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Abstract

CrossMark

We have built and demonstrated a digital four-arm bridge for the comparison of resistance with
capacitance. The digital four-arm bridge mimics the classical quad bridge in the digital domain
with three balances: the source balance, the detector balance, as well as the main balance. Due
to correlation, the required precision of the source voltages is only of the order of the square
root of the ultimate bridge precision. For the comparison of a 100 k(2 resistor with a 1 nF

capacitor near 1592 Hz, the combined standard uncertainty (k =

1)is 5 x 107°.

Keywords: digital bridge, four-arm bridge, digital four-arm bridge, quad bridge,
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1. Introduction

A recent review article, entitled ‘Impedance bridges: from
Wheatstone to Josephson’, summarized the state of the art of
impedance bridges [1]. However, one bridge did not receive
the recognition it deserves. A six-arm bridge invented by Small
et al for the comparison of resistance with capacitance (R—C)
was published in this journal more than 20 years ago [2]. The
main bridge loop consists of two R—C arms, two C—R arms,
and two arms of a ratio transformer which is one-to-one with
respect to its center tap through which the in-phase and quad-
rature adjustment voltages are injected. The bridge has several
salient features. It does not need any defining transformers that
have been widely believed to be essential for accurate four-
terminal-pair (4TP) impedance measurements [3, 4]. It also
defines a common low-potential port between the R—C arms
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and another between the C—R arms, thereby saving the com-
bining networks between the low-current ports and the low-
potential ports that are commonly used to eliminate the effect
of contact resistance and connecting cables. Despite these sim-
plifying measures, the bridge reached extremely low standard
uncertainties of better than 1 part in 10° at frequencies from
200 Hz to 2kHz.

Different from the conventional passive-component quad
bridge [3, 5], the six-arm bridge uses active components to
synchronously generate three excitation sources that minim-
ize harmonics, and it also uses active components to produce
an appropriately weighted sum of three detector currents that
reflect the bridge balance error. It retains the most import-
ant feature of the conventional quad bridge with three bal-
ances: the main bridge balance, the source balance, and the
detector balance, where the precision required in setting the
source voltages and the detector combining network paramet-
ers is only of the order of the square root of the ultimate bridge
precision. This weak dependence of the bridge performance
on the precision of the voltage sources is in stark contrast with
the digital bridges where the voltage ratio of two synthesized
sources is used directly as the reference for impedance ratio
measurements and its stability can become a major limiting
factor for the overall bridge performance [6, 7].
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In this paper, we present a digital four-arm bridge for com-
paring resistance with capacitance. The source balance and
the detector balance are implemented using digital techniques.
We demonstrate that these auxiliary balances contribute only
second-order errors to the main bridge balance.

2. Theory of the four-arm bridge

In 1929, Ogawa [8] combined the Wagner balance [9]
with Carvallo’s theorem [10] and theoretically proposed the
fully balanced four-arm bridge. The significant conclusion of
Ogawa’s work is that the bridge resolution is a product of two
small terms, the source balance error and the detector bal-
ance error. This was experimentally demonstrated in 1940 by
Koops [11]. At the fourth CPEM, held in Boulder, CO, in 1964,
Thompson [12] demonstrated a quad bridge, which is a vari-
ation of the four-arm bridge and shares the same weak depend-
ence on the source and detector balances. With the advent of
precision ratio transformers in the 1950s, the research focus
shifted away from the traditional four-arm bridge. Here, we
revive the classical four-arm bridge with digital techniques.

For a general coaxial four-arm bridge illustrated in figure 1,
the passive bridge network is a four-port system that can be
completely described by four linear equations, including the
effect of ground admittances at the four nodes [8]. We con-
sider a special case where the detector inputs, port 3 and port
4, are virtual-ground current inputs to avoid dependence of the
bridge network on ground admittances at the detector nodes.
The bridge can then be described by a system of two lincar
equations,

L=Y3Vi+ YV, €Y
L=YuVi+ YV, )

which can be written more compactly in matrix form:
I=YV. 3)

Following [2], we can combine /3 and /4 to generate an error
current, A, which reflects deviations from the perfect bridge
balance, i.e. AI=0. The error current is a linear combina-
tion with complex coefficients of the two detector currents,
given by

Al=( pi Pz)(?):PI- 4)
4
The error current is a virtual quantity, meaning it only exists
mathematically in the measurement computer and is not
obtained by physically combining currents. as was done in [2].
Combining equations (3) and (4) yields

Al = pYV. ®)
The error current A/ is zero and is independent of V if
pPY =0, (©6)

Figure 1. Schematic of a coaxial four-arm bridge where the outer
conductor has been omitted for clarity. The current detectors D3 and
Dy force nodes 3 and 4 to virtual ground.

which has been called the detector balance [5]. Similarly, Al =
0 and is independent of p if
YV=0, @)
which has been called the source balance. For non-trivial solu-
tions to equations (6) and (7), Y must be singular, i.e.
det(Y)=0 ®)
which is the main bridge balance.

Let Y=Y, be a solution to equation (8), p=p, be a
solution to pY, =0, and V=V, be a solution to Y,V =0.
Then, with Y=Y, +dY, p=p,+3dp, and V=V, + 4V,
equation (5) becomes

Al=(p,+p)(Yo+0Y)(V,+4V)
=p,0YV,
+p.0YOV+0pY,0V+pdYV,

+dpdYOV. 9
Importantly, dY contributes to the first-order, while 6V and
dp contribute to second and higher order terms of Al Thus,
the bridge is sensitive to the impedance ratio to first order but
is less sensitive to the source voltage fluctuation and the linear
combinations of the currents.

According to equation (8), if Y3; and Y4, are capacitors
with the values C; and C5, respectively, and Y3, a resistor with
the value R; and the bridge is operated at w, one finds

jwC;  R!
det(Yo) =det [ /91 ' )
et(Yo) e( Yau o jwG
= —w'C\Cy— R Y. 10
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The determinant is zero if and only if

Y1 = —wCiCaR;. (11)
Thus, Y4, must be a negative quantity. In the next section,
we discuss how to implement a negative resistance standard
before we return to a description of the complete four-arm
bridge.

3. Apparent negative resistance standard

Apparent negative impedances have been previously used to
facilitate unloading when a 2TP bridge was used to compare
4TP impedances [13]. Here we adopt this proven concept to
construct a 4TP negative resistance standard as illustrated in
figure 2, which will be shown in the next section to facilitate
the comparison of resistance with capacitance. The idea is to
convert a 4TP resistor of a nominal value of R into a 4TP com-
posite resistor with an apparent negative resistance, —R. The
positive terminal of a one-to-one transformer with its center
tap grounded is connected to the original high potential port
of R through a defining transformer. The negative terminal
of the transformer then becomes the new high potential port
2. A desired output voltage of port 2 can be set by adjusting
a waveform generator, S, that excites the one-to-one trans-
former through an isolation transformer. The current through
the high current port 1 is supplied by another waveform gener-
ator (not shown in the figure), S, through an auxiliary resistor,
Ry =~ R. Here, S| and S, are locked in frequency and phase.
By adjusting Sj, the current through the defining transformer
can be minimized. The apparent resistance of the composite
standard is

Rapp: _R(1+7)7 (12)

where 7 is a small complex number representing the ratio error
of the one-to-one transformer. A reversal of the transformer
provides self-calibration.

4. Coaxial circuit

The coaxial circuit of a digital four-arm bridge for the compar-
ison of resistance with capacitance is shown in figure 3 with
the outer conductor drawn in blue. The encircled numbers in
the figure correspond to the nodes in figure 1. The left branch
of the bridge consists of Y3; = jwC) and Y3, = Rl_l, while the
right branch consists of Y4 = =R, Vand Yy = JjwC,. The neg-
ative R, given within the dashed region is a composite negative
resistor, as is shown in figure 2. Both capacitors are 2TP stand-
ards. C| is defined between nodes 1 and 3, and the nominally
equal C, between nodes 2 and 4. R; and R, are nominally equal
4TP standards. Mixing of 2TP capacitors with 4TP resistors in
the same bridge has been demonstrated previously [2, 5, 14].
All C and R represent complex capacitances and resist-
ances, respectively. C; is unloaded through an approximately
equal capacitor, C,, by adjusting its voltage source, S,, such
that the detector, Dy, of the defining transformer 7'; is nulled.
The high port of C, is connected to the high potential port of

D

S1
L@
Ry

&Vy = LR

, Va=0
Ll =0 oDV

Figure 2. Schematic of a negative resistance standard with an
apparent value of —R. The current supplied to port 1 is adjusted
such that D is nulled.

R, . The contact resistance between them is considered as a part
of C, which may slightly alter its dissipation factor but con-
tributes negligibly to its capacitance. The low terminal of C,
is connected to the low current port of R; with the low poten-
tial port of R, kept at the virtual ground by a current amplifier
(Femto DLPCA-200"). The connection between R, and C, is
similarly arranged.

The four waveform generators (Keysight 33500B), S,
S», S4. and Sp, are locked in frequency and phase through
their external reference frequency inputs to a clock gener-
ator (Stanford Research Systems CG635), nominally set at
10 MHz, which is then locked to a 10 MHz GPS clock. The
clock generator in the path of reference frequency provides
the convenience of changing the bridge operating frequency
by a small amount without disturbing the overall bridge bal-
ance, as has been done, for example, to acquire the data shown
in figure 4. S| and S, are operated with nominal peak-to-peak
amplitudes of 10 V.

A quadrature bridge for the comparison of resistance with
capacitance has a distinctive advantage, compared to ratio
bridges for the comparison of like impedances, in that the
operating frequency can be continuously changed to match the
impedance magnitude of the capacitor with that of the resistor
[15]. The four-arm bridge is at its balance when det(Y) = 0.
As detailed in section 2, at this operating point, the virtual error
current, Al is to first order independent of fluctuations in the

! Certain commercial equipment. instruments, or materials are identified
in this paper to foster understanding. Such identification does not imply
recommendation or endorsement by the National Institute of Standards and
Technology, nor does it imply that the materials or equipment identified are
necessarily the best available for the purpose.
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Figure 3. Coaxial schematic of a four-arm bridge with unloading circuits. The encircled round numbers correspond to the encircled nodes
in figure 1. Detectors D3 and D4 are amplifiers with their inputs at virtual ground.

supply voltages measured by V' and V5, and the complex coef-
ficients p; and p, that are used to calculate the error current.
Let w, denote the frequency at which the bridge is at balance.
Then,

jwocl

Ry!
det(Yo):det< R Gy >

=-w2CiG+R 'Ry =0, (13)
which can be solve for w, to get
Wo = (R1R2C1C2)_1/2. (14)

A small built-in trim capacitor in parallel of R; can be adjusted
to meet the balance condition for the imaginary component.

With Y, set, the source balance, equation (7), gives the value
of V, as

Similarly, the detector balance, equation (6), gives the value of
P, according to

Vonl( 1, (15)

-

po~(—j 1). (16)

Without loss in generality, we assume that the two imped-
ances are identical, i.e. C, and R,. To balance the bridge,
the frequency is changed until A7~ 0 which is achieved at
woR,C, = 1. Unbalance in the bridge can occur in all three
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Figure 4. Measurements of « (top panel) and 3 (bottom panel) as a
function of time. After about 1.5 h into the data taking the bridge
frequency was changed from ws to wo + dw, with

dwjwe =1x10".

factors R, C, or w. Let’s assume, C is unchanged and R =
Ro(1+ a+jB3), where v and 3 are small real numbers. The
new balance condition is

1
RC, =1 = ~we(l—a—jp).
wRC —w CR wo (1—a—jB)

amn

Similarly, a small fractional change in frequency corresponds
to an identical fractional change in the real part of the resistor.

If a small change occurs after the bridge has been balanced
and the operator does not choose to rebalance the bridge by
changing its frequency, the error current gives the fractional
change directly. Using p, from equation (16) and V, from
equation (15), one finds

2V,

Al=p YV, = R.

(a+jB). (18)

Multiplying Al with R,/(2V,) =1/(2w,V,C,), the small
deviations « and (3 are directly obtained from the error
current,

Al

—_—. 1
2w,V Co (19)

atjf=

In practice, « + j{ is a null indicator that can be aligned and
calibrated, like a lock-in detector, by a known displacement
of the bridge balance such as changing w slightly. The current
detectors D3 and D, are individually aligned to the natural fluc-
tuations of V; /V, through correlation analysis [16]. The ratio
p1/p2 is determined by analyzing the correlation between I3
and I, which are digitized synchronously using a Keysight
DAQMOY09A.

The unloading voltage sources S, and S, only need to be
adjusted once to null the detectors, D and D, respectively.
The stabilities of S, and §;, are not critical which we have
investigated experimentally. Turning S, and S, completely off
only changes the bridge result on the order of 1 uQ Q!

The voltage ratio V; /V, is dynamically adjusted by modify-
ing only S, with §; fixed, using a simple digital proportional-
integral feedback algorithm, to minimize /3. The feedback and
its performance are described in detail in [16]. Although the
peak-to-peak fluctuations of V| and V, remain on the order
100 1wV V!, their statistical means deviate less than 1 pV V!
from their ideal values required by the source balance.

The bridge balance signal is not sensitive to a small change
of JV according to equation (9). This was verified by delib-
erately setting S, incorrectly either in amplitude or phase. For
example, adding 10 uV V~! to V, did not result in a detectable
change in « or 3.

5. Bridge performance

The bridge was used to compare two 1nF capacitors with
two 100kS2 resistors at a frequency near 1592 Hz. One of
the capacitors, C|, consists of ten 100 pF fused-silica capacit-
ors in parallel, while the other, C», is a temperature-regulated
1 nF ceramic capacitor. The capacitance difference between
C, and C; is less than 4 uFF~!, and their stability is better
than 1 nFF~! during the experiments. The two resistors are
closely matched (within 12 uQ Q=) Vishay metal-foil resist-
ors that are hermetically sealed in oil-filled cans. Each resistor
is individually housed in a thick aluminum box whose tem-
perature is indirectly regulated by seating on top of a large
aluminum block attached to a temperature-controlled bread-
board (Thorlabs PTC1). Although the specified stability of the
breadboard is only 0.1 °C, the temperature fluctuation of the
resistor housings is about 0.02 °C, estimated by attaching a
calibrated thermistor probe.

Measured values of o and S are shown in figure 4 as a
function of time, demonstrating the stability of the bridge. In
the middle of the test run, we increased the clock generator
frequency by 1Hz, inducing a step change of 1 x 1077 in «
without disturbing 3. The degree of orthogonality between «
and /3 was further tested by increasing 3 as much as 1 x 1073
without noticing any discernible change in . We conclude
that the quadrature component of the bridge does not need to
be fully nulled since the primary focus is the determination
of resistance in terms of frequency and capacitance. Shown
in figure 5 are the typical Allan deviations of « and /3 meas-
ured after balancing the bridge at wo, = 1591.9520Hz as a
function of averaging time. The relative Allan deviation of
both « and 8 are about 1 x 10~ for the first point, acquired
in 7, and they initially decrease along a straight line in the
log—log plot, with their slopes consistent with averaging over
white noise. After one minute of averaging o drops to below
3 x 107°, then increases slightly in 10 min. This increase is
probably due to the imperfect temperature control of the res-
istors. Furthermore, 3 reaches below 1 x 107?, suggesting
that the bridge structure and the computer algorithm are very
stable.

Table 1 summarizes the uncertainty budget for the meas-
urement of «. The contribution of the digitizer non-linearity
is negligible because « was nulled. A possible contribution of
/3 to o was estimated from the residual 5 and the determined
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Figure 5. Squares and circles give the Allan deviations of « and /3
as a function of measurement time. Error bars are 1-o standard
deviation of the Allan deviation.

degree of the orthogonality. The ratio error of the one-to-one
transformer was determined by reversing the transformer.

A quadrature bridge for the RC comparison is frequency-
dependent and has a unique problem due to the non-linear mix-
ing of harmonics at the detector. The theoretical framework
for dealing with the resultant intermodulation offset can be
found in the literature [4]. The digital bridge has an advant-
age because all relevant harmonics are simultaneously digit-
ized with the fundamental signal. We followed the procedure
described in [2] to determine the intermodulation offset.

We used analog filters (Stanford Research Systems
SIM965) between the current amplifiers and the digitizer so
that the harmonic intermodulation was limited to the current
amplifiers. By changing the gains of the two current ampli-
fiers by a factor of 100, we noticed a change of 2 x 107% in
«, attributable to the intermodulation offset. To correct the
offset, we first injected additional second and third harmonic
signals, separately to each branch, to minimize the associated
harmonic amplitude at the digitizer, and we then increased the
injection amplitude by a factor of ten in order to measure the
additional offset to provide the calibration factor.

The choke errors were treated in a similar fashion, which
has been thoroughly described in the literature [4, 5, 17].
The combined standard uncertainty (k = 1) of the digital four-
arm bridge is 5x 10~°, which compares favorably to the
uncertainty of the conventional quad bridge at NIST reported
previously [18].

The combined standard uncertainty does not include trans-
port uncertainties of the standards which have to be included
if the determined impedance ratio were to be compared with
another method. In particular, the transport stability of the
100kS2 Vishay resistors has not been fully determined. We
intend to use the impedance ratio determined by the digital
four-arm bridge as a reference to improve a custom detec-
tion system for one-to-one complex voltage ratio which is the
core technology and the limiting factor of the two-arm digital

Table 1. Uncertainty budget (k= 1) for a.

Item Std. Unc. x 10°
Type A 3
Ratio error of 1:1 transformer 3

—

Harmonic intermodulation offset
Coaxial chokes

Orthogonality error 0.3
Digitizer non-linearity <0.1

—

Combined standard uncertainty 5

bridges described previously [16, 19]. For this limited applic-
ation, the standards can stay unperturbed from one bridge con-
figuration to another.

6. Conclusion

A digital four-arm bridge for the comparison of resistance
with capacitance has been demonstrated. The digital four-arm
bridge retains the key feature of the classical quad bridge with
the source balance, the detector balance, and the main balance,
where the required precision of the source voltages is only of
the order of the square root of the ultimate bridge precision.
For the comparison of a 100k{2 resistor with a 1nF capa-
citor near 1592 Hz, the combined standard uncertainty (k= 1)
is 5x 1072, which is comparable to the uncertainty of the
conventional quad bridge at NIST reported previously [18].
The impedance ratio determined by the digital four-arm bridge
will provide an independent check for the two-arm digital
bridges that rely on the digitizers to provide the one-to-one
ratio [16, 19].
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