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In this work, we propose performing key operations in quantum computation and communication using
room-temperature atoms moving across a grid of high-quality-factor, small-mode-volume cavities. These cavities
enable high-cooperativity interactions with single atoms to be achieved with a characteristic timescale much
shorter than the atomic transit time, allowing multiple coherent operations to take place. We study scenarios
where we can drive a Raman transition to generate photons with specific temporal shapes and to absorb, and
hence detect, single photons. The strong atom-cavity interaction can also be used to implement the atom-photon
controlled-phase gate, which can then be used to construct photon-photon gates, create photonic cluster states,
and perform nondemolition detection of single photons. We provide numerics validating our methods and discuss

the implications of our results for several applications.
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I. INTRODUCTION

The ability to create single photons, implement
photon-photon gates, create photonic cluster states, and
detect single photons is important for performing quantum
computation [1,2], quantum communication [3], and quantum
metrology [4]. Moreover, it is important to execute these
operations in a scalable way to produce large-scale systems
capable of implementing quantum error correction and
solving large problems [5].

Single-photon sources have been realized using quantum
dots [6] and atoms [7] in high-finesse cavities. Moreover,
the use of auxiliary classical fields to control the shape [8,9]
and polarization [10] of the emitted photons has also been
demonstrated. However, spectral inhomogeneities in quan-
tum dots [11] and the technical demands to cool and trap
atoms [12,13] make scalability challenging. Similarly, state-
of-the-art single-photon detectors based on superconducting
nanowires require cryogenic operating temperatures [14].

In this paper, we propose an architecture, shown schemat-
ically in Fig. 1, that can realize key photon processing
primitives—photon sources, photon detectors, and photon-
photon gates—without the physical infrastructure associated
with laser cooling and trapping or cryogenics, and with a
level of homogeneity that exceeds that of most solid-state
quantum optical systems (such as quantum dots). Our archi-
tecture uses room-temperature atoms moving across a grid of
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high-quality-factor, small-volume cavities in a regime
where strong atom-cavity interactions (large single-atom
cooperativity) can be achieved. Previous work with cold
atoms in cavity QED (quantum electrodynamics) systems has
demonstrated all the key steps in implementing the prerequi-
site strong atom-light interactions [18-23]. In contrast, warm
atoms present an additional challenge due to the finite time
over which they are present within the cavity mode volume.
Thus, to make use of this architecture for photonic quantum
information processing, it is important that the atom’s transit
time through a cavity is much longer than the time it takes to
generate a single photon, detect a single photon, or implement
an atom-photon quantum gate. As a result, while cavity QED
with warm atoms was pursued in groundbreaking experiments
decades ago [24,25], the aforementioned challenge pointed
toward cold-atom cavity QED as a more fruitful path for
realizing coherent single-photon operations.

In this paper, we argue that developments in integrated
photonics and microfabricated atomic devices suggest
that cavity QED with warm vapors is worth revisiting, as
recently noted in Ref. [26]. In particular, there has been
continued development of integrated photonic microcavities
with ultrasmall mode volumes and high quality factors
[26-29], so that high-cooperativity atom-photon interactions
are achievable. Moreover, recent work on microfabricated
atomic beam collimators [30] has shown that they can be
incorporated together with microfabricated atomic vapor
sources [31], thereby limiting the transverse velocity of the
atoms. Taking these developments together, the timescale
for coherent atom-photon interactions can be more than 2
orders of magnitude shorter than the atomic transit time, so
that an appreciable number of single-photon operations can
occur while the atom is interacting with the cavity. From
a technology perspective, in recent years, there have been
several efforts to create hybrid platforms enabling near-field

Published by the American Physical Society
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FIG. 1. A schematic of the envisioned vapor cavity QED architecture. (a) The atoms produced from a thermal source go through two stages
before entering the microcavity chips. In stage A, the atoms are optically pumped using a laser (shown in green) so that they are initialized in
the correct atomic state. In stage B, the atoms pass through a beam collimator to limit their transverse velocity. (b) A schematic of the cavity
QED chip. The atoms, moving in a collimated beam parallel to the waveguides, couple to microcavities arranged in a grid. This figure shows the
generation of single photons (red wave packets) with the help of free-space control pulses €2 (shown in purple). All other operations discussed
in this work can be implemented similarly. Moreover, while microring whispering-gallery mode cavities [15,16] are depicted, our approach
applies to other geometries, such as racetrack microcavities [17] and single-sided photonic-crystal cavities [18].

interactions between integrated photonics and atomic
vapors in fully integrated systems [32,33], including recent
experimental work demonstrating atom-cavity interactions at
the level of a few atoms and a few intracavity photons [34].
Given the ability to create large arrays of devices through
nanofabrication, and the ability to operate warm atoms
without the auxiliary infrastructure associated with cooling
and trapping, we anticipate our approach will be particularly
well positioned to benefit from the use of multiplexing.

In the sections that follow, we outline well-known vapor-
cavity-QED-based protocols and optimize them for the
parameter regimes suitable for our system. In Sec. II, we
describe in detail our setup based on vapor cavity QED, and in
Sec. III, we summarize the considerations specific to working
with warm atoms. In Sec. IV, we discuss schemes in two
different parameter regimes to generate and detect single pho-
tons. In Sec. V, we study the physics of the atom-photon gate.
In Sec. VI, we discuss applications of the basic primitives,
including making cluster states [35,36] and performing quan-
tum communication protocols [3]. Our work complements
other recent studies of warm-atom cavity QED systems, such
as Ref. [26], where the potential for observing vacuum Rabi
splitting and single-atom transits through an ultrasmall vol-
ume photonic-crystal cavity was studied.

II. VAPOR-CAVITY-QED SYSTEM

The system we consider consists of a grid of chip-scale
microcavities that are linked to a warm-atom source through

an atomic beam collimator, as depicted in Fig. 1, and it is
expected that the entire system can be micro/nanofabricated
and linked together in a compact and deployable package, for
example, as has recently been demonstrated for atomic beam
clocks [31].

The cavities have ultralow mode volumes and high quality
factors that allow for strong atom-photon coupling, and the
key parameters of the system include the single-photon Rabi
frequency g, the rate k. at which the microcavity couples to
the waveguide, the intrinsic loss «; of the microcavity, and
the decay rate y of the atomic coherence. Here, t is defined
as the time during which the atom interacts with the cavity
mode. Taking the racetrack microcavity as an example, T is
defined as the time it takes for the atom in a collimated beam
to traverse the longest dimension, as shown in Fig. 2.

Microcavities come in a variety of geometries, includ-
ing microdisks [15], microrings [16], microbottles [37], and
photonic-crystal defect structures [26,29,38]. These micro-
cavities couple to the waveguide and the atom through their
evanescent modes. Moreover, the tight confinement of single-
photon fields allows for ultrasmall mode volumes and hence
large single-photon electric fields and strong atom-field cou-
plings [39,40].

We consider two different polarizations of the modes of
resonators, as shown in Fig. 3. For the perfectly chiral case,
the optical modes a and b correspond to polarization e,=,
enabling o* transitions between two atomic levels. If we only
excite the @ mode through a;,, as shown in Fig. 3, we can
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FIG. 2. A racetrack microcavity, where an atom traverses the
longest dimension with speed v, and the transverse velocities have
been made sufficiently low through a prior stage of atomic beam
collimation. Similar considerations for a single-sided Fabry-Perot
cavity (e.g., based on a photonic-crystal geometry [26]) hold.

ignore the dynamics of the b mode (assuming a and b are
not coupled). Moreover, the phase of the cavity electric field
¢, appearing in the atom-cavity coupling g = |gle’?, can be
absorbed into a redefinition of the cavity mode operator a.
For the perfectly nonchiral case, the optical modes a and b
correspond to polarization e,, enabling a 7 transition between
two atomic levels. In that case, as we will discuss below
Eq. (3), the phase of the cavity field can also be absorbed into
a redefinition of the optical modes, giving us a real g.

We next qualitatively consider the extent to which real de-
vices will exhibit perfect chirality/nonchirality. For photonic

o
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FIG. 3. A schematic diagram of a microring, microbottle, or
microtoroid cavity. Input fields a;, and by, couple to the cavity
with rate k... The cavity has an intrinsic loss rate «;. The input
and output single-photon fields obey doy = ain + +/2kexa and by, =
bin + /2kexb. In the perfectly chiral case, the atom is coupled to
the mode a (b) that enables the o™ (o 7) transition, and the atomic
state is initialized to the lower level of the appropriate transition (see
Ref. [41] as an example). In the perfectly nonchiral case, the atom is
coupled to both cavity modes that enable 7 transitions between the
two atomic states, and the atomic state is initialized to the lower level
of the appropriate atomic transition.

integrated circuit resonators such as those studied in this work,
the transverse electric polarization is typically defined as hav-
ing its dominant electric field component along the radial
direction of the resonator (e, direction in Fig. 3), while the
transverse magnetic polarization has its dominant electric field
component orthogonal to the plane of the resonator (i.e., along
e, direction in Fig. 3). Despite the above general designations,
it has been shown that, depending on resonator geometry and
refractive index, significant longitudinal electric field compo-
nents can be present, enabling chiral behavior to be realized.
Outside of photonic integrated circuits, this has been shown
by Rauschenbeutel and colleagues for geometries such as
microbottle resonators, where one of the two polarizations
can have a significant longitudinal component, corresponding
(approximately) to the perfectly chiral modes a, b with po-
larizations e,+, while the other polarization is best described
as the perfectly nonchiral modes a, b with polarization e,
[42,43]. In contrast, for the higher-refractive-index-contrast,
smaller-mode-volume systems that are the focus of our study,
both polarizations can have significant longitudinal compo-
nents due to strong transverse field confinement [44-46].
Therefore, the cavities considered here can have significant
longitudinal field components with a £ /2 phase shift, so
that, in general, the field is elliptically polarized, with specific
spatial locations providing perfect circular polarization. For
example, for the microring and microdisk resonators, due to
the azimuthal symmetry, the degree of circular polarization
varies in the r-z plane. Because our work is focused on ther-
mal atomic beams, individual atoms within the beam will
experience differing levels of circular polarization, so our
considerations for the perfectly chiral and perfectly nonchi-
ral configurations represent limiting cases. That being said,
recent work has shown that through geometric engineering
(e.g., of the waveguide cross section), a strong overall degree
of circular polarization within the evanescent tail of a propa-
gating waveguide mode can be achieved, even in an average
sense, with chiral effects in atomic vapors coupled to such
waveguides shown [45]. From this point forward, we will use
“chiral” to refer to the perfectly chiral case and “nonchiral” to
refer to the perfectly nonchiral case.

Designing an appropriate system for our applications will
involve optimizing several design features. Using atomic
beam collimators [30] and adjusting the cavity orientation
accordingly ensures that the atoms traverse the longest di-
mension of the cavity. Choosing a specific geometry that
maximizes the interaction length L and hence the transit time
T ~ L—such as in racetrack microcavities [17] shown in
Fig. 2 and one-dimensional (1D) Fabry-Perot cavities with
Bragg mirrors [47]—comes at the cost of a lower g because
g~ L7'2. As emphasized in the later sections, while the
fidelity of our operations increases for larger values of g, we
will have to balance this with a competing design goal of
having a large enough t so that a sufficient number of useful
operations can be carried out per transit event.

III. CONSIDERATIONS SPECIFIC TO WARM ATOMS

In this section, we briefly summarize the main challenges
in using warm atoms to implement the high-fidelity operations
mentioned earlier. The first challenge is that warm atoms have
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FIG. 4. Before implementing any atom-photon interactions, clas-
sical laser pulses (shown in green) can be used to check which cavity
is active and measure the single-photon Rabi frequency g. In this
figure, we show the example of single-photon generation where the
middle cavity is found to be active, and the remaining time slots are
used for single-photon retrieval using the classical control pulses 2.

a limited transit time, thereby limiting the number of useful
atom-light interactions that can occur during a given atom’s
transit. This can be addressed by reducing the timescales over
which our atom-light interactions take place; i.e., we choose
values of T (the pulse length of single photons) that are much
smaller than the transit time t. For example, producing single
photons at cavity resonance with high efficiency n requires the
adiabatic limit @ = k7T > 1 (assuming «; = 0 for simplicity,
SO K = Kex), giving us (see Sec. [V)

14 n 14 n

gz_a<T)(1_n)>>(T)<l_n). M)
This relation follows from expressing g> in terms of the co-
operativity as g = Cky. Substituting C = n/(1 — 1) [which
follows from n = C/(1 + C)], as discussed in Sec. IV, and
using @ = T to eliminate « gives us the desired expression.
Choosing both T <« 7 for room-temperature atoms and values
of n approaching 1 requires large values of g, which have
only recently become routinely available [48]. The second
challenge is the temporal variation in coupling strength g as
the atom passes through the cavity mode. This is mitigated by
using a tightly collimated beam [30] transiting over a partic-
ular orientation of the cavity, so the change in g is minimal.
The third challenge is that significant Doppler shifts of the
cavity field and control pulses can decrease the fidelity of the
proposed operations. We show in Sec. IV C how to ameliorate
this issue.

Since atom-cavity interactions will be nondeterministic,
we propose using multiplexing to implement high-efficiency
operations. Multiplexing schemes have already been devel-
oped to deal with the dead time of photodetectors. For
example, in spatial multiplexing [49], a switching network
monitors which detectors in a detector array have recently
fired and routes the input pulse into those that have not. As
shown in Fig. 4, the analogous procedure here would be to
use classical pulses to detect which cavities are active (have
an atom in them) and to route the incoming single photon to
an active cavity. For single-photon sources, we can consider

9)

FIG. 5. Atomic levels |s) and |e) are coupled by a classical laser
pulse with Rabi frequency 2(¢), while atomic levels |e) and |g) are
coupled by the cavity with single-photon Rabi frequency g.

a protocol that detects the presence of an atom in the cav-
ity prior to applying the control pulse, producing a heralded
single photon. This is feasible since state-of-the-art on-chip
modulators feature switching times of <30 ps [50], which is
much shorter than the achievable transit time t (~10 ns, as
shown in Table I) and single-photon duration 7 (few nanosec-
onds, as shown in Table I). In addition, we can also consider
checking whether a given cavity is still active at the end of
our operation. We will also consider “passive” multiplexing
wherein we can simply use a large number of cavities to
make atom-photon interactions more probable, at the cost of
effectively increasing the intrinsic loss «;.

IV. SINGLE-PHOTON GENERATION AND DETECTION

In this section, we outline the coherent control technique
that can be used to generate and absorb single photons using a
A-type atom coupled to a cavity [51]. We also study in detail
how various parameter regimes determine the properties of
single photons that can be generated and absorbed.

As shown in Fig. 5, the cavity couples atomic states |e)
and |g) with single-photon Rabi frequency g, and the clas-
sical laser pulse couples atomic states |e) and |s) with Rabi
frequency 2(¢). In a rotating frame, the Hamiltonian within
the rotating-wave approximation is (we set 7 = 1 throughout
most of the article)

H = — Asle)(el + (A1 — Ar)ls) (s
+ (gale)(gl + 2[e)(s| + H.c.), @)

where a denotes the annihilation operator for the cavity field
mode. Here, g = —(eld - €.|g)E./h denotes the single-photon
Rabi frequency, where &, and €, are the amplitude and the
polarization of the single-photon electric field, respectively,
and d is the atomic dipole moment operator. Similarly, Q =
—(eld - €,|s)E,/2h is the classical Rabi frequency, where &,
and €, are the amplitude and the polarization of the classical
laser pulse, respectively. Here, H.c. denotes the Hermitian
conjugate of the preceding two terms. The detunings A; and
A are defined by A| = w; — wes and Ay = @ — w,,, TESPEC-
tively, where w, is the control laser frequency, w, is the cavity
field frequency, w,; is the frequency of the e-s transition, and
W, is the frequency of the e-g transition. This Hamiltonian
is realized for both perfectly chiral and perfectly nonchiral
polarizations of the cavity modes, as discussed in Sec. II.
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TABLE 1. Examples of various system parameters for case 1 (maximizing the efficiency for unlimited control power), where g is the
single-photon Rabi frequency, k. is the rate at which the microcavity couples to the waveguide, «; is the microcavity’s intrinsic loss, 2y is the
decay rate of the state e, C = g*/ky is the cooperativity (k = kex + ki), and T is the single-photon duration. The photons have frequency ..
The angular frequencies and times have units of (27) GHz and ns, respectively. F is the single-photon fidelity, and F, is the atom-photon
entangling gate fidelity. Here, 7, is the probability of measuring the state s following the absorption of the single photon, and 7, is the
probability of detecting the correct atomic state using the controlled-phase-gate-based single-photon detection. Increasing the cavity length
decreases g and increases the transit time t. Parameters of cavities 1a—1c correspond to silicon nitride microdisk optical resonators [57]; the
parameters of cavities 2a and 2b correspond to higher refractive index silicon carbide microdisk optical resonators [58]; and the parameters of
cavities 3 and 4 correspond to silicon nitride photonic-crystal cavities in Ref. [26].

Setup g Kex K; 2y C Q 1-F 1—Fau 1l—np L—n T T t/T

Model cavities  Cavity la 1.6 5 0.01  0.0061 167 04 0.024 0.18 0.024 0.17 222  13.7 6
Cavity Ib 1.6 5 0.05 0.0061 166 04 0.032 0.19 0.032 0.19 222 13.7 6
Cavity Ic 1.6 3 0.01  0.0061 280 0.5 0.02 0.05 0.02 0.04 340 13.7 4
Cavity 2a 4.7 7 0.01 0.0061 1030 2.0 0.004 0.026 0.004 0.011 1.30 5.20 4
Cavity 2b 2.0 6 0.01  0.0061 220 0.6 0.025 0.18 0.025 0.17 1.70  13.7 8
Cavity 3 17 27 0.15 0.0061 3500 7.0 0.010 0.062 0.010 0.031 0.24 1.3 5
Cavity 4 8 20 0.15 0.0061 1040 3.0 0.011 0.14 0.011 0.12 0.43 1.3 3

In the perfectly chiral case, the transition dipole moment is
oriented such that the cavity electric field enables a % tran-
sition between the atomic states |g) and |e). In the perfectly
nonchiral case, wherein the atom couples equally strongly to
both clockwise and counterclockwise modes of the resonator
(a and b), the atom-cavity interaction is given by [52]

Hine = (ga + g"b)le) (gl + Hoc., 3)

which can be reduced to Eq. (2) by redefining %(e""ﬁa +

¢ ¥b) — a, where g = |g|e’, and then redefining /2g — g.
After absorbing the phase of g in the cavity mode operator
(x e®a 4 e~?b), we can take g to be real. In this case, the
transition dipole is oriented such that the cavity field enables a
7 transition. We will therefore focus on Eq. (2). Additionally,
we restrict our analysis to the radiatively limited case, where
both optical coherences decay with rate y, determined purely
by the spontaneous emission rate of state |e). Our analysis can
be extended to include additional dephasing of the g-e and
g-s coherences [by adding additional decay rates to Egs. (A2)
and (A1), respectively]. We leave the problem of implement-
ing single-photon retrieval and absorption in resonators with
arbitrary polarization for future work.

Coupling the atom to the cavity allows for the use of the
laser pulse 2(¢) to drive a Raman process that can generate or
absorb single photons [53,54]. For single-photon generation,
the system starts in state |s, 0) and is driven to state |g, 1) via
a Raman process, where |x, n) denotes the joint atom-cavity
state with the atom in state x and the cavity in the n-photon
number state. The cavity photon (1 in |g, 1)) is emitted into the
waveguide. Similarly, for single-photon detection, the input
photon in the waveguide populates state |g, 1). The control
pulse enables a Raman transition that drives state |g, 1) to
state |s, 0) with |e, 0) as the intermediate state. As discussed
later in this section, measurement of the atomic state can be
performed by sending weak coherent light into the cavity and
measuring the phase of the transmitted light. The duration of
the input pulses is the same as the single-photon duration T
chosen for the system parameters.

Using the method from Ref. [55], we can compute, exactly,
the control pulse Q(t) = Q(t)e’®® (for arbitrary detuning
A») required to generate a single photon with (normalized)
mode shape h(t), time duration 7, and frequency w. +
Ap, such that agy = v/2kexcy(t) = /Nch(t)e™ "4, where, as
shown in Fig. 3, aqy is the mode corresponding to the out-
going photon and is normalized as f dt |czOU,t|2 = n,. Here,
¢, is the amplitude of the state a’lg, 0) = |g, 1), and 7, is
the efficiency of the single-photon generation (i.e., retrieval
efficiency). Assuming that we choose A; = A, + A, the
phase ¢y is a slowly varying function. The exact expressions
for 2(¢) and ¢(¢) are given in Appendix A. To find analytic
expressions for the required control Rabi frequency and the
protocol’s maximum efficiency nn.x, we consider the adia-
batic limit (kexT > 1) to get

Qo) = A
8 [1 = (ne/max) fy H2dt’

£ = (&~ A2 — M, +«y)’

]1/2’ S

+ [—k (A, + A2) — Y AL, S)
A = | h), (6)
2Kex
29—1
uax = @[1 +o Z(ﬂ> ] , %)
K K\ g

where 2y is the decay rate of the state |e), k = kj + kex, and
C = ¢*/ky is the cooperativity parameter. The corresponding
expression for the phase of the control pulse ¢o(¢f) can be
found in Egs. (A10)—(A12) in Appendix A. In Egs. (4)-(7),
1y 1s a free parameter that can be chosen from zero to a value
arbitrarily close to nn,x, but the closer it is to 1.y, the larger
the value of the control pulse becomes near t = 7. Moreover,
numerics show that the exact profile for 2(¢) (computed
without the adiabatic condition) for a Gaussian-like mode is
nondivergent near t = T even as 1, becomes arbitrarily close
to Nmax as long as we keep increasing keI as we take n;
closer to nmax (the divergence here corresponds physically
to the depletion of the amplitude in state |g, 1)). In practice,
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we can either choose 1, = nmax and truncate the control pulse
near t = T or choose 1; < Nmax and avoid the truncation. We
remark that outside the limit xx7 > 1, we can compute 9pmax
and the corresponding control pulse using numerical methods
like gradient descent [56].

We also note that here we calculate the control pulse that
(without truncation) retrieves a single photon exactly into the
desired mode h(r) with efficiency n;, while the remaining
fraction 1 — 7, gets scattered via y, lost via k;, or remains in
|s). For many application purposes, a more relevant calcula-
tion would instead solve for the control pulse that maximizes
the overlap of the output mode with the target mode A(z),
without asking for the output mode to be exactly A(z). Such
a calculation is difficult to do analytically since it requires
an expression for ag, in terms of the control pulse Q(7) in
the strong-coupling regime. At the same time, we expect that
such a modified calculation will typically not give a qualita-
tive improvement in the overlap efficiency compared to the
optimization we use.

We now wish to compute the reduction of efficiency below
Nmax due to insufficient control pulse power instead of fixing
the value of 7, and assuming unlimited control pulse power as
in Egs. (4)-(7). We can compute the retrieval efficiency in the
limit kex T > 1 as follows:

— 2
nr — nmax(l —e 2Kexng(0aT)/(nmax§ )), (8)

where

f(t,1) = f Q2(t"dt". )

Note here that the quantity in the exponent of Eq. (8) de-
pends on the frequency of the single photon retrieved [through
& in Eq. (5)] and therefore determines how large the deviation
of n; from nm.x is for a given value of f(0, 7). For the rest
of the article, we consider the case A, = 0, i.e., when the
cavity is resonant with the e-g transition. Assuming C > 1,
the quantity in the exponent simplifies to

£r0,T)  f(0,T)
g2 gR(x)’
R(x) = (1 —x?)?* +x2(* +yh)/g + 207, (11)

(10)

where x = A, /g. In the following subsections, we will make
use of this expression to analyze the dependence of efficiency
on the available control power.

In single-photon absorption, we start with the state |g, 0)
with an incoming single photon in the waveguide and end
in the state |s, 0). This process corresponds qualitatively to
the time-reversed version of the retrieval (single-photon gen-
eration) process. However, since the retrieval process ends
with a small amplitude in the state |s,0) (with an outgo-
ing photon in the waveguide) while the absorption process
starts with all of the amplitude in the state |g, 0) (with an
incoming photon in the waveguide), the two processes are
not exactly time-reversal symmetric. Numerical results show
that the time-reversed version of the retrieval protocol [i.e.,
Q(t) > —Q(T —1)*] with retrieval efficiency 5, gives ap-
proximately the same absorption efficiency 1yps = les(T)|* as
the retrieval efficiency, where c,(t) is the amplitude of the state
|s, 0) at time ¢ and T is the single-photon duration.

We will now study single-photon generation (i.e., retrieval)
in two cases: In case 1, we will maximize the efficiency for
unlimited control power, while in case 2, we will maximize
the efficiency for limited control power.

Case 1: Maximizing the efficiency for an unlimited control power

In case 1, we consider maximizing the retrieval efficiency
assuming unlimited control power. We suppose that the adi-
abatic condition k7T >> 1 is satisfied, so that Eqgs. (4)—(7)
hold. To maximize nmax in Eq. (7), we set A, =0 to get the
maximum efficiency:

0 = %[1 +o (12)

nmax
The retrieval efficiency can then be written as

_ —_c-!
e = (1 = e~ 2s@DI=C J/gz)_ (13)

We now consider how the single-photon duration T scales
with the maximum control pulse size €2y and other physical
parameters. We fix a value of 7, close to n{!) in Eq. (13) and
find the following scaling:
g
2 N —

1o T 14)
which implies that, for a large fixed value of kT, Qo ~ g. In
the case ki = 0 (k = kex), the leading error term for single-
photon retrieval and absorption scales favorably as C~'. In
the case where k; is nonzero, the leading error term (ig-
noring higher orders in C~') is instead i;/k + (kex/k)C™'.
We note here that, while choosing kex = /g%k;/y — ki min-
imizes the error, this choice is only practical as long as ke is
large enough to satisfy both kexT > 1 and T < t. We remark
here that, based on Eq. (14), both g and k<7 determine how
large the required control Rabi frequency €2 is, and therefore
how feasible the scheme is.

In Table I, we present results for exemplary parameter
regimes wherein we can achieve both C > 1 and xxT > 1
(and hence high efficiencies for single-photon sources and
detectors) and also satisfy 7' < 7. Here, the single-photon
fidelity F is defined as F = (¥|p|¥), where p is the output
state and |v) is the target state. For model cavities in Table I,
parameters of cavities la—lc correspond to silicon nitride mi-
crodisk optical resonators [57], and parameters of cavities 2a
and 2b correspond to higher refractive index silicon carbide
microdisk optical resonators [58]. The parameters in cavities 3
and 4 correspond to silicon nitride photonic-crystal cavities in
Ref. [26] with mode volumes on the order of ~(A/n,)*, where
A is the free-space wavelength and #, is the material’s refrac-
tive index. Here, values of «; are consistent with theoretically
predicted quality factors in such cavity types, and in some
cases, such values have been approached experimentally.
The values of k. correspond to cases wherein the cavities
have strong overcoupling (kex >> ki) with a bus waveguide.
The values of the classical Rabi frequency correspond to
optical intensities (~10°¢> W cm™2, where ¢ is the size of
the Rabi frequency €2y in GHz, for the atomic level scheme
proposed in Sec. IV A) achievable on chip because laser power
in a waveguide is confined to sub-um? area.

We first note that, since we have high values of g, we can
choose kex > g so that the single-photon duration 7" is small
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while keeping the cooperativity large (as in cavity la). In
general, this helps us maximize the number of single-photon
pulses that we can generate during an atomic transit. We first
examine the role of intrinsic loss «; by comparing cavity
1b to cavity la and see that, even in this regime where C
is only marginally impacted, larger «; causes a reduction in
single-photon fidelity. As shown in model cavity lc, we can
also decrease k¢ in favor of a larger cooperativity. However,
this leads to larger values of single-photon duration to satisfy
kexT > 1, and hence a lower number of photons produced per
transit event. We can also decrease the value of g in favor of
a longer cavity length and a longer transit time, as shown in
model cavities 2a and 2b. However, this requires reduced val-
ues of k.x accordingly to maintain high cooperativity, which
also means we will need larger values of single-photon du-
ration T to satisfy kT > 1. Finally, cavities 3 and 4 show
performance with a very limited transit time (e.g., in the limit
of no beam collimation), where large g and «.x can enable a
few high-fidelity operations to be performed. In Appendix E,
we study how the aforementioned performance metrics are
enhanced by using various atomic cooling techniques.

Case 2: Maximizing the efficiency for a limited control pulse size

We now consider case 2, i.e., when we have a limited
control pulse size and kT >> 1. We can then maximize 7, in
Eq. (8) with respect to x = A, /g for a given value of f(0, T').
However, instead of maximizing the full expression for n;
(which depends on 7y, and the value of the exponential),
we note that minimizing just the value of the exponential
for the parameters considered gives approximately the same
efficiency. This is because, for limited f(0, T), the retrieval
efficiency is more sensitive to a non-negligible value of the
exponential than to a smaller value of 1.« (Which is always
closeto I for C > 1, kj < kex, ¥/ <K 1, and |x| < 1). Then,
for K + y? < 2g¢%, Eqgs. (8)—(11) show that we can choose the
single-photon frequency A, = xog [Where £xq are the minima
of R(x) in Eq. (11)] such that

K2+ y2
2g%

2
Ax~ —K (16)

[4g2 — 2
where Ax is the width around the minima of R(x). The cor-
rection to the efficiency due to finite control pulse power (in
the limit kex7 > 1) can then be computed from Eq. (8) as
follows:

xO = :t 1 5 (15)

— 2) 2
N = Uffgx(l — o~ 2exfO.T)/(max (e +y) ))’ 17)

where the maximum efficiency is now

—1
KCX —
@ = —[1 +C 1+x§Zi| : (18)
K K

where we note that the maximum achievable efficiency is
smaller than the one from case 1 in Eq. (12). Moreover, we
get the following scaling for 7'

2 (K+V)2

Q , 19
0 kT (19

1.0

Qo(t) o6l

04r

0.2¢

0.2 04 0.6 0.8 1.0
t/T

FIG. 6. Size of control pulse €2 (¢) [in (27 ) GHz] used to retrieve
a single photon with mode shape o sin?(r¢/T) with system pa-
rameters (g, Kex, ki, 2y ) = 21 (1.6, 0.9, 0.01, 0.0061) GHz. The blue
line is for case 1 (A, =0) with efficiency n, = 0.979. The red
line is for case 2 with the value of A, = —x;g obtained through
numerical maximization of 7, in Eq. (8) with respect to A, with
f(0,T) = 1.34g achieving 5, = 0.979. The dashed black curve is for
case 2 with the value of A, = —xg with the same value of f(0, T').
As seen from Eq. (13), £(0, T)/(g%/2«) = 1.53 shows that photons
cannot be retrieved (with high efficiency) for this value of £(0, 7) at
the cavity resonance frequency. Moreover, as seen from Eq. (17),
£, T)/((k +y)*/(2kex)) = 8.84 > 1, which explains why pho-
tons can be retrieved at frequency A, = —xog with high efficiency.

implying that, for some large fixed value of kT, 2y ~ (x +
y). When we choose x =xp ~ 1 (A, =~ g), the state |+)
le, 0) + |g, 1) is coupled resonantly to the state |s, 0), which
allows us to adiabatically eliminate the state |—) o< |e, 0) —
|g, 1). Physically, this corresponds to addressing one of the
eigenstates of the atom-cavity Hamiltonian. This explains why
we have a lower value of 1, in case 2 compared to case 1,
since the |e, 0) state gives an additional contribution to the
decay. One advantage of case 2 is that we get a better scaling
for ¢ (29 ~ k + y) compared to case 1 (where ¢ ~ g) in
that we need smaller control pulse sizes since (k + y) K g
can be easily achieved in the strong-coupling regime in exper-
iment. However, one disadvantage of case 2 is that the photons
retrieved cannot be used for implementing the atom-photon
controlled-phase gate, as they are off resonant (by approxi-
mately +¢) from the cavity resonance frequency. Instead, in
the limits k; < kex, g€ > ¥, the atom-cavity interaction imple-
ments the following atom-photon gate:

W = Z,CP(¢), (20)

where Z, = diag(1l, —1) in the basis {|v), |h)}, CP(¢) =
diag(1, 1, 1, ¢?) in the basis {|gv), |gh), |sv), |sh)}, and ¢ =
27 — 2 arctan(g/kex ). The derivation of this gate follows from
Eq. (B9). Since the value of g fluctuates with the atomic
position, we leave it as an open question whether a changing
but known value of ¢ (obtained by monitoring the atomic
position) in the CP(¢) gate can be used to perform univer-
sal quantum computation. In Fig. 6, we compare the control
pulses ¢(¢) for the two cases, x =0 (case 1) and x = xq
(case 2). In this example, for case 2, we also compare two
different control pulses. The first control pulse is obtained
from setting x = xo, producing a single photon with the cor-
responding value of f(0,7) = fy. The second control pulse
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TABLE II. Examples of various system parameters for case 2 (maximizing the efficiency for a limited control pulse size), where g is the
single-photon Rabi frequency, k. is the rate at which the microcavity couples to the waveguide, «; is the microcavity’s intrinsic loss, 2y is the
decay rate of state |e), C = g*/ky is the cooperativity (k = kex + i), T is the single-photon duration, and A, = —gxo. The angular frequencies
and times have units of (27) GHz and ns, respectively. Here, F is the single-photon fidelity, and 7, is the probability of measuring the state s
following the absorption of the single photon. Increasing the cavity length decreases g. The maximum size of the control pulse for case 2, 2,
is compared with the maximum size of the control pulse from case 1, £, used to retrieve/absorb single photons with the same parameters and
frequency resonant with the cavity (i.e., A, = 0). Parameters of cavity 5 correspond to silicon nitride microdisk optical resonators [57], and
the parameters of cavities 6 and 7 correspond to silicon nitride photonic-crystal cavities in Ref. [26].

Setup g Kex K 2y Q Qo 1—F 1= nas T T /T

Model cavities Cavity 5 1.6 0.9 0.01 0.0061 0.4 1.0 0.021 0.021 4.42 13.7 3
Cavity 6 17 12 0.15 0.0061 7800 5.4 12.0 0.014 0.014 0.42 1.3 3
Cavity 7 8 6 0.15 0.0061 3400 3.0 6.0 0.027 0.027 0.64 1.3 2

is obtained from the value of x that maximizes 7, in Eq. (8)
for (0, T) = fy. The values of x are close (xo = 0.916, while
numerical maximization gives x = 0.894).

We now consider the dominant errors for case 2. First,
consider the situation where «; = 0. In this case, Eq. (7)
shows that the dominant inefficiency is x2(y /k) +C~'. In
the situation where k; < kex, Eq. (7) shows that the dominant
inefficiency is (x; + xéy)//cex + (kex /K)C™L.

We can choose a value of k. based on experimental con-
straints, e.g., minimizing the control pulse size or minimizing
photon pulse duration 7' with «7 > 1, while keeping «
small enough to be consistent with Eq. (15). In the examples
considered in Table II, we show parameters with near-ideal
efficiencies and T < t. In the table, we also compare the
maximum sizes of the control pulse needed to retrieve/absorb
photons with given efficiencies using control pulses from
cases 1 and 2. In Fig. 7, we show the retrieval of a single pho-
ton with system parameters from model cavity 5 in Table II.

We now outline our scheme to measure the atomic state
using weak coherent light pulses of duration 7’ and with some
chosen detuning relative to the cavity and atomic frequencies.
In the first step, we send a pulse that discriminates between the
state g and the case where the atom is in the state s or absent.
If the phase of the output light corresponds to the transmission
coefficient of an atom strongly coupled to a cavity, we obtain
a measurement of the state g. If instead, the output light
corresponds to that of an empty cavity, we perform two fast
7 pulses along the s-¢’ and ¢’-g transitions that map the state
s to the state g, where the ¢’-g transition does not couple to
the cavity. A second light pulse is then sent into the system.
If the phase measurement corresponds to the strongly coupled
case, we obtain a measurement of the state s. Finally, a phase
measurement corresponding to an empty cavity indicates that
the atom is absent. The duration 7’ can be chosenas 7" = T to
satisfy the adiabatic limit, where T is the single-photon pulse
duration used in our protocols. Moreover, the time required to
perform fast v pulses can be chosen to be < T'.

A. Atomic level scheme

We study the two cases, i.e., the case where the opti-
cal modes are perfectly chiral, assuming the mode a has
perfect circular polarization, and the case where the optical
modes are perfectly nonchiral, assuming the modes a and
b have perfectly linear polarization. In the chiral case, the

single photon is retrieved and absorbed into mode ay. How-
ever, in the nonchiral case, the single photon is retrieved
and absorbed into the mode o (e'®a 4 e~*®b), where ¢ is
the phase defined in Eq. (B16). In the case of retrieval, we
can use the position measurement of the atom to determine
the phase ¢, and then transform the retrieved mode into
Aout (Or boy) using linear optics. Similarly, for absorption,
we must first use linear optics to transform the mode we
want to be absorbed, say aj,, into mode o (e a;, + e byy),
and then send it to the cavity (and apply the control pulse
as described in Sec. IV). We propose using the following
atomic level schemes for the chiral and nonchiral cases (as
shown in Fig. 8). For the chiral case, we choose 8Rb with
lg) = 15812, F =2,mp =2), |s) = 1812, F =2, mp = 2),

0.2 04 0.6 0.8 10

t/T

0.6 Re(cout empt)

02 04 0.6 0.8 1.0

t/T

FIG. 7. (a) Size of the control pulse to retrieve a single pho-
ton in case 2 (A, = —xpg) with mode shape sin?(r¢/T) and with
system parameters (g, kex, ki, 2y ) = 21 (1.6,0.9, 0.01, 0.0061) GHz
with T = 4.42 ns. (b) The red line corresponds to the real part of
Ao ™" = /2K excee™r', and the dashed black line is the desired
mode function o sin’(rr¢/T). The inefficiency is 1 — 7, = 0.021.
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FIG. 8. Proposed atomic level scheme for the chiral case (solid
black) and nonchiral case (dashed black). For the chiral case, mode a
couples to the o, g-e transition. The s-e transition has wavelength
741 nm, and the e-g transition has wavelength 780 nm. For the
nonchiral case, modes a and b couple to the 7 g-e transition. The
s-e transition has wavelength 728 nm, and the e-g transition has
wavelength 795 nm. The detunings are defined as A} = w,, — w; and
Ay = w. — w,,, Where w; is the energy corresponding to the atomic
transition i — j, w; is the frequency of the control pulse (), and
w, is the cavity resonance frequency.

and |e) = |5P;p, F =3, mp = 3). The s-e transition has
wavelength 741 nm, and the e-g transition has wavelength
780 nm. For the nonchiral case, we choose 5’Rb with
lg) = 15812, F =2,mp =2), |s) = [1S12, F =2, mp = 2),
and |e) = |5Pyp, F =2,mp =2). The s-e transition has
wavelength 728 nm, and the e-g transition has wavelength
795 nm.

We now focus on the chiral case where we can ameliorate
the effect of large atomic velocities on photon retrieval and
absorption. Since the e-g transition has a longer wavelength
than the one corresponding to the s-e transition, applying the
control pulse at an angle to the cavity, as shown in Fig. 9,
can cancel the unwanted contribution to the two-photon de-
tuning caused by the Doppler effect.The chosen state |s) has
a lifetime of 88 ns [59], which is much larger than the values
of single-photon duration 7 we consider. While this atomic
level scheme is not a lambda-type configuration (it is a ladder
configuration), our equations still describe the system (as long
as we redefine the detuning A) since the state |e) still has the
dominant decay rate. After redefining A; to w,, — w; for the
ladder configuration, our control pulse scheme can be used
in the same way. The laser and cavity fields are chosen to
satisfy lzp -+ 750 - U ~ (0 (where iép and 12(, are the wave vec-
tors corresponding to the control pulse and the cavity mode,
respectively, and v is the velocity of the atom), minimizing
the unwanted Doppler contribution to the two-photon detun-
ing Ay — A,, as described in Fig. 8. The three-level-atom
approximation holds because the unwanted off-resonant tran-
sitions have large detunings compared to the corresponding
Rabi frequencies. For the chiral case, the cavity field is de-
tuned from the |5D)-|e) and |g)-|5P) ») transitions by ~(27 )2
THz and =(2m )7 THz, respectively, with single-photon Rabi

Q />
. b

—

ke

FIG. 9. Scheme for dealing with the Doppler shift. Shown here is
a chiral cavity with optical mode a with wave vector %.. The control
pulse 2 has the wave vector l;,, at an angle to the atom’s velocity,
which is parallel to the microcavity’s length. The angle is chosen
to cancel the unwanted contribution to two-photon detuning due to
the Doppler effect. For a lambda system, the condition kv — l?,, .
v = 0 cancels the Doppler contribution to the two-photon detuning.
For the ladder system (as in Fig. 8), this condition is modified
tok.-D+k, 0=0.

frequencies comparable to g ~ (27)10 GHz. Similarly, the
control pulse is detuned from the |s)-|5P;,) transition by
~(2m)7 THz with Rabi frequency comparable to Q=
(27 )10 GHz. For producing a string of single-photon pulses,
we need to reinitialize the state to |s, 0) after each single-
photon retrieval (which ends in the state |g, 0)). The state can
be reinitialized using a pair of m pulses on the transitions
|&)-I5P12) and |5P;;)-|s). Finally, we note here that, even
when we cannot use the same scheme for a nonchiral system,
wherein it is impossible to cancel the Doppler shift to the
two optical modes simultaneously for the geometry shown
in Fig. 9, it is possible that a high atomic velocity may not
be an issue. For instance, if the atom passes transversely to
the cavity wave vector, the detunings A; and A, will have no
Doppler shift contributions.

We now compare the proposed sources and detectors
with other platforms. The single-photon detection efficien-
cies obtained by the cavities discussed in Tables I and II
compare well to efficiencies achievable by superconducting
nanowire single-photon detectors that can have detection effi-
ciencies of approximately 0.97 at 1500 nm (at 10° counts/s)
[14]. We then compare the possible single-photon fideli-
ties from our heralded single-photon generation to other
available platforms. State-of-the-art spontaneous parametric-
down-conversion, quantum-dot, and Rydberg-ensemble plat-
forms can have heralded single-photon fidelities F of 0.961
[60], 0.972 [61], and 0.982 [62], respectively, where F =
(¥|pl¥r), |¥) is the target state, and p is the output state.
These are also comparable to single-photon fidelities achiev-
able with the parameters we consider in Tables I and II.
For single-photon sources, the constraint on the number of
photons produced per atomic transit (given approximately
by t/T) arises from several factors, including the atomic
transit time t, finding feasible values of «, T that satisfy
kT > 1, C>» 1, and T < 7, the feasibility of achieving
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Device 1

Device 2 p Control

switch
Output

Device n

FIG. 10. Scheme for making a multiplexed single-photon source.
The control switch in this case monitors which device is active and
routes the single photon to the output.

sufficiently large Rabi frequencies that satisfy Egs. (14) and
(19), and performing sufficiently fast atomic state rotations
that reset the atomic state to the correct initial state. Simi-
larly, for single-photon detection, the constraint on the number
of photons detected per transit event (given approximately
by t/T, where T is the incoming single photon’s dura-
tion) comes from the atomic transit time 7, single-photon
duration T, and performing sufficiently fast atomic state ro-
tations to reset the atomic state to the correct initial state.
We emphasize here that the probability of having a success-
ful heralded single-photon-generation event differs for the
abovementioned parametric-down-conversion, quantum-dot,
and Rydberg-ensemble platforms. The Rydberg-ensemble and
quantum-dot sources are deterministic in the sense that the
atomic gas and the quantum dot are always present. However,
single-photon generation from spontaneous parametric down-
conversion has a small heralded success probability. Such
heralded sources can be made near-deterministic using mul-
tiplexing [63]. Similarly, we propose using active and passive
multiplexing, as discussed in the following section, to make
our single-photon sources and single-photon detectors (which
both rely on heralding to check if the cavity is active, i.e., if it
has an atom in it) near-deterministic.

B. Multiplexing

We now outline how previously discussed protocols for
single-photon generation and detection can be multiplexed
both actively (i.e., monitoring the cavities and subsequently
applying feedback using control switch networks to route
single photons) and passively (i.e., without monitoring or
feedback).

1. Active multiplexing

For implementing an actively multiplexed single-photon
source, several of our single-photon sources (which may be
active or not active at any given time) are connected to a
control switch as shown in Fig. 10. Detection of an atom in
the cavity before the protocol starts ensures that a heralded

Device 1

Device 2
Control ‘—/

Input switch

pulse

Device n

FIG. 11. Scheme for making a multiplexed single-photon detector.

single photon is produced. It is also possible to herald the
output photon by measuring the atomic state |g) at the end
of the protocol. The switching time should be at least an order
of magnitude smaller than the transit time, i.e., at most in the
nanosecond range. Similarly, for implementing a multiplexed
single-photon detector (as shown in Fig. 11), a control switch
routes the input pulse to an active cavity. This scheme works
for both the chiral and nonchiral systems. In the nonchiral
case (as shown in Fig. 13), active monitoring of the system
is necessary to measure the phase ¢ that defines the optical
mode  (ea + e~9b).

2. Passive multiplexing

As shown in Fig. 12, we use an array of N cavities to
maximize the probability that exactly one of them is ac-
tive for implementing a passively multiplexed source. For
the retrieved single-photon wavefunction to be independent
of which cavity is active, we can apply a different control
pulse with a suitable time delay to each cavity. We now
consider the case where p is the probability that a single
cavity is active and assume that this probability is independent
of whether other cavities are active or not. Then, maximiz-
ing the probability p that exactly one cavity is occupied
gives us the optimal number of cavities N = —1/In(1 — p) ~
1/p —1/2 — p/12 4+ O(p?) with the corresponding value j =
e '(1 4 p/2) + O(p*). However, for k; # 0, the single pho-
ton experiences photon loss as it passes through the N cavities,
leading to an inefficiency contribution that scales, roughly, as
Nki/kex [see Eq. (24)]. This scheme works for chiral cavi-
ties where the phase measurement of the cavity field is not
required.

Cout /“‘
«—

FIG. 12. Passively multiplexed single-photon source in the chiral
case. The number of cavities is chosen to maximize the probability
of having exactly one active cavity. The position of the atom is not
monitored.
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Ch,out ) ’/‘ “\\ /“ “\\7 Ca,out

Q. .

FIG. 13. Single-photon source in the nonchiral case. This re-
quires monitoring the atom’s position and the phase of the cavity
field defining the optical mode.

C. Experimental considerations

We now consider the experimental conditions necessary to
achieve near-ideal single-photon generation and absorption.
We consider two nonidealities specific to warm atoms: tem-
poral variation in the coupling g and the Doppler shift of
the frequencies of the control pulse and the cavity field. We
ignore transit-time broadening because we consider schemes
with T « t. We also discuss whether the use of high
laser powers to achieve large Rabi frequencies—and the
accompanying thermally induced shifts of the cavity res-
onance due to laser heating—affects the feasibility of our
protocols.

We first consider the effect of the variation in time of the
coupling strength g. We suppose that, during the time from ¢ =
Otor = T, the coupling g(¢) varies so little that we can expand
g(t) to first order in ¢ as follows: g(t) = g+ Ag(t — T /2)/T.
Here, Ag ~ (g/L)(v.T), where v, the component of the
atom’s velocity perpendicular to the cavity, is determined by
the atomic beam divergence, and the cavity length L is the
typical length scale over which g varies. To study the effect
of the variation in g(¢) on retrieval, we attempt to retrieve
into mode o< sin?(;r¢/T') using a control pulse from Eqs. (A4)
and (AS) designed assuming that g(#) = g. We then compute
the infidelity defined as 1 — (¥|p|¥), where p is the output
state and |y) is the target state. For absorption, we attempt
to absorb the mode o sin’(rr¢/T) using a time-reversed ver-
sion of the control pulse from Egs. (A4) and (AS) designed
assuming that g(#) = g. We then compute the inefficiency
defined as 1 — |c,(T)|?, where |c,(T)|? is the probability of
the atom being in state s at t = T'. For case 1 parameters in
Table I, numerics show that, for retrieval, the contribution
to infidelity due to variation in g, Fy — F, where Fy(F)
is the single-photon fidelity for the case Ag =0 (Ag # 0),
is well approximated by a;(Ag/g) + a,(Ag/g)* with |a;| <
|a,|. For the example shown in Fig. 14(a), we have (a;, ay) =
(0.014, 0.024). For case 2, since the resonance about the op-
timal point xo has width Ax [defined in Eq. (16)], the error
depends on the relative size of (Ag/g) and Ax. In particular,
one can use a higher k. to broaden the resonance and ac-
commodate a larger error Ag. Numerics show that as long
as the condition |Ag/g| < Ax holds, then for retrieval, the
contribution to the infidelity due to Ag is well approximated
by di(Ag/g) + d2(Ag/g)* with |dy| < |ds|. For the example
in Fig. 14(b), (d, d») = (—0.0024, 0.22). The smaller Ag/g
is relative to Ax, the smaller the value of d,. In cases 1 and 2,
inefficiencies due to temporal variation of g for single-photon
absorption obey similar error scalings as the corresponding

(a) Fo—F

0.003}
0.002f
0.001}
‘ ‘ ‘ LA
-02 ~0.1 0.1 02 9/9
~0.001}
-0.002F
‘ ‘ ‘ C A
-02 ~0.1 0.1 02 9/9

FIG. 14. We plot here the correction to the fidelity of the re-
trieved photon due to temporal variation in g, as described in
Sec. IV C. (a) The red line corresponds to parameters in model cavity
la (for case 1 in Table I). The correction is described, approximately,
by the fit 0.014(Ag/g) + 0.024(Ag/g)* (shown by the black-dashed
line). (b) The red line corresponds to the correction to the fidelity
of the retrieved photon for parameters in model cavity 5 (for case 2
in Table II). The corrections are described, approximately, by the fit
—0.0024(Ag/g) + 0.22(Ag/g)* (shown by the black-dashed line).

inefficiencies for single-photon generation. As an example of
experimentally relevant values of Ag/g, using the parame-
ters of model cavity 2a with an atomic beam divergence of
0.013 rad [30] gives Ag/g ~ 0.01. This estimate follows from
using g(z) = goe ¥* and z(t) = zo + v, (t — T /2), where z
is the distance of the atom from the cavity surface and v,
is the component of the atom’s velocity perpendicular to the
cavity surface. Expanding g(z(¢)) to first order in v, (tf —
T/2)/dey givesus g(t) = g — [gu T/ ey](t — T/2)/T, where
g = goe “/*_ Finally, we have Ag/g = v, T /Aoy With Aoy &
1000 nm.

We now consider the Doppler shift. Since the proposed
atomic levels have different values of e-g and e-s frequencies,
the value A,; of the Doppler shift to A; will be different
from the value A, of the Doppler shift to A;. As discussed
previously in Sec. IV A, we can use a chiral cavity (with the
one relevant optical mode), ensuring that we do not have two
optical modes coupled to the same transition with opposite
Doppler shifts. As shown in Fig. 9, using the control pulse
at an angle to the cavity, we can ensure that both Doppler
shifts are equal, i.e., A, = Ap = Ay, where A, denotes
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FIG. 15. We plot here the correction to the fidelity of the re-
trieved photon Fy, — F due to Doppler-shifted laser and cavity
frequencies. We assume both the control laser and cavity field have
the same shift A, (as discussed in Sec. IVC). (a) The red line
corresponds to parameters in model cavity la in Table I (for case
1). The correction is described, approximately, by the fit 2.5(A,/g)?
(shown by the black-dashed line). (b) The red line corresponds to
parameters in model cavity 5 in Table II (for case 2). The correction
is described, approximately, by the fit 0.055(Ay/g) + 1.16(A,/g)*
(shown by the black-dashed line).

the common value of both the Doppler shifts. The scheme
shown in Fig. 9 works for both lambda and ladder atomic
structures, provided one suitably chooses the propagation di-
rection of the control pulse relative to the cavity. Another
method is to measure the speed of the atom using classical
light and adjust the frequencies of the control pulse and the
cavity fields, eliminating both Doppler shifts. The cavity res-
onance frequency can be varied by changing the temperature
of the cavity [64] or using electro-optic modulation [65].
Then, assuming A, = A, = Ay, we find that, for single-
photon retrieval, the contribution to the infidelity for case 1
parameters in Table I scales as ax(A4/g)? for |Ay/g| < 0.25.
For the example shown in Fig. 15(a), we have a, = 2.5.
For case 2 parameters in Table II, the contribution to the
infidelity scales as d(Ay/g) + da(Ag/g)* for |[Ay/gl < 0.25
with d; < d,. For the example shown in Fig. 15(b), we have
(dy, d») = (0.055, 1.16). In cases 1 and 2, Doppler-induced
inefficiencies for single-photon absorption obey similar error
scalings as the corresponding inefficiencies for single-photon
generation. For atoms at room-temperature speeds and the
proposed atomic level scheme, A; ~ (27)0.38 GHz, which

0), \H1H—2)
) _T_

FIG. 16. Protocol for using the atom-photon controlled-phase
gate (represented by two black circles connecting the atom and the
photon) to implement nondestructive detection of a single photon
[67]. If there is no incoming photon (|p) = |0)), the atomic state
is unchanged. Otherwise, when there is an incoming photon (|p) =
[1)), the atomic state flips to |1),.

corresponds to |A,/g| & 0.24 for the model cavity parameters
considered in Fig. 15.

We note that since the scheme for canceling the Doppler
contribution to the two-photon detuning requires the control
pulse Q(¢) to be applied at an angle relative to the cav-
ity, covering the entire trajectory of the atom will require a
large beam waist, thereby increasing the required laser power.
For the chiral case, using the atomic dipole moment for the
s-e transition to estimate the required control pulse power,
we find that for beam waists chosen to cover the atom’s
full trajectory through the cavity, the system parameters in
Tables I and II correspond to laser powers below 5 mW.
This upper bound on the control pulse power arises because
a larger beam waist corresponds to a longer cavity, which in
turn corresponds to a smaller single-photon Rabi frequency g
and consequently to a smaller classical Rabi frequency 2(z),
since Q2(¢) ~ g from Eq. (4). We now consider the laser power
needed to implement the atomic state measurement scheme
described earlier. For the chiral case, we use fast = pulses
along the transitions s-5P;;, and 5P;;-g. For example, for
all cavities in Tables I and II in the chiral case, laser pow-
ers ~1W can be used to perform the two m pulses within
0.04T, enabling the heralding process to take time 2.047.
We now consider the change in cavity resonance frequen-
cies due to laser heating. As discussed in Appendix F, the
estimated change in resonance frequencies due to heating is
~(2m)10 MHz, which is much smaller than the linewidths
of the highly overcoupled cavities [with coupling rates kex
between (27)0.9 GHz and (27)27 GHz] considered in this
work.

V. ATOM-PHOTON controlled-Z GATE

‘We now outline the physics of the atom-photon controlled-
Z gate. We first consider the simplest case where a single
chiral mode a interacts with the atom. This gate has been
demonstrated using a trapped atom inside a Fabry-Perot cav-
ity [22,66] and has several uses: cluster state generation
(as discussed in Appendix C), quantum communication (as
discussed in Appendix D), and, as shown in Fig. 16, non-
destructive measurement of photons [67]. Furthermore, as
shown in Fig. 17, this gate can be used to implement the
photon-photon controlled-Z gate [68].

We have the cavity-atom Hamiltonian in the rotating frame
(with the frequency of the input light @) given by

H = Agple)(e] + Agpa'a+ (ga'lg){e] +H.e.),

ANop = Weg — 0y,  XA¢p = 0 — @p, 21
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10, —{H o R(r/2) e R(—7/2)

FIG. 17. Protocol for the photon-photon controlled-phase gate
[68]. The black circles connecting the atom and a photon rep-
resent the atom-photon controlled-phase gate. The unitary R(0)
is defined by R(6)|0) = cos(6/2)|0) 4 sin(6/2)|1) and R(O)|1) =
—sin(6/2)|0) + cos(6/2)|1). The correction unitary on the first pho-
ton depends on the atom’s measurement outcome k in the Z basis.
This scheme works for both single-rail photons (encoded in the
Fock basis) and dual-rail photons (encoded in the polarization basis).
For single-rail photons, |p) € {|0), [1)}, and for dual-rail photons,
Ip) € {lv), Ih)}.

where a is the cavity mode annihilation operator, w, is the
cavity resonance frequency, @, is the frequency of the in-
coming pulse, and g is the single-photon Rabi frequency. The
following equations [69]

a=—ila, H] — ka — /2kexttin, (22)

dout = @in + 2Kexa (23)

can be used to solve for the transmission coefficient [52]. For
input photons resonant with the cavity and the atom (A, =
Acp = 0), in the limit kxT — 00, we obtain the following
transmission coefficient = aqy/ai, [for details of the deriva-
tion, see Appendix B and Eq. (B9)]:

Cc-1 i X
— L/KC’ (24)
CH+ 1+ «ki/kex
where C = Ki is the cooperativity. Here, |7| is always less than
¥

1 due to atomic coherence decay rate y (when the atom is
coupled, i.e., g # 0) and the cavity’s intrinsic loss rate «;.

We now consider the case where our input photons (reso-
nant with the bare cavity) have two orthogonal polarizations,
h and v, and one of these, say v, does not couple to the
cavity [21,68]. Using a third atomic level |s), which does not
couple to the cavity, we get a conditional phase gate acting
on the atom-photon state, i.e., Z,, = |g){(gla ® I, + |s) (5], ®
(Jv){v]p, — |h)(h|p). For both |g) and |s) atomic states, v-
polarized light (uncoupled from the cavity) passes through
the waveguide without interacting with the cavity; therefore,
its phase remains unchanged. For the case when the atom is
in state |g), the atom-cavity eigenstates are shifted by +g,
enabling h-polarized light (resonant with the bare cavity)
in the waveguide to pass through without interacting with
the cavity. In the case where the atom is in the state |s),
the h-polarized light, now resonant with the cavity, passes
through the cavity obtaining a phase shift of 7. For single-rail
photonic qubits encoded in mode %, we can write the gate
as Zap = |8){8la ® I + 1) (sl ® (10)(0, — [1)(1],)) (Fig. 16
shows how to implement photon detection using this gate).
As in the case of single-photon retrieval, this gate can be
passively multiplexed (as shown in Fig. 12).

We now consider the nonchiral cavity. In this system, the
transmission coefficient calculation gives us the gate Z,, de-
fined as follows:

Zap =18)(8] ® (™" |Ry)(Lu| + €™ |Ly) (Rn])
= 1)(s1 ® (IRw) (Rul + |Li) (L)), (25)

where |R,(Ly)) denotes a right-moving (left-moving) photon
with polarization A that couples to the atom-cavity system. As
shown in Appendix B, the controlled-phase gate in the nonchi-
ral case can be implemented using two different schemes.
In the first scheme, the phase in g = |g|e’® is measured by
interferometry using weak classical pulses and the atom-
photon interaction from Eq. (25). Using this information, a
gate sequence that depends on ¢ can be applied to imple-
ment the atom-photon controlled-phase gate (up to an overall
minus sign) in the basis {|sLy), [sRy), |gLn), |gRn)} (see Ap-
pendix B more details). This version of the protocol can be
actively multiplexed (as shown in Fig. 13); i.e., the atom’s
position in the active cavity and the cavity phase ¢ are
monitored. In the second scheme, the phase measurement is
not needed. In this scheme, the following gate sequence can
be used to implement the controlled-phase gate in the basis
{IgR)v, I8R)n, ISR)v|sR)n}:

Z,,UpZ,, =18) (gl ® (IR)(RI, + [R)(Rlx)
+15)(s| ® (IRY(Rl, — [R)(RIy)
+18)(8l ® (IL){LI, — L)L)
+15)(s] ® (L)(LI, + ILY(LL).  (26)

Here, the h polarization couples to the atom-cavity sys-
tem, while the v polarization is uncoupled, Zé’,p, defined
in Eq. (B28), is the nonchiral-cavity-based atom-photon
controlled-phase gate in the basis {|R),, |R);, |L)y, |L)s}, and
Up = —IR)(R|p + |L)(L|n + IR)(Rly + [L){LI, (implemented
electro-optically using nonreciprocal effects [70]). The main
idea is that we can send our photon to the system twice (hence
two applications of Z/ ) to getrid of the unwanted phase e??.
However, this must be done in a gate sequence that keeps
the desired conditional —1 phase intact. The main technical
constraint in using this protocol is ensuring that the single-
photon duration 7' is much smaller than the time it takes for
the phase of the cavity field to change. This protocol can be
passively multiplexed, as shown in Fig. 12, since the phase of
the cavity field at the position of the atom does not need to be
monitored. For more details, see discussion in Appendix B.

A. Experimental considerations

We now consider how nonidealities in the experiment
affect the performance of the controlled-phase gate. For sim-
plicity, we consider the chiral version of the gate. We first
consider the effect of finite pulse duration on the fidelity
of the output state for the chiral case. In the case A, =
Ay =0 and in the adiabatic limit (kT >> 1), we find the
following state fidelities [see Eqs. (B10) for details], where
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F = f dtagas, |2, for the case where the cavity is empty (F}),
and where the cavity has an atom (F3):

2%;  8m? kin( 1)
JE:“[?*T(“;)(K—T”’ @

Kex| .y  8m% [k 2/ 1\?
VHh=1——|C" + —<—) (—) . (27b)
K 3 \g gT

Here, the terms proportional to 1/7? are the leading error
terms corresponding to the finite duration of the input light.
When the cavity is empty, light enters the cavity and suffers
photon loss due to the intrinsic loss k;. When the atom is
coupled to the cavity, light is lost due to decay y described
by the term proportional to C~!. We now briefly comment on
the effect of the variation of the coupling strength g in time
by an amount Ag (see Sec. IV C for the precise definition
of Ag). The lowest-order (in Ag/g) correction to the state
fidelity is third order in ¢;, where €; = y /g, €, = A.,/g, and
€3 = A,p/g. Since €; K 1, the error is negligible. For details,
see Appendix B and Eq. (B11).

We now compare the fidelity of our controlled-phase
gate with the fidelities of entangling gates in other plat-
forms. The fidelity of the entangled state is defined as F¢, =
(@1 0ap| ®F,), Where p, is the output state obtained by ap-
plying the controlled-phase gate on the initial state [+)4]+) .
Here, subscripts a and p denote the atom and photon, respec-
tively. The ideal state is |<I>;"p) o |0)4|+)p + [1)al—=)p. The
values of F., in Table I compare well with F., = 0.944
obtained in the state-of-the-art spin-photon system based on
a single silicon-vacancy color center integrated inside a dia-
mond nanophotonic cavity [3].

VI. APPLICATIONS

Following work in Refs. [35,36], we can use the coherent
emission process, atomic state rotations, and the controlled-
phase gate to make protocols for generating cluster states.
The protocols are outlined in Appendix C. Moreover, the
atom-photon interaction can be used to implement a quantum
communication protocol that enables two users to set a shared
secret key [3]. Complete protocols for this task using photons
encoded in single-rail and dual-rail bases are presented in
Appendix D.
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APPENDIX A: DERIVATION OF THE CONTROL
PULSE SHAPES FOR SINGLE-PHOTON RETRIEVAL
AND ABSORPTION

In this section, we continue our discussion from Sec. IV
and provide details on how we compute the control pulse
shape Q(t)e®) to retrieve/absorb a single-photon pulse
with mode shape A(t) and frequency w. + A, with efficiency
;. For the chiral case, we can always choose g to be real by
redefining mode a. For the nonchiral case, we can absorb the
phases into the redefined single mode, (¢/a + e~*b)/</2 —
a, and then take g in the atom-cavity Hamiltonian to be real.
For our convenience, we adjust the phase in the Hamiltonian
in Eq. (2) using |e) — i|e) to obtain the equations

ics = (A1 — Ay)ey — i2%¢,, (A1)
ic, =iQc; — (Ay +iy)c, + igeg, (A2)
iCe = —igc, — iKCg, (A3)

where A; = w1 — we; and Ay = 0, — w,,. Here, ¢, c,, and
¢, are the amplitudes of states |s, 0), |e, 0), and aT|g, 0), re-
spectively. Following Ref. [55], we can set aoy = +/2KexCo =
Jeh(t)e™ 27", where aqy is the output single-photon wave-
function, to solve for the necessary 2(¢) and ¢(¢) as follows:

|z
Qo(t) = , A4
o(t) N (A4)
_ . f’ , J@)
Po(t) = (A — At +arg(z) + i dt , (A5
0 zpss(t/)
where
z2=2Co+ (v — iD2)c, — gcg, (A6)
f=zci =7, (A7)
Ibss = _(ZCZ + CeZ*), (A8)

where pg; = |cs|?. Note here that f and p,, are slowly varying
functions of time. We note that z, f, and pg can be written
in terms of ¢, = aou/~/2Kex using Eqs. (A1)—(A3) [c, can be
written in terms of ¢, and ¢, using Eq. (A3)]. We also note
that arg(z) ~ —A,t + const, which means that setting A| =
Aj + A, ensures that the additional correction to the control
pulse’s phase is a slowly varying function. In the adiabatic
limit (kexT > 1), Qo(¢) and ¢y can be computed by writing
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z, f, and pg in terms of aqy: and approximating h as zero to
obtain

& + i, | A(t)

8 1= O/ nmax) Jo h2dt’
po(t) = 7 + arg(&, + i&,)
(k& + A&

Qo(t) = (A9)

]1/2’

t
b 2 (1= ) [ a8,
2g%Kex 0
(A10)
=g — A — MA,+ky, (A11)
§=—yA,—Kk(A,+ Ay), (A12)

where A(¢) = (n;/ 2kex ) /2h(t). For single-photon absorption,
we use the time-reversed version of the control pulse Q¢ () —
—Qo(T —t) and ¢o(t) > —¢o(T —1t) (see discussion in
Sec. IV for details).

For an atomic level scheme such that the s state has higher
energy than the e state, and the e state has the largest decay
rate, we can use the same control pulse as above, except that
we redefine A to wy, — w1, Where wy, is the energy of the s-¢
transition.

APPENDIX B: OTHER VARIATIONS OF CAVITIES
AND THEIR PHASE SHIFT CALCULATION

In this section, we present the details of the phase shift
calculation (presented in Sec. V) for both chiral and nonchiral
microcavities. We follow Ref. [52].

1. Case 1: chiral setup

We compute here the transmission coefficient in the chiral
mode case discussed in Sec. V. We excite the a mode by send-
ing in light through mode a;,. The cavity-atom Hamiltonian in
the rotating frame is

H =Agle)el + Acp(a’a+b'b) + ha'b + b'a)

+ (ga'lg) (el + gale)(g)), (B1)
Aup = Weg — @), (B2)
Aep = 0c — i, (B3)

where @), is the frequency of the incoming photon pulse and &
is the coupling between the two modes due to backscattering.
The equations of motion are

Coa = —(k +iAcp)Coa — ihecgp — igC,
2Kexain(t)s (B4)
Cop = —(K +iAcp)Cep — ihCgq, (BS)
= —(y +ilAyp)ce — igCgas (B6)

where ¢g4, 45, and ¢, are the amplitudes of states
aT|g, 0), bT|g, 0), and |e, 0), respectively, and cy),in is the

single-photon input to mode a(b) (as shown in Fig. 3). We
can then use the Fourier transform

Aw) = \/% / dt ¢ A(t), (B7)
A(r) = J%TT / dw e ™ A(w) (B8)

to obtain a set of linear equations. For # = 0, we have the
following transmission coefficient ¢:

_&
P e 37 iy (B9)
Qin Ki+iAcp + 70 IA pe= + Kex

On resonance (i.e., when A., = A,, = 0), we get Eq. (24),

where C = g . The leading error terms in the state fidelity

= | f dtaoma | can be computed from solving Egs. (B4)-
(B6) in the adlabatlc limit (kexT > 1). For Ay, = Ay =0
and h = 0, we have

2% 8m? ki 12
l—\/F] K+JT l K;
K 3 KT

A= 8”2(“)2(1)2]
1 - = C+—1- — | |, (B10b)
K 3 \g gT

where Fi(F,) is the state fidelity wherein the atom is uncou-

pled from (coupled to) the cavity. We use a;, sin® (mct)T).
We now consider the case where g(t) = go — Agf(¢),

where f is a slowly varying function that goes from O to 1. The

(B10a)

amplitude ¢, can be solved using the ansatz ¢, = ", ceaB",
where 8 = Ag/go, giving the equation
Con = —0Cgy — OCgn + Wy, (B11)
where
o =g+ (¥ +ilap)k +ilgp), (B12)
o = (K + V) + i(Aap + Acp)’ (Bl?’)
Y 2Kex(y + iAap)ain Y 2Kexéinv (B14)
Wl = — v 2Kexainf - CgOf
+c[280f — flk +iAcp)]. (B15)

We note here that cg is coupled to cg via Wi. The
equations can be solved using Fourier transformation. The
lowest-order (in Ag/gp) correction to the state fidelity is third
order in ¢;, where €1 = y /g0, €2 = A.,/80, and €3 = A, /go.
Since €; < 1, the error is negligible.

2. Case 2: nonchiral setup

Here, we study the atom-photon controlled-phase gate for
the nonchiral case, wherein both modes a and b couple to
the atom-cavity system. The atom-cavity Hamiltonian in the
rotating frame is

H = Agle)lel + Acp(a’a+ b'b) + h(a'b + b'a)
+ gle a’|g)(e| + e?ale)(g])

+ g(e”b'|g) (e] + e ble)(gl), (B16)
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B17)

Ayp = Weg — @p,

Aep = wp — @p. (B18)

We note here that the above Hamiltonian can be mapped to
the Hamiltonian from the chiral case in Eq. (B1) by mapping
(€®a + ¢®b)//2 — a and g«/2 — g [and mapping (¢ a;, +
&?bin)/v/2 = ain and (€ dou + €@ bou)/v/2 = dou accord-
ingly]. However, in contrast to the chiral case in which we
drive the mode that couples to the atom, here we choose to
separately drive modes a and b that only partially couple to
the mode (e/?a + ¢b)/+/2. The equations of motion can then
be written as

Coa=—(k +iAcp)Coa — ihcg) — igeii"bce — V2Kexain(t),
(B19)

Cob = —(k +iAcp)Cop — ihCyq — 1860 ce — \/2kcexbin(t),
(B20)

Co= —(y +iBgp)ce —igePcya —ige gy, (B21)

where ¢, 4, ¢, 5, and ¢, are the amplitudes in the states af lg, 0),
b'lg, 0), and |e, 0), respectively, and a;,(b;,) is the single-
photon input to the mode a(b) (see Fig. 3). Then, for A,, =
Acp =0, ki K Kex, and b = 0, we have

V2ex | (1 + C)agy — Ce_i2¢bin

fea =77 1+2C (B2
2 ex 1 C bin -C 29 in

. _«/K/c |:( + )1 i e?%q i| B23)

where ¢ is defined in Eq. (B16) and C = g?/ky. We expect
nonzero values of / that satisfy & < ke to reduce the fidelity
of the states only marginally. When the atom is not coupled to
the cavity (g = 0) and k; < kex, We have

(B24a)

Adout = —din,

bouw = —biy. (B24b)

For strong atom-cavity coupling (C >> 1) and k; < Kex, We
get

out = €0y, (B25a)
bouw = €. (B25b)
We can then write this process as the unitary
Zap =18)(8l ® (e *?|R)(L| + €?|L)(R])
— [s){s| ® (IR)(R[ + L) (L)), (B26)

where |R(L)) corresponds to the right-moving (left-moving)
single photon leaking to the waveguide through the cavity
mode a(b) (see also Fig. 3).

Now, this gate can be used to implement the atom-photon
controlled-phase gate within the photon basis {|R), [L)} by
using the sequence H,VZ,,V'H,, where V = ¢ ?|L)(L| +
|R)(R| (implemented using electro-optics), and H, is the
Hadamard gate in the {R, L} basis. This assumes we can

FIG. 18. In this figure, we show the steps used to implement the
atom-photon controlled-phase gate for the nonchiral cavity without
monitoring the atom.

measure the phase ¢ quickly enough. We then get the gate

H,VZ,V'H, =18) (gl ® (IR)(R| — IL)(LI)

— Is){s| ® (IR)(R[ + [L)(LD),  (B27)

which is the controlled-phase gate in the basis
{IsL), |sR), |gL), |gR)} (up to an overall minus sign).

We now consider another gate sequence to implement
the atom-photon controlled-phase gate without measuring the
phase ¢. We consider single photons with polarizations h
and v; h couples to the atom-cavity system, and v does
not. In the larger photon basis {|R)y, |R)x, |L)y, |L)n}, where
|[R(L)), denotes the right-moving (left-moving) plloton with
polarization x, consider the gate sequence Z;pUpZ;p, where
Up = —IR)(R|p + |L)(L|x + IR)(R|, + |L}(L|y, and

Z,, =18)(8l ® (e"*?IR)(LIx + €¢*|L)(R|)
+ IR)(RI, + L)L) + [5)(s| ® (—|R)(RI,

— IL)(LIn + IR)(Rly + [L)Y{LI,). (B28)
We then have
Z,UpZ,,, = 18)481 ® (IR)(Rl, + |R) (R4
+ s)(s] ® (IR)(Rlv — |R)(R]n)
+ 18) (8l ® (IL)(L|y — [L)(L|#)
+ 1s)(s1 ® (ILY(LIy + [L}Y(LIn). (B29)
This gate acting on the atom-photon basis states

{IgR)v, |gR)n, ISR)y, |SR),} gives us the atom-photon
controlled-phase gate. In Fig. 18, we show the steps used to
implement the atom-photon controlled-phase gate. Consider
the initial state [¥) = cr,|gRy) + Cor,|8RA) + Csr, ISRy) +
csr, |SRp). In step 1, we send the photon to the cavity to obtain
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the state
Z,,|W) = cr,18Ry) + P cor, |gLn)

+ ¢sr,ISRy) — o, [SRp).- (B30)

In step 2, we apply the gate U,,, realized electro-optically using
nonreciprocal effects [70], to obtain the state

UpZy |0 = cor,|gRy) + €7 cer,|8Ln)

+ cor, ISRy) + Cor, |SRp). (B31)

Both the right-moving and left-moving parts of the photon are
routed back to the cavity as shown in Fig. 18. This step can be
implemented using electro-optics. This reapplies the gate Z/ »
in step 3 to obtain the state

20 UpZ4 |W) = con, 18R + con,|gR)

+ csr, SRy) — ¢sry [SRn), (B32)

implementing the atom-photon controlled-phase gate. More-
over, instead of using 2 and v polarizations, we can use
different waveguides for dual-rail encoded photons such that
one waveguide couples to the atom-cavity system and one
does not.

APPENDIX C: CLUSTER STATES

In this section, we present the details of the protocols
developed in Refs. [35,72] to generate cluster states using
the primitives (i.e., single-photon retrieval/absorption and the
atom-photon controlled-phase gate) studied in this work. We
first consider single-rail-encoded cluster states. We relabel the
atomic states considered before as |0), = |g) and [1), = |s).
The pulse sequence for retrieval can then be represented by the
operator P, ; = |0){0|, ® I; + |0)(1], ® |1)(0|;, where i labels
the photon state’s time bin, and the operator is understood
to act only on atom-photon states with the photonic state in
the cavity being in the vacuum. We note here that, since the
atom moves across the cavity and the relative phase between
the coupling g and the control laser €2(¢) changes, the state
|0Y,(|0); 4+ ¥ |1);) will have a phase v dependent on the
position of the atom. We can ensure that the atom-photon
states have a phase that is independent of the atom position for
the chiral case by matching the wave vectors of the cavity and
laser fields (similar to how we cancel the Doppler contribution
to the two-photon detuning for the lambda system in Fig. 9).

For example, consider the protocol for making a
Greenberger-Horne-Zeilinger (GHZ) state. Starting with the
state (|0), + |1),)]0)1, applying the control pulse, P, ;, gives
the state |0),(]0); + |1);). Applying the Hadamard gate to
the atomic state (denoted by H,), followed by atom-photon
controlled-phase gate Z,;, and then reapplying H,, to the atom
gives the entangled state |00),; + |11),;. To pass this entan-
glement to the photon states 1 and 2, we apply P,» to get
the state |0), ® (|00);2 + |11);2). Extending this protocol as
in Fig. 19(a) produces the n-photon GHZ state. Measuring
the |0), state after the last P,; confirms that the atom has
not escaped the cavity during the gate sequence. In summary,
for each additional photon in the state, we need to send the
photon in the preceding time bin to the cavity for an atom-
photon controlled-phase gate (with Hadamard gates on the

(a)
10)e o H o AHX oA A AHX
10}, °
0, |
10),,_1
0),, b
(b)
0}, ?
10},
10),
|0>n71 — &
|()>n o>——

FIG. 19. Protocols for making (a) a GHZ state and (b) a 1D
cluster state in the single-rail encoding. The two white circles that
connect the atom and the state of photon k represent the gate P, ;
implemented by the control pulse. Here, the two filled circles con-
nected by a line denote the atom-photon controlled-phase gate. The
atom-photon controlled X gate is implemented by sandwiching the
controlled-phase gate with the Hadamard gates on the atom.

atom before and after the interaction), and a control pulse to
implement P, ;.

We now discuss the protocol to create cluster states defined
in Ref. [41]. The key identity used here is

Pant12aiHal0)a|$) 001 = 10)aZ 1101 4) 15
p

Zaj:HZaj,v iE{l,...,n/},
i=1

(ChH

+)

n

),
|+)1

FIG. 20. Circuit for making the state H®"|/) in the polarization
basis (i.e., dual-rail encoding), where |y is the n-photon GHZ state.
Here, s, is the atomic state measurement outcome in the Z basis, and
the unitary after the measurement can be applied to any photon.
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(a)
[+, [
[+)n —
[+ H’_@

(b)

[+)1 H’_@

|+>n+1

HHZSG#

FIG. 21. Circuits for making 1D cluster states in the polariza-
tion basis (i.e., dual-rail encoding). Here, a labels the atomic state,
and the states with numbers as subscripts correspond to photons.
(a) Circuit for making 1D linear cluster states. Before measurement
of the atomic state, the system’s state is a 1D cluster state with the
atom at one end. Measuring the atom in the Z basis with outcome
s, disconnects the atom. (b) Circuit for making the (n 4 1)-qubit
resource state as defined by a ring graph [73].

where Z, j is a controlled-phase gate between the atom and
photons indexed in j, le is a controlled-phase gate between
the photon labeled n and photons indexed in j, |¢) is an
arbitrary n-photon state, and j; (with i < ') indexes some
photon states in |¢). The net effect of this step is to imple-
ment the gate ZrH—lj on the (n + 1)-photon state |¢)|+),+1-
If the state |¢) is a cluster state, it follows that the state
after the control sequence is also one. For example, con-
sider the initial state |0),|+)|0),. Applying the sequence
P.»Z,1H, gives the state |0),1221 |++)12. This can be extended
to make the n-photon 1D cluster state [see Fig. 19(b)], as
well as cluster states in two and three dimensions using time
delays [36,72].

Similarly, work in Refs. [35,72] shows that the atom-
photon controlled-phase gate can be combined with atomic
state rotations to create cluster states in the polarization basis.
As examples, we show protocols to create GHZ states and 1D

TABLE III. Truth table for the case where Alice and Bob use
x-basis inputs. Here, m; are the Z-basis measurement results obtained
by Charlie.

m my ¢+ ¢
1 1 0
1 -1 T
-1 1 0
-1 —1 T

TABLE 1IV. Truth table for the case where Alice and Bob use
y-basis inputs. Here, m; are the Z-basis measurement results obtained
by Charlie.

m my o1+ ¢
1 1 0
1 -1 T
—1 1 T
—1 —1 0

cluster states in Figs. 20 and 21, respectively. The generaliza-
tion to higher dimensions is possible using time delays [72].

APPENDIX D: QUANTUM COMMUNICATION

In this section, we explain how the basic primitives studied
in our work (i.e., single-photon retrieval/absorption and the
atom-photon controlled-phase gate) can be used to implement
a quantum communication protocol that enables two users
to set a shared secret key [3]. Here, Alice and Bob wish to
establish a shared secret random bit string using a central
node, Charlie. Alice and Bob randomly choose the basis (X
or Y) and the state of their photonic qubits that they send
to Charlie. This information is encoded in the photonic state
through phase ¢: |0) 4+ ¢®|1). The X (Y) basis choice means
that the state will have ¢ = {m, —m}({m /2, —m /2}). Charlie,
who has access to an atom coupled to a cavity, will perform
gates and measurements on both his atomic states and the
photonic states he receives from Alice and Bob. We outline
two versions of the protocol for the two possible bases: Fock
states (single-rail encoding) and polarization states (dual-rail
encoding), respectively. At the end of the protocol, Alice
and Bob broadcast their bases, and Charlie broadcasts the
Z-basis measurement results ;. Instances where Alice and
Bob had used different bases are discarded. Knowledge of
the outcomes will allow Alice and Bob to ascertain whether
their states were the same or different since the measurement
outcomes, m;, are distinguishable for the two cases ¢; + ¢ =
{0, w} for any basis choice, where ¢; and ¢, define Alice’s
and Charlie’s photonic states, respectively. They can then set
their shared secret key; for example, Bob can flip his bit values
that disagree with Alice at the end of the protocol so that both
have a secret correlated bit string. Crucially, the measurement

TABLE V. Truth table for x-basis inputs. Here, m; are the Z-basis
measurement results obtained by Charlie.

m ny n; ¢1+ ¢

1 1 1 0

1 -1 1 0
—1 1 -1 0
-1 -1 -1 0

1 1 -1 b4

1 —1 -1 T
-1 1 1 T
-1 -1 1 T
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TABLE VI. Truth table for y-basis inputs. Here, m; are the Z-
basis measurement results obtained by Charlie.

m ny ms é1+ ¢

1 1 1 0

1 -1 -1 0
-1 1 —1 0
-1 -1 1 0

1 1 -1 T

1 -1 1 b4
-1 1 1 T
—1 —1 -1 b4

outcomes and the basis choice can only reveal the sum of the
phases.

1. Fock-basis encoding

We now outline the communication protocol for Fock-basis
photons. This protocol uses control pulses (for single-
photon storage), atomic state rotations, and the atom-photon
controlled-phase gate. Alice sends her qubit |0); + €'|1);
to Charlie, whose atom is in state |0),. Charlie applies the
control laser to store the single photon so that his atomic
state becomes |0), + ¢®'|1),. Bob then sends his photon in
state |0) + €/?2|1), to Charlie, and Charlie applies the se-
quence H,Z,,H, to obtain the state [0),(]0)> 4+ ¢®1+%2|1),) +
[1),(€®|0)5 4 €/®2|1),). Charlie then measures the atomic
state in the Z basis to obtain outcome m;. If he measures
m; = 1, he does nothing, and if he measures m; = —1, he
applies the gate X, to the atomic state, obtaining the state
[0Y,(|0)5 + e2+imd11),). The next step is to store the pho-
tonic state 2 to obtain the atomic state |0), + e/®>+imdi|1),.
Finally, Charlie applies the gate H, to his atom, measures the
atom in the Z basis to obtain m,, and then broadcasts m; and
my. See Tables III and IV for the truth table that connects the
outcomes m and m; with ¢ + ¢».

2. Polarization-basis encoding

We now outline the communication protocol for photons
encoded in the polarization basis. We use the definitions
|0) = |v) and |1) = |h), where h couples to the atom-cavity
system while v remains uncoupled. In the first step, Alice
sends her photon in state |0); + ¢’?'|1); to Charlie who has his
atomic qubit in state |0), + |1),. After Charlie performs the
atom-photon controlled-phase gate, the atom-photon state is

[0Y,(10); + €®1|1)1) + |1)4(J0); — €'?'|1)}). After performing
the Hadamard gate on both the atom and the photon, Charlie
measures the photon state in the Z basis with outcome m,
which results in the atomic state |0), + m; e |1),. We remark
here that this state can also be obtained by storing the single-
photon state |0), + ¢'?'|1),. In the second step, Bob sends
his photonic qubit in state |0), + ¢'?2|1), to Charlie. Charlie
performs a Hadamard gate on the photon, a controlled-phase
gate on the atom-photon state, and then another Hadamard
gate on the photon state. This gives the atom-photon state
(10)q + m1e"PF9[1),)|0)2 + (€2[0), + m1e?'[1),)[1)2. Af-
ter measuring the photonic state in the Z basis with outcome
my, the atomic state is |0), + m;e®1+92)|1) . After perform-
ing a Hadamard gate on the atom, Charlie measures the atomic
state in the Z basis to get measurement outcome mj3. Since
¢1 + ¢ = {0, '}, m3 will have a value fixed by previous mea-
surement outcomes. As before, the measurement outcomes
depend only on the sum of the phases, ¢ + ¢», allowing Alice
and Bob to set a correlated key. See Tables V and VI for the
truth table that connects the outcomes with ¢y + ¢;.

APPENDIX E: FROM ROOM-TEMPERATURE
ATOMS TO ULTRACOLD ATOMS

In this section, we consider how various cooling methods
can allow for a higher number of operations per transit event.
There are several methods for slowing down atoms from the
300 m/s velocity we assume in the main text, with the resulting
transit time inversely proportional to the velocity. We list a
few examples in Table VII, comparing the figures of merit
to those obtained from using model cavity la in Table I (us-
ing room-temperature atoms). We note that increased cooling
generally comes with larger infrastructure requirements. The
first method is Zeeman cooling, which reduces the speed of
Rb atoms to 12 m/s [74], resulting in T = 343 ns for cavity
la. The second method uses atoms released from a magneto-
optical trap (MOT) which corresponds to T = 1.5 us [20]. The
last method uses a dipole trap that corresponds to T = 2 ms
[75]. Table VII shows the number of operations per transit
time t /T achievable through larger values of 7 using various
cooling techniques.

APPENDIX F: ESTIMATING THE EFFECT OF STRONG
LASERS ON CAVITY RESONANCES

We estimate the change in temperature due to power ab-
sorbed by the cavity for silicon nitride resonators. The change

TABLE VII. Examples of key metrics for case 1 with different methods of cooling the atoms. Here, g is the single-photon Rabi frequency,
K is the waveguide coupling rate, k; is the microcavity’s intrinsic loss, 2y is the decay rate of state e, and C = g%/ y is the cooperativity.
K = Kex + ki, T is the single-photon duration, and t is the atomic transit time. Frequencies and times are in (27) GHz and ns. F is the
single-photon fidelity, F., is the entangling fidelity, 7. is the probability of measuring state s after photon absorption, and 7, is the probability
of correct detection via a controlled-phase gate. The cavity parameters correspond to silicon nitride microdisk optical resonators [57].

Cooling method g Kex K; 2y C 2R 1-F 1— Fea 1 — Naps 1—n,4 T T /T
Zeeman cooling 1.6 2 0.01 0.0061 420 0.7 0.0098 0.014 0.0098 0.019 7.96 343 43
MOT 1.6 2 0.01 0.0061 420 0.5 0.0098 0.011 0.0098 0.019 15.9 1500 94
Dipole trap 1.6 2 0.01 0.0061 420 0.5 0.0098 0.011 0.0098 0.019 159 2x10® 13x10°
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in frequency of the cavity Av can be computed as follows:

A Ldne o \ar (F1)
v=—v| — o ,
Neig dT t

where v ~ (27)384.1 THz (corresponding to 780 nm) is the
cold cavity frequency for our system, oy ~ 3 x 107 K~!
is the characteristic thermal expansion coefficient [76], and

L d”e“ ~ 1 x 1075 K1, where “;”"T‘f is the thermo-optic coef-
ﬁc1ent [76]. We can Compute AT using

AT = RinPaps, (F2)

where Ry & 333 K/W is the characteristic thermal resis-
tance for silicon nitride resonators [77]. For laser powers
of 1 W, corresponding to the largest Rabi frequencies con-
sidered in our protocols and system parameters, and using
beam waists approximately equal to the cavity length (chosen
to cover the atomic trajectories), the laser power absorbed
by the resonator is P,y = (1 — ey x TW. Using d =
250 nm, the characteristic silicon nitride thickness of our
cavities, and o = 0.2 cm~!, a characteristic absorption co-
efficient [78] that is consistent with the types of cavities
(and their quality factors) that we envision using, we
get |Av| ~ (27)10 MHz, which is much smaller than the
linewidths of the highly overcoupled cavities [with coupling
rates kex between (27)0.9 to (27 )27 GHz] considered in
this work.
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