image, up to
Euclidean motions, the same or different from that of
another and, if they are different, are differences due to
linear deformations (anisotropic scale variations) or
nonlinear deformations (undulations)?

In this work, we present an approach to answer the pro-
posed question as a binary response augmented by explana-
tion through separability and formal extensions to existing
work [33, 34]. Unlike standard artificial intelligence (AI)
models—which rely on subjective hand-labeled training and
often utilize opaque ‘learned features’ within an ambiguous
‘latent space’—our framework prioritizes quantifiable expla-
nations. This avoids the common pitfalls of Al-generated
responses, which, while often articulate, are prone to fabri-
cation or hallucination.

To formally answer the proposed question in an unsuper-
vised manner, we define a binary mapping H : (&, & —
{0, 1}, where &, & are ensembles of feature-encoding ran-
dom tensors. In our case, O rejects the null hypothesis of
equality and 1 is a failure to reject (FTR). Separability of
the ensemble representations facilitates a decomposition as
H(E, f)::H(g,, @) AN H(P, 7’5). Thus, separate marginal
outcomes can be combined to logically explain the aggre-
gate. Stochastic features constituting ensembles make the
associated decisions and explanations prone to error, but the
compositional framework remains logical by definition.

Here H is a distribution-level binary classifier over pairs
of ensembles, not an instance-level label predictor. An
instance-level predictor can nonetheless be built from H via
context-driven classification: Fixing one argument of H (-, -)
to a curated ‘trusted’ ensemble implicitly assigns it a label,
so sweeping the other argument over discovered ensembles
labels each as same kind as context or not. Fixing the trusted
ensemble to curves extracted from healthy histopathology
tissue, for instance, yields a healthy vs. not healthy decision
on each query image—a seemingly binary oversimplifica-
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tion that is nonetheless exactly the diagnostic question that
matters in screening. Determining what a discovered ensem-
ble globally represents would require enumerating pairwise
comparisons against a full database of trusted references
which may be intractable. However, in several cases, we sim-
ply need to know whether a discovered ensemble matches a
specific trusted context, and H delivers exactly that decision
with quantifiable statistical guarantees.

Additionally, the proposed paradigm is focused toward
the comparison of ensemble features between paired sets
of images. However, it is just as reasonable to: i) consider
partitioning ensemble features within a single image or ii)
clustering features over our novel metric space. Both the
‘within’ statistics and clustering concepts are interesting and
should be studied further. However, in this work, we dedi-
cate our focus toward the problem at hand: comparing pairs
of ensembles informed by two (or more) images.

‘Difference’ here is stochastic and invariant to Euclidean
motions—the set of all distance-preserving rotations
/reflections/translations (isometries). Randomness arises
from aleatoric uncertainty in the imaged objects (Fig. 1) and
epistemic uncertainty in segmentation hyperparameters, so
decision-making must be stochastic. A naive deterministic
approach—e.g., comparing pointwise pixel differences—
rejects almost surely absent a perfect registration and there-
fore carries no information about distributional difference.

A complementary naive approach is to summarize each
shape by a handful of intuitive scalars—principal lengths,
area, perimeter, sphericity, and so on [25, 28-30]. These
are useful for a stochastic problem but amount to a ‘lossy’
projection of shape: Distinct geometries can share identical
hand-picked summaries, so meaningful difference can col-
lapse in unexpected ways. Despite this, commercial materials
quality standards [31] are still written around such features,
and we expect the shape representations developed below
to inform improvements to those standards while extending
well beyond materials science.

Quantifying these random differences is based on (maxi-
mum mean) discrepancy [32] over separately approximated
distributions of representative shape features. Procedurally:

1) Decompose shapes into separate distinguishing features
<« separable shape tensors
ii) Discretize and ‘learn’ separate feature distributions from
images <— manifold learning
iii) Test for statistically significant discrepancies between
images over separate feature distributions <— maximum
mean discrepancy

In practice, this corresponds to statistically comparing thou-
sands or more shapes between two ensembles informed by
two images [32].
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Fig.1 An example ensemble of
thousands of grain boundaries
from an EBSD image of ice [5,
6] (left) and an example
segmented grain boundary
(right) with arc-length
reparametrization landmarks
(blue circles) generated by an
interpolating curve (red). Data
are available online [5]. The
micron bar in the lower-left
corner of the EBSD grain
boundaries image reads 500
micrometers
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Fig. 2 (left) A scanning electron microscopy of a lithium-ion battery cross section, (middle) Lagrangian coherent structures in the lower-left
quadrant of a cyclone modeled by large eddy simulation, (right) a ‘superpixel’ segmentation of canine named Penni

Shape is only one important piece of the quite literal puz-
zles in Figs. 1-2. However, we ignore the role of textures
intrinsic to the tiling—i.e., the spatial arrangement of the
shapes. Instead, we treat the ensemble of shapes as indepen-
dent realizations from some generating distribution which,
at present, ignores their translations. Related efforts are
focused toward unifying both the topology of the spatial tiling
and features of shapes in image.

1.2 Contributions & Outline

The manuscript follows the decompose +— discretize — test
arc introduced above: Sect.2 together with Sects.3.1-3.2
develops the SST decomposition; Sects.3.3-3.4 treat reg-
istration and manifold learning; Sect.3.5 and Sect.4 carry
out the tests. Each contribution below is labeled [prior art]
if inherited from [34] or [new] otherwise and points at the
section that develops the concept.

e [prior art] [34] Shape polar standardization (3) over
Gr(d,n) x Si . (Sect. 1.4; supplementary derivations in
Appendix A).

e [prior art] [34, 39-41, 71] Separable tangent PCA
algorithms for intrinsic means and principal geodesic
directions on Gr(d, n) and Si . (reviewed in Sect. 3.4).

e [new, Section 2] Interpretation of the composite lin-
ear operator as a Hilbert-Schmidt integral operator on
C4NHg, with PRRTTinvariance and eigenfunctions given
as scaled evaluation functionals of an R¢-valued RKHS
(Definitions 1, 2; Lemmas 1, 2, 3; Theorem 1).

e [new, Sections 3.1-3.2] Square root quadrature decom-
position (SRQD) as a Nystrom-weighted polar decom-
position of landmark configurations (Fig.4).

e [new, Section 3.3] Cyclic Procrustes registration against
a random asymmetric archetype (Theorem 2).

e [new, Section 3.5] Formulation of two-sample testing as
the binary mapping H : (&, g) > {0, 1} with De Morgan
aggregation of marginal MMD tests (Table 1).

e [new, Section 4] Decision landscape diagnostic, an
EBSD grain boundary study illustrating all four logical
conjunctions of Table 1 and a lithium-ion battery SEM
study addressing the ‘goldilocks problem’ of smoothing
segmented boundaries without obscuring distinguishing
features.

Our primary theoretical contribution is the third bullet:
relating the SST configuration space over finite-dimensional
matrix manifolds to a functional analysis over an infinite-
dimensional RKHS. This generalizes classical configuration-
space work of Kendall et al. [21]—which has no demon-
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strated connection to an infinite-dimensional space of curves
—and permits flexible kernel choice [33] to control regular-
ity. Relative to varifold and Sobolev metric approaches [15—
19] that return a single scalar distance, and to Al-based anal-
ysis that requires hand-labeled data mapped to opaque latent
features, the separable RKHS construction isolates undula-
tion from anisotropic scale and supplies logical explanations
via Truth Table 1.

A primary practical contribution is computational effi-
ciency: Registration reduces to finite SVDs collocated at
quadrature nodes and cyclic permutations against a single
asymmetric archetype (Theorem 2), rather than optimiza-
tion over diffeomorphisms as in elastic and Sobolev metric
frameworks [12, 17, 18]. Thousands of curves can there-
fore be decomposed and tested in seconds on a conventional
machine, making tractable the parameter sweeps of Sect. 4—
including the sub-visual smoothing-induced discrepancies in
Fig. 18 and the ‘goldilocks’ segmentation analysis of Fig. 15.
To our knowledge, comparisons over such scales and sweeps
have not previously been demonstrated for curve ensembles.

1.3 Notation

In general, bold fonts distinguish vector-valued objects from
capitalized fonts which represent matrix-valued objects. We
reuse common conventions for the following spaces of matri-
ces:

e GL(d,R) is the space of d-by-d full rank matrices
with real entries while GL(d, R) is the subgroup of
GL(d, R) with positive determinant.

e St(d, n) is the Stiefel, the space of n x d matrices with
orthonormal columns while R:Xd is the corresponding
non-compact Stiefel of full rank (d) matrices.

e Gr(d,n) is the Grassmannian, the space of d-
dimensional subspaces of R”".

e O(d) is the space of d-by-d orthogonal matrices while
SO(d) is the subgroup of O(d) with determinant equal
to one.

° Si . is the cone of d-by-d symmetric positive definite
matrices.

Quotient topologies are written A/B (‘dividing out’ the
action of B), and square brackets [-] denote the induced
equivalence classes (e.g. [c] € A/B). Elsewhere, we define
new notation explicitly and use “:=’ to indicate identifica-
tion by definition. Angle brackets (-, -) denote bilinear inner
products; the scalar dot product is written equivalently as
a' b = a-b; vectors are always tall. One conflict arises with
a redundant use of «. The bold notation « is a vector of con-
stant coefficients while o defines the significance level of the
hypothesis tests.
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1.4 Review

Related work [10, 21, 34, 35] defines finite representa-
tions of curve data as configuration spaces. Following the
development of SST [34] for aerodynamic shape representa-
tions [36], welet X = (x1,...,x,) ! ben unique landmarks
drawn from a curve ¢ : Z C R — R? via

xi=c(s), i=1,....n, (1)

with X € RQX”Z full rank to exclude degenerate points/lines
[34, 37]. Appendix A offers a more extensive review.

The central object is the thin SVD of the centered land-
marks,

T SVD
yIoo=

(X — B(X) UzvrT, )

with B(X) = (1/n)1, ,X. The polar standardization [34]
yields X = XP with X:=VUT and P:=USU"T ¢
Sde. Identifying SiJr = GL+(d,R)/SO(d) via [39] and
Gr(d,n) = RZXd/GL(d, R) via [37], the equivalence class
[35 1 € Gr(d, n) captures nonlinear undulation while P €
Si . captures generalized anisotropic scale, independent of
rotations and reflections. The pair ([)N( ], P) € Gr(d,n) x
§4 . parametrizes the SST

X(t, 8) = X()P (L), 3)

witht € R” (1 < r < d(n —d)) and £ € R3 learned by sep-
arate tangent PCA [34, 40, 41] over the aggregate ensemble.

A key distinction from classical configuration space anal-
yses [10, 12, 21] is the generalized notion of scale. Classical
treatments model scale as a scalar dilation, whereas an
SST takes the full cone Si . of anisotropic deformations,
so the product Gr(d, n) x S_‘f_ . separates undulation from
anisotropic scale—a separation essential to the hypothesis
tests of Sect.3.5.

An important caveat of this finite representation is that
shapes are not precluded from generating self-intersections—
i.e., discrete shapes are generally identified with immersions.
Moreover, the existing analysis is predicated on hand-
picked discretizations of interpolating curves, called fixed
reparametrizations [34], and lacks a formal interpretation
of the entries of X—other than achieving desirable aerody-
namic parametrizations and subsequent meshing. This begs
the question of how to relate the finite representation of (3)
to an (infinite dimensional) analysis of continuous curves to
offer improved discretizations and continuous extensions as
immersions.
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1.5 Preshapes as Boundary Curves

As before, preshapes are defined as open or closed curves ¢ :

7 — RY assumed to be immersions and/or embeddings [11,
12, 22, 33, 42, 43]—e.g., for d = 2, ¢ in our application
is a planar immersion over Z as the unit circle or equiv-
alent compact, connected 1-manifold denoted Imm(Z, R).
Applications are benefited by representations of curves over
regularized spaces which control noisy measurement oscilla-
tions, e.g., those with increasing Lipschitz constant of curves
Ca(Ay) € Cqg(Ay41) suchthat 0 < A, < Apy1 < 00 where

Ca(rp):=lc € Inm(Z,RY) : fle(u) — e(s)]| < Arlu — s]}4)

for all u,s € Z, to explicitly control nonlinear undula-
tions. Notice, for boundedness it is sufficient to assume
the individual components of curve ¢ = (c1,c¢2,...,¢q)
are Lipschitz, such that |¢;(u) — c;(s)| < A;,|lu — s| with
Ar < ”()"l,r, )\Z,ry BRI )\d,r)T” < 00.

We will generally refer to these curves as integrable curves
for some dp, such that [ cdpu < oo and [ [|¢] dpu < oo
where ¢ represents the d component-wise derivative over Z C
R, with respect to some curve parameter. In other words,
by Rademacher’s theorem [44], we argue ¢ € C4(A,) with
derivative ¢ almost everywhere admits integrable speed, ||¢||,
over bounded 7.

1.5.1 Arc-length reparametrization

Conflating the assumed differentiability almost everywhere
over a bounded domain Z to weakly differentiable (abso-
lutely) continuous curves is a convenience for reviewing
arc-length reparametrizations as arc-length measures. The
core developments in this work only require integrable curves
over a bounded domain with the arc-length measure, which
is sufficient to assume they are at least Lipschitz continuous
per (4) but does not necessitate that curves be more regular—
similar to arguments in [12, 45].
More precisely, the arc-length function,

t
O /0 le@s)lId(s), Q)

can be expressed according to uniform measure du(s) =
p(s)ds,

1, sel
= 6
p(s) {O,S¢I, (6)

where, arbitrarily assuming unit length curves, Z:=[0, 1].
Via variable substitution, # = y(s) given any nonnegative
y + Z — 7 such that y(0) = 0 and y > 0O implies ds =

y~1(s)du. Thus, by assigning ' :=y (1),

! y (@) .
E o)) = fo e o y)(s)lds
t/
=f0 Iy )y~ (s)du

!

t
_ f e ldu
0

=& 1("). 7

Therefore, 5’1 is invariant to reparametrization—the range
of £~! is unmodified by the composition with y—by arbi-
trarily renaming ¢’ as t.

Notably, we may reinterpret changes in the scale of veloc-
ity, |y ()|, (speed) as an integral measure, d i (s):=|y (s)|ds.
Thus, the scale of the speed we traverse the curve can instead
be identified with an integral (pushforward) measure along
the curve, i.e., for ¢ = ¢ o y we have

t .
() = /0 1é(s)lds
t
- /0 le@) Iy (s)lds
t
_ /0 le(s)ldp(s). ®)

Here, y is any diffeomorphism constituting a
reparametrization. As a simple identification, we take
du(s):=p(s)ds/||é(s)]|l for p(s) uniform so that E ! () = .
Thus dw(s) becomes a natural choice of fixed integral mea-
sure which utilizes a uniformly weighted (weak) arc-length
reparametrization as our integral measure. Moreover, by
composition with differentiation and the norm, the arc-length
measure is invariant to Euclidean actions on c¢. Other applica-
tions may be interested in an alternative weighting (density)
p, which integrates to one, to collect points near hand-picked
landmarks of interest [2, 34].

Alternative treatments may also identify any diffeomor-
phism y, up to scale, with the cumulative distribution
function and corresponding nonnegative probability density,
p « y(s). Moreover, this identification could be extended to
the Fourier dual (characteristic function) of y. These identi-
fications are reminiscent of the varifolds [15, 16, 43, 46] and
applications of Sobolev metrics [17] and Fisher—Rao met-
rics in functional data analysis [9, 10] as a promising flexible
treatment of reparametrizations.

Sobolev-type metrics are standard for controlling reg-
ularity and avoiding vanishing distances over (manifold)
topologies of preshapes and shapes [22, 33, 47], but C4(A,)
with the 2-norm and weak differentiability suffices here
because the subsequent analysis projects onto finite matrix
manifolds on which distances do not vanish [22]. Although
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the space is naturally parametrized by the Lipschitz bound-
ing constant, we do not pursue that formalism in this work
and refer simply to C; with an unknown finite bound; we
nonetheless observe empirically in Sect. 3.4 that the learned
submanifold dimensionality » respects the nesting Cy(X,) <
Ca(ry1).

2 Curve FIE

To formalize the reviewed landmark standardization of SSTs,
we study a second kind homogeneous Fredholm integral
equation (FIE). The SVD (2) of SSTs is equivalently written
as the symmetric counterpart as the (thin) scaled eigende-
composition,

Lx — ooy — BoxyT S
n

vsavT. )
Note, the ‘thin SVD’ and assumed linear independence
of component functions implies X, is d-by-d, 23 =
diag(alz,...,oj) with (712 > 022 > .0 > 05 > 0. A col-
umn partition V = (vy, v2, ..., Vg) defines V as an element
of the Stiefel manifold, VTV = I, such that Vii = (vi);j
is the i-th (row) entry of the j-th (column) sequence—i.e.,
i=1,...,nand j = 1,...,d. Equivalently, recalling in (1)
that rows of the matrix are curve evaluations, the weighted
eigendecomposition can be expressed as

S wir(sp) - T W) = 02 (v,);. (10)

i=1

In (10), w; = 1/n are constant (over i) weights in the sum,
and T : T — R represents a fixed reparametrization of a
‘translated’ parametric curve generating data in the rows of
X — B(X),ie., X — B(X) ~ (t(s1),....t(sp)".

This alludes to an interpretation that specific landmark
standardizations [34, 35] act as simple Riemann sums for
integrable curves. Generally, any constant-weight quadra-
ture rule over a fixed reparametrization according to arbitrary
integral measure du(s) can be described as a weighted
version of (2) with an appropriate sequence of nodes (s;)
mapping to (x;). Thus, (10) is interpreted as a quadrature
(numerical integration) for any integrable curve.

With this continuous extension in mind, for any integrable
curve ¢ € Cy4 over integral measure du, define

Tlel(s)=c(s) — /IC(u)dM(u) (11)

for all s € Z, and notice 7 [¢ + b](-) = T [c](-) for arbitrary
b € R? which does not depend on the integral parameter. We
refer to 7:=7[c] as the translated and/or centered curve.

@ Springer

Definition 1 (Composite Linear Operator (CLO)) For ¢ €
Cg4, the composite linear operator k1[c] : T x T — R is
defined by

krlel(s, u):=Tlcl(s) - Tlel(u), (12)
or equivalently,
krlel(s, u) = [ITTel() T Telw) ] cos (6), (13)

where 6 is the angle between pairs of translated landmarks
7(s) and 7 ().

Finally, the continuous analog of the weighted eigendecom-
position (10) motivates an approximation of the form,

/I krlel(s. uyv; () dp(u) = 02v;(s), (14)

alternatively denoted (k7 [c](s;, ), v;) = ajzv j(s;) in the
context of the canonical L2(Z, i) inner product.

Lemma1l Let ¢ € Cy. Then krl[c] is symmetric, i.e.,
krlcl(s,u) = kr[c]l(u,s) forall s,u € T.

Proof By definition of the scalar dot product, k7[c](s, u) =
Tlel(s) - Tlel(u) = Tlel(u) - Tlel(s) = krlel(u,s). O

Lemma2 Letv € L*(Z, u) and ¢ € Cg. Define the operator
Krlel by

(Krv)lel():= /Z (Tlel- TleD (-, wvu) du(u). 15)

Then K7(c] is a Hilbert—Schmidt (HS) integral operator.

Proof Assuming an integrable curve implies boundedness of
T1c] in (13) and thus

/ k7 lel(s, w)|Pdu(s)duu) < oco. (16)
IxT

The remainder is simply an application of Theorem 2.1
of [48]. In short, Theorem 2.1 in [48] states K7 [c] is a
Hilbert—Schmidt operator and every Hilbert—Schmidt opera-
tor on L2(Z, ) is of the form (15) for some unique k7 [c] :
(s, u) — kglel(s,u)in L2(Z x T, i X ). o

Consequently, by Mercer’s theorem [48], we have general
L?(Z, 1) eigensolutions of the HS integral operator con-
stituting solutions of (14). Thus, with Lipschitz continuity
sufficient for weak arc-length integrability, v; is the j-th
eigenfunction satisfying the homogeneous FIE of the sec-
ond kind [48] for this specific choice of curve-dependent
operator.

Notice that composition in 7 offers translation invariance
of the CLO. In fact, the CLO is invariant to a larger class of
transformations on the curve:
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Definition 2 (PRRTI condition) We say an operator on Cyq
is permutation, rotation, reflection, and translation invariant
(PRRTI) if forany ¢ € C4, R € O(d),and b € R4 indepen-
dent of the curve parameter, the operator is unchanged under
¢c+— Rc+b.

Lemma3 Let ¢ € Cq. Then the CLO kr|c] is PRRTI

Proof Given 7 [c + b] = 7T [c] for arbitrary b € R4 inde-
pendent of the curve parameter. Additionally, for arbitrary
R € O(d) independent of the curve parameter,

kr[Rc +b] = (RT[c + b)) - (RT [c + b))
= (RTlc]) - (RT[c))

= Tle]- (RTRT[C])
=T[c] - Tlc]
= k7lcl (17)

O

Thus, the CLO and the associated integral operation with
Euclidean invariance of the arc-length measure fall into the
class of PRRTI operators (Definition 2), also referred to
as TRI kernels [33]. Lemma 3 implies the angle between
pairs of landmarks, 6, is preserved under Euclidean trans-
forms according to (13)—i.e., angles between landmarks are
unchanged by distance-preserving transformations (isome-
tries). Thus, we can interpret the FIE with the HS integral
operator (15) as a separation of general linear (scale) defor-
mations and Euclidean invariant angles between discrete
pairs of landmarks (undulations).

2.1 Eigensolutions

Given that our assumed space of preshapes Cy is not a Hilbert
space, we propose a restriction ¢ € Cy N Hy where Hy is
a unique R7-valued Hilbert space of curves defined by a
bounded reproducing kernel. We elaborate on a generalized
dual formulation of (14) and the geometric nature of the
sought separability described in [34] to establish a framework
for continuous extensions with flexible regularity implied by
a chosen kernel.

The preliminaries and developments aggregated in [49,
50] are a particularly helpful motivation. The restriction
¢ € C4N'Hy may trivially simplify, C; N'Hy = Hg, based on
the choice of H,; implied by an appropriate (matrix-valued)
reproducing kernel [51]. In other words, redefining C;:=Hy4
with bounded kernel is sufficient to satisfy Lipschitz con-
tinuity [49, 50] while strengthening regularity. Ultimately,
given ambiguity about the ‘true’ regularity of curves gener-
ating boundary landmarks as data, proposing C;N'Hy alludes
to nuances regarding a flexible choice of bounded kernel

uniquely defining the restriction. In this case, Hy can be
designed to consider the most appropriate restriction for a
variety of applications.

Utilizing the RKHS definition of [33], the following result
establishes a novel interpretation of the eigensolutions to (21)
and has a profound implication on both the selection of
landmarks—that may otherwise be hand-picked [21]—as
well as the overall complexity of computing SSTs:

Definition 3 (Evaluation functionals of RKHS, [33]) Assume
(Ha, (-, -)n,) 1s a Hilbert space of R?-valued functions
defined over Z, H, is a Reproducing Kernel Hilbert Space
(RKHY) if evaluation functionals,

vVi:Hsg—> R 1= a-1(s),

are linear and continuous over Hy and in & € R? for all
seZ,ie.,veE H;‘l is a dual representation of the curve.

Theorem 1 Let ¢ € Cy N 'Hy. Then the eigenfunctions of the
CLO k7[c] are PRRTI orthonormal evaluation functionals
of Ca N 'Hg.

Proof Substituting the definition of the CLO into the gener-
alized FIE,

o7vj(s) = (krlel(s, ), vj)ae;
=(t(s) - 7(), )0

=( > ®T() )

= Z T ($)(T)jr, vj) e (18)

j'=1,...d

Thus, solving for the eigenfunctions as the (scaled) evalua-
tion functionals implies

1
vi(s) = G—zaj-r(s) (19)
J

where a?::((rl, UJ>H,*,’ ooy {14, Uj)Hj;)- In other words,
the j-th eigenfunctions are a linear combination of the com-
ponent functions of the curve for non-trivial a; # 0.
Substituting the solution (19) for v; (s) back into the defi-
nition of och = (aj1, )2, ..., ajq) reveals an algebraic dual

of eigensolutions as paired eigenvalues and eigenfunctions:

(T1, 0 - T)px
1 .
G
(ta o) - T)py

(T Dot d X T

.....

1
o2 :
P\ X a T
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. 2=t alTl T e
= sz :
2 j=t,.,aTds T
| (T, T - (T Ta)
=2 : : o)
P\ (vt - (s T
1
=U—2(T ® T)pet . (20)
J

We have defined (T ® ‘t)HZ as the component-wise integra-
tion of the outer product of centered component functions.
Rearranging this expression implies the eigenproblem,

((r®‘r)Hj§—Gj2]Id)aj:0, i=1,....d. Q1)

Here, (1 ® T>H§3=<T[C] ® T[CDH;} € Si+ is symmetric
positive definite (full rank) by symmetry of the inner product
(- '>HZ and the assumed linearly independent component
functions, t; for j =1,...,d.

Next, note that (t ® t)H:l admits strictly positive real
eigendecomposition(r®r)Hz = AZ%AT = (AT (Z4AT)
where A € O(d). That is, columns of A = (a1, a0, ...,
ay) satisfy a; - ajr = §;;» where §;;/ is Kronecker’s delta
function. Thus, EdATocj = ojej, with e; the j-th column
of the identity, implies

.
Wj, vy = 550 (TR T)zay
J7J

/

1
= T‘Z(EdATotj) (ZqA )
7T

1
= —5—(0jej)-(ojej)
i%
Ls
gjoy

(22)

Normalizing the eigenfunctions to be orthonormal such that
[V}117¢, = 1 results in

~ 1
5 @imy0) [ flog v = w0

(23)

m}

An important interpretation is established by virtue of
Theorem. 1: Solutions of (21) define dual (orthonormal)
evaluation functionals (23) of (centered) R -valued curves.
Thus, following the presentation of [33], we can natu-
rally construct a (unique) R¢-valued RKHS as an infinite-
dimensional extension constituting a space of undulations.
This establishes a direct correspondence for exploring

@ Springer

improved shape metrics and alternative deformations, such
as curl-free and divergence-free deformations, to further
improve finite—yet computationally efficient—SST mani-
fold learning detailed in [34]. Thus, we may equivalently
refer to undulations as scale-invariant PRRTI features of an
RKHS.

Given many ¢, as approximations or interpolations of
segmented points with distinct cardinality, we can rapidly
compute eigensolutions of (21) to define the correspond-
ing orthonormal eigenfunctions (23) as continuous duals.
Numerically, the interpretation of Theorem. 1 motivates
discrete approximations benefited by higher order quadra-
tures of (7 ® r)H; compared to that of a Riemann sum in
the original presentation of SST [34]—i.e., highly accurate
approximations without closed form solutions. This offers
an improved criteria for the selection of various preshape
discretizations for configuration spaces. Specifically, we can
maintain row-wise evaluations stored in X as collocations
at quadrature nodes which only depend on a choice of fixed
du for all curves—i.e., equivariant to reparametrization and
independent of any given c.

In other cases, it may be possible to motivate closed
form solutions to (21)—e.g., T given as a specific spline/
polynomial. However, we assume a high-order numerical
quadrature rule will be required to compute eigenfunctions
out of convenience and flexibility when experimenting with a
variety of approximations and interpolations of data. There-
fore, we desire numerical methods to compute quadrature
weights and nodes typically with respect to parametric forms
of d v utilizing p as some nonnegative scalar-valued function
integrating to one. One possibility is employing a recursive
implementation by Lanczos-Stieltjes [52-54] to determine
nodes and weights for arbitrary p : 7 — R integrating to
one. Lanczos—Stieltjes methods potentially enable the explo-
ration of more sophisticated reparametrizations but, in this
setting, we continue to assume o is uniform.

2.1.1 Smooth Approximations

Alternatively, provided additional regularity of the curves
is reasonable or useful for an application, given the d-tuple
of orthonormal components V;, we can approximate dual
representations arbitrarily well utilizing interpolation with
orthogonal polynomials [55-57],

O(s:0,0) = V(s:;0)P(L). (24)

In this case, the infinite-dimensional analog of (3) is a
dual representation over coefficients 6 defining the co-by-d
quasi-matrix V= @, ..., Ug) with ‘columns’ represented
by expansions over orthogonal Legendre polynomials—
assuming uniform speed reparametrization and uniform p.
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2t 1
4 -2 0 2 4
Reparameterized coordinate, s € [—m, 7]

Fig.3 (top) Piecewise linear polygonal shapes with identical general-
ized scales and increasing number of faces from triangle to octagon.
(bottom) Corresponding orthonormal eigenfunctions. Solid lines cor-
respond to j = 1 while dashed lines are j = 2 and colors match
the corresponding shape above. The eigenfunctions are distinct, and
thus, each polygon is distinct but appears to naturally converge to the
eigenfunctions of the circle (black curve/functions) with an increasing
number of faces

The open-source software package chebfun is useful for con-
structing such approximations [58].

When more regular curve representations are hypothe-
sized, convenient, and beneficial—e.g., the reconstruction of
reduced dimensional shapes depicted in Fig. 9—we reference
Weierstrass approximation theorem to argue that polynomial
representations are still dense in Cy4, a subset of absolutely
continuous curves, over compact domains [57]. Therefore,
with finite measurement precision in any imaging modality,
we can get arbitrarily close (under measurement precision)
with quasi-matrices [34, 55, 56].

In short, the interpretation of Theorem. 1 motivates dis-
cretizations by n curve evaluations at quadrature nodes
instead of an arbitrary sequence. These discretizations are
finite representations of: i) dual evaluation functionals, i.e.,
scale-invariant PRRTT features, in a unique matrix-valued
RKHS [33], and/or ii) arbitrarily good quasi-matrix approx-
imations built from orthogonal polynomials [55, 56].

2.2 Geometric Interpretation

Let’s explore some simple examples computing (21) by
hand and demonstrate the nature of these PRRTI features.
Parametrizing a circle with d = 2, ¢(s):=(cos(2ms),
sin(2ms)) T for Z:=[0, 1]. In this case, the standardization
achieved by computing v; should simply scale the orig-
inal component functions to have norm one. We obtain
eigenvalues 012 = 022 = 1/2 indicating that component
functions covary equally and normalized eigenfunctions
1 (s) = £+/2 cos(27s) and Tr(s) = ++/2 sin(27s) accord-
ing to ; = +e;. Clearly, V|, = 1 for j = 1,2 and
(v,-, vj)HZ = 5,']'.

Next, consider a simple linear scaling of the circle into an
ellipse such that

a0 cos(2ms)
cls):= [0 b} <sin(27rs) ) ' (25)
Transforming to orthonormal eigenfunctions gives the same
result as the circle, 71(s) = £+/2cos(27s) and Da(s) =
++/2sin(27s). However, the component functions covary
differently and the eigenvalues are subsequently scaled as
612 = 4?/2 and 022 = b?/2. With identical eigenfunctions,
we conclude that a circle equally undulates as an ellipse and

their distinction is due, entirely, to linear scale variations.
Lastly, if we now arbitrarily rotate the ellipse,

| cos(8) —sin(0) acos(2ms)
c(s)'_[sin(e) cos(6) ](bsin(Zns))’ (26)

we obtain phase shifted eigenfunctions, 7 (s) = 2+/2cos
27s + 0) and Ta(s) = ++/2sin(27s + ), but (up to
shifted reparametrization) our conclusion persists—all three
of these curves are equally undulating with the only distinc-
tion being linear scale variations according to 012 = a?/2
and 022 = b?/2. In contrast, examples of piecewise lin-
ear polygons with increasing face counts admitting distinct
undulations but identical anisotropic scales are shown in
Fig. 3.

Notice that area, perimeter, and unsigned scalar curvature
of the ellipse are distinct from the circle. Hence, function-
als of hand-picked features alone may indicate distinctions
between each of these equally undulating curves, but their
distinction, up to phase shift, is due entirely to scale param-
eters a and b—which may or may not be well-defined by a
subset of hand-picked features. In our case, a Hilbert space of
bounded shift invariant kernels (convolutions or mollifiers)
will eliminate the possibility of distinguishing between phase
shifted eigenfunctions.

These examples are intended to motivate that the eigen-
problem (21) is a principal components analysis (PCA) or
eigendecomposition of the second central moments (varia-
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tion) of the continuous curve, (7 [¢] ® T[]}y = AZ2AT.
However, the eigenfunctions of the corresponding integral
kernel offer a definition of undulation as dual evaluation
functionals of the curve which are ‘factored’ by linear scale
variations informed by simple PCA.

Based on these conclusions, orthonormal (standardized)
parametric forms satisfying [|v||3, = 1 represented by dual
evaluation functionals with (bounded) periodic shift invari-
ant kernel equivalently constitute expansions of undulation.
We may refer to such an expansion as a Mercer series of
undulation over the construction of a dual space of PRRTI
features to approximate the tuple of shape eigenfunctions,
V:=(,..., V)", with any desired regularity.

3 PRRTI Numerics

Having formalized the SST decomposition and its RKHS
interpretation in Sect.2, we now turn to the numerical
machinery that instantiates it and progressively moves from
the decompose stage into discretize and on to fest. The devel-
opments below assume an upstream image segmentation step
as preprocessing has produced sets of ordered landmarks or
integrable curves; we do not assume nor prescribe segmenta-
tion types, and related registration/alignment literature [10,
59-61] is complementary.

3.1 Nystrom’s Method for Curves

With explicit knowledge of the curve’s construction, we may
be able to compute eigenfunctions exactly. However, absent
explicit definitions of curves and for convenience in exploring
a variety of sufficiently smooth (regular) interpolations and
approximations, we elaborate on a spectral method as a re-
weighting of the SVD (2) for approximating eigenfunctions.

The development draws heavily from [62] and Section
12.1.5 of [48]. Essentially, we want the SVD of a symmetric
positive definite matrix K € R"*" e.g., K;;» = k7[c](s;, si7)
and Lemma 1, akin to the eigendecomposition (10) as the
symmetric counterpart of (2),

SVD
K =

veavT. (27)
In [48, 62], it is noted that the columns of VZJ1 form a
more stable basis for computation than those of the matrix
K. This is especially important when the matrix K is fixed
by some given data. The main contribution of [62] was to
note that a weighted SVD could be computed by viewing the
above SVD as a discretization of the HS integral eigenvalue
problem. We can reinterpret this work to our ends. That is,
rather than a more computationally stable basis for the native
space of the kernel, we seek a more accurate approximation
of the eigenfunctions than those originally proposed for SST.

@ Springer

The result is simultaneous approximation and collocation (at
quadrature nodes) of eigenfunctions as PRRTI features of
curve.

As a matrix factorization of K, utilizing the weighted
SVD,
kK S wolrysiv w12, (28)
Thus, VE2V" is the SVD of W!/2KW!/? instead of K.
Here, W is the diagonal matrix of positive weights that arise
from the discretization of (C7v)[c] using the quadrature rule,
e.g.,

/I T(S)dp(s) # Y witlsi), (29)
i=l1

such that weights and nodes are determined by the fixed,
weighted arc-length integral measure, du(s). To work out
the appropriate weights for the specific case of uniformly
weighted arc-length measures with variable speed, we make
a few key observations. Since the translated curve t(s) is
closed, the components of its parametrization are periodic.
Thus, when given a sufficiently regular curve and sampling a
uniform partition of Z over arc-length, the necessary deriva-
tives can be approximated to spectral accuracy using Fourier
differentiation [63].

Given periodic integrand, integration over the period, and
sampling on a uniform partition, the trapezoid rule will
exhibit spectral accuracy assuming sufficient regularity of the
curves. Thus, taking W:=Wx W, where the positive diago-
nal matrices W and W, contain the weights of the trapezoid
rule and the contribution of the (pushforward) measure u,
respectively. In particular, Wo = Aull, where Au repre-
sents the arc-length gauge of the resulting discretization of
the curve. For example, if we utilize a uniform partition with
n-subintervals of Z:=[—z, 7] to discretize then Au = 27 /n.
As a convention, we assume n subintervals for numerical
integration and omit the duplicate n 4+ 1 point which closes
the polygonal representation—i.e., x| = X, 41 is the closure
condition for our planar curves.

For example, computing weights of the pushforward
measure can be accomplished using periodic spectral dif-
ferentiation over a uniform grid,

—1/2

Wy = diag ((DuTy) © (DpTu) 1a) '~ (30)
where © is the Hadamard product and
T sp) T1(s1) -.. Ta(s1)
T1(s2) ... Ta(s2)
T :— — nxd
n- . . . . £
" (sn)

T1(Sp) - .. Ta(sy)
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Additionally, D,, is the n x n Fourier differentiation matrix

with entries, foralli,i’ =1,...,n,
0, i=i

(Dn)iir = l(_l)i+i/ cot (55 i il 31
2 2

where n is even, s; = i Au, and 141 is the column vector of
all ones with length d [63]. Making this choice results in the
standard eigenvalue problem,

D wik(x(si), T(s))v(si) = T v(s) (32)

i=1

with linear kernel k(T (s;/), T(s;)) = T(s;7) - T(s;), general-
izing the weighted extension posed in (10) and written in
matrix—vector format as K Wv = &2v where &> denotes the
eigenvalues of the discrete problem. Moreover, this problem
is not symmetric. Thus, we write

WIPRwl/y =5%% (33)

where the symmetric matrix W'/2 K W!/2 has the eigenvector
v = W'/2v, a weighted version of v.

3.2 Functional Approximation

Extending the discussion of Nystrom method for curves, we
develop numerical approximations of (19)-(21) by simplify-
ing to a d x d eigenproblem as opposed to the larger n x n
problem in (33).

From (12.15) in [48] and following the approach of Sect.
2.1 to obtain numerical approximations of (20) and (21), we
have the SVD basis from the Nystrom method written as

v () =k (5)WVE,? (34)
with

k' (s) = (K(s,51), -, K(s,50)

71(s1) T1(82) - -+ T1(8H)

=17'(s) o
Ta(s1) Ta(s2) -+ Ta(sn)
=7 ()T, .
The expression v (5):=1(s), ..., v4(s)) represents the

d-tuple of evaluation functionals (19), as a row vector,
approximated with a quadrature rule and collocated at s. Now,
asin Sect. 2.1, we will rewrite this expression without explicit
dependence on the eigenvectors, V € R” xd in the ri ght-hand
side. Importantly, without a closed form expression for the

curve, 7(s), (34) only returns eigenfunctions evaluated (i.e.,
collocated) at the quadrature nodes.

Note that K of (27) satisfies rank(K) = d by assumption
and, hence,

v () =k (s)WVZ,?
=1 ()T, W(vi/of.v2/03. -+ . va/og)  (35)

where v;, j = 1,...,d, are the column vectors of V' col-
located at quadrature nodes. Moreover, with a quadrature of
a as defined in the proof of Theorem. 1, & ;:=T," Wv;, and
substituting into (35) we obtain
v (5) =7 ()ai/of, ar/0F, aq/0y). (36)
Numerically, (36) is (19) in the context of the Nystrom
method and evaluates eigenfunctions given the translated
curve, T, and approximations of o ’s.

Letting A:=(aq, 02, -+ ,0q) € R*d and collocat-
ing (36) at quadrature nodes result in

v (s1)

: =T,AZ;?,
UT(Sn)

V =

again, with ¥, %:=diag(1/07, 1/07,...,1/02). Recalling
a;:=T, Wv; implies 7, WV = A and substituting our
collocation V = T,,AEd_z, in place of (20), we have
TnT W(T,lAEd_2) = A. Finally, rearranging reveals the antic-
ipated identification as a weighted eigendecomposition,

TwT, " Ax24T, (37)

specifically such that A € O(d). In short, orthonormal e,
1 < j < d as the columns of orthogonal A, are obtained
simultaneously using an appropriate scheme to compute the
weighted decomposition (37), instead of separately via (21),
and (36) may be subsequently employed to evaluate the
eigenfunctions at any point s, if needed.

Moreover, to obtain V with orthonormal columns for
numerical implementations [34], we can equivalently com-
pute the thin weighted SVD, or square root quadrature
decomposition, (SRQD)

BVATARLEY'S ST (38)

for all curves in the ensemble utilizing rapid rank-d decom-
position schemes. A visual add is given in Fig. 4.

The resulting right singular vectors V are the weighted
eigenvectors, V=wl 2y, of (33) in the Nystrom method.
Thus, fast rank-d SRQDs can efficiently map thousands of
preshapes to discrete PRRTI features. Equivalently, with A
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Fig.4 SRQD of a translated n

n d d n

(centered) curve where W is a

diagonal of quadrature weights

w;, T(s;) are centered d
landmarks evaluated at

quadrature nodes, and 9(s;) are

the d-tuples of evaluation TT
functionals at quadrature nodes "

error

10’ 10°
n

Fig.5 (top) An increasing number of landmarks collocated at quadra-
ture nodes over a Cassini oval. Dashed lines are a visual cue connecting
nodes in a particular order corresponding to 8, 16, and 32 landmarks
each. Replicated nodes, {T(s;)}n=8 C {T(si)}n=16 C {T(5i)}n=32, Over
the increasing total number of nodes have darker shading. (bottom)
Convergence plot over the same Cassini oval with increasing number
of quadrature nodes, n. Error is the maximum 2-norm difference in
component functions over the curve parameter taken between approxi-
mated PRRTI features and a reference solution with 8192 nodes. A black
dashed curve is shown with corresponding rate of ~ 6.5 to emphasize
the spectral nature of convergence
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VW

orthogonal, this fixed-order numerical integration constitutes
(T} — {(X, P)} as a weighted polar decomposition,

VWT, = VZ, AT
=V(ATATAT
= XP, (39

where X:=V AT are rotations and reflections of the eigen-
functions into a unique view and P:=AX AT are the
corresponding decomposed (separated) generalized scale
variations.

Thus, the SRQD acts as a mapping into separated pieces
of generalized (anisotropic) scale variations P € Si 4. and
representative orthonormal (preshape) undulations X of the
Stiefel manifold, i.e., XTX = I;. Consequently, Theorem. 1
motivates rapid and accurate weighted decompositions col-
located at n quadrature nodes, which depend exclusively on
the chosen integral measure, instead of increasing sequences
(s;)7_, from alternative reparametrizations or optimization
schemes to align pairs of curves. We saturate accuracy in the
approximations over all curves in the ensemble by taking n
large, e.g., n = 500, while only increasing the computational
expense linearly over increasing n given fixed d.

To validate our interpretation, we offer an example in
Fig.5. Given t as a Cassini oval, we utilize (37) to inform
approximations of (36) which are reevaluated at 10, 000 con-
sistent points over the curve parameter to study convergence
rates. Figure 5 emphasizes the spectral nature of convergence.
In practice, we utilize interpolations of data in composition
with high-order arc-length reparametrization approximations
to achieve unit speed and uniformly distributed landmarks—
i.e., trivializing W, oc I, (Fig. 7).

3.3 Cyclic Procrustes

In other applications, like aerodynamic design [34], ensem-
bles may be supplied with some fixed reparametrization
establishing a convention for the initial starting landmark
and orientation of curves. However, when an ensemble is the
result of an image segmentation, the data lack a consistent
starting landmark for registration/alignment. In other words,
the first row of the discretization, 7,, or X, is ambiguous



Journal of Mathematical Imaging and Vision (2026) 68:68

Page 13 of 31 68

for closed segmented curves from an image. Additionally, as
demonstrated in Sect. 2.2, undulation is unique up to phase
shift.

When we lack extrinsic alignment conventions to phase
shift collocations, we propose solutions to the following (dis-
crete) alignment problem for registering preshape data a
priori:

Theorem 2 (Separable Cyclic Procrustes) Given translated
discrete shapes X, Y € R;’Xd (full rank), N = {1, ...,n} C
N, p-cycles as powers of the permutation matrix

0L,_,1"
Cp) = [1 0#}

forall p € N, and L(p):=Y " C(p)X full rank, (ps, Ry) is
an optimal solution of

minimize ||C(p)X —YR|F
peN, ReO(d)

if, and only if,

P« = argmax || L(p)|1
peN

where L(ps) SYD U2, V*T such that R, = U*V*T.

Proof Maximization of our derived parametric problem
statement is equivalent to maximization of the form of
Umeyama’s Lagrangian—defined in the proof of the lemma
in [64] and denoted here as /. Rewritten absent the sign
convention for general R € O(d) and composition over p,
Umeyama’s Lagrangian is

Up) = IC(PXI% + IYRIF = 2IL(p)I
= IXI% + Y% = 21Lp)]1. (40)

Next, consider an equivalent problem stated with an extra-
neous constraint identifying parameter separability similar
to [65],

maximize L
i £

such that R = 7/ (L(p)).

However, distinct from [65], the bijection,
Ty ()= (V,2,'V,)),
SVD

is defined by the SVD, L(p) "= U,, VI;'—, suchthat 2, =

diag(wi(p), w2(p), ..., wa(p)) with w1(p) = w2(p) >
- > wq(p) > 0and Up, V, € O(d). Utilizing the def-
inition of 74, notice

(U (L)), L) F = LV, V. LN F )
= (UpQ,V, (V,Q2,'V,)), L(p))F
=(UpV,) . UpQpV,) )F
=tw(V,2,V,)
= ILp)lh

and
mu(L(p) = U,V . (+%)

Next, we argue the (extraneous) parametric constraint, R =
7y (L(p)) for any p, is best. By definition, 7r7,(L(p)) is best
if and only if (77, (L(p)), L(p))F > (R, L(p))F forall R #
m(L(p)) € O(d) and p € N. Equivalently, it is sufficient
to show

(R —my(L(p), L(P))F <0

for all R # 7y (L(p)) € O(d). Given (x),

(R —my(L(p)), L(p))F = (R, L(P))Fr—
(mu(L(p)), L(P))F
= (R, L(p)F — LD

Then, by the original argument of orthogonal Procrustes solu-
tion [66-68],

(R.L(p))F =t(RTU,Q,V,))
=w(V, R"U,Qp)
= (Qpa Qp)F

for some Q) = U;RVP € O(d) which satisfies (Q, Qp)F
< (Ia, 2p)r = lIL(p)Ilh with equality when Q, = Ig.
However, O, = Iy if and only if R = U, Vl;r and thus, by
(x%), R = m(L(p)). Hence, (R, L(p))r — L)1 <O
for all R # 71 (L(p)) € O(d). O

Theorem 2 aligns each segmented curve to a fixed
‘archetype’ Y collocated at the same quadrature nodes and
implicitly defines a consistent starting landmark (a ‘best’ dis-
crete phase shift) over the rows of X. Uniqueness requires
the archetype to be asymmetric!; in practice, a random draw
from the pooled ensemble suffices, and we normalize X and
Y tounitlength (dilating ¥ to match the scale of X) for numer-
ical stability. Figure 6 shows registration to within machine
precision under an arbitrary rotation and cyclic permutation,
and related continuous treatments [59] accelerate alignment

1" A “featureless’ circle produces a constant objective.
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Fig. 6 (left) An arbitrary cyclic permutation and rotation of a uniformly discrete grain shape with colors indicating row index, n = 500. (center)

An orthogonal Procrustes match. (right) A cyclic Procrustes match

Q 7 | | | il |
=7 0.2 0.4 0.6 0.8 1
p/n

Fig.7 Cyclic Procrustes matching at low (n = 50) and high (n = 250)
levels of uniform arc-length reparametrization. The fixed archetype is
shown with a black curve. The fill color of the matched shape corre-
sponds to the levels of refinement (n = 50 blue and n = 250 orange)
in the discrete objective function evaluations. The landmark colors cor-
respond to the registered indices of the shape against the archetype

via fast Fourier transforms. We note that cyclic Procrustes
itself induces a modified Procrustean metric [10] over dis-
crete shapes and could serve as a standalone discrepancy
measure on shape ensembles, independent of the SST and
MMD machinery developed in the remainder of this work.
A natural alternative is to align against a ‘central shape’
such as the Fréchet mean. However, the Fréchet mean is
coupled with alignment—alignment needs an archetype, the
mean needs aligned data—and the iterative scheme (align
> mean > repeat) may or may not converge for the dis-
crete cyclic permutation. Theorem 2 instead guarantees an
optimal alignment to any template, so the key requirement
is asymmetry, not Fréchet optimality. Figures 11—12 confirm
empirically that the random archetype registration is stable
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across n and, somewhat remarkably, that coordinate normal-
ization alone stabilizes decisions even under random cyclic
permutations (Fig. 8).

3.4 Ensemble Manifold Learning

With an ensemble of accurate, discrete, cyclically aligned,
preshape PRRTI features {X} and their corresponding gen-
eralized scales { P} now in hand, we pivot from constructing
these matrices to learning with thousands of them informed
by thousands of curves spanning the pair of images. Supple-
mental algorithmic details appear in Appendix A.

Naturally, to retain the sought properties of Lemma 3
(PRRTT features) and separation of generalized scale P €
Sjl_ . = GLid,R)/S O(d)~ in the representative pre-
shape Stiefel discretizations X, we must project approxi-
mated eigenfunctions onto the equivalence classes [X] €
R:Xd /G L (d, R) constituting the shape of undulations.

As described in [37], this quotient space is identified
with the Grassmannian, Gr(d, n) = R:Xd/GL(d, R). Note,
[V] = [)? ] but X serves as the representative preshape
paired with scale variations P in the polar decomposition.
With {(f , P)} as SRQD transformed data from a the aggre-
gate ensemble informed by both segmented images, we
leverage the tangent PCA? (tPCA) submanifold learning pro-
cedure [34, 40], separately, over underlying matrix manifolds
{[i]} C Gr(d,n) and {P} C Si+. This procedure, with
thousands of shapes, executes in seconds on a conventional
laptop.

For example, tangent PCA proceeds with an ensemble of
discrete matrix-valued PRRTI features {[)N( ]} first approxi-
mating the Fréchet mean over Gr(n, d), denoted [Vo]. With
the Fréchet mean establishing a local origin for a coordinate
frame, we apply PCA to the image of the inverse exponential

2 Note a correction of the misnomer. This analysis is more precisely
described as tangent PCA as opposed to previous descriptions as Prin-
cipal Geodesic Analysis (PGA).
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Fig.8 Various named spaces and essential transformations to map from
translated curves to normal coordinates over a section of the product
submanifold. Here, 7 represents a normal projection of the first fac-

at [\70] to determine normal coordinates, ¢ € R’, over an
r-dimensional subspace, | <r < d(n —d). The span of this
subspace parametrizes undulations over the matrix manifold
as a local section G, C Gr(d, n), i.e.,

Gr={[X]€ Grd,n) : [X]=Exp,(E-)}, (41)

where E, is the ‘learned’ matrix> with columns constituting
an ordered orthonormal basis of R" = T[ %]g,. When select-
ing representative preshapes, classic orthogonal Procrustes
is very useful for searching equivalence classes [? ] to align
a preshape X as desired [34].

This same learning procedure is repeated, separately, with
{P} to determine the intrinsic mean Py € P C Si . and
tangent basis spanning 7p,P < Tp, Si . facilitated by the
algorithms in [39]. In our materials application, P is taken
to be all of Si . but other applications may benefit from
coordinates along subspaces of Tp, Si . Finally, consis-
tent with [34], we utilize G, x P as a product submanifold
of separable (pre-)shape tensors parametrized with smooth
right inverse 7, (¢, £) = X (t) P (£) over normal coordinates
(t.0) € Tij,,9r x Tp,P.

The result of this learning is a mapping into local nor-
mal coordinates, {([)N(q], P}y = {(t5. €y} C R’ 3, over
an r-submanifold, G, C Gr(2, n). In composition, given
an ensemble of curves {¢;} forg = 1,2,..., N and fixed
quadrature nodes {s;} for i = 1,2,...,n, the developed
interpretation informs a procedure,

(Tle (s 887 (X, Py (42)
> {([X,1, P)) (43)
> {(tg, £,)} C RT3, (44)

All algorithmic details mapping N SRQD’s into normal coor-
dinates, progressing from (42) to (44), are described in [34].

3 Note Expy;,;(-) is composed with an appropriate reshaping of the
matrix—vector multiply [34].

tor onto the equivalence classes of the Grassmannian. Dashed arrows
indicate mappings into discrete representatives

o Full dim.
r =10 (\, =1325)
—1r =75 (A, =1781) 4
—7r = 150 (\, ~1882)| 4

Fig. 9 Empirical effect of the sought shape regularization (4) over
changing submanifold dimensionality, , with n = 500 landmarks
from a reparametrized spline. Lipschitz constants of the curves are
approximated using chebfun [58], an open-source toolbox being utilized
to compute quasi-matrix interpolation (24) of the reduced dimension
analogs

Changing dimensionality by accumulating terms in the
ordered basis expansion over normal coordinates, ¢ € R” =
Ti,19r can empirically achieve the sought regularization
of (4) in the representation of the shapes. This observed
mechanism can promote a biasing of undulating shape fea-
tures away from potentially noisy variations in the segmented
boundaries. An example of the empirical effects of this regu-
larization is shown in Fig. 9. In later sections, we demonstrate
how this choice of undulation dimensionality can be used to
make subsequent inferences more robust against noisy mea-
surements and image processing.

3.5 Maximum Mean Discrepancy

Having formalized the approximation of curve dual evalu-
ation functionals with (shape) discretizations parametrized
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Table 1 A logical conjunction (AND gate) for the two separable
hypothesis tests (left of the double vertical lines) using pMMD

Case (ot = Pr) (pe = Po) PMMD[H & Q. -, -]
(IAD FTR FTR = FIR

a1nA0 FTR Reject — Reject
onD Reject FTR — Reject
OA0 Reject Reject — Reject

Logical ‘true’ corresponds to failure to reject (FTR) the null hypothesis;
logical ‘false’ corresponds to rejection

over a learned product submanifold, we explore an explain-
able binary classification of the learned undulation and scale
coordinates (¢,4£) € T[ Vo]g, x Tp,P defined at respective
intrinsic means [Vo] € G, CGr(n,d)yand Ph € P C Si+.
Related work [69] explores similar concepts, albeit, modulo
curve dilation over elastic metrics and Kendall shape spaces
while utilizing a more general measure theory coined DISCO
analysis [70].

We take the Borel o-algebra over T[VO]Q, x TpyP in a
normal coordinate neighborhood—i.e., Hopf—Rinow theo-
rem implies geodesic completeness® is equivalent to a metric
space which is sufficient to generate the o -algebra [73]. Thus,
consider (¢,£) ~ p as some joint distribution given by the
smallest o -finite (product) measure of random shape (nor-
mal) coordinates generated by the metric (feature) space.

The goal of maximum mean discrepancy (MMD) [32, 74]
is to determine if finite observations of independent and iden-
tically distributed (i.i.d.) random variables defined on a topo-
logical space, with respective probability measures, coincide

or not. That is, given observations {(¢1,4£1), ..., (N, €N)}
and {(f1,€)), ..., (5, 45)} assumed ii.d. from p and P,

respectively, can we test whether p # p? Moreover, with sep-
arable parameters and in a complementary fashion, can we
test whether (o; = 0y) and (pg = p¢) given shape features
informed by an ensemble extracted from a pair of images?

This formal problem statement is the quantitative analog
of the proposed explainable binary classification: fest if dis-
tributions of random shape coordinates partitioned between
two images are discrepant, modulo Euclidean actions, and
whether those discrepancies result from distinct distributions
over undulation, {t} from the first image versus {t} from the
second, or generalized scale, {£} from the first image versus
{’f} from the second.

Instead of testing for equivalence, we look for statistically
significant differences. This complementary separable for-
malism is simply De Morgan’s theorem, (oy = 07) A (pg =
0e) <> —((pr # pt) V (pg # pg)). Truth Table 1 details
this formalism where logical truth corresponds to failure to

4 We utilize G, with the usual tangential metric [41, 71] and S_‘f_ 4 with
the affine-invariant metric [39, 72] for geodesic completeness.

@ Springer

reject (FTR) the null hypothesis of equivalence, (o) = 0(.)),
when comparing against approximated thresholds as dis-
cussed in [32].

Concretely, setting £:=p and E\:ﬁ as the arguments of
H in Sect. 1, the MMD hypothesis test is an unsupervised,
distribution-level binary classifier whose separable decom-
position populates the four rows of Truth Table 1. Again,
such a framework extends naturally to supervised or context-
driven classification over labeled ensembles.

Because the separable test is a logical conjunction of two
marginal MMD tests, a union bound gives joint Type I error
at most 2« under the intersection null. We therefore adopt
the Bonferroni correction and run each marginal at «/2 so
that the joint level is bounded by «. For Sect.4 at « = 0.02
(hence or/2 = 0.01), all rejections satisfy p < 0.01 and all
FTRs satisfy p > 0.02. The De Morgan identity underlying
Truth Table 1 is a logical formalism for aggregating results
while Bonferroni is statistical correction on the aggregated
results.

Here, as in [32], we utilize MMD defined over a unit ball
in an appropriate RKHS, F,

MMD[F, p, p l:= suprEp[llf] — Ezlyll. (45)
Ve

We note that F is, presently, distinct from the R¢-valued
RKHSs motivated by Theorem. 1, but the measure the-
ory is extensible to spaces of curves and alternative metric
spaces [69, 70]. For simplicity and enabling the empirical
regularization depicted in Fig. 9, we take F as an RKHS rep-
resenting features of ‘learned’ parameter distributions over
reduced dimensional normal coordinates informed by the
tangent PCA of undulations and generalized scales. Future
work is aimed at reconciling the two RKHSs—one as a func-
tional space of curve equivalences and the other representing
a distribution of learned features.

In (45), E() represents expectation (integration) with
respect to the identified probability measures, p versus p,
which are informed by samples from distinct measurements
or observations—i.e., distributions of shape features from
distinct images in our case. Solutions to (45) are motivated
empirically utilizing a choice of symmetric positive definite
kernel, f € F,and Lemma 6 in [32] such that we can express
the squared population MMD over F as

MMD?[F, p, 51 = E,[f1+ E3[f1—2E 531 f1. (46)

This rewrite utilizes a simplification via the ‘tower property’
suchthat E 5[ f1:=E,[E,[ f10]]is adouble expectation over
p, similarly for E5, and E ,5:=E,[Ez[f]0]] is a double
expectation over both.

Out of convenience, we simply extend this framework with
the product metric for any p-norm of pairs of separate MMD
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metrics,

pMMD[H & Q. (o1, pe). (. Pe)]

::H (MMDIH, pr, 5 IMMDIQ, pe. 7] (47)

p

This extension trivially satisfies the logical implications
depicted in Truth Table 1 by composition with the cor-
responding norm of thresholds. Moreover, the use of the
product metric is a somewhat natural choice by virtue of the
product submanifold construction for the space of separa-
ble shape tensors. However, definition of pMMD is merely a
formalism to demonstrate the existence of a logical conjunc-
tion over the separate feature tests comparing the images. In
practice, we simply compute the hypothesis tests separately
and draw the aggregated conclusion as a consequence of this
formal construction.

Separability does not assume nor imply statistical inde-
pendence of (¢, £). Distinct normal coordinates describe
distinct shape features. The separable decomposition in
Fig.9 visualizes this distinction. Varying ¢ alone modulates
boundary roughness (curve regularity) while varying £ alone
modulates anisotropic size. However, physical processes—
e.g. recrystallization correlations driving both grain growth
and boundary roughness—can couple them. A straightfor-
ward (un-pursued) diagnostic is to test whether the joint
factors as a product of marginals via MMD[F, p, pr0¢ ] [32]
(the Hilbert—Schmidt information criterion). Whether or not
the joint factors, the product metric (47) remains valid and
the aggregate conclusion of Truth Table 1 still holds. Decom-
position simply determines whether direct comparison of the
joint distributions would add explanatory content beyond the
marginal tests.

The test statistic is the biased empirical estimator of [32],
computed separately for undulation and scale coordinates,
with F realized as the RKHS with the (characteristic) Gaus-
sian kernel under the standard median pairwise-distance
heuristic.

Two permutation operations enter the workflow. Cyclic
Procrustes permutation (Theorem 2) acts on the rows of each
landmark matrix to register every shape against the random
asymmetric archetype, once and prior to testing. Sample
permutations act on the ensemble labels. The N + N pre-
registered coordinate vectors for either ensemble are pooled
and randomly reassigned to two groups of sizes N, N; then,
MMD is recomputed. This ensemble label resampling is
called bootstrapping. The permutation p-value is rejected
at significance o when it is below «/2 per the Bonferroni
adjustment.

In summary, given ensembles of segmented curve features
as data from a pair of images, separate hypothesis tests over
one image {t} ~ p; versus the other {(t} ~ Py, and like-
wise {£} ~ pg versus {'Z} ~ e, offer logical tests to explain

differences aggregated with the product maximum mean dis-
crepancy (pMMD). Numerical examples are depicted and
described in Figs. 16-19 emphasizing each row of the logi-
cal conjunction shown in Truth Table 1. Algorithm 1 collects
the full workflow.

Algorithm 1 Pseudo-code for explainable binary classifica-
tion of separable shape ensembles

Require: Curve ensembles {cq}(’;’=1 and {’Eq}fl\; > quadrature rule
{(w;, s;)} of cardinality n; undulation rank r; total number of boot-
strap samples B, significance level «.

Ensure: Marginal and joint decisions (H;, Hy, H) keyed to Truth
Table 1.

1: fix reparametrization: collocate at n quadrature nodes {s; } to form
landmarks, e.g.,

Tleqldsi).
(Sections 1.5, 3.1)

2: cyclic Procrustes: sample random asymmetric archetype and reg-
ister every landmark matrix against it once (Theorem 2).

3: SRQD: weighted polar decomposition of each registered matrix,
e.g.,

(Xy4, Py) € Gr(d,n) x $%,.
(Section 3.2, Figure 4) ~

4: tPCA: approximate Frechét means [Vy] € G, and Py € P, then
project each (}?q, P,) into an r-dimensional orthogonal basis of
normal coordinates, e.g.,

(tg.4g) € Ty, Gr x T, P.

(Section 3.4)
5: pMMD: bootstrap separate MMD values B times over {¢} and {£}.
: test: approximate p-values and compare to Bonferroni at level /2.
7: return

(=)

(Hy, Hy) € {0, 1)

4 Numerical Experiments

We begin with a summary investigating material micrographs
with EBSD followed by a study involving a more gen-
eral grayscale imaging modality. Descriptions and results of
EBSD numerical experiments are illustrated and explained
in Figs. 16—19. The combined numerical experiments enable
explainable binary classifications of ice data [5, 6] and
TRIP780 steel data measured at the National Institute of
Standards and Technology (NIST) Material Measurement
Laboratory (MML). In aggregate, all examples span Truth
Table 1.

The preprocessing of EBSD data to extract sorted vertices
of segmented boundaries is accomplished with the open-
source toolbox MTEX [27], version 5.10.2. In conjunction
with [32], for all examples, a Gaussian kernel is utilized to
approximate MMD and the corresponding scale parameter
is inferred using the median Euclidean distance heuristic
over a subset of normal coordinates. Coordinates are not
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Fig. 10 (Example O A 1) Magnified inspection of small scale grain
structures subjected to different image preprocessing. Colors of the
grains correspond to the normalized distances of scale-invariant PRRTI
features from the Fréchet mean over the learned Grassmannian subman-
ifold. The top image has no smoothing applied to the input orientation
map before segmentation. The bottom image utilizes increased smooth-
ing of the boundaries according to MTEX algorithms (parameter equal
to five)

normalized—i.e., scaled by approximate components of vari-
ation inferred from a subset of coordinates—for the results
in Figs. 16-19, but the effect of this (often default) coor-
dinate normalization is studied in Fig. 12. All decisions in
the following experiments are based on a significance level
a = 0.02.

All of the depicted numerical experiments utilize an undu-
lation dimensionality of r = 150, n = 500 quadrature
nodes—see Fig.9 for a representative approximation with
this dimensionality—and three (full) dimensions of scale.
The filled colors of the shapes in Figs. 16-19 represent a
normalized shape distance over the product submanifold
measured from the approximate mean shape. Note, EBSD
experiments and subsequent conclusions are predicated on
the version of the MTEX software (5.10.2) used to segment
and smooth grain boundaries.
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Fig. 11 (Example O A 1) Changes in the undulation MMD value over
shape dimensionality, 7, and number of quadrature nodes, n, without
coordinate normalization but including cyclic Procrustes registrations.
(top) Colors indicate the number of quadrature nodes while crosses cor-
respond to rejecting the null hypothesis and circles correspond to failure
to reject based on a significance level @ = 0.02. The solid black line is
the conditional average of MMD over quadrature nodes. (middle) Col-
ors indicate MMD value over both r (horizontal axis) and n (vertical
axis). The black line in the bottom right corner of the contour plot rep-
resents the upper bound of the Grassmannian intrinsic dimensionality.
(bottom) Ambiguity in decision-making emphasizing the proportion of
failure to reject (circles) and reject (crosses) over collocation levels.
The yellow stem plot represents the ambiguity as the scaled product of
these two proportions

These numerical experiments span the four rows of Truth
Table 1 and emphasize four scenarios where the method
delivers benefits to practitioners investigating EBSD micro-
graphs:

i) (1 A1), Fig.16: no over-sensitivity to statistical rejection
—no useful discrepancy in undulation or scale.

ii) (1 A 0), Fig.17: conclusions consistent with human
observation—uvisible grain size differences yield a scale-
only rejection.

iii) (0 A 1), Fig.18: sub-visual discrepancy detection—
boundary smoothing, a preprocessing step ubiquitous
in EBSD (and in image segmentation pipelines more
broadly), induces undulation-only differences invisible
to cursory human inspection that are nonetheless flagged
as a statistically significant rejection. This sensitivity is
among the method’s most compelling demonstrations.

iv) (0 A 0), Fig. 19: detection of a faulty measurement—
an out-of-focus instrument is flagged by simultaneous
rejection on both factors.
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Fig. 12 (Example O A 1) Changes in the undulation MMD value
over shape dimensionality, », and number of quadrature nodes, 7,
with coordinate normalization. Shape data are not registered with
cyclic Procrustes—i.e., data represent random row-wise permutations.
Description is consistent with Fig. 11. Note the distinct MMD scales
compared to Fig. 11

The (0 A 1) case of Fig. 18 was designed by taking case
(1 A 1) and processing the same boundaries with and with-
out smoothing; Fig. 10 magnifies the difference. The null is
rejected at « = 0.02 despite the discrepancy being largely
invisible to cursory inspection, which makes the method
useful for detecting the presence of any preprocessing or
synthetic generation of data that hand-picked features would
miss.

4.1 Decision Landscapes

The explainable binary classification in all cases is predicated
on the selected shape dimensionality, r, number of quadrature
nodes, n, and kernel heuristics like scale parameter selection
and coordinate normalization. However, given the compu-
tational efficiency of the method, we can easily motivate
parameter studies to understand the decision landscape over
either set of separate coordinates. Thatis, decision landscapes
are the primary diagnostic for selecting the quadrature size n
and the undulation rank r. We focus on determining r and n
empirically in the case (0 A 1) for decisions over Grassman-
nian undulations, MMD(H, p;, o).

Spectral convergence of Nystrom quadrature on smooth
closed curves means a modest n suffices; Figs. 11 and 12
confirm decisions are stable across n € [100, 500], so n
should simply be large enough to approximate PRRTI fea-

tures of the worst-case boundary in the ensemble. The rank r
is more consequential but should not be chosen to maximize
variance coverage as in a traditional PCA. Smaller r acts as
a dimension reduction that regularizes shapes against noisy
undulations (Fig. 9), which is often desirable [75]. We instead
study decision variability directly via the ambiguity (48)—a
scaled Bernoulli variation in the rejection proportion condi-
tioned on r—and choose r with limited ambiguity so that
decisions are stable against the chosen regularization level.

As an example decision landscape, we reuse PIL184 data
from the designed case (0 A 1) of Fig.18 with different
image processing but now include duplicate grain shapes in
the comparison. In other words, the first set of undulation
coordinates {¢} are computed without smoothing while the
second set of undulation coordinates {£} are computed using
anominal level of smoothing—MTEX smoothing parameter
equal to five. Duplicate grain shapes are included—i.e., com-
paring two identical sample sets of PIL184 boundaries with
N = 933—up to smoothing thus emphasizing discrepancies
attributed entirely to boundary smoothness while eliminating
variability due to partitioning the imaging data as in Fig. 18.

Figures 11 and 12 depict decision landscapes over chang-
ing shape dimensionality and quadrature nodes. Figure 11
utilizes cyclic Procrustes registrations against a random
archetype from the full ensemble but does not include (nor-
mal) coordinate normalization. In contrast, Fig. 12 depicts
results obtained by scaling normal coordinates but randomly
permuting rows of the discrete grain shapes. Coordinate nor-
malization is achieved by scaling all coordinates with the
approximated component-wise variation in the noisy sam-
ples, {t}.

Given the changing decision landscape, it is helpful to
introduce ambiguity as scaled Bernoulli variance,

4P,(H = 1|r)(1 — P,(H = 1]r)), (48)

where H € {0, 1} is a Bernoulli trial representing the binary
decision contrasting distributions of undulation coordinates,
t 1 € T[%]g,, and P, (-|r) is the conditional probability
of failing to reject the null hypothesis at a particular shape
dimensionality. The probability is estimated as the sum of
binary FTR conditions over the total number of quadrature
discretizations at the corresponding level of r (dimension-
ality). By definition, an ambiguity of one corresponds to an
entirely random guess which should not be trusted in prac-
tice.

Examining Fig. 11, empirical regularization over reduced
shape dimensionality—as described in Fig. 9—results in no
statistically significant differences between the distributions
of undulation when r < 7. In other words, without sufficient
dimensionality representing undulations, empirical regular-
ization results in no significant discrepancy. Moreover, there
is very limited variability in MMD values over different
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Fig.13 (top) Cross section of a ‘new’ condition lithium-ion battery with
segmented black curves over scalar-valued image intensity. (bottom)
Cross section of a "used’ condition lithium-ion battery with segmented
curves (black boundaries) over scalar-valued image intensity. The new

quadrature collocations. This is a testament to the stability
of the cyclic Procrustes random archetype registrations over
changing n. At r = 8 and beyond, the binary decision con-
sistently rejects the null hypothesis indicating statistically
significant differences in undulation. Ambiguity is nonzero
over 5 < r < 7 and peaks at r = 5, 6 with maximum ambi-
guity of approximately one.

Examining Fig. 12, coordinate normalization also appears
to modulate variability in approximated MMD values despite
randomly permuted quadrature nodes. The only notable
(visible) conditional variation in MMD value occurs over
small shape dimensionality, » < 20. We reject the null
hypothesis consistently beyond r = 8 while r = 7 cor-
responds to maximum ambiguity of approximately one.
Surprisingly, MMD values in Fig. 12 do not exhibit the antic-
ipated monotonicity over r as in Fig. 11. This may suggest
that increased dimensionality can promote cancelations in
discrepancy given otherwise random curve alignments unlike
the cyclic Procrustes alignments of Fig. 11 exhibiting cumu-
lative (monotonic) discrepancy over dimensionality.

The global trends between the two decision landscapes are
distinct but the ability to circumvent row-wise registrations
by simply normalizing coordinates could offer massive com-
putational advantages—i.e., optimal alignments may be less
important than previously hypothesized if utilizing coordi-
nate normalization. In practice, decision landscapes should
be utilized to understand sensitivities to decision-making in
any replicated or extended work.
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condition battery exhibits less fracturing in the NMC particles com-
pared to the battery which has been subjected to accelerated cycling in
the lab. A smoothing length scale o = 5 is used to extract the depicted
curves

4.2 Segmentation Efficacy

Across imaging applications, feature segmentation is a
challenging step in analysis workflows. Despite modern
advancements, segmentation methods remain highly depen-
dent on multiple factors, including image quality and
hyperparameters—e.g., smoothing parameters, thresholding
values, training with hand-labeled data, etc. Variability in
segmentation algorithms can result in different ensembles of
shapes extracted from a given image, which can complicate
subsequent assessments of patterns in the image. Here, we
briefly examine the utility of explainable binary classifica-
tion for introducing novel, quantifiable metrics to compare
and contrast the efficacy of a given image segmentation.
The use-case for this study is motivated by the need to
characterize degradation in lithium-ion batteries to better
understand battery aging and performance decay. Improved
degradation models can lead to improved battery design,
charging, and replacement strategies. Scanning electron
microscope (SEM) imaging is often used to enabling high-
resolution visualizations of batteries throughout aging. In
particular, fracturing and formation of fissures in the nickel-
manganese-cobalt (NMC) particles visible in SEM are
notable markers of this decay. Robust analysis of the degra-
dation process relies on meaningful characterization of the
damage to these NMC particles, making this an appropri-
ate test case of studying the interplay between segmentation
approaches and explainable binary classification.
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Fig. 14 (top) Effect of increased Gaussian length scale convolutions
applied to a simple binary mask. From left to right, the scale is increased
as o =1, 15, 30 over a 400-by400 pixel grid—i.e., the relative size of
these simple circular objects versus the image resolution is much greater
than the NMC particles in an SEM. At larger scales, increased smooth-
ing begins to blur and merge boundaries reducing the ensemble size.

To quantify the nature of the fractures and fissures which
form during lithium-ion battery degradation, we run sim-
ple morphological segmentation over SEM images for three
‘new’ condition battery and three ‘used’ condition battery.
An example pair of new and used condition image segmen-
tations are shown in Fig. 13. Each image is 1024-by-1024
and down-selected to a subregion of interest containing the
NMC particles.

The output of these segmentations is a binary mask which
is then smoothed with a Gaussian convolution corresponding
to a parametric length scale, o, to remove pixel ‘stepping.’
The length scale is sized according to the number of pixels
and we use the 0.5 level-set of the smoothed mask to extract
corresponding boundary curves. Figure 14 depicts the effect
of smoothing the binary mask to reduce noisy pixel stepping
in the segmentation.

Notice the segmentation of any given image is imperfect—
some particle boundaries are inappropriately merged, others
are omitted entirely or partially, and artifacts are present.
However, in aggregate, the ensemble of extracted curves
appear to represent distinct patterns which admit a seem-
ingly obvious dependency on the fractured state of the NMC
particles. The goldilocks paradigm of interest: How much
smoothing is required to denoise and achieve consistent
decision-making prior to excessively blurring the mask?
Too little smoothing and high-frequency undulations may

(bottom) For reference, ensembles from the same pair of images in
Fig. 13 are segmented at o = 5 (black boundaries) and o = 15 (red
boundaries). Clearly, increased smoothing begins to obscure the impor-
tant distinguishing fractures and fissures of the "used’ condition battery

obscure relevant decision making. Too much smoothing and
we obfuscate the segmentation results.

We apply explainable binary classification to the sep-
arable shape ensembles extracted from simple, smoothed
morphological segmentations over three pairs of new and
used battery SEM images—i.e., six SEM images in total.
Shape dimensionality, r, is varied from 5 to 100 in increments
of 5, (aseparate view of the data emphasizes converged MMD
values at approximately r = 50) quadrature levels n are taken
sparsely at 100, 500, 1000 given limited variability in MMD
values over n, and we sweep over the convolution length
scale, o0 = 0, ..., 30, in increments of one. The undefined
value 0 = 0 corresponds to simple black-white boundary
extraction without smoothing applied to the binary mask.

Approximated MMD results depicted and aggregated as
conditional averages at corresponding smoothing scales are
visualized in Fig. 15. We notice small amounts of ambiguity
initially with steadily increasing discrepancy. Over the range
4 < o < 11, all decisions result in a consistent rejection of
the null hypothesis. Finally, at o = 13, the decision land-
scape inverts presumably due to the increasingly merged and
smoothed shape objects. As anticipated by the simple exam-
ple in Fig. 14, ensemble sample sizes are shown to steadily
decrease with increased smoothing length scales. MMD also
appears to increase again at the increasingly smaller ensem-
ble sizes—i.e., the few remaining shapes are distinct but
the distributions of normal coordinates are no longer sig-
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Fig.15 (top) Conditionally averaged undulation MMD over smoothing
scales applied to the segmentation binary mask. Raw data are depicted
with crosses or circles depending on the decision to reject or failure
to reject the null hypothesis, respectively. (middle) Mean ambiguity
over dimensionality at the corresponding convolution length scale. The
gray shaded region is a min-max envelope over all combinations of r
and n. (bottom) Changing ensemble sizes from three segmented images
of ‘new’ condition batteries (blue) versus three segmented images of
‘used’ condition batteries (orange) over smoothing length scales

nificantly discrepant. Our intuition beyond o = 13 is that
the ensemble has digressed into a sparse collection of seem-
ingly random undulations with increasing discrepancy, albeit
insignificant, due to the reduced ensemble size.

In practice, this analysis would suggest that achieving the
largest number of segmented shapes in an ensemble with con-
sistent decision-making occurs near ¢ = 4 or 5. This study
could be used to set parameter ranges for more effective seg-
mentation when detecting failure modalities in subsequent
battery experiments. It appears that » ~ 50, n =~ 500, and
o ~ 5 are suitable candidates to detect the fractured nature
for this level of battery degradation while maximizing the
number of segmented objects.

4.3 Computational Burdens

We report timings in Table 2 using subsets of curves seg-
mented from the battery data. The SRQD column subsumes
the arc-length reparametrization and cyclic Procrustes align-
ment it invokes internally. The pMMD two-sample test is
evaluated on an even split (N /2 versus N /2) with B = 1000
bootstrap permutations. Two of the three stages are reported
in two configurations. The sequential single-threaded refer-
ence exposes clean scaling laws on the algorithm itself. The
parallel configuration follows the default Python implemen-
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tation, namely multiprocessing for SRQD’s per-curve work
and Numba’s parallel JIT for the pMMD permutation loop.
Measurements are taken using a Python implementation at
n = 500 landmarks and r = 50 reduced dimensions, run
on a 16-core / 32-thread x86-64 desktop CPU (up to 4.3 GHz
boost) with 64 GB of system memory under Windows 11 and
Python 3.13.

In the sequential configuration, the aggregated per-curve
stages labeled ‘SRQD’ (planar reparametrization, cyclic Pro-
crustes, and SRQD) scale linearly (n ~ 1) and the pMMD
bootstrap scales quadratically (n &~ 2) because each of the
B = 1000 permutations touches the pooled N x N Gaussian
kernel matrix. The per-curve stages and pMMD permutations
are embarrassingly parallel. The sequential SRQD slope of
0.96 reflects a small-N transient at N = 100, and refitting
on N > 250 (not shown) recovers n = 1.00. The parallel
SRQD column carries an approximately three-second mul-
tiprocess pool initialization cost. This cost dominates the
small-N entries and is responsible for the column remain-
ing nearly flat through N = 1000. Among the per-curve
stages aggregated into the SRQD column, cyclic Procrustes
contributes a low constant factor courtesy of its FFT-based
implementation, and is not separately accelerated.

Numba’s parallel JIT drops the N = 2000 pMMD entry
from 31.9s to 0.36s and removes it from the critical path.
The tPCA step contains an inherently sequential outer itera-
tion because Karcher’s algorithm to approximate the Fréchet
mean is iterative—details in Appendix A and [34]. How-
ever, across both configurations tPCA is among the cheapest
columns at every N. The dominant column at large N is
pMMD in the sequential configuration and SRQD in the par-
allel configuration. Full software packages in MATLAB and
Python are forthcoming.
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5 Conclusion

We established a formal connection between separable shape
tensors and the dual evaluation functionals of [33], developed
a spectral (Nystrom) approximation of SSTs that is accurate
for sufficiently regular curves, and combined the resulting
features with cyclic Procrustes alignment and product-MMD
hypothesis testing. Four EBSD examples spanning Truth
Table 1 and a lithium-ion battery SEM segmentation study
illustrate the framework end to end.

Future work will expound on the identified relationships
between finite matrix manifold representations of shape and
the formal interpretations of infinite-dimensional analogs
detailed in [33]. In short, our efforts will be focused toward:
i) formalizing bounds on the approximation error of reduced
dimension SSTs and ii) infinite-dimensional extensions of
pMMD explainable hypothesis testing over the R¢-valued
RKHSs of [33]. We also hope to improve explanations to
understand which patterns of shape, in more detail, contribute
to approximated discrepancies.

Appendix A SST Review

This appendix collects supplementary derivations and algo-
rithmic context underlying the separable shape tensor rep-
resentation (3) of Sect. 1.4 and the tangent PCA review of
Sect.3.4. More details about these developments can be
found in related work [34].

Landmark configurations as elements of a non-compact
Stiefel manifold. The matrix X = (x;,...,x,)  built
from landmarks (1) is assumed to be an element of the non-
compact Stiefel manifold Rﬁx‘i [37]. That is, we assume
X e R’;Xd to exclude the degenerate cases of points or lines
inR¥ as objects representing curves [34]—necessitating that
X is full rank. In other words, we assume the component
functions ¢ = (c1, ..., cq) of the curve are linearly indepen-
dent.

In practice, we are often only given sequences of land-
marks (x;) and have no knowledge of the ‘true’ underlying ¢
nor the parameter s beyond assuming the identification (1).
However, this characterization of the data implies landmarks
are ordered according to some orientation of the unknown
curve thus constituting a sequence, (x;), encoded over the
row index of X. Thus, it is reasonable to build a variety
of interpolations and approximations—e.g., piecewise spline
interpolations over chordal parametrization—which can be
shown to converge to the unknown ¢ with an increasing num-
ber of given landmarks [34, 38].

Linear deformations and undulation as a quotient. Given
the SVD (2), we can elaborate on the decomposition into

complementary factors of (discrete) undulation and invert-
ible d-by-d linear deformations—i.e., in a complementary
sense, an ‘undulation’ is the set of all shape representa-
tions which cannot be achieved by linear transforms as right
group actions on X — B(X), with B(X) = (1/n)1, ,X the
unbiased centering. Ignoring non-deforming translations, for
c(s) = M TE(s),

X' =(e(s1)s .- €lsn))
=M @E(s1), ..., Esn)
= XM (A.1)
where the right action of M € GL(d,R) on X =
(€(s1), ..., €(sy)) " € R™ s akin to linear deformations of
the preshape. Given (centered) X, we seek a decomposition
X = XM to describe how X undulates as [X], an equiva-
lence class modulo right group action over G L(d, R), versus
how it linearly deforms over subsets of M € GL(d, R). This
motivates the identification of discrete shape undulation as
[X] € Gr(d, n) with Gr(d, n) = R’;Xd/GL(d, R) [37].

Two landmark standardizations (affine vs polar). Two
geometric interpretations of the SVD (2) are called land-
mark standardizations [10, 34, 35] to compute representative
undulations X (up to rotations and reflections):

e The affine standardization [35] X = XM such that
X:=Vand M:=SU" € GL,(d,R).

e The polar standardization [34] X = XP such that
X:=VUT and P.=USU" € 5¢,.

The polar choice is adopted throughout this paper because
it separates undulation from scale variations independent
of rotations and reflections: following [39], Sf'f_ . is identi-
fied with GL1 (d, R)/SO(d), so that [)? ] encodes nonlinear
undulating features over RZX”]/ GL(d, R) while P encodes
generalized (anisotropic) scales over GLy(d,R)/SO(d).
This quotient reading is the geometric justification for the
separable shape tensor (3) introduced in the main body.

Tangent PCA algorithmic details. Section3.4 states the
tangent PCA (tPCA) procedure over G, < Gr(d,n) and
P C Si . atahighlevel; we collect here the algorithmic com-
ponents from [34, 39—41, 71] that inform the discretize— test
pipeline. Given a sample { pk},iv:1 on a Riemannian manifold
(either Gr(d, n) or Si 1), the intrinsic (Fréchet) mean p is
computed by the Karcher iteration [73]

N
p < Exp, (% ZLogp(pk)> , until
k=1
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N
|43 Log, ()| <. (A2)
k=1

and the reduced principal directions in T, M are obtained
from the thin SVD,

N — 1T:=[vec(L0gp0(p1)), e vec(Logpo(pN))],
(A3)
SVD T . .
T "=" UZXV . retaining the first r left singular vec-
tors U, as an orthonormal basis of TI,OQ, (or, for Si "
the full three-dimensional span at Pp); the columns of
U'N = %,V,[ are the normal coordinates. The map
vec : R"™4 — R"™ column-stacks a tangent matrix; since
tr(AT B) = vec(A) Tvec(B), the SVD (A.3) preserves the
Frobenius inner product induced on the tangent space, and
the reshape vec ™! recovers matrix-valued directions for com-
position with Exp , . Over Si 4, vecstores only thed (d+1)/2
unique symmetric entries.

The intrinsic maps on Gr(d, n) are given with Stiefel rep-
resentatives [41, 71]: For a direction A € T[;(]Gr(d , n) with
thin SVD A = US VT, the Grassmann exponential is
Exp;g;(A) = [ XV cos(2)VT + Usin()V' ], (A.4)
and, for a second representative Y with projection (I, —
)?%T)?(}?T?)_l = UZVT, the Grassmann logarithm is

Log g, ([Y]) = U arctan(Z) V. (A.5)

@ Springer

Each map requires a single thin SVD, so the complexity
is O(nd?*)—linear in n for fixed ambient dimension d, a
key enabler of the ensemble-scale computations reported in
Sect.4. On Si o with the affine-invariant metric [39, 72],
the corresponding maps reduce to matrix exponentials and
logarithms, Expp(S) = P!/2 exp(P‘lﬂSP_l/z)Pl/2 and
Logp(D) = P'/2log(P~!/2DP~1/2) P1/2,

One caveat of the Grassmann logarithm (A.5) is that
Exp |0 Logz(¥) = ¥ with [Y] = [Y] but with a possible
rotational mismatch between representatives; a modified log-
arithm in [71] (Alg. 5.3) removes this mismatch at the cost
of a second SVD. In this work, the mismatch is irrelevant for
computing normal coordinates but motivates the cyclic Pro-
crustes registration of Sect.3.3 when a fixed representative
is needed across the ensemble. A product manifold geodesic
(Expy 7, (tA), Expy p, (15)) on G, x P then parametrizes
the separable shape tensor (3) componentwise, consistent
with the Riemannian-product construction [34].

Appendix B EBSD Examples

This appendix contains high-resolution images for the
numerical experiments discussed in the numerical experi-
ments section of the paper. Captions contain relevant descrip-
tions of results spanning Table 1.
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Fig.16 (Example 1 A 1) Comparison of locally partitioned subsets of approximate inferences suggest the same undulations and same scales
a larger EBSD images from a common ice sample [5] (PIL184) with with significance level of 1%. This constitutes an example of the first
N = 933 total curves—i.e., the set of curves is split approximately in row of Truth Table 1,i.e., 1 A 1

half. No grains are duplicated between the partition in this example. The
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Fig. 17 (Example 1 A 0) Comparison of two different EBSD images inferences suggest the same undulations but different scales between the
of ice samples [5] (PIL184 and PIL185) with N = 2566 curves in two images with significance level of 1%. This constitutes an example
total. Both images depict cropped shape selections. (there are additional of the second row of Truth Table 1,i.e., | A O

shapes beyond the selection depicted in the images) The approximate
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Fig. 18 (Example O A 1) Comparison of locally partitioned subsets of
a larger EBSD images from a common ice sample [5] (PIL184) with
N = 933 total curves. No shapes or boundaries are duplicated between
the partition and this partition is consistent with that of Fig. 16. How-
ever, using a default MTEX ‘smooth’ routine [26], the upper partition
(top image) is not smoothed while the bottom is smoothed to an extent
(MTEX smoothing parameter equal to 5). Magnifying and contrast-
ing the top image with the bottom image of Fig.17 it is possible to

see small differences in the nonlinearities of shapes. The difference is
nearly visually indistinguishable. Yet, the approximate inferences sug-
gest differences in undulations and common scales. This constitutes an
example of the third row of Truth Table 1, i.e., 0 A 1, with significance
level of 1%. We note, given the partition into distinct grain subsets
and subsequently reduced sample size, this decision landscape has a
more volatile ambiguity profile than comparing identical grains up to
smoothing
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Fig. 19 (Example O A 0) Comparison of two different EBSD images
of TRIP780 steel samples with N = 5605 curves in total. Both images
depict cropped shape selections to place emphasis on small scale fea-
tures of undulation. The approximate inferences suggest differences in
both undulations and scales between the two images with significance
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