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Abstract: Multi-color solitons that are parametrically created in dual-pumped microresonators
generate interleaved frequency combs that can be used to obtain combs at new frequencies and
when synchronized can be used for low-noise microwave generation and potentially as an element
in a chip-scale clockwork. Here, we first derive three-wave equations that describe multi-color
solitons that appear in microresonators with a nearly quartic dispersion profile. These solitons are
characterized by a single angular group velocity and different angular phase velocities. We then
use these equations to explain the interleaved frequency combs that are observed at the output of
the microresonator. Finally, we used these equations to describe the experimentally-observed
soliton-OPO effect. In this effect, the pump frequency color interacts nonlinearly with a signal
frequency color to create an idler frequency color in a new frequency range, somewhat analogous
to an optical parametric oscillation (OPO) process, but in which the Kerr nonlinearity plays a
role in matching the angular group velocity, analogous to soliton formation. These three colors
then create an interleaved frequency comb in the output waveguide. We determine the conditions
under which we expect this effect to occur. We anticipate that the three-wave equations and
their extensions will be of use in designing new frequency comb systems and determining their
stability and noise performance.

1. Introduction

It was recently discovered that it is possible to synchronously lock two comb teeth over an octave
of bandwidth in a single microresonator through an all-optical, 𝜒 (3) -mediated process [1]. This
discovery is a significant step towards the development of a chip-scale optical clock, among
other potential applications [2]. In [1], the authors use a primary pump to generate a soliton in
the microresonator at around 286 THz and a reference pump at around 194 THz. The comb
lines generated by the soliton are separated by around 1 THz. When the reference pump is
sufficiently close to one of the soliton comb teeth, this tooth is captured by the reference pump.
The back-reaction of the soliton creates a dispersive wave at nearly twice the frequency of the
reference pump, which can then be locked by standard 𝑓 -2 𝑓 self-referencing. At that point, the
entire frequency comb inherits a linewidth on the order of the pump linewidths [1, 3]. The comb
tooth that is pumped is locked along with all the other comb teeth.

This discovery was enabled by the earlier ground-breaking work that established the utility
of a secondary pump for taming the thermal instability [4–6] that had made the generation of
soliton frequency combs in microresonators a difficult, non-deterministic process. In [4–6],
the secondary pump did not participate in the Kerr-mediated processes. Subsequent to that
work, it was discovered that by allowing the secondary pump to participate in the Kerr-mediated
processes, the secondary pump could also be used to generate an interleaved comb with a total
bandwidth of 1.6 octaves in a microresonator with a large free spectral range and a carefully
engineered dispersion [7]. We illustrate this configuration schematically in Fig. 1(a). It was also



observed that the secondary pump produces a secondary frequency comb, referred to here as the
signal comb, with the same free spectral range (FSR) as the comb generated by the primary pump,
but with a constant frequency offset. In this experiment, a third set of parametrically-induced
comb lines was observed at a frequency on the opposite side of the primary pump frequency,
referred to here as the idler comb. While not reported in [7], this higher-frequency idler comb
was observed to have an offset from the primary comb that was just equal and opposite to the
offset of the signal comb.

A qualitative explanation of this phenomenon can be given as follows: A multi-color soliton is
created in the microresonator cavity that has three distinct components. A multi-color soliton is a
waveform that consists of several distinct components, each of which has its own (angular) phase
velocity, while they all have the same (angular) group velocity. We refer to each of these distinct
components as a “color.” These multi-color solitons are somewhat analogous to solitons at
multiple frequencies [8,9] or two polarizations [10] that can propagate in optical fibers. They are
also somewhat analogous to simultons that have been observed in optical parametric oscillators
(OPOs) [11] and described theoretically in aluminum nitride microcavities [12]. Finally, these
multi-color are similar to the multi-color solitons that are theoretically described by Luo et
al. [13] and Silvestri et al. [14], although the multi-color solitons described by these authors
produce spectrally distinct frequency combs, rather than the interleaved frequency combs that
were experimentally observed in [7] and that we describe here.

A multi-color soliton generates a stream of pulses in the coupling waveguide that in turn
generates a frequency comb when detected in a spectrometer. Because each color in the soliton
has its own (angular) phase velocity, each color produces a comb with a different carrier envelope
offset frequency 𝑓ceo, and the combs they produce are interleaved. We schematically illustrate the
multi-color soliton that produces interleaved frequency combs in Fig. 2 and the accompanying
visualization. The color of the multi-color soliton that produces the idler comb must be phase-
matched such that 𝑓ceo+ = 2 𝑓ceo0 − 𝑓ceo− in order to produce the observed frequency offset in the
idler comb. In this schematic illustration, the signal color and idler color are not localized in the
azimuthal angle 𝜙 that circulates around the cavity at the group velocity in contrast to the primary
comb, which is localized. We will show that this behavior is characteristic of the multi-color
solitons that generate the interleaved frequency combs.

However, obtaining a quantitative understanding is not trivial. It is not sufficient to simply
solve a variant of the Lugiato-Lefever equation [15–17] that has been used with great success to
understand many features of microresonator solitons and the combs that they generate. Within the
microresonator, each color has a single frequency in the coordinate system that moves with the
soliton’s group velocity. It is only through the detection process when a periodic stream of pulses
emerges from the coupling waveguide and is experimentally detected that a frequency comb is
created. To observe the interleaved comb numerically using the Lugiato-Lefever Equation (LLE),
one must reproduce this stroboscopic observation process by creating a long stream of pulses and
then computing the frequency transform after appropriately filtering the output [1, 7]. In Fig. 1
and the accompanying visualization, we show a schematic illustration of this process.

Here, we will show that it is possible to shortcut this numerical procedure and at the same
time gain insight into the behavior of these multi-color-soliton waveforms by using three-wave
equations that we will derive and that govern the behavior of the solitons that produce the
interleaved comb spectrum that was described in [7]. We will show that the higher-frequency
idler comb previously described is generated through a process that is somewhat analogous to
the optical parametric oscillation (OPO) that occurs in continuous wave (CW) systems when a
pump wave and a signal wave combine to produce an idler wave. In contrast however to the case
of a CW-OPO, where both the group and phase velocities must be matched, the group velocities
are automatically matched via the generation of a multi-color soliton, and it is only necessary to
match the phase velocities. We will then show the precise conditions under which Eqs. 2 and 3
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Fig. 1. Illustration of the stroboscopic process that creates a frequency comb. In
(a), we show the microresonator-waveguide configuration that produces an interleaved
frequency comb using both a primary and a secondary pump. As the soliton, shown
propagating in the −𝜃-direction in (b), circulates around the microresonator, its intensity
closest to the waveguide is transferred to the waveguide, which creates a periodic stream
of pulses in the output waveguide, as shown in (c). Visualization 1 shows the time
evolution of this process. When detected at the output of the waveguide, the stream of
pulses creates an interleaved comb.

in [7] that describe the soliton-OPO effect hold.
While the multi-color solitons that we describe here are somewhat analogous to solitons

in two polarizations or for that matter to solitons in any two distinct transverse modes, there
is an important distinction. In the case that we are considering here, there is only a single
transverse mode family, and each longitudinal mode in this family can oscillate at multiple
frequencies, rather than spatially-distinct modes each oscillating at a single frequency. As a
result, any computational method that simply plots the intensity of modes in the microresonator
averaged over time will fail to observe the interleaved frequency combs. Rather, one must use a
computational method that reproduces in some way the stroboscopic observation process outside
the microresonator that separates out the distinct frequencies in each of the interleaved frequency
combs.

The equations that we derive here have applications beyond the explanation of the results in [7].
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Fig. 2. A schematic illustration of a multi-color soliton. Visualization 2 shows the
evolution of the waveform as a function of time. Each component has a well-defined
envelope that propagates without changing, as shown on the left. On the right, we show
the total field, whose envelope changes as the soliton evolves.

The integrated dispersion profile in [1] 𝐷int (𝜇) is nearly quartic like that of the dispersion profile
that produces doubly-dispersive waveguides [18]. In the case of [7], the zero-crossings are too
far away from the primary pump to generate significant dispersive waves. The spectra in [7]
and [18] are two examples of a family of spectra that can be produced by similar broadband
microresonators. Other possibilities exist, including the configuration in [1] in which the reference
pump generates a distinct color on the long wavelength side of the primary pump, while a
dispersive wave is generated on the short wavelength side. This entire family of devices can be
described using the three-wave equations that we derive here. Finally, these equations are the
starting point for describing an OPO-soliton cascade.

2. Derivation of the Three-Wave Equations

Our starting point is an extended LLE, which in the mode number domain may be written

𝑑 𝐴̂(𝑚, 𝑡)
𝑑𝑡

= 𝑖𝐷 (𝑚) 𝐴̂(𝑚) − 𝑙

2
𝐴̂(𝑚, 𝑡) − 𝑖𝛾

∑︁
𝑛,𝑝

𝐴̂(𝑚 + 𝑛 − 𝑝, 𝑡) 𝐴̂∗ (𝑛, 𝑡) 𝐴̂(𝑝, 𝑡)

+ √
𝜅0 𝛿(𝑚 − 𝑚0)𝐸0 exp(𝑖𝜔0𝑡) +

√
𝜅− 𝛿(𝑚 − 𝑚−)𝐸− exp(𝑖𝜔−𝑡)

(1)

where 𝐴̂(𝑚) is the field amplitude in the 𝑚-th azimuthal mode, normalized so that |𝐴(𝑚) |2 is
the energy in that mode, 𝐷 (𝑚) is the linear dispersion of the 𝑚-th mode, 𝑙 is the loss, whose
𝑚-dependence we neglect, 𝛾 is the Kerr coefficient, whose 𝑚-dependence we also ignore, 𝐸0
and 𝐸− are the primary and secondary pump amplitudes, normalized so that |𝐸0 |2 and |𝐸− |2 are
the pump powers, 𝑚0 and 𝑚− are the corresponding mode numbers at which they are resonant,√
𝜅0 and √

𝜅− are the corresponding coupling coefficients, and 𝜔0 and 𝜔− are the corresponding
angular pump frequencies. Here, we use 𝛿(·) to denote the Krönecker delta function or the Dirac
delta funcion, depending on whether its argument is discrete or continuous. In Eq. 1, where 𝑚

must be an integer, it denotes a Krönecker delta function. The sum in Eq. 1 is over all integer
values of 𝑛 and 𝑝. In general, discrete sums will denote sums over all possible values. In the



azimuthal domain (𝜃), Eq. 1 becomes

𝜕𝑎̂(𝜃, 𝑡)
𝜕𝑡

= 𝑖
∑︁
𝑚

𝐷 (𝑚) 𝐴̂(𝑚) exp(𝑖𝑚𝜃) − 𝑙

2
𝑎̂(𝜃, 𝑡) − 𝑖𝛾 |𝑎̂(𝜃, 𝑡) |2𝑎̂(𝜃, 𝑡)

+ √
𝜅0𝐸0 exp(𝑖𝜔0𝑡 + 𝑖𝑚0𝜃) +

√
𝜅−𝐸− exp(𝑖𝜔−𝑡 + 𝑖𝑚−𝜃),

(2)

where 𝑎̂(𝜃, 𝑡) and 𝐴̂(𝑚, 𝑡) are an azimuthal Fourier transform pair. We generally use 𝑥 and 𝑋 to
denote the Fourier transform pairs that are related via the relations

𝑋 (𝑚) =
∫ 𝜋

−𝜋

𝑥(𝜃) exp(−𝑖𝑚𝜃) 𝑑𝜃
2𝜋

, 𝑥(𝜃) =
∑︁
𝑚

𝑋 (𝑚) exp(𝑖𝑚𝜃). (3)

Equation (1) presumes that only one mode family plays a significant role in the dynamics.
We now let 𝑎̂(𝜃, 𝑡) = 𝑎̄(𝜃, 𝑡) exp(𝑖𝜔0𝑡 + 𝑖𝑚0𝜃), and we let 𝜇 = 𝑚 −𝑚0, so that 𝜇− = 𝑚− −𝑚0.

Equation (2) then becomes

𝜕𝑎̄(𝜃, 𝑡)
𝜕𝑡

= 𝑖
∑︁
𝜇

[𝐷 (𝑚0 + 𝜇) − 𝜔0] 𝐴̄(𝜇, 𝑡) exp(𝑖𝜇𝜃) − 𝑙

2
𝑎̄(𝜃, 𝑡) − 𝑖𝛾 |𝑎̄(𝜃, 𝑡) |2𝑎̄(𝜃, 𝑡)

+ 𝐹0 + 𝐹1 exp [𝑖Δ𝜔−𝑡 + 𝑖𝜇−𝜃] ,
(4)

where Δ𝜔− = 𝜔− −𝜔0, 𝐹0 =
√
𝜅0 𝐸0, 𝐹− =

√
𝜅1 𝐸1, and 𝐴̄(𝜇, 𝑡) =

∫ 𝜋

−𝜋
𝑎̄(𝜃, 𝑡) exp(𝑖𝜇𝜃) (𝑑𝜃/2𝜋).

We next write 𝐷 (𝑚0 + 𝜇) = 𝐷 (0) + 𝐷 (1)𝜇 + 𝐷int (𝜇), where 𝐷 (0) and 𝐷 (1) are the zeroth and
first order coefficients of the difference expansion of 𝐷 (𝑚0 + 𝜇). Equation 4 now becomes

𝜕𝑎̄(𝜃, 𝑡)
𝜕𝑡

=

(
𝑖𝛼0 −

𝑙

2

)
𝑎̄(𝜃, 𝑡) + 𝐷 (1) 𝜕𝑎̄(𝜃, 𝑡)

𝜕𝜃
+ 𝑖

∑︁
𝜇

𝐷int (𝜇) 𝐴̄(𝜇) exp(𝑖𝜇𝜃)

− 𝑖𝛾 |𝑎̄(𝜃, 𝑡) |2𝑎̄(𝜃, 𝑡) + 𝐹0 + 𝐹1 exp(𝑖Δ𝜔𝑡 + 𝑖𝜇−𝜃),
(5)

where 𝛼0 = 𝐷 (0) − 𝜔0 = 𝐷 (𝑚0) − 𝜔0 is the detuning of the primary mode resonance from the
primary pump and Δ𝜔 = 𝜔− − 𝜔0 is the radial frequency separation between the secondary and
primary pumps .

We now specialize to the case where a multi-color soliton has formed so that the waveform
is characterized by a single (angular) group velocity, 𝜔rep = 2𝜋 𝑓rep = 2𝜋/𝑇rep, where 𝑓rep is the
free spectral range (FSR) and 𝑇rep is the round-trip time of the soliton. We can transform the
coordinate system in order to freeze the soliton group velocity by letting 𝜙 = 𝜃 + 𝜔rep𝑡, and
defining 𝑎(𝜙, 𝑡) = 𝑎̄(𝜃 + 𝜔rep𝑡, 𝑡). Consistent with Fig. 1, we are assuming that the soliton is
moving in the −𝜃 direction. We then find the multi-pumped Lugiato-Lefever Equation (MLLE)

𝜕𝑎(𝜙, 𝑡)
𝜕𝑡

=

(
𝑖𝛼 − 𝑙

2

)
𝑎(𝜙, 𝑡) + 𝛽

𝜕𝑎(𝜙, 𝑡)
𝜕𝜙

+ 𝑖
∑︁
𝜇

𝐷int (𝜇)𝐴(𝜇) exp(𝑖𝜇𝜙)

− 𝑖𝛾 |𝑎(𝜙, 𝑡) |2𝑎(𝜙, 𝑡) + 𝐹0 + 𝐹1 exp(𝑖𝛿𝜔𝑡 + 𝑖𝜇−𝜙),
(6)

where 𝛽 = 𝐷 (1) − 𝜔rep, 𝐴(𝜇, 𝑡) = 𝐴̄(𝜇, 𝑡) exp(−𝑖𝜔rep𝑡), and 𝛿𝜔 = Δ𝜔 − 𝜇−𝜔rep. The 𝜙-𝜇
Fourier transform pairs are: 𝑋 (𝜇) =

∫ 𝜋

−𝜋
exp(−𝑖𝜇𝜙) (𝑑𝜙/2𝜋) and 𝑥(𝜙) =

∑
𝜇 𝑋 (𝜇) exp(𝑖𝜇𝜙).

The parameter 𝛽 represents the offset between the angular group velocity at the principal mode
and the actual group velocity of the waveform. In the case of interest to us, the parameter 𝛽
is nearly zero, but it will not be exactly zero since the actual group velocity of the soliton is
determined by a weighted mean of the group velocities of both pumps [1]. The result is a tilt in
the experimentally-measured spectrum relative to 𝐷int [7]. The parameter 𝛿𝜔 equals the offset



between the difference of the two pump frequencies and the difference of the corresponding
comb line frequencies. This offset is typically large compared to the detuning 𝛼0 [7] and must be
compensated in order for phase-matching to occur.

In general, Eq. 6 has no stationary solutions except in the case of Kerr-induced synchroniza-
tion [1]. The quantity 𝛿𝜔 can be as large as ±𝛿𝜔rep/2. In the limit of interest to us in which
a multi-color soliton has formed, we can obtain a coupled set of equations that has stationary
solutions by making the substitution

𝑎(𝜙, 𝑡) = 𝑏− (𝜙, 𝑡) exp(𝑖𝛿𝜔𝑡 + 𝑖𝜇−𝜙) + 𝑏0 (𝜙, 𝑡) + 𝑏+ (𝜙, 𝑡) exp(−𝑖𝛿𝜔𝑡 − 𝑖𝜇−𝜙), (7)

where it is assumed that 𝑏0, 𝑏− , and 𝑏+ all vary slowly in time compared to (𝛿𝜔)−1. We will
refer to 𝑏0, 𝑏− , and 𝑏+ as the pump, signal, and idler colors, and we will refer to the combs that
they produce in the output waveguide as the pump, signal, and idler combs. We will show that
the component proportional to 𝑏+ is generated by a four-wave-mixing process that is somewhat
analogous to the creation of new frequencies that are generated by continuous wave (CW) OPOs.
In the case of CW-OPOs it is necessary to match both the phase and group velocities. In the
case of a soliton-OPO described here, the group velocities are automatically matched by the Kerr
nonlinearity, and it is only necessary to match the phase velocities. We also note that when the
dispersion is sufficiently flat over the bandwidth of the microresonator and |𝜇− | is sufficiently small,
it is is possible to cascade the OPO to obtain multiple harmonics, as shown experimentally in [19].
This cascade is again somewhat analogous to a similar cascade that can occur in CW-OPOs.
The cascade can be treated theoretically by letting 𝑎(𝜙, 𝑡) = ∑

𝜎 𝑏𝜎 (𝜙, 𝑡) exp(𝑖𝜎𝛿𝜔𝑡 + 𝑖𝜎𝜇−𝜙),
where 𝜎 extends over the range where it is possible to match the phases velocities. In this paper,
we restrict ourselves to the case where 𝜎 = ±1, which is sufficient to explain the experimental
results in [7].

We now substitute Eq. 7 into Eq. 6, and we only keep phase-matched terms. We thus obtain

𝜕𝑏0 (𝜙, 𝑡)
𝜕𝑡

=

(
− 𝑙

2
+ 𝑖𝛼0

)
𝑏0 (𝜙, 𝑡) + 𝑖

∑︁
𝜇

[𝛽𝜇 + 𝐷int (𝜇)] 𝐵0 (𝜇, 𝑡) exp(𝑖𝜇𝜙)

− 𝑖𝛾

(
|𝑏0 (𝜙, 𝑡) |2 + 2|𝑏− (𝜙, 𝑡) |2 + 2|𝑏+ (𝜙, 𝑡) |2

)
𝑏0 (𝜙, 𝑡)

− 2𝑖𝛾𝑏− (𝜙, 𝑡)𝑏+ (𝜙, 𝑡)𝑏∗0 (𝜙, 𝑡) + 𝐹0,

(8a)

𝜕𝑏− (𝜙, 𝑡)
𝜕𝑡

=

[
− 𝑙

2
+ 𝑖(𝛼0 − 𝛿𝜔 + 𝛽𝜇−)

]
𝑏− (𝜙, 𝑡)

+ 𝑖
∑︁
𝜇′

[𝛽𝜇′ + 𝐷int (𝜇′ + 𝜇−)] 𝐵− (𝜇′, 𝑡) exp(𝑖𝜇′𝜙)

− 𝑖𝛾

(
2|𝑏0 (𝜙, 𝑡) |2 + |𝑏− (𝜙, 𝑡) |2 + 2|𝑏+ (𝜙, 𝑡) |2

)
𝑏− (𝜙, 𝑡)

− 𝑖𝛾𝑏2
0 (𝜙, 𝑡)𝑏

∗
+ (𝜙, 𝑡) + 𝐹− ,

(8b)

𝜕𝑏+ (𝜙, 𝑡)
𝜕𝑡

=

[
− 𝑙

2
+ 𝑖(𝛼0 + 𝛿𝜔 − 𝛽𝜇−)

]
𝑏+ (𝜙, 𝑡)

+ 𝑖
∑︁
𝜇′′

[𝛽𝜇′′ + 𝐷int (𝜇′′ − 𝜇−)] 𝐵− (𝜇′′, 𝑡) exp(𝑖𝜇′′𝜙)

− 𝑖𝛾

(
2|𝑏0 (𝜙, 𝑡) |2 + 2|𝑏− (𝜙, 𝑡) |2 + |𝑏+ (𝜙, 𝑡) |2

)
𝑏+ (𝜙, 𝑡)

− 𝑖𝛾𝑏2
0 (𝜙, 𝑡)𝑏

∗
− (𝜙, 𝑡).

(8c)

where 𝜇′ = 𝜇 − 𝜇− and 𝜇′′ = 𝜇 + 𝜇− . The tilt due the difference between the soliton group
velocity and 𝐷 (1) is now explicit in the terms 𝑖𝛽𝜇−𝑏− and −𝑖𝛽𝜇−𝑏+ that appear in these equations.



We observe that the 𝑏+ component is driven by the term 𝑏2
0𝑏− , which is analogous to the driving

term in a CW OPO; the ‘0’ mode is the pump, the ‘−’ mode is the signal, and the ‘+’ mode is the
idler. We are assuming that the energy in the 0 mode is large compared to energy in the - mode;
otherwise, additional modes could appear in the cascade. We previously noted that typically
|𝛿𝜔| ≫ |𝛼 | and is on the order of 𝜔rep. In order to compensate for this large offset so that the
phase velocities match, 𝐷int must be of the same order. As a result, the mode numbers at which
phase-matching occurs and a resonant interaction is observed are shifted from 𝜇− and 𝜇+ = −𝜇− .

3. Interleaved Frequency Combs and the Soliton-OPO

To demonstrate the validity of Eq. 8, we compare the solution of Eq. 8 to Eq. 6 using the
same measured dispersion curve as in [7] and that we show in Fig. 3. We set 𝐹0 = 158 mW,
𝐹− = 0.16 mW, and 𝜇− = −90. We have 𝛼 = −3.3 GHz, 𝛽 = 2.7 GHz, 𝐷int (𝜇−) = 79.7 GHz
and 𝐷int (𝜇+) = −19.3 GHz. The zero-crossings of 𝛼∓ 𝛿𝜔+ 𝛽𝜇 +𝐷int (𝜇) occur approximately at
𝜇 = 78 and 𝜇 = −138. In steady state, the phase of each color rotates at its own frequency, so that
𝐵0,−,+ (𝜇, 𝑡) = 𝐵0,−,+ (𝜇, 𝑡 = 0) exp(𝑖𝐷0,−,+𝑡), where 𝐷0,−,+ are the phase rotation frequencies of
each of the colors. These are constant as a function of 𝜇 and are different for each color. These
frequencies correspond to the difference between the angular phase velocity and the angular
group velocity for each of the colors. In Fig. 3, we compare the time average of the energy
|𝐴(𝜇, 𝑡) |2 (⟨|𝐴|2⟩) to the stationary energies |𝐵0 (𝜇, 𝑡) |2, |𝐵− (𝜇 + 𝜇,𝑡) |2, and |𝐵+ (𝜇 − 𝜇− , 𝑡) |2,
and the energies in each of the sub-components sums to the energy in ⟨|𝐴|2⟩. This spectrum
agrees reasonably well with the computational and experimental spectra reported in [7]. We
neglect the change in the output coupling with mode number so that the output frequency comb
spectra that are generated in the output waveguide are proportional to the mode number spectra
of the colors inside the microresonator.
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Fig. 3. Comparison of the average energy ⟨|𝐴|2⟩ of a multi-color soliton that is
calculated using Eqs. 6 and 8 normalized to the primary pump power. The energy of the
three colors |𝐵− |2, |𝐵0 |2, and |𝐵+ |2 that are computed using the three-wave equations,
Eq. 8, add up to the average energy using the MLLE, Eq. 6, in the wavenumber domain.

It is the observation of a long string of pulses at the output of a coupling waveguide that
produces a frequency comb from the soliton that circulates within a microresonator. In order
to observe an interleaved frequency comb when simulating the experimental system [7] using
Eq. 6, we can generate a long string of pulses and compute the string’s power spectral density



(PSD). The linewidth that is observed will be inversely proportional to the length of the pulse
string. In Fig. 4.a, we show the PSD that is generated using Eq. 6 for the same systems as in
Fig. 3. We used a string of 10 000 pulses and a Hanning filter in order to limit truncation noise.
With 10 000 pulses, the induced linewidth is about 120 MHz, which is a numerical artifact
that occurs due to the finite length of the pulse string. This linewidth is large compared to the
experimentally-observed linewidths [3] that range between 1 kHz and 1 MHz. In Fig. 4.b, we
show the PSD that is generated using Eq. 8. The PSD in Fig. 4.b is the same as in Fig. 4.a. We
show an expanded view of the two overlap regions in both sub-figures. We see that the offset
between the primary comb 𝐵0 and both the signal 𝐵− and the idler 𝐵+ has the same magnitude
with the opposite sign in both sub-figures.

The difference between these two combs is visible in the linewidth of the comb lines in the two
sub-figures. The linewidth of the comb lines in Fig. 4.b is zero. In the experiments, the actual
linewidth when 𝑓 -2 𝑓 locking is not used is primarily due to a combination of thermorefractive
noise and pump noise [3, 20–23]. These effects could be included in a straightforward way to
the comb generated using Eq. 8. Using Eq. 6, it would be necessary to use a string that is long
enough to resolve the linewidth, which in the case of a linewidth of 1 MHz would require on the
order of 109 pulses and in the case of a linewidth of 1 kHz would require on the order of 1012

pulses since the numerically-induced linewidth is inversely proportional to the number of pulses.
A pulse string of length 109 is already too long to be practical. For comparison purposes, we note
that the simulation reported in Fig. 4.a took about 20 minutes of CPU time on a high-performance
workstation, while the simulation reported in Fig. 4.b takes between one and two minutes.

We next turn to the soliton-OPO effect that was observed in [7]. We will assume that
the energy in the primary color is large compared to the energy in the signal, which is
again large compared to the energy in the idler color. For the simulations in Figs. 3 and
4, we find 𝑈−/𝑈0 = 1.6 × 10−2 and 𝑈+/𝑈0 = 1.1 × 10−5, where 𝑈0 =

∫ ∞
−∞ |𝑏0 |2𝑑𝜙/2𝜋,

𝑈− =
∫ ∞
−∞ |𝑏− |2𝑑𝜙/2𝜋, and 𝑈+ =

∫ ∞
−∞ |𝑏+ |2𝑑𝜙/2𝜋 ; so, this assumption is well-justified. In our

simulations, the energy of the pump color was 0.43 nJ, corresponding an ouput power in the
pump comb of 0.43 mW. Given this scaling, we can first linearize Eq. 8b, and we obtain

𝜕𝑏− (𝜙, 𝑡)
𝜕𝑡

=

(
− 𝑙

2
+ 𝑖𝛼−

)
𝑏− (𝜙, 𝑡) +

∑︁
𝜇′

[𝛽𝜇′ + 𝐷int (𝜇′ + 𝜇−)] 𝐵− (𝜇′, 𝑡) exp(−𝑖𝜇′𝜙)

− 2𝑖𝛾 |𝑏0 (𝜙, 𝑡) |2𝑏− (𝜙, 𝑡) + 𝐹− ,

(9)

where 𝛼− = 𝛼0 − 𝛿𝜔 + 𝛽𝜇− . In the wavenumber domain, this equation becomes

𝑑𝐵− (𝜇, 𝑡)
𝑑𝑡

=

[
− 𝑙

2
+ 𝑖𝛼− + 𝑖𝛽𝜇′ + 𝑖𝐷int (𝜇 + 𝜇′)

]
𝐵− (𝜇, 𝑡)

− 2𝑖𝛾
∑︁
𝜌,𝜎

𝐵0 (𝜌)𝐵∗
0 (𝜎)𝐵− (𝜇′ + 𝜎 − 𝜌) + 𝐹−𝛿(𝜇′).

(10)

We next assume that 𝐵0 (0, 𝑡) and 𝐵− (0, 𝑡) dominate the sum in Eq. 10. This assumption is
reasonable since they are resonant with the pumps. The integrated dispersion changes rapidly in
the neighborhood of 𝜇−; so, it is also reasonable to expand 𝛼− +𝑏𝜇′ +𝐷int (𝜇′ + 𝜇−) ≃ 𝐸− +𝐸 ′

−𝜇
′,

keeping only the first two terms in the difference expansion. Equation 10 now simplifies to

𝑑𝐵− (𝜇′, 𝑡)
𝑑𝑡

=

(
− 𝑙

2
+ 𝑖𝐸− + 𝑖𝐸 ′

−𝜇
′
)
𝐵− (𝜇′, 𝑡) − 2𝑖𝛾

[
𝐵∗

0 (0, 𝑡)𝐵− (0, 𝑡)𝐵0 (𝜇′, 𝑡)

+𝐵0 (0, 𝑡)𝐵− (0, 𝑡)𝐵∗
0 (−𝜇

′, 𝑡)
]
+ 𝐹−𝛿(𝜇′).

(11)

In steady state, we then find

𝐵− (𝜇′) = 2𝛾
(
𝑖
𝑙

2
+ 𝐸− + 𝐸 ′

−𝜇
′
)−1 [

𝐵∗
0 (0)𝐵− (0)𝐵∗

0 (𝜇
′) + 𝐵0 (0)𝐵− (0)𝐵∗

0 (−𝜇
′)
]
, (12)



200 300 400

−50

Frequency (THz)
−75

−25

0
Po

w
er

 (d
B

)

200 300 400
Frequency (THz)

0

Po
w

er
 (d

B
)

−25

−50

−75

212 215 218
Frequency (THz)

−80

−70

Po
w

er
 (d

B
)

Frequency (THz)

−80

−70

Po
w

er
 (d

B
)

361 364 367

Linewidth ≈ 120 MHz

(a)

(b)

212 215 218
Frequency (THz)

−80

−70

Po
w

er
 (d

B
)

Frequency (THz)

−80

−70

Po
w

er
 (d

B
)

361 364 367

Linewidth = 0 Hz

MLLE PSD

Primary Comb B0Signal Comb B−

Idler Comb B+

Fig. 4. The PSD of the output comb, based on (a) Eq. 6 and on (b) Eq. 8. We show the
primary comb 𝐵0 in blue, the signal comb 𝐵− in red, and idler comb 𝐵+ in green. The
PSDs of the calculated combs are nearly identical. Additionally, we show the lower and
upper frequency overlap regions for both calculated combs. The offset between the
lines of the primary comb and idler comb is equal and opposite of the offset between the
lines of the primary and signal comb and has a magnitude of 330 GHz. The results of
both calculations are identical. The only difference is in the linewidth of the individual
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which is resonant when 𝜇′ ≃ −𝐸−/𝐸 ′
− , as observed in [7]. The mode number spectrum of 𝐵0 is

imprinted on 𝐵− with an offset that is determined by 𝛽 and 𝐷int in the neighborhood of 𝜇 = 𝜇− .
We determine the spectrum of 𝐵+ (𝜇′′, 𝑡) in an analogous fashion. The spectrum of 𝐵+ is

entirely driven by 𝐵0 and 𝐵− . We define 𝐸+ and 𝐸 ′
+ as the first two terms in the difference

expansion of 𝛼 + 𝛿𝜔− . We then find in steady state

𝐵+ (𝜇′′) = 2𝛾
(
𝑖
𝑙

2
+ 𝐸+ + 𝐸 ′

+𝜇
′′
)−1

𝐵0 (0)𝐵∗
− (0)𝐵0 (𝜇′′), (13)

and find that the spectrum of 𝐵0 is imprinted on 𝐵+ with a resonance at 𝜇′′ ≃ −𝐸+/𝐸 ′
+.

In Fig. 5, we compare the mode number spectra that are computed using Eqs. 8b and 8c to
the spectra that are computed using Eqs. 12 and 13. We see that the results are nearly the same.
In Fig. 5.c, we show Re(𝑏−) and Re(𝑏+). The tanh-like shape of Re(𝑏−) is apparent and will
be the subject of a future publication. This result both explains the soliton-OPO effect that was
observed in [7] and indicates the conditions that are required to observe it.
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4. Conclusions

In this paper, we derive three-wave equations that govern the waveform evolution in a microres-
onator that is pumped at two frequencies in a regime in which a multi-color soliton is produced in
the microresonator cavity. Multi-color solitons are waveforms that have a single group velocity
and hence a single 𝑓rep while having two or more phase velocities and hence two different carrier
envelope offsets 𝑓ceo. They appear in microresonators whose integrated dispersion 𝐷int, evaluated
at the frequency of the primary pump, is nearly quartic with zero crossings that are far removed
from the primary pump. Unless the secondary pump’s frequency is tuned close to a comb line
of the primary comb, multi-color solitons form. Multi-color solitons play a critical role in the
synchronization process.

We began with a derivation of the three-wave equations, and we demonstrated that these
equations reproduce the multi-color soliton solutions that are obtained from a modified LLE
that uses a realistic dispersion profile. A periodic stream of multi-color solitons produces an
interleaved frequency comb when the stream is detected and its frequency spectrum analyzed
outside the microresonator. Because there are two or more carrier envelope offsets, the relative
phase of the colors slip by a constant phase on every round trip. We showed that the modified
LLE can reproduce the observations if one generates a long string of pulses and calculates the
Fourier transform of the string. We then showed that we can use the three-wave equations to
shortcut this detection process.

Finally, we used the three-wave equations to explain the soliton-OPO effect that was observed
experimentally [7] and to determine the conditions under which it is expected to appear. In
this microresonator, the zero-crossings of 𝐷int are too far from the primary pump resonance to
generate a doubly-dispersive wave. However, we show that the primary comb mode number
spectrum 𝐵0 imprints itself on both the signal comb mode number spectrum 𝐵− and the spectrum
of the idler comb 𝐵+ that is generated by the soliton-OPO process. As a result the total bandwidth
of the entire frequency comb can be greatly extended.

There is much that can be done with these equations to study waveforms in microresonator
systems. As one example, they can be used to determine the stability of the muti-color solitons
and their response to noise. These equations can also be used as a starting point for a careful
asymptotic analysis of multi-color solitons. Moreover, the soliton-OPO effect is in many ways
analogous to the CW-OPO effect, and it can be cascaded, opening up a path to creating a
frequency comb spectrum in otherwise difficult-to-access frequency regimes. These equations
are a useful starting point for analyzing soliton-OPO cascades. We have barely scratched the
surface of what can be learned from these equations.
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