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Abstract

Much of our knowledge of quantum systems is encapsulated in the expectation value of Hermitian
operators, experimentally obtained by averaging projective measurements. However, dynamical
properties are often described by products of operators evaluated at different times; such
observables cannot be measured by individual projective measurements, which occur at a single
time. For example, the dynamical structure factor (DSF) describes the propagation of density
excitations, such as phonons, and is derived from the spatial density operator evaluated at different
times. In equilibrium systems this can be obtained by first exciting the system at a specific
wavevector and frequency, then measuring the response. Here, we describe an alternative approach
using a pair of time-separated weak measurements, and analytically show that their
cross-correlation function directly recovers the DSF, for all systems, even far from equilibrium.
This general schema can be applied to obtain the cross-correlation function of any pair of weakly
observable quantities. We provide numerical confirmation of this technique with a matrix product
states simulation of the one-dimensional Bose—Hubbard model, weakly measured by phase
contrast imaging. We explore the limits of the method and demonstrate its applicability to real
experiments with limited imaging resolution.

The properties of many body quantum systems are often encoded in response functions that quantify the
reaction of the system to weak external perturbations. The dynamical structure factor (DSF) S(q,w),
describing a system’s response to density perturbations with wavenumber g and frequency w, derives from
the expectation value (71(0,0)7i(x, t)) of the spatial density operator 7(x, t) at different times and
positions [1]. For equilibrium systems, such quantities are experimentally obtained by observing the system’s
response to a suitable perturbation. For example neutron scattering gives access to S(q,w) (possibly in a
spin-dependent way) in materials [2], where it has contributed to the understanding of high temperature
superconductivity [3], and topological spin systems [4, 5] to name a few. Analogously for ultracold atoms,
S(g,w) can be obtained by Bragg scattering far-detuned laser light off atomic ensembles [6]; this has shed
light on weak- and strongly-interacting Bose—FEinstein condensates [7, 8], structural phase transitions [9],
and unitary Fermi gases [10]. The spectral function, a related response function correlating fields rather than
densities, can be measured using similar techniques [11-13]. By contrast, we focus on measuring
density-density correlations (71(0,0)#(x, t)), and thereby S(g,w), by weak quantum measurements alone [14].
Unlike the methods described above, this technique is not limited to equilibrium systems, and is
applicable to any state, pure or mixed, undergoing Hamiltonian dynamics. This connects to previous
work [15], that showed the static structure factor S(g) can be obtained from the same-time density-density
correlation function (71(0)#(x)) computed from simple projective measurements of density. Because
projective measurements collapse the wavefunction at a well-defined time, they prevent access to the
two-time correlations we require.

© 2025 The Author(s). Published by IOP Publishing Ltd
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Figure 1. System and measurement schema. (a) PCI as an example of homodyne detection. Probe light is first phase shifted by the
atomic ensemble (light scattered by more than the acceptance angle 6 is not detected); the un-scattered light is further phase
shifted by a phase dot; and the resulting interference between the scattered and the un-scattered light is imaged. The detected
signal (histogram) has contributions from the operator expectation value (dashed line) as well as projection noise. (b) A pair of
time-separated weak measurements. The first measurement creates excitations that are correlated with the measurement outcome
and propagate for a time ¢ prior to a second measurement.

Generalized quantum measurements, however, allow for weak measurements that minimally disturb the
system, but in exchange provide only limited information. These have long been associated with continuous
monitoring of both open and closed quantum systems [16, 17], and are essential for closed loop quantum
control [18]. Here, we make use of weak measurements in a many-body context, where they will allow the
extraction of multi-time correlation functions, valid independent of quantum statistics and dimensionality.
We specifically focus on homodyne weak measurement schemes (for example, realized by phase-contrast
imaging (PCI) as shown in figure 1(a)) of atoms in a 1D lattice that report n;(t), a noisy estimate of number
at lattice site j density, and yield post-measurement wavefunctions that incorporate density fluctuations
inferred from the measurement. The excitations resulting from the first weak measurement at time t =0
propagate for a time delay 8¢ prior to a second weak measurement of density giving n;/(dt), as in figure 1(b).
Intuitively the second measurement outcome includes a contribution from the system’s response to the first
measurement, and we analytically confirm that the ensemble averaged [19] cross-correlations between these
observations 1;(0)n;:(dt), converges to the real part of the un-equal time expectation value:

Re [(;(0)7;: (61))]. This interpretation is similar to that presented [14] in the context of photodetection
theory.

We numerically study an implementation of this approach for the 1D Bose—-Hubbard (BH) model, and
show that in the limit of vanishing measurement strength S(g,w) obtained by the weak measurement process
converges to that directly computed from the underlying wavefunctions. We conclude by showing that this
method robustly captures long wavelength excitations even with realistic imaging limitations included.

Homodyne detection—Our weak measurement protocol is based on homodyne detection, which could be
experimentally implemented using PCI as schematically depicted in figure 1(a). When illuminated with
coherent light of wavelength A, an atomic ensemble in the object plane diffracts part of the probe laser by
imprinting a position-dependent phase shift onto it. PCI is usually operated in the far-detuned limit, where
absorption can be ignored, so the intensity of the probe laser just after having traversed the atomic ensemble
is unchanged. By design, PCI is sensitive to changes in the phase quadrature: a phase dot at the Fourier plane
of a Keplerian telescope phase shifts the unscattered light by a known phase value (typically 7 /2) while
leaving the scattered light unchanged [20]. PCI is an interferometric method in which the unscattered probe
serves as the reference beam (i.e. local oscillator), while the scattered component carries information about
the atomic ensemble. In the image plane, the interference between scattered light and the phase-shifted probe
changes the detected intensity by an amount proportional to the atomic density. The usual ‘photon shot
noise’ in this image is the projection noise associated with detecting the intensity of a coherent state. For a
bright beam, this leads to backaction described by a Kraus operator that is a Gaussian function of the atomic
density operator.

Analytical derivation—To be concrete, we consider bosonic atoms in a 1D lattice with an arbitrary native
system Hamiltonian H, responsible for coherent dynamics. These dynamics are interjected by brief
homodyne measurements of the atomic density, with durations short compared to the time scale for
coherent evolution. Each measurement, at a discrete time t, gives an outcome

mj’t
oT1/2?

nj = <”j (1) +

(1)
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where I' is the measurement strength; ; is the number operator at position j; and (#;(t)) = (¢ (¢)|7]1) (1)) is
the Schrédinger picture expectation value of number. The random variable m; ;, with variance m;, 1, 1,

= 6;,,;,0n,1,» describes spatially and temporally uncorrelated quantum projection noise. For small I', the state
conditioned on this measurement outcome [21] is

0 )= 1S b — 5 30, | [0 9) @)
] j

J

in terms of the difference operator 7 ; = 71; — (#;(t)). In following expressions we adopt a notation where
expectation values with a prime

(A (81))" = (" (0)|U" (81) A U (81) [4)" (0)) (3)

are with respect to the post measurement initial state.

In our protocol (illustrated in figure 1(b)), we (1) perform an initial measurement at time ¢ = 0; (2) allow
the system to undergo unitary evolution described by U(dt) = exp (- iHot/ h) for a time &¢; and (3) perform
a second measurement. We focus on the cross-correlation of the measurement results

1

oT1/2

Moty 5t = mjo (A (01))" + (1 (0)) (A (61))". (4)
Terms such as mj, 5,(71;(0)) are absent in this expression because the number at earlier times is uncorrelated
with measurement noise at later times. By contrast, (7, (0t)) can be correlated with the noise ;9. Both
terms in equation (4) have clear physical meaning: the first term identifies excitations created by
measurement backaction, while the second term is simply the correlation between the initial density and the
averaged final density that one might naively expect.

To lowest order in I', the expectation value of the number at time 8t is

(i (86 = G (60) + T2 Do 4 (0) iy (57)

o+ (i (01) 3 0)) — 20y (0)) iy (51)) . (5)

Substituting this expression into equation (4) yields 71j 97575, = Re [(73(0)i; (3t))], equal to the expectation
value of the Hermitian part of ;(0)7;: (6t). This gives direct access to the spatially averaged correlation
function

Gy (31 = 57 3 Re (3 0) 5] ©

as a function of spatial displacement 67, known as the Van Hove function [22] in x-ray and neutron
scattering. This demonstrates our central observation: for I' < 1, correlating subsequent measurement
results yields time-separated correlation functions (the appendix comments on the consequence of stronger
measurements). This is a generic observation valid for pairwise combinations of weak measurements
(potentially of different observables) with the general structure in equations (1) and (2).

The DSF

S(qw)=Y_ /0 Gs; (5t) o1 45 (7)
5

is the Fourier transform of the correlation function. In the subsequent sections, we present concrete
numerical examples as to how accurately this quantity can be captured with a realistic measurement strength.
Weakly measured BH system—We now turn to the BH model with Hamiltonian

. U
Hyy=—)» (a}aﬁl + H.c.) + > iy (Aj+1),
j

J

where &]T describes the creation of a boson on site m and 71; = d}dj is the associated number operator. We
limit the numerical study to 1D and simulate the dynamics using the time-dependent variational principle
applied to matrix product states (MPS) [23].
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Figure 2. Averaged correlation function and DSF of a 51-site 1D BH chain with measurement strength I' = 0.1, 50 trajectories,
and the noise contribution removed from the second measurement. Statistical uncertainties and spatial resolution limits are
detailed in the text and presented in figures 3 and 4 respectively. (a), (b) Correlation signal with U/J = 2 at: (a) fixed 6 = 2, and
(b) at fixed d¢ x J = 1.17. The black curves were computed directly from MPS wavefunctions, while the red curves employed
equation (6) (red bands reflect the single-o uncertainties derived from our 50 trajectories). (c), (d) DSF computed for U/J = 2, 4,
and 5 (top to bottom); (c) DSF from MPS wavefunctions, and (d) DSF obtained from equation (7).

We numerically obtain the ground state |¢)(0)), and then initiate a specific trajectory by stochastically
selecting a realization of the projection noise #; ,—o. This allows us to compute the associated
post-measurement state |¢)(0)) using equation (2) and measurement outcome #; 9. The next step is to evolve
the resulting state according to Hpy for a time 8¢, obtain (73;(61)), select a second noise realization m; 5, and
thereby obtain the second measurement outcome #; 5;. We then average the correlation signal (equation (4))
over trajectories. To increase sampling efficiency in the numerical simulations, we use each initial noise
realization m;,— to generate the full collection of second measurement outcomes, by computing (71;(dt))
and m; 5, at every desired time increment. When reporting correlation functions, we further enhance the
sampling efficiency by omitting the noise contribution to the second measurement, giving n; 5, = (7;(dt)).
The number of trajectories quoted in the figure captions reflects the number of distinct initial noise
realizations.

Figure 2 plots the results of these simulations (see caption for simulation parameters); (a) and (b) show
dt and 8j cross-sections of the correlation function Gj(dt) with quantities extracted directly from MPS
wavefunctions (black), and those obtained using equation (6) (red) agreeing within the statistical
uncertainty (error bands). The duration of the MPS simulations are limited to the short times— 0t x | < 3
for current parameters—for which they are numerically exact (i.e. converged in truncation error
per-timestep); this blocks numerical access to small w when computing S(g,w). Longer times (and therefore
smaller w) are experimentally accessible, however, finite size effects will appear for large 5t. For example, at
U/J = 2 the correlation signal nominally spreads by approximately two lattice sites per time increment of
0t x J. Then, in a 51-site 1D BH chain, an excitation initially located at the center of the system will reach the
boundary in ~12 tunneling times.

Panels (¢) and (d) confirm that S(gq,w) extracted from the MPS wavefunction (left) is in correspondence
with that obtained from the correlation signal (right). The key features of the excitation spectrum [24] are
present: in the superfluid phase (U/J = 2) a gapless phonon mode (linear for small w) is present; and in the
Mott insulating phase (U/J = 4,5) a energy gap clearly appears. In both cases the DSF contains sharp spectra
features derived from well defined quasiparticle excitations: phonons in the superfluid phase giving way to
particle-like excitations in the Mott phase. The artifacts present in the correlations signal in figure 2(d) arise
from a hybrid term that combines both statistical and systematic uncertainties (see appendix).

Systematic and statistical uncertainties—Any determination of S(g,w) will have statistical uncertainties
resulting from employing only a finite number of trajectories given the noise inherent in the measurement
process. In addition, our expressions for spatial correlations and the DSF are only strictly valid when I' — 0,

4
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Figure 3. Statistical and systematic uncertainties using 50 trajectories and U/J = 2. (a), (b) Comparison of statistical uncertainty
(green) and total error (purple) in AGsj—o(6¢) for T' = 0.05 and I" = 0.5. (c) Statistical (green) and total (purple) uncertainties
averaged over 0t and j along with fits (curves) to the scaling behavior described in the text. The statistical uncertainties
associated with these averages are smaller than the plotted markers.

giving corrections to equation (4) at order I''/2, i.e. systematic uncertainties. Both measurements
(equation (1)) have statistically independent noise contributions o< ['~1/2. (While noise on the second
measurement can be neglected when computing averaged quantities, it must be included when computing
uncertainties.) Together these contribute a oc '~ statistical uncertainty to the correlation function G;(41).
In the strong-measurement limit the noise contribution of the second measurement can be neglected, and
the remaining statistical uncertainty becomes independent of I'.

Figures 3(a) and (b) quantify the statistical and total uncertainties at small and large I" respectively. The
green curves plot the standard error of the mean across 50 trajectories (i.e. statistical uncertainty), and the
purple curves plot the difference between Gs;j(dt) determined exactly from MPS wavefunctions and from our
weak measurement approach (with contributions from both statistical and systematic sources). At small I,
statistical uncertainties exceed systematic effects, making the total and statistical uncertainties comparable;
for large I the relative importance reverses, so the total uncertainty exceeds the statistical contribution. This
is summarized in (c) which plots the overall uncertainties AGgrys, the quadratic mean averaged across all 6t
and the spatial range §j = —10 to 10, where there is significant signal. As expected, the statistical uncertainty
(green) initially decreases as ' ! before beginning to saturate at large I'. As suggested by (a) and (b), the
combined uncertainty (purple) is dominated by statistical effects for small I" and systematic effects for large
T, where it scales as oc I''/2. The solid curves in figure 3(c) confirm these observations with fits to the
quadratic mean of the asymptotic scaling behaviors: | (AI"I)2 + B " and [ (AI"l)2 + (CTI/Z)z] 2 for
statistical and total uncertainties respectively (with fit parameters A, B, and C). In practice an optimal
measurement strategy balances these two sources of uncertainty; in our 50-trajectory simulations these
contributions are comparable at I' = 0.1.

Resolution limits— Even aside from technical considerations associated with imperfect imaging system
design, realistic imaging systems only capture light scattered at angles below an angular acceptance 6; this
introduces a momentum-space cutoff ki, = 27sinf/ A [25]. As a result, far-field imaging such as PCI
provides no information for wavenumbers above kp,y, and for this reason the current generation of PCI
experiments cannot perfectly resolve individual lattice sites.

Given the inevitability of such resolution limits, we numerically simulated the impact of finite resolution
by applying Fourier cutoffs (removing all Fourier components beyond some kp,y) to the measurement
outcomes 7;,, prior to computing correlation functions. Figure 4(a) shows the DSF obtained in this way is
largely unchanged for |k| < kmax (vertical magenta dashed lines) but is abruptly cutoff at ky,y. Panels (b) and
(¢) continue by plotting cross sections taken at w/J = 1.57 and w/J = 3.46 (horizontal dashed lines in(a))
both with (blue) and without (red) this cutoff. In (b) the sharp spectral feature is clearly resolved and the
DSF is essentially unchanged for |k| < kmayx. In (c) the cutoff intersects the spectral feature and additional
deviations appear: for smaller k the DSF differs from the no-cutoff case, and the |k| > kpax signal (inset)
oscillates around zero. Taken together these data confirm that experimentally realistic imaging systems can
obtain the DSF associated with long-wavelength excitations up to their kyax, with worse-case artifacts at the
~5% level.
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Figure 4. DSF derived from measurements with imaging resolution effects (kymax = 0.5, vertical dashed lines) computed for

U/J = 2. As in figure 2, the noise contribution is removed from the second measurement. The resolution-limited DSF is plotted
in (a) using the same color scale as in figure 2, while (b) and (c) show cross sections taken at w/J = 1.57 and w/J = 3.46 and with
(blue) and without (red, offset for clarity) resolution limits. The inset in (c) is vertically expanded to show artifacts outside kmax.

Conclusion and outlook—Here, we described an experimentally realistic technique employing a pair of
weak measurements to extract S(g,w), a four-field correlation function; although our study focused on
degenerate Bose gases, this method is equally applicable to Fermi gases, Bose—Fermi mixtures, and spin
systems. Other techniques for measuring S(q,w), such as Bragg spectroscopy, detect the system’s response to
experimentally induced perturbations. Therefore, separate technical infrastructure is required to create
excitations at each desired g and w, and then to measure the response. From this practical perspective, our
method reduces experimental complexity as it relies on measurements alone. We note that systems described
by non-Hermitian evolution can also provide access to correlation functions of this type [26, 27].

As briefly noted above, this approach can be used to obtain two-time correlation functions of any pair of
Hermitian operators that can be weakly measured. Such a process yields the expectation value of the O(I"'/?)
backaction operator of the first measurement (e.g. 47; in equation (2)) multiplied by the measurement
operator of the second measurement (e.g, 71;- in equation (3)). As a straightforward example, in spinor
systems quantities such the ‘spin Van Hove function’ (i1 j,o — 1y j0) (g jr,60 — iy jr,6¢)) (essentially
correlations in the 6, magnetization) could be easily measured by performing PCI with the probe laser
red-detuned with respect to one spin state and blue-detuned with respect to the other [28]. Measuring o
and o, magnetization requires additional coherent control to transform the desired quantities to and from
the measurement basis. Other examples include spin—spin cross-correlation functions such as (#; 17;- ;) in
multi-component (or even multi-species) systems and even hybrid spatial-momentum correlations (/1)
that combine the momentum space number density 7 with the real space density.

A straightforward extension of this scheme to three measurements provides access to a
weak-measurement Leggett—Garg [29, 30] correlation function B;, j, = 7, 17, 1, + i, 6,1, — My 1, iy 13-
Leggett—Garg correlation functions obey Bells inequality-like relations that distinguish between classical and
quantum correlations. Here violations of a Leggett—Garg inequality may identify non-trivial entanglement in
self-equilibrating closed systems, even when the eigenstate thermalization hypothesis is otherwise valid for
local degrees of freedom [31].

Extensions of this approach that directly correlate more than two measurements access higher order
correlation functions, however, the resulting signal derives from higher order moments of the random
variable m; , and are dwarfed by two-point correlators (with sufficient statistics higher same-time
correlations have been observed [32]). It is possible, therefore, that such extensions may even yield out of
time ordered correlations with their ability to quantify quantum chaos and entanglement spreading [33].
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Appendix. Increased measurement strength

In the main body of the text, we introduced a measurement model (equations (1) and (2)) that is valid up to
second order in T''/2. This model describes both measurement outcomes and the associated conditional
change in the system’s wavefunction. We then related the Van Hove function Gs;(t') to the cross-correlation
function of measurement outcomes at order O(I''/?) in the wavefunction update rule, and performed an
ensemble average in the limit of infinitely many trajectories. In this appendix, we quantify the next-order
contributions to Gs;(¢'), and examine the impact of employing a finite number M of trajectories.

A.1. Model
In our initial exposition, we considered correlation functions such as 7; 7,7, for which the logic of the
argument was most transparent. Here, we instead focus on noise correlations, i.e. 1 dn; ,» with
onj; = nj, — 1 this choice leaves the underlying reasoning and conclusions unchanged but leads to greatly
simplified expressions.

In terms of noise variables, the measurement model becomes

. = m;, R r .
5nj7t = <<nj,t> — <7’l]’t>) =+ 21_‘]1;2, and ‘1/}’ (t)> = 1 +F1/2ij,t5nj,t — E Z(S]’lit |Q/J (t)> (Al)
j j

for the weak measurement of atom number #; ; at site j and time ¢ with measurement strength I' < 1.
Measurement noise is described by the random variable m1; ;, which has zero mean and covariance

iy ;7 = 0;j+0y 1. Meanwhile, quantum fluctuations about (1; ;) are described by the operator

onj, = fij, — (1), i.e. (671;,) = 0. These expressions show both how the weak measurement result r; , differs
from the operator expectation value (7; ;) and how [¢(1)) is conditionally updated to |¢/’(t)) based on the
measurement outcome.

In general, the existence of time subscript on operators, such as #; versus ; ;, is used to distinguish
between Schrodinger and Heisenberg picture operators. This convention fails for ¢7; , which explicitly
depends on t via (7i; ;) independent of the picture; for example in equation (A1) operators are in the
Schrodinger picture. (Note: as compared to the notation in the main body of the text, here time appears via a
subscript on operators, i.e. j(t) — fij; this is to allow expressions such as in equation (A2) to fit on a single
line.)

The density-density correlation function requires knowledge of (7i; o) as well as (7 ;+)’, which is
influenced by measurement backaction and then by unitary evolution. To order O(T"), this latter quantity is

A N r . . . T .
<Iflj/’[/>, = <'(/) (0)‘ l—l—I’l/Zijho(Snjhg — 52(5}’1]-2“0 ”j’,t’ 1+P1/22mj2706nj270 — EE(S}’Z]'ZLO |’¢ (0)>
Ji i J2 J2
= <1¢l]‘/’t/> + 21“”2 Z mjlyoRe (<6ﬁj1,0ﬁj’,t’>) - FZRC (<5ﬁ]21 7()I;lj/7,d>) + FZ mj, 0M;, .0 <5ﬁj1,0ﬁj’,t’5ﬁjz,0>
nn Ji Jioj2

~ (fy )+ 2012 > " mj, oRe (87, 0y 1)) =T > Re ((5;&}] ofij ) — <5ﬁjh0ﬁj,7t,5ﬁjho>) , (A2)
i

n

EL]-/Y‘/

where we defined the O(I") term as Ly ;» owing to its formal similarity to the Lindblad term in master
equations. In simplifying Ly ;+, we replaced m;, omj, o — 6j, ;, as suggested by It6 calculus [a similar
replacement was used when deriving the wavefunction update rule’s O(T") term]. In analogy with the

7
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wavefunction update rule, only the O(I''/2) term depends on the random variable, leading to the simple
expression

<flj/7t/>/ — <flj/7t/>/ = ZFI/Z ijhoRe (<5ﬁj1,05ﬁj’,t’>) (A3)
n
for fluctuations, thereby recovering equation (5).

A.2. Statistical uncertainties
With expressions for 6n; o and dn; ;+ in hand, we now examine the cross correlation function

_ Mo [(n v ) M 1/2
5nj70511]'/,t/ = 21_‘1/2 |:(<1/l]/,t/> — <Vl]/,t’>,) + 2F1/2:| +O (F / )
1

= Emj’omj/’,/ + Z m; om;, oRe (<57Alj170(5f1j/’t/>) . (A4)
Ji

The absence of any systematic artifacts in this un-averaged CCF through order O(I"'/?) results from the
complete cancellation of the O(T") term in equation (A3).
Performing the ensemble average then yields the mean

5n]-705nj/7t/ =Re (<5ﬁj7051j1j/7t/>) y (A5)

and the noise-variance
1 . en 2 R . 2
ﬁ + Re (<5nj,o5nj/7t/>) + ZRC (<6nj1705nj/7t/>) . (A6)
1

2 2
var:(énjﬁoénj@t/) fdnﬂoén]-/,t/ =

We used the fact that a zero-mean unit-variance Gaussian random variable m (with 77 = 0, m2 = 1)
has the higher order moment m* = 3, so mﬁomjhomjz’o = 26;;,0;, j, + 0j, j,- This recovers the scaling of the
‘statistical’ noise shown in green in figure 3, where the uncertainties are the standard error of the mean, i.e.

[var/(M — 1)]'/2, with noise-variance var defined as above.

A.3. Systematic uncertainties
In studying the systematic error, we consider fluctuations away from the exact result

~ ~ 1/2 ~ ~
<nj’,t’> r_ <nj’,t’> =2I' / Z mjl 7()Re (<5ﬂj1705n]‘/7t/>) — FL]‘/J/, (A7)
n
rather than away from the ensemble average as in the preceding section. In this case, the cross-correlation
function

1 A .
5nj,05nj’,t’ = Emjvomj’#’ + ijvomjhoRe ((671]-170511]77,/}) - 2].—‘1/21’)’1]‘,0[,]‘/7{/ (AS)
h

contain a systematic artifact, which, while absent in the mean, contributes a new term to the noise variance

1 L 2 N ea 2

var= oo + Re (<5nj706nj/’t/>) + ZRe ((5nd ,oénjgt/)) + 4FL]-2,J,. (A9)
i

This then leads to the observed oc I''/? scaling in the systematic uncertainty (purple) in figure 3. This is a

hybrid term that mixes systematic and statistical uncertainties, leading to a standard error of the mean that

still goes to zero in the large M limit. True statistical uncertainties that directly affect the mean therefore

require higher-order expressions in the measurement model, which are beyond the scope of this work.
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