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Simulating fermions coupled to spin degrees of freedom, relevant for a range of quantum field theories,
represents a promising application for quantum simulators. Mapping fermions to qubits is challenging in
2þ 1 and higher spacetime dimensions, and mapping bosons demands substantial quantum-computational
overhead. These features complicate the realization of mixed fermion-boson quantum systems in digital
quantum computers. We propose a native fermion-(large-)spin analog quantum simulator by utilizing
dopant arrays in silicon. Specifically, we show how to use a dynamical lattice of coupled nuclear spins and
conduction-band electrons to realize a quantum field theory: an extended Jackiw–Rebbi model involving
coupled fermions and quantum rotors. We demonstrate the feasibility of observing dynamical mass
generation and a confinement-deconfinement quantum phase transition in 1þ 1 dimensions on this
platform, even in the presence of strong long-range Coulomb interactions. Furthermore, we employ finite-
temperature Hartree–Fock–Bogoliubov simulations to investigate the dynamics of mass generation in two-
dimensional square and honeycomb arrays, showing that this phenomenon can be simulated with realistic
experimental parameters. Our findings reveal two distinct phases and demonstrate robustness against the
addition of Coulomb interactions. Finally, we discuss experimental signatures of the phases through
transport and local charge sensing in dopant arrays. This study lays the foundation for quantum simulations
of quantum field theories exhibiting fermions coupled to spin degrees of freedom using donors in silicon.
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I. INTRODUCTION

Understanding the origin of the mass of elementary and
composite particles has long driven the field of particle and
hadronic physics. A spontaneous symmetry breaking of
gauge symmetries via the Higgs mechanism gives rise to
the mass of elementary particles in the Standard Model
[1,2], while spontaneous breaking of a chiral symmetry
greatly influences the spectrum of hadrons in quantum
chromodynamics (QCD) [3–5]. Despite this understanding,
a complete picture of dynamical mass generation in QCD
in, e.g., systems with nonzero fermion density and/or in
out-of-equilibrium conditions, and the connection between

chiral symmetry breaking and confinement-deconfinement
phase transition are yet to be developed [6–9]. While the
method of lattice QCD with the aid of classical computing
has opened the door to illuminate part of this picture [10–13],
some questions remain intractable classically. Quantum
simulation of quantum (gauge) field theories [14–19] pro-
vides a unique avenue to explore inherently quantum, non-
perturbative, and dynamical phenomena such as quantum
phase transitions and mass generation in QCD and other
strongly coupled quantum field theories.We aim to introduce
a solid-state analog quantum simulator to explore such
questions in a quantum field theory, setting the stage for
future experimental implementations.
A range of models for mass generation have been

proposed, such as the Nambu model and the Gross–Neveu
model [3,4,20–24], allowing for qualitative understanding in
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systems that are simpler to study. An especially important
case is dynamical mass generation, where mass in the
fermion field arises from the spontaneous breakdown of
chiral symmetry [20,23,25,26], which may be observed
when the confinement-deconfinement phase transition is
crossed.Oneof the simplestmodelswhich has been shown to
capture the physics of dynamical mass generation and the
confinement-deconfinement quantum phase transition is the
Jackiw–Rebbi model [27,28]. This model consists of matter
particles interacting with a dynamical lattice, i.e., a lattice
hosting dynamical bosons, see Fig. 2. A first analog
quantum-simulation proposal for simulating the Jackiw–
Rebbi model was developed in Ref. [28]. It employed a
Jordan–Wigner mapping of fermions [29,30] to qubit
degrees of freedom, which constrains this proposal to one
spatial dimension in the analog setting, as in higher dimen-
sion, multiqubit interactions would have to be engineered.
Alternatively, digital quantum computation approaches
[31,32] could simulate this model due their universality,
but demand a large computational overhead and a high level
of quantum control. This is not only true for realizing the
fermions, but also the large spin degree of freedom in the
Jackiw–Rebbi model, which requires a gate cost quadratic in
the spin length [33,34]. Therefore, finding an analog sim-
ulationmethod for the simulation of the Jackiw–Rebbimodel
and other spin-fermion models in higher spatial dimensions
would be favorable in the near term.
We propose a ð1þ 1ÞD and ð2þ 1ÞD native fermionic-

bosonic platform for quantum simulation of the rotor
Jackiw–Rebbi model, based on donors in silicon (see
Fig. 1). The fermionic degrees of freedom are directly
encoded in conduction-band electrons that populate the
array, removing the necessity to map fermions to qubits.
Dynamical latticeswith large local Hilbert-space dimensions
are achieved using the local nuclear-spin degree of freedom
of the dopants, which range from 1

2
(P), over 7

2
(Sb) [35] to 9

2

(Bi) depending on the choice of dopant atom. This platform
has recently been used to simulate small instances of the
extended Fermi–Hubbard model in ð2þ 1ÞD [36–39] and
the Su–Schrieffer–Heeger model [40,41].
These results, in conjunction with similar demonstrations

[41,42], show that scanning tunneling microscopy lithogra-
phy can be used to fabricate and probe arrays of dopants with
subnanometer precision for applications in quantum simu-
lation [43,44]. Crucially, the nuclear and electron spins in
these systems show extremely long coherence times [45],
and following theoretical proposals [46–51], high-fidelity
quantum-information-processing applications have been
demonstrated experimentally [52–54]. Dopants in silicon,
therefore, exhibit the coherence properties required for high-
fidelity quantum simulations. Although current technology
is limited to relatively modest lattice sizes on the order of ten
sites, progress in fabrication techniques, particularly those
demanding atomic precision, has been demonstrated

[44,55,56].Moreover, advancements in external gates enable
local electrical control of the donor charge states [52,54].
We show how to map a rotor Jackiw–Rebbi model to a

donor platform (see Fig. 2) and estimate the parameter
regimes in which a faithful simulation can be achieved.

FIG. 1. Donor array in silicon. A schematic illustrating electron
localization and tunneling behaviors in a silicon phosphorus-
donor array. The lattice model approaches continuity as donor
distance tends to zero and lattice size tends to infinity. Electrons
can hop in both x and y directions with tunneling rates tx and ty.
An external magnetic field, B, can be applied to polarize electrons
in a given direction. The probes (charge or conductance), along
with gates, allow indirect inference and control of the internal
electron-density configuration, jΨej2, within the central island,
facilitating a comprehensive understanding of electron behavior
and phases of the system in the donor lattice structure.

FIG. 2. Schematic of a dynamic lattice. Each individual donor
nuclear-spin orientation (illustrated on the Bloch sphere) can
dynamically change and locally alter the potential landscape at
each fermionic donor-electron site, acting as a dynamical mass
term akin to a Jackiw–Rebbi rotor coupled to fermionic matter.
Each spin, S, which in our platform is represented by the nuclear
spin of a donor, interacts with the local density of fermions, jΨej2,
via the hyperfine interaction with strength g. Depending on the
orientation of the nuclear spin at each site, the energy level of the
system at each site is in the range of Eb � gS, where Eb
represents the binding energy of the electron and nuclear spin.
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We perform exact and approximate (using the Hartee–
Fock–Bogoliubov method) numerical simulations to pre-
dict phenomena that could be observed in ð1þ 1ÞD and
ð2þ 1ÞD. In this way, we map out the phase diagram of the
model and identify the occurrence of dynamical mass
generation, confinement-deconfinement transition, and
the effect of thermal fluctuations on chiral-symmetry
restoration. Finally, we discuss how these phenomena
could be probed in donor-array simulators by local charge
sensing and transport measurements. Our experimental and
theoretical advances set the stage for future quantum
simulations of lattice gauge theories in donors in silicon.
This paper is organized as follows. In Sec. II, we

introduce the rotor Jackiw–Rebbi model, the donor plat-
form along with its intrinsic Hamiltonian, and the reasoning
for why this platform can be thought of as an analog
quantum simulator of the rotor Jackiw–Rebbi model. In
Sec. III, we investigate the properties of the ð1þ 1ÞD
system and benchmark our results against the findings of
Ref. [28]. We further investigate the effect of Coulomb
interactions on phases of the model. Next, in Sec. IV, we
delve into the phase diagram of the ð2þ 1ÞD array and
explore the phenomenon of dynamical mass generation in
this extended model. Finally, in Sec. V B, we discuss the
experimental feasibility of detecting the discussed phases in
donor arrays by focusing on suitable observables.

II. DONORS IN SILICON AS AN ANALOG
QUANTUM SIMULATOR OF THE ROTOR

JACKIW–REBBI MODEL

In this work, we lay out the reasoning for why donor
arrays in silicon provide benefits for the simulation of
(lattice) quantum field theories containing fermions and
bosons. In particular, we focus on the physics of fermionic
systems with a dynamical mass generated from interactions
with bosonic degrees of freedom. As a first step, we focus
on a proposal for simulating the rotor Jackiw–Rebbi model
in ð1þ 1ÞD and ð2þ 1ÞD. A proposal for implementing
the ð1þ 1ÞDmodel using ultracold atoms in optical lattices
was developed in Ref. [28], which, nonetheless, involved
mapping the model to a fully bosonic quantum simulator. In
contrary, the fermion-boson simulator of this work provides
a more natural path to quantum simulation of the rotor
Jackiw–Rebbi model in future implementations.

A. Model Hamiltonian

Consider a massless Dirac-fermion fieldΨ and its adjoint
Ψ̄ ¼ Ψ†γ0 in dþ 1 spacetime dimensions with d ¼ 1, 2.
The Dirac gamma matrices satisfy fγμ; γνg ¼ 2gμν (under
spacetime metric g00 ¼ 1; gii ¼ −1 with i ¼ 1;…; d).
Consider also the vector fields ϕ and l, representing the
orientation of a quantum rotor and its angular momentum,
respectively. As is explained in Sec. II C and Appendix A,
in an equivalent lattice formulation, ϕ captures the Néel

alternation of antiferromagnetic ordering between spins at
neighboring lattice sites while the presence of l also allows
for slow spin fluctuations with respect to uniform ordering.
The continuum Hamiltonian of a corresponding lattice
model we aim to study is

HðRJRÞ ¼
Z

ddxf½−icΨ̄ðxÞγi∂iΨðxÞ

− Ψ̄ðxÞ½g · ϕðxÞ þ γ0g · lðxÞ�ΨðxÞ
− h · lðxÞ�g: ð1Þ

The first term in Eq. (1) is the free-fermion Hamiltonian.
The second term describes the interactions of fermions with
bosonic quantum rotors via the coupling vector g, and the
last term is responsible for the rotor’s precession in a
uniform magnetic field h. In ð1þ 1ÞD, the Hamiltonian is
invariant under a discrete chiral transformation, Ψ → γ5Ψ,
with γ5 ¼ iγ0γ1 ¼ iσz, if ϕ ¼ 0. Such a symmetry gets
broken spontaneously if hϕi ≠ 0, hence generating a
dynamical fermion mass in the model. In ð2þ 1ÞD, no
chirality can be defined, but the Hamiltonian with ϕ ¼ 0 is
invariant under another discrete transformation, i.e., spatial
reflection, that only changes the sign of one of the two
components of the position vector, e.g., x1 → −x1, trans-
forming the fermion field as Ψ → γ1Ψ. Again, if hϕi ≠ 0,
such a symmetry gets broken spontaneously, generating a
dynamical fermion mass.
The model described by the Hamiltonian in Eq. (1) can

be identified as a variant of the Jackiw–Rebbi model, as
introduced in Ref. [28]. In the original Jackiw–Rebbi
model [27], fermions interact with a self-interacting scalar
field. In the model considered here, called the rotor Jackiw–
Rebbi model, fermions interact with rotor fields, and these
rotors exhibit no self-interactions. This distinction is
significant: in the Jackiw–Rebbi model, the contribution
from the scalar field to the generation of dynamical mass
through symmetry breaking can be explained classically,
but this is not the case in the rotor Jackiw–Rebbi model.
This model, in fact, bears a stronger resemblance to the
Gross–Neveu models, although without an OðNÞ sym-
metry [57].
Due to intrinsically quantum and nonperturbative spon-

taneous symmetry breaking and dynamical mass generation
in the rotor Jackiw–Rebbi model, one needs nonperturba-
tive simulation tools to study model’s phases. In this model,
spontaneous symmetry breaking turns out to occur within a
specific range of external magnetic fields. As is shown in
Ref. [28] for the ð1þ 1ÞD model, the range is notably
dependent on a function which cannot be approximated by
a Taylor expansion for small but nonzero rotor-fermions
coupling. A similar behavior is expected in ð2þ 1ÞD, as is
studied in this work. In the subsequent sections, we explore
in detail how a dopant analog quantum simulator can
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effectively implement a lattice-discretized version of the
rotor Jackiw–Rebbi model in both ð1þ 1ÞD and ð2þ 1ÞD.

B. Simulator Hamiltonian

To investigate how the proposed dopant array, as
illustrated in Fig. 1, can be used to probe the physics of
dynamical mass generation in the rotor Jackiw–Rebbi
model, we begin by introducing the platform and its
intrinsic Hamiltonian.
To prepare a donor array, first, standard semiconductor

processing techniques are used to create a clean surface.
The dopant atoms are then incorporated into the surface
using scanning-tunneling-microscope hydrogen lithogra-
phy techniques [58,59]. Following the incorporation of the
dopants, silicon is grown over the array to encapsulate the
donors and hold them in place, as well as allow further
lithography of metallic top gates. This protected and
controllable lattice of dopants then creates a new band
structure within the band gap of the underlying silicon
crystal. Electrons moving in this dopant lattice can, there-
fore, be seen as an analog to cold atoms hopping in an
optical lattice, with the silicon lattice only participating as a
dielectric, but otherwise being inert. This analogy has
opened up the demonstration of this platform as a novel
native fermionic quantum simulator with an early appli-
cation to simulate the Fermi–Hubbard model [60] and
beyond [36,37,39,41]. Furthermore, electrons interact with
themselves and with the dopant nuclei via Coulomb
interactions, and both electron and nuclear spins respond
to external magnetic fields. Importantly, the electron spin
couples to the nuclear spin via a hyperfine interaction.
Let us discuss these interactions in more detail. The

intrinsic Hamiltonian of the dopant analog quantum sim-
ulator can be decomposed to

HðlatticeÞ ¼ Hμ þHk þHff þHsf þHs: ð2Þ

The chemical-potential term, denoted as Hμ, represents
the on site binding energy, Eb, of a single electron to a
dopant in the absence of tunneling. By carefully adjusting
the energy level of the system to be near the Fermi level,
one can control the total electron occupancy in the system.
The other contribution to the on site energy term comes
from the local Coulomb potential between the electron and
the nuclei of the dopants within the array. Additionally,
there is another contribution to the overall electric potential,
resulting from the gates and other charges surrounding the
system, denoted by ϵ [37]. Overall, Hμ can be written as

Hμ ¼
X
i

X
σ

�
ð−Eb;iþ ϵiÞc†i;σci;σþ

X
j≠i

V0;ijc
†
i;σci;σ

�
: ð3Þ

Here, c†i;σ and ci;σ represent the electron’s creation and
annihilation operators, respectively. σ ¼ ↑;↓ is the spin

index of the electron, and i denotes the site index within the
d-dimensional array with given geometry. For example, this
index ranges from 1 toN ¼ Nd

s on a square lattice with side
length L ¼ aNs and lattice spacing, or constant, a. V0;ij

represents the strength of electric potential at site i, created
by the nucleus at site j. We approximate the interaction
potential by V0;ij ¼ V0e−λjri−rjj=jri − rjj, where the con-
stant term V0 ¼ 1=ð4πϵ0ϵsiÞ reflects the permittivity of the
electric field in silicon, ϵsi, and λ determines how the
electric field is reduced due to screening [37,39,61]. ri
denotes the position vector of site i.
The kinetic term Hk describes the hopping of electrons

between neighboring sites in the array. In this study, we
assume that the hopping strength can be engineered to be
uniform across the system, which demands an atomically
precise placement of the donors. In general, the hopping
strength decays exponentially with distance, so we restrict
this study to nearest-neighbor hopping of strength t,

Hk ¼ −t
X
hi;ji

X
σ

c†i;σcj;σ þ H:c: ð4Þ

Hff represents the fermion-fermion interaction in the
system. This interaction can be modeled as the sum of two
components: the Coulomb interaction between fermions
across the array and the on site interaction between two
electrons with opposite spins. The strength of the latter
interaction is denoted by Ui,

Hff ¼
X
i

�X
j≠i

X
σ

V0;ijni;σnj;σ þ Uini;↑ni;↓

�
; ð5Þ

where ni;σ ≔ c†i;σci;σ is the number operator for a fermion
with spin σ at lattice site i.
Hsf represents the most crucial term of relevance to the

model we aim to study. It involves the interaction of the
dopant nuclear spin I with the electrons,

Hsf ¼ g
X
i

szi I
z
i : ð6Þ

Here, the parameter g represents the hyperfine coupling, and
szi ≔ c†i;↑ci;↑ − c†i;↓ci;↓ is the electron-spin operator along the
z direction. The electrons are assumed to be spin-polarized in
this direction by an external magnetic field, B.
We allow for a transverse magnetic field, hx, arising from

time-dependent nuclear magnetic resonance (NMR) con-
trol. This leads to an effective Hamiltonian in the rotating
frame of the nuclear spins,

Hs ¼ −
X
i

h · Ii þ
X
i

hes
z
i : ð7Þ

Here, the first term is the rotating-frame Hamiltonian for
the nuclear spins in the presence of the NMR drive with the
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magnetic field in the form of h ¼ hzẑþ hxx̂. We work in
the limit of a large drive detuning, where jhzj ≫ jhxj. Given
this condition, we omit the effect of the transverse magnetic
field, hx, on the electrons. We assume that in this regime the
spin polarization of electrons due to the transverse mag-
netic field remains constant and is negligible. Finally, he is
the Zeeman splitting of the electron spin.
In the above Hamiltonian, we work in a configuration

where the electrons’ spins are polarized in the j↓i direction
(see Sec. V B for how to create such a polarization). In this
case, the spin drops out of the Hamiltonian terms and one
gets

HðlatticeÞ ¼ −t
X
hi;ji

ðc†i cj þ H:c:Þ −
X
i

μic
†
i ci

−
X
i

ðgc†i ciIzi þ h · IiÞ þ
X
i

X
j≠i

V0;ijc
†
i cic

†
jcj:

ð8Þ

Here, ci (c
†
i ) denotes the annihilation (creation) operator

for the down-spin electron at site i and μi ¼
Eb;i − ϵi −

P
j≠i V0;ij. Note that since the total number

of electrons in each spin state is conserved, the last term in
Eq. (7) contributes trivially to the dynamics and is dropped.
In the subsequent sections, we explore the connection
between this lattice Hamiltonian and the rotor Jackiw–
Rebbi model.

C. The connection between the rotor Jackiw–Rebbi
model and the lattice model

Standard techniques can be employed to map the low-
energy limit of a lattice theory of fermions and spins to a
continuum quantum field theory, see Ref. [28] and
Appendix A.
Let us first consider the free-fermion Hamiltonian. Here,

we assume a uniform electron chemical potential throughout
the lattice such that μi ≔ μ is constant. We further assume a
fermionic statewith half filling, i.e., 1N

P
ihc†i cii ¼ 1

2
. There is

a quantum field theory describing low-energy excitations
around the Fermi points (surface). In ð1þ 1ÞD, this means
linearizing the dispersion relation ϵðkÞ ¼ −2t cosðkaÞ near
two (free-fermion) Fermi points at kF ¼ � π

2a, i.e.,
ϵðkÞ ≈ ðjkj − kFÞvF, with the Fermi velocity defined as
vF ≔ 2ta. By this approximation, the fermionic operators
ci in ð1þ 1ÞD are reduced to left- and right-moving slowly
varying fermion fields, ψþðxÞ and ψ−ðxÞ. These fields map
to the staggered lattice fermions of Kogut and Susskind [62]
(see Ref. [28]), which is a lattice discretization of the
continuumDirac fermions in Eq. (1), upon the identification
Ψ ¼ ðψþψ−ÞT and c ¼ vf.
On a ð2þ 1ÞD square lattice, the (free-fermion) Fermi

surface is the boundary of the diamond shape − πffiffi
2

p
a
< k� ≤

πffiffi
2

p
a
within the Brillouin zone, where k� ¼ 1ffiffi

2
p ðkx � kyÞ.

Linearizing around this boundary does not give rise to the
Dirac fermions of the continuum as is known. Nonetheless,
as shown inAppendixAandSec. IV, due to the Fermi surface
admitting a nesting vector at momentum ðπ=a; π=aÞ, a Néel-
order phase arises in this model too, generating dynamical
mass for the fermions. The two-component Ψ field can be
understood as pairs of lattice fermions on adjacent sites along
the x direction, hence breaking the reflection symmetry [63]
discussed in Sec. II A in the Néel phase, see Appendix A.
Alternatively, to recover the continuum Dirac theory in
Eq. (1), fermions can be placed on a honeycomb lattice.
On such a lattice, upon the linearization of the dispersion
function, one arrives at εðkÞ ¼ −vFκ · γ, where κ is a small
momentum around the Fermi points K and −K with
K ¼ 2π

3a ð1; 1ffiffi
3

p Þ. This recovers the Dirac free-fermion theory

upon the identification c ¼ vF and

Ψ ¼
�

c�Kþκ;A

−c�Kþκ;B

�
; ð9Þ

around the Fermi points �K. Here, ck;A and ck;A are the
Fourier transform of the ci operators defined on sublatticesA
and B of the honeycomb lattice, respectively (see
Appendix A for details).
To achieve a low-energy quantum field theory of nuclear

spins on the lattice, i.e., a long-wavelength large-spin limit,
a continuum field of unit length, ϕ, can be introduced such
that it varies slowly on the scale of a lattice spacing. To
allow for a quantum disordered phase with no long-range
spin order, it is imperative to also include a component of
the spins which is perpendicular to the local orientation of
the Néel order, which is denoted by the continuum field l,
as discussed in Appendix A. Formally, this can be
described as

IðriÞ ≃ S
h
δiϕðriÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2dl2ðriÞ

q
þ adlðriÞ

i
; ð10Þ

such that ϕ · ϕ ¼ 1, ϕ · l ¼ 0, and a2dl2 ≪ 1. Here, δi is
either 1 or −1 depending on which sublattice, A or B, ri
belongs to, see Ref. [64] for more details.
As shown in Appendix A, the low-energy excitations of

fermions near the Fermi surface are mediated by the rotors
in either the Néel-order phase or the disordered phase.
Hence, the hyperfine coupling of nuclear spins to electrons
maps to the fermion-rotor interactions in the rotor Jackiw–
Rebbi model. Additionally, the nuclear-spin interactions in
presence of the NMR drive are naturally reduced to the last
term in HðRJRÞ in Eq. (1). Finally, while electron-electron
Coulomb interactions do not have an equivalent low-energy
description in the rotor Jackiw–Rebbi model, as our
numerics show, these interactions do not affect qualitative
features of the phases of the model and the dynamical mass
generation when experimental parameters are concerned.
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With the connection between the (discretized) rotor
Jackiw–Rebbi model and the lattice model accessible in
the quantum simulator established, we are ready to delve
into the study of the properties and different phases
exhibited by the lattice model.

III. PHENOMENOLOGICAL STUDY OF THE
MODEL IN ð1 + 1ÞD

To investigate the quantum many-body system described
by the simulator Hamiltonian in Eq. (8), one might consider
employing exact diagonalization (ED) techniques.
However, the dimensionality of this Hamiltonian grows
exponentially with the system size, making the application
of ED with available classical computational resources
feasible only up toOð101Þ. To produce more accurate high-
L=a results, studies on system with larger sizes are
required. While well-known efficient methods like the
density-matrix renormalization group [65] and tensor net-
works [66] are suitable for the ð1þ 1ÞD cases, extending
these methods to ð2þ 1ÞD has proven challenging. To
address this challenge, albeit with a modest sacrifice in
accuracy, we have employed the mean-field approach of
Hartree–Fock (HF) [67] and finite-temperature Hartree–
Fock–Bogoliubov (HFB) [68]. These enable the explora-
tion of larger systems with a computational complexity
proportional to the system size OðNÞ. Comparing the
results obtained from the HF approximation with those
from ED for systems up to ≈10 lattice sites, we have
nonetheless demonstrated that the mean-field approach is a
reliable method of approximation, even when considering
small values of dopant spin, S. As the system size increases,
i.e., in the limit of large L=a and large S, a previous study
[28] shows that the mean-field predictions can converge to
the exact methods smoothly.

A. Dynamical mass generation

To study the distinct phases of the lattice model in
Eq. (8), we can explore the phase space in terms of a set of
macroscopic parameters, including hyperfine coupling and
the external longitudinal and transverse magnetic fields,
which are denoted respectively as ðg; hz; hxÞ. We also
investigate the impact of these parameters on the transition
between possible phases for given fixed values of dopant
spin, tunneling coupling, the temperature of the reservoir
surrounding the system, Coulomb-force coupling, chemical
potential, and lattice constant, denoted, respectively, as
ðS; t; T; V0; μ; aÞ. The list of parameters is provided in
Appendix. F. The boundary condition is another factor that
needs to be set in the simulation. We have investigated the
effects of open and periodic boundary conditions and found
that the periodic one can better mitigate the (undesired)
effects of Coulomb interactions, in particular, in the
convergence of the HFB calculations. Thus, in this paper,
we present results concerning the periodic case in order to

present large system sizes. As open boundary conditions
are more experimentally relevant, we present these calcu-
lations on currently accessible system sizes in Sec. V, where
we see features qualitatively consistent with the HFB
calculations on large sizes.
Our numerical simulations reveal that modulating the

macroscopic parameters gives rise to two distinct phases
within the system, characterized by the phenomenon of
dynamical mass generation. Building upon the method
described in Ref. [28], we utilize the modified Néel-order
parameter, denoted as nz, as the principal observable to
investigate spontaneous symmetry breaking in the phase
diagram and to distinguish between different phases. The
parameter nz is defined as

nz ≔
1

N

XN
i¼1

1

S
ðhSz1Sz2ii − hSz1Sz2i−1iÞ; ð11Þ

where i denotes the index of the lattice site, N is the total
number of lattice sites, and Si represents the spin of the
dopant at location i in the array. Our numerical simulations,
conducted using the mean-field HF method, demonstrate
the existence of two distinct phases for the ð1þ 1ÞD lattice
model. This phase diagram is presented in Fig. 3 (see
Appendix B for more details). The phase diagram is derived
at zero temperature and one electron above the half-filling
state, for a wide range of gS=t and hzS=t, and a fixed
nonzero transverse magnetic field hx and given the
Coulomb interaction with strength V0.
The first phase, termed the “trivial phase,” is charac-

terized by all spins being polarized and aligned with the
external magnetic field. This alignment results in a zero
value for nz. In this configuration, the fermion density
across the system is found to be distributed around half-
filling for all lattice sites, indicating the absence of
dynamical mass terms in Eq. (1). In this phase, the fermions
are massless, thereby exhibiting chiral symmetry. This state
of the system is analogous to the Luttinger-liquid (LL)
phase for fermions in ð1þ 1ÞD. In contrast, the “nontrivial
phase” emerges within a specific range of macroscopic
parameters, where nz departs from zero. The corresponding
fermion density across the system indicates the presence of
dynamical mass generation. As discussed in the preceding
section, chiral symmetry is spontaneously broken in this
phase, and the system settles into one of the ground states.

B. Confinement/deconfinement of fractionally
charged quasiparticles

To investigate the phenomenon of confinement and
deconfinement of fractionally charged fermions coupled
to the Néel field, it is essential to introduce a pinning
potential as an impurity to break the translational sym-
metry. By adopting the method detailed in Ref. [28], we
add a pinning potential, Hϵ ¼ −

P
N
i¼1 εiðdÞSzi , which can
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lead to fermions localizing at the lattice positions i0 and
i0 þ d for a certain range of hzS=t and gS=t. Here,

εiðdÞ ¼

8>><
>>:

εð−1Þi 1 ≤ i < i0
εð−1Þiþ1 i0 ≤ i < i0 þ d

εð−1Þi i0 þ d ≤ i ≤ N

; ð12Þ

for small pining potential strength ε=t ¼ 0.05 compared to
the tunneling coupling. Since the total extra fermionic
density is equal to one electron, one can refer to this
configuration as the fractional charge since at each end
there is half of an electron localized.
To examine the system’s dynamics, we calculate the static

potential between two fractional charges, VðdÞ ¼ EðdÞ−
E∞, whereE∞ denotes the ground-state energywhen d ≫ 1.

This analysis unveils two distinct, confined and deconfined,
phases. The confined phase features an ascending static
potential with respect to d, indicating the binding of frac-
tional charges. In this model, the integer-charged fermion
field couples to the rotors field, allowing, under certain
conditions, the Néel field’s configuration to host localized
fractional charge, mirroring quark bags in the phenomeno-
logicalmodels ofQCD,where the quarks are confinedwithin
a finite region of space known as the “bag” [69] andmake up
pions, nucleons, and other hadrons. Conversely, the decon-
fined phase shows a decreasing static potential, signifying no
binding between fractional charges. Figure 4 illustrates these
phases, emphasizing that they can occur even amidst
Coulomb repulsion in a silicon platform, highlighting the
unique interplay between fractional charges and the Néel-
field configuration. In this plot, we choose two coupling
strengths: one assuming the Coulomb interaction does not
exist, V0=ðatÞ ¼ 0, and the second one with
the highest value of V0=ðatÞ ¼ 3.6 for silicon with fixed
a ¼ 4.7 nm and t ¼ 7.5 meV, which are chosen close to
experimentally favorable numbers.

IV. PHENOMENOLOGICAL STUDY
OF THE MODEL IN ð2 + 1ÞD

In the subsequent section, we examine evidence for the
occurrence of dynamical mass generation and spontaneous
symmetry breaking within the ð2þ 1ÞD model. As men-
tioned before, the continuum physics of square and
honeycomb lattice models are distinct, and only the latter

FIG. 4. Confinement/deconfinement phase transition. Plots
show the normalized system energy, E, as a function of the
pinning-potential range, d, minus the normalized energy in the
limit d ≫ 1. Adjusting gS=t in a certain range with fixed hz
creates quark bags in the Néel phase, increasing energy as d
increases (quark confinement). Lowering gS=t below a threshold
results in a deconfined phase with reduced energy. Coulomb
interaction present in the silicon-based experimental platform
does not alter this phenomenon. The numerical simulation is
based on the Hartree–Fock method at half-filling with
hxS=t ¼ 0.01, hzS=t ¼ 0.4, a ¼ 4.7 nm, and t ¼ 7.5 meV.

(a)

(b)

FIG. 3. Phase diagram of a ð1þ 1ÞD system. The phase
diagram obtained from Hartree–Fock simulations illustrates
two distinct phases, trivial (a) and nontrivial (b), influenced by
external magnetic fields hz at fixed hx. The nontrivial Néel phase,
indicated in blue, emerges within a specific range of hz when
hx ≪ hz, while the trivial phase, where all spins are polarized in a
single direction, is represented by a white background. The
circles represent the density of fermions at each site, where a
darker color indicates higher density, and the arrows show the
orientation of the dopant’s spin. The blue color represents the
parameter jnzj, where nz is defined in Eq. (11), which is ideally
one for the Néel-order phase and zero for the trivial phase. The
simulation is done on a one-dimensional array with N ¼ 43 sites
in a configuration with one fermion above the half-filling state.
The arrows represent the spin, hSzi i, of the dopants, while the
circles denote the fermion density at each site, indicated as hnii.
The parameter hxS=t is set to 0.01, where hx denotes the external
magnetic field in the x direction, and t denotes the hopping
parameter. For this plot, we have set t ¼ 7.5 meV and
V0=ðatÞ ¼ 1.1.
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recovers Dirac fermions of the Jackiw–Rebbi model.
Nonetheless, we study both cases in the following.

A. Dynamical mass generation on a square lattice

We apply both ED for small systems and the HF method
for larger systems to investigate phases of the lattice model
on a square lattice for a range of macroscopic parameters.
Our simulations demonstrate that a phase diagram akin to
the one observed in the ð1þ 1ÞD lattice can also be
observed in ð2þ 1ÞD. Figure 5 illustrates the phase
diagram for a N ¼ 10 × 10 array obtained using the
mean-field HF method.
To extend our study, we further consider the system at a

finite temperature, T ≔ 1=β; hence, consider the thermal
expectation value of the total number of fermions, denoted
as
P

ihc†i ciiβ, where the expectation value is with respect to
the Boltzmann factor e−βH

ðlatticeÞ
. This expectation value,

when considering the grand canonical ensemble at a fixed

temperature, becomes a function of the chemical potential,
represented as μ.
As shown in Appendix C, achieving a half-filling state

requires independent tuning of the chemical potential for a
given temperature. Within our HF calculation, we have also
checked if there is nonzero pairing in the Bardeen–Cooper–
Schrieffer channel. To start with, we analyzed the quantity
K̃ ≔ 1

N2

P
i;j KijK�

ij where Kij ≔ hcicjiβ. The results, as
shown in Fig. 16 in Appendix C, demonstrate that the
averaged pairing correlator hcicjiβ, remains zero through-
out the entire range of chemical potentials and temperatures
considered. However, the approximate HF method
employed effectively only looks at Coulomb repulsion as
a cause for pairing. The possible role of interactions
between nuclear spins and electrons in pairing is not
addressed with this approximate method. Other studies
[71–73] with a Hamiltonian that shares similar terms as our
system indicate that pairing can occur at a certain range of

(a) (b)

FIG. 5. Phase diagram of a ð2þ 1ÞD system. Similar to the
ð1þ 1ÞD scenario in Fig. 3, the spin configuration and fermion
distributions in a two-dimensional square array, N ¼ 10 × 10, are
depicted. The arrows represent the spin, hSzi, of the dopants,
while the circles denote the fermion density at each site, indicated
as hni;ji. Note that we have now introduced a two-dimensional
index ði; jÞ compared to the linear index i introduced in Sec. II B.
The phase diagram of the system, in terms of macroscopic
parameters, comprises two phases: the trivial phase (a) and the
Néel-order phase (b). The blue color represents the parameter jnzj
defined in Eq. (11), which is ideally one for the Néel-order phase
and zero for the trivial phase. For this plot, we have set
t ¼ 7.5 meV, hxS=t ¼ 0.01, and V0=ðatÞ ¼ 1.1.

(a)

(b)

FIG. 6. The impact of temperature, Coulomb potential, and
transverse magnetic field on the phase diagram of the ð2þ 1ÞD
system. (a) Comparing the subplots in the left and right columns
illustrates the influence of increasing temperature on the phase
diagram. Additionally, comparing the top and bottom rows sheds
light on the effect of Coulomb’s repulsion force on the phase
diagram. The results are based on the finite-temperature Hartree–
Fock method for an array of N ¼ 10 × 10, and the chemical
potential is tuned such that the system is around half-filling. The
blue color represents the parameter jnzj defined in Eq. (11).
(b) The different phases of the square array are plotted for two
different transverse fields, hx. The simulations for (b) are
performed using ED for the total number of spin N ¼ 2 × 2 at
half-filling. The Coulomb potential is set to V0=ðatÞ ¼ 3.6. The
color represents the absolute value of the order parameter, jnzj. In
both (a) and (b), t ¼ 7.5 meV, and in (a), hxS=t ¼ 0.01.
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Coulomb coupling and hyperfine coupling V0=g ≪ 1. This
range is the opposite of the physical condition in the analog
quantum simulator of this work, i.e., V0=g ≫ 1, and is
hence not analyzed further.
Our investigation, according to Fig. 6, further reveals

that as the temperature deviates from absolute zero, non-
trivial phases gradually diminish, ultimately driving the
quantum state towards a thermal state, as predicted. Under
such circumstances, discrete reflection symmetry in
ð2þ 1ÞD is restored as the temperature rises, causing the
fermionic field to revert to a zero-mass state. A similar
effect can also be partially induced through the escalation
of Coulomb interactions. Nonetheless, for the coupling
strength V0 from zero to the highest value of 123 nm · meV
for silicon, the nontrivial Néel-order phase persists, even
when considering nonzero temperatures. Finally, the trans-
verse component of the external magnetic field, hx,
introduces fluctuations to the system. As illustrated in
Fig. 6, increasing hx has an effect qualitatively analogous to
raising the temperature on the restoration of discrete
reflection symmetry.

B. Dynamical mass generation on a honeycomb lattice

In this section, we aim to broaden our study to include
another structure in the ð2þ 1ÞD case, specifically focus-
ing on the honeycomb lattice. On one hand, the continuum
model of fermions on a honeycomb lattice is more
tractable—its tight-binding model admits Dirac fermions
like graphene. On the other hand, this structure is of
significant interest considering previous research that
explored the emergence of superconductivity in the behav-
ior of the system when the ratio of V0=g couplings falls

within a certain regime [71–73]. In these lattice structures,
phenomena similar to the confinement-deconfinement
transitions observed in ð1þ 1ÞD may be linked to super-
conductivity behavior and pairing mechanisms. Recent
work in Ref. [74] on a Hamiltonian which incorporates
similar interactions has shown signs of unconventional
superconductivity, exhibiting staggered d-wave and f-wave
pairings, along with topological superconductivity. This
phenomenon can be compared to the confinement phe-
nomenon observed in the ð1þ 1ÞD case.
We apply our numerical procedure to the honeycomb

lattice. Employing HFB simulations, while incorporating
the presence of Coulomb interactions, we have examined
the phase diagram for a wide range of ðgS=t; hS=tÞ
parameters. We observe a pattern similar to the Néel order
within a certain range of an external magnetic field as
shown in Fig. 7.
Despite the observation of the two phases in this model,

realizing the parameter regime relevant to the emergence of
superconductivity [71–73] is very challenging because the
hyperfine coupling that sets the strength of the sublattice
potential needs to be comparable to the Coulomb-inter-
action strength. Instead, a more promising route to explore
emergent superconductivity in this platform is to introduce
a static sublattice potential using external gates or by
controlling the number or type of dopant on each site.
We leave the investigation of such extensions of our model
as an interesting avenue for future work.

V. EXPERIMENTAL PROBING

In the following section, we investigate the experimental
viability of observing the phase transition described in

(a) (b)

FIG. 7. Phase diagram of a ð2þ 1ÞD honeycomb array for N ¼ 72 sites. (a) Similar to the square lattice shown in Fig. 5, the phase
diagram in terms of macroscopic parameters comprises two phases: the Néel-order phase and the trivial phase, with the presence of
Coulomb interaction. The blue color represents the parameter jnzj defined in Eq. (11), which ideally is one for the Néel-order phase and
zero for the trivial phase. (b) The dopant-spin configuration and fermion-density distributions (hc†i;jci;ji) in the honeycomb lattice are
shown for a region where the system exhibits the Néel-order phase. The numerical simulations are based on the finite-temperature
Hartree–Fock method with inverse temperature β ¼ 103. The tunneling coupling and horizontal external magnetic field are set similar to
those in the square lattice, with t ¼ 7.5 meV, hxS=t ¼ 0.01, and V0=ðatÞ ¼ 1.1. The chemical potential is tuned to ensure that the
system is around half-filling in the Néel-order phase.
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earlier sections in present doped semiconductor quantum
simulators. It is crucial to establish this viability, as the
desired phase transitions occur within certain ranges of
model parameters that should be matched to the ranges
accessible by current laboratory capabilities. Additionally,
we discuss methods for preparing the initial state and
detecting the system’s phase, as well as other relevant
observables within our proposed framework for two-
dimensional dopant arrays. We remark that all the neces-
sary ingredients for our proposal have been previously
demonstrated in experiments with phosphorus donors in
silicon [52,54,75,76].

A. State preparation

The initial phase of an experimental investigation
involves setting the system to a preferred initial state. In
the magnetic-field range characterized by B, with electron
and nuclear gyromagnetic ratios γe and γn, such that
γeB ≫ g > 2γnB, the eigenstates of the fermion–nuclear-
spin system at each site, in the absence of hopping and
Coulomb interactions, can be segmented into four distinct
states. These are ordered from the lowest energy level to the
highest as j↓;⇑i, j↓;⇓i, j↑;⇓i, and j↑;⇑i, where in this
notation, the first spin represents the electron spin, and the
second one the nuclear spin. To see the nontrivial phase in
the rotor Jackiw–Rebbi model, we prepare the state at each
site in the j↓;⇓i state, instead of the ground state, that is
j↓⇑i at all sites. The electrons can be polarized to all-j↓i
state using the strong magnetic field. To achieve the desired
spin configuration of nuclear spins, one can use the method
that has been widely used for high-fidelity nuclear-spin
control [75]. In this method, the nuclear spin can be read via
the electron-spin-resonance method with high fidelity.
Depending on the orientation of the nuclear spin, the
external magnetic field experienced by the electron will
vary. This variation leads to different resonance frequen-
cies, ν�e ¼ γeB� g=2, for the two distinct nuclear-spin
orientations. As a result, it allows for the detection of
nuclear-spin states, j⇑i or j⇓i. After reading the nuclear
spin with this method, if the spin is already polarized as
j⇓i, no operation is needed, otherwise the nuclear spin on
that site can be polarized to j⇓i using NMR fields or using
the electric-dipole spin resonance (EDSR) technique of
Ref. [76]. This polarization process based on measurement
and feedback would need to be repeated individually on
each site or parallelized across the array. Alternatively, a
more easily scalable approach for large systems is to place a
single electron on each dopant site and use dynamical
nuclear polarization to simultaneously pump the nuclear
spins to a polarized state [76,77].
To engineer the right conditions for the rotor Jackiw–

Rebbi model, after polarizing the nuclear spins, we need to
change the electron occupation so that there is close to 1

2
an

electron for each dopant site. By choosing the detuning of
the nuclear NMR field, one can also ensure that the correct

sign of the hz term is obtained to realize the symmetry-
broken phase. Once these conditions are satisfied, we
envision that the ground state could be adiabatically
prepared by starting from a state with a large chemical-
potential difference between each site and then slowly
tuning these differences to zero. This can be achieved by
controlling the voltages of the gates at each site.
Alternatively, it would also be possible to start in a state
with zero chemical-potential differences and adiabatically
tune the sign of the NMR detuning from positive to
negative values.

B. Accessible parameter regimes

In order to lay the groundwork for analyzing non-
perturbative phenomena within ð2þ 1ÞD systems, select-
ing simulation parameters that align with the experimental
capability is critical (see Table 1). Moreover, the optimal set
of parameters needs to be meticulously determined. In
Ref. [39], the lattice constant, a, was explored within a
range from 10 nm to 4 nm. We have chosen a ¼ 4.7 nm for
most of our simulations. Due to the oscillatory behavior of
the electron’s wave function and the exponential depend-
ence of the tunneling rate on the distance between donors,
an accurate placement of donors is crucial in obtaining
definitive results. A high level of control on the distance
between donors has been demonstrated, with recent work in
arsenic achieving two silicon lattice sites [44] and initial
work achieving the ultimate limit of single-site precision
with 100% yield with phosphorous donors [78]. With no
adverse effects of disorder on resonant tunneling in the two-
dimensional arrays, the dopant platform is favorable for
studying models in ð2þ 1ÞD [37].
The hyperfine coupling, which reflects the interaction of

electron spin with nuclear spin, is almost a steady param-
eter (or can be slightly adjusted by applying a strong
external electric field). Thus, the main macroscopic vari-
able that allows one to feasibly access the full range of the
phase diagram is the ratio of the hyperfine constant to the
tunneling rate, g=t, while the external magnetic field can be
varied from zero to a higher value. In the following, we
discuss the experimental aspects concerning t and g.
Let us denote the tunneling rates between sites i and j as

tij. For an electron at site i with wave function jψ ii, we
characterize the Coulomb potential, incorporating a screen-
ing factor λ, by the formula Ui ¼ −V0e−λjr−rij=jr − rij. We
further define the overlap of wave functions between sites i
and j as Sij ¼ hψ ijψ ji and the potential energy due to the
interaction at site j on an electron at site i as
Vij ¼ hψ ijUjjψ ii. Further define V 0

ij ¼ hψ ijUjjψ ji. With
these definitions, one can calculate the tunneling rate tij
using the expression tij ¼ ðSijVij − V 0

ijÞ=ð1 − S2ijÞ, as
detailed in Refs. [37,79]. Given the wave function’s
exponential decay, it is reasonable to consider tij as
approximately zero for sites that are more than two lattice
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constants apart. For simplicity, we assumed equal spacing
along both directions of the lattice, which simplifies tij to t.
In our simulations with spacing a ¼ 4.7 nm, we have taken
t ¼ 7.5 meV, consistent with Ref. [37].
The tunneling rate and its profile are strongly influenced

by silicon orientation. Silicon wafer orientation refers to the
crystallographic directions and planes of the silicon crystal
lattice. Each number in these orientations represents a
Miller index, which is a notation system in crystallography
used to describe the orientation of planes within a crystal
lattice. Among the three main orientations [100], [111],
and [110], the last is more favorable for experimental
fabrications. To estimate the profile of tunneling as a function
of the distance between two adjacent sites, one can use the
effective-mass theory, as outlined in Refs. [80–82] and
summarized in Appendix D.
The hyperfine coupling, g, and the hyperfine splitting

energy of phosphorus are contingent upon the specific
isotope of phosphorus. For instance, 31P, the most prevalent
isotope, has a hyperfine splitting energy approximately in
the range of 114.3 MHz to 117 MHz. This coupling can be
affected by the Stark shift, which varies as gðEÞ ¼ gð0Þð1þ
2.8 × 10−3E2Þ with gð0Þ ¼ 0.48 μeV for external electric
field, E [83]. It can also be affected by other effects such as
the engineering of the spin-orbit coupling for a given E.
Having access to the full range of the phase space, we

need to make sure hz=t is of the same order as gS=t. The
feasible region for observing the Néel phase in terms of
lattice constant is depicted in Fig. 8 for the [100] silicon
orientation. For the sake of completeness, other orientations
are presented in Appendix D and Figs. 18 and 19. As
observed in Fig. 8, for any given lattice constant, there

always exists a narrow corridor of external magnetic fields
that enable the manifestation of the nontrivial phase in the
experimental setup. This corridor is wider in the [111]
orientation as shown in Appendix D.
Variation of gS=t during the experiment can be chal-

lenging. A more feasible approach is to keep gS=t fixed and
vary the external magnetic field as a macroscopic param-
eter, which can still change the system’s phase. In this
scenario, we are limited to exploring one slice of the 2D
phase diagrams studied in Sec. III. Due to the small value
of gS=t within the accessible range of parameters,
gS=t ∼ 3.2 × 10−5, experimental probing occurs at the
corner of the phase diagram. Simulating this corner with
the HF method is unreliable. However, the ED method for
small arrays, as shown in Fig. 9, indicates that as long as
jhxj ≪ jhzj, in a region where hzS=t is comparable to gS=t,
the Néel phase is expected to be observed. This is indicative
of the robustness of nonperturbative phenomena in this
system. The numerical simulation in Fig. 9(a) shows that

101 λ = ∞

λ = 0

[100]

V0/(t · d)

2 4 6 8 10 12 14
Lattice constant, d(nm)

10−4

10−3 gS/t

FIG. 8. Effect of lattice constant. The influence of lattice
constant, a, on the tunneling coupling, as well as the ratios
g=t and hz=t for fixed values of g ¼ 0.48 μeV and hz ¼ 2.5 T, is
depicted. The top panel shows the ratio of the Coulomb potential
coefficient, V0, compared to the tunnel coupling across the full
range of screening, λ. The bottom panel shows values of gS=t for
fixed g ¼ 0.48 μeV as a function of the lattice constant.

(a)

(b)

FIG. 9. External magnetic field as a macroscopic control.
(a) The system is expected to transition through different phases
corresponding to varying levels of the (longitudinal) magnetic
field for three different values of tunneling coupling. The
transition region from the trivial phase (jnzj ¼ 0) to the Néel
ordered phase (jnzj ¼ 1) is illustrated for a 2 × 2 dopant array
using the ED method. (b) The phase diagram of the 2 × 2 dopant
array, with the region gS=t coupling feasible in an experimental
setup, has been simulated using the ED method. For this, the
tunneling coupling is set at t ¼ 7.5 meV and hxS=t ¼ 10−7.
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for a lattice constant of a ¼ 4.7 nm on a 2 × 2 plaquette
with open boundary conditions, we expect to observe the
Néel phase when the magnetic field is around 1.5–2.5 T.
This range is feasible in the current experimental setups.

C. Probing the system

In this section, we continue our experimental feasibility
study by exploring methods to detect the system and
identify possible observables. The dopant array is sur-
rounded by electrons from outside of array, which allows
electrons to tunnel to the island of the array via source and
drain probes. Due to this tunneling capability of the
electrons and the system’s finite temperature, the total
electron count is not fixed.
One method for detecting the phase of a system involves

using a global charge sensor. Such a sensor, which could be
a quantum dot situated nearby or a proximal metallic gate,
is acutely responsive to changes in the surrounding charge
environment. By meticulously tracking variations in the
conductance of this sensor, it becomes feasible to discern
the addition or subtraction of a single electron from the
dopant array. This ability allows for the prompt and precise
detection of both the total charge and its transitions. As
demonstrated in Fig. 10, our numerical simulations for the
ð2þ 1ÞD system on a 2 × 2 square array reveal that the
charge profiles, with respect to variations in g and hz, are
discernible, effectively differentiating between the trivial
and nontrivial phases. This method serves as a valuable tool
for distinguishing between the phases, thereby enhancing
our understanding of the system’s phase transition char-
acteristics. A similar study for ð1þ 1ÞD dimensions has
been demonstrated in Appendix B, Fig. 17.

Another method to analyze the state of the system
involves investigating the linear conductance, denoted by
G, in relation to the chemical potential, denoted by μ.
Considering a two-dimensional array where the source and
drain interact primarily with the array’s leftmost and
rightmost columns—and their interaction with the inner
parts of the array decreases exponentially—we can illus-
trate how the dopant array interacts with the leads. This
method has been reviewed in Appendix E. Our study shows
that the pattern of linear conductance can differ depending
on which of the two distinct phases the system is in.
Nonetheless, the phase-discerning potential of this method
is not as prominent as the charge-sensing method.

VI. CONCLUSION AND OUTLOOK

In this study, we proposed utilizing a solid-state frame-
work, specifically a donor array in silicon, as a native
fermionic-bosonic analog quantum simulator. The primary
objective was to explore this framework’s applicability in
studying relativistic phenomena in a quantum field theory,
such as dynamical mass generation and confinement-
deconfinement phase transitions.
Our study focused on the lattice representation of the

rotor Jackiw–Rebbi model. Using numerical mean-field
techniques, we explored the model’s behavior in both
ð1þ 1ÞD and ð2þ 1ÞD systems. Notably, for the rotor
Jackiw–Rebbi model on a spatial square lattice, we dis-
cerned a nontrivial phase akin to its ð1þ 1ÞD counterpart.
In this phase, fermions acquire dynamical mass within the
lattice framework, facilitated by an antiferromagnetic order
of dopant spin acting as a bosonic field interacting with the
fermions. The ð1þ 1ÞD version of the model showcases
the potential to enter a phase wherein charge fractionali-
zation occurs, yielding transitions between confined and
deconfined phases involving quarklike quasiparticles.
Additionally, thermal effects or an external (transverse)
magnetic field could reestablish chiral symmetry by
dynamical instabilities akin to those observed in spin
models [84]. Extending our ð2þ 1ÞD model to the honey-
comb lattice reveals the presence of a similar nontrivial
Néel-order phase. Moreover, phenomena analogous to
those observed near the confinement-deconfinement tran-
sition can be traced in the creation of a superconductivity
phase on a two-dimensional array over a certain range of
model parameters, as studied in previous work [74].
Our research further elucidates the experimental feasibility

of our proposal, paving the way for potential laboratory
realizations and verifications. In relation to existing works,
we juxtaposed our framework with proposals in the realm of
cold atoms. This comparison emphasized the potential
advantage of the solid-state platform of this work, particu-
larly when transitioning to ð2þ 1ÞD with native fermionic-
bosonic simulators. Looking at the broader picture, our
approach heralds the potential for empirical observations
of confinement-deconfinement phase transitions, as well as

FIG. 10. Charge-occupation profile as a probe. The variations
in charge-occupation profiles, detected using a charge sensor,
reflect the different phases in the 2 × 2 square array. The
pronounced differences in the charge profiles, particularly in
the nontrivial phase, provide evidence for the detection of phase
transitions. The charges are calculated by tracing the electrons’
density matrix determined at a finite temperature of T ¼ 10 mK
using the grand canonical ED method. Here, hni ¼Pihc†i ciiβ.
Other parameters used for this simulation are t ¼ 7.5 meV,
hxS=t ¼ 0.01, and μ=t ¼ 0.91.
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the restoration of chiral symmetry at finite temperatures and
densities, in a quantum field theory.
While the model studied in this work presents a stream-

lined approach to analog quantum simulations, it is
essential to recognize its differences compared with lattice
gauge theories (LGTs). Unlike LGTs, the rotor Jackiw–
Rebbi model does not exhibit gauge invariance, simplifying
its implementation within experimental setups. This model,
nonetheless, offers a more accessible introduction to analog
quantum simulations of quantum field theories and opens
up opportunities to delve into the nonperturbative proper-
ties of quantum fields. As we look ahead, our ambition is to
develop quantum-control techniques that enforce stringent
gauge constraints on the degrees of freedom, making them
more suitable for simulating LGTs. This will likely require
time-dependent (floquet) engineering and novel approaches
to develop a more intricate relationship between nuclear
spins and fermions and perhaps the inclusion of genuine
bosonic degree of freedoms as proposed in Ref. [34].
In the context of our specific proposal, it would be

important to analyze subleading sources of noise, in
particular, dephasing noise (also called charge noise in
the solid-state setting), in particular, during adiabatic
ground-state preparation. One possibility would be the
inclusion of error-correction methods which retain the
fermionic character of the platform [85].
In summary, by harnessing engineered artificial lattices

using solid-state technologies, we envision significant
advancements in quantum simulations of quantum field
theories, leading to deeper insights into strongly interacting
systems in nuclear and high-energy physics.
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APPENDIX A: CONTINUUM LIMIT AND
EFFECT OF BOSON-FERMION INTERACTIONS

The connection between lattice Hamiltonians to relativ-
istic quantum field theories is established in a standard way
by resorting to the low-energy limit of the former. In this
appendix, we examine the low-energy limit of the
Hamiltonian in Eq. (8), first on the square lattice and then
on the honeycomb lattice. The connection to Dirac fer-
mions of the continuum theory is made clear in the latter

case. The case of the ð1þ 1ÞD lattice is analyzed in detail
in prior work, including in Ref. [28].

1. Square lattice: Fermi surface coupled to nuclear spins

First, we consider the free (kinetic) part of Eq. (8) on a
square lattice, which represents a tight-binding fermion
model,

Hk ¼ −
X
hi;ji

tðc†i cj þ H:c:Þ − μ
X
i

ni: ðA1Þ

We assume the electron chemical potential is uniform
throughout the lattice and further restrict it to μ ¼ 0, i.e.,
the half-filling limit. Let us define the momentum-space
fermionic operator,

ck ¼
1ffiffiffiffi
N

p
X
i

e−ik·rici; ðA2Þ

where N is the number of lattice sites, ri is the position
vector associated with site i, and k is the momentum. In this
basis,

Hk ¼ −2t
X
k

½cosðkxaÞ þ cosðkyaÞ�c†kck: ðA3Þ

The ground state of Hfree is depicted in Fig. 11. All states
within the diamond-shaped Fermi surface (shaded gray) are
occupied.
Now consider the interaction of electrons with the

nuclear spins in Eq. (8), which in momentum space reads
−g
P

q;k c
†
kþqckI

z
q. Notice in Fig. 11 that the Fermi surface

has a nesting vector ofQ ¼ ðπ=a; π=aÞ: for any point k that
lies on the Fermi surface, kþ Q also lies on the Fermi

FIG. 11. Tight-binding model at half-filling on a square lattice.
The Brillouin zone (square) and the Fermi surface of the square-
lattice tight-binding model at half-filling (gray diamond) are
depicted. The nesting vector Q ¼ ðπ=a; π=aÞ is also shown, see
the text for details.
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surface. Thus, any bosonic mode of momentum Q that
couples to the fermions, scatters an electron on the Fermi
surface to a different point also on the Fermi surface,
leaving its energy unchanged. Since we are interested in
low-energy excitations of fermions around the Fermi sur-
face, it is useful to focus on the bosonic modes centered
around q ¼ 0 and q ¼ Q. For us, the bosons in question are
the nuclear spins. Then, q ¼ 0 corresponds to uniform spin
order and q ¼ Q ¼ ðπ=a; π=aÞ corresponds to Néel order.
This provides further motivation for our choice of decom-
position of the nuclear spins into the Néel and uniform
components in Eq. (10). Let us assume a2dl2 ≪ 1 and
decompose the unit Néel vector ϕ as

ϕðx; yÞ ¼ ϕ0ẑþ δϕðx; yÞ; ðA4Þ

where ϕ0ẑ≡ hϕi is constant over each lattice site, and δϕ≡
ϕ − hϕi is the fluctuating part of the Néel field. Here, ẑ is a
unit vector in the internal (nuclear-spin) z-direction. So,

Iðx; yÞ ¼ S½ð−1Þxaþy
aðϕ0ẑþ δϕðx; yÞÞ þ a2lðx; yÞ�: ðA5Þ

With this ansatz, consider the interaction between the
fermions and nuclear spins. We see that when the average
Néel field ϕ0 is nonzero, there is a term that couples every
fermion at the Fermi surface to a different FermionQ away in
momentum space (Fig. 11). As a consequence, the degen-
eracy between two points on the Fermi surface that are
separated byQ is split. Hence, a gapopens up along theFermi
surface, which means at half-filling, the occupied free-
fermion state is gapped. This also results in the halving of
the Brillouin zone down to the shaded region in Fig. 11.
When ϕ0 ≠ 0, the new unit cell has a two-site A-B basis
shown in Fig. 12. Another symmetry that is broken is the
reflection symmetry around lines parallel to the x or y axes
that pass through points Rþ ða

2
; a
2
Þ for a site R belonging to

the original square lattice.
Let us now define

ck;A ¼
ffiffiffiffi
2

N

r X
i∈A

cie−ik·ri ; ðA6Þ

ck;B ¼
ffiffiffiffi
2

N

r X
i∈B

cie−ik·ri ; ðA7Þ

Ψk ≡
�
ck;A ck;B

�
T; ðA8Þ

and further do a change of variables from ðkx; kyÞ to
ðkþ; k−Þwhere k� ¼ 1ffiffi

2
p ðkx � kyÞ. The new Brillouin zone,

i.e., the shaded region in Fig. 11, is given by

−
πffiffiffi
2

p
a
< k� ≤

πffiffiffi
2

p
a
: ðA9Þ

In this notation, the fermionic Hamiltonian Hf obtained by
retaining only the terms involving the fermions in Eq. (8) is
given by

Hf ¼
X
k∈BZ

Ψ†
k

	
−4tcos

�
kþaffiffiffi
2

p
�
cos

�
k−affiffiffi
2

p
�
τx− gSϕ0τ

z



Ψk

− gS
X
k;q

Ψ†
kþq½δϕz

qτ
zþlz

q�Ψk: ðA10Þ

Here, BZ denotes the reduced Brillouin zone defined in
Eq. (A9), and τi denote Pauli matrices in the A-B-site
indices. The spectrum of the part of Hf without the
fluctuation terms of the last line is thus given by

εfðkÞ ¼ �
	
ðgSϕ0Þ2 þ 16t2cos2

�
kþaffiffiffi
2

p
�
cos2

�
k−affiffiffi
2

p
�


1=2
:

ðA11Þ

We see that the higher-energy band has minimum energy
along the boundary of the shaded Brillouin zone in Fig. 11,
i.e., along kþ ¼ � πffiffi

2
p

a
, and separately along k− ¼ � πffiffi

2
p

a
.

Here, theminimumenergy fermionic excitations occur along
an entire locus of points inmomentum space, as opposed to a
single momentum, say k ¼ 0. Hence, this theory does not
map to a (discretized) Dirac theory. Nonetheless, it exhibits
the dynamical mass generation explored in this work.

FIG. 12. Square lattice and Néel order. Schematic of the
putative lattice structure in the lattice fermionic-bosonic model
when ϕ0 ≠ 0, i.e., when there is a nonzero Néel order. The two-
site unit cell is marked. The sites labeled red (A sites) have
nuclear spins pointing up (in the σz basis), and those labeled blue
(B sites) have nuclear spins pointing down.
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2. Honeycomb lattice: Dirac fermions coupled to
nuclear spins

Let us revisit the interactions between fermions and
nuclear spins on the honeycomb lattice, which readily
reveal a Dirac-fermion property. To see how, we briefly
review the tight-binding model of fermions on a honey-
comb lattice. For this lattice array, one may choose basis
vectors a1 ¼ a

2
ð3; ffiffiffi

3
p Þ and a2 ¼ a

2
ð3;− ffiffiffi

3
p Þ and the basis

vector in the reciprocal lattice b1 ¼ 2π
3a ð1;

ffiffiffi
3

p Þ; b2 ¼
2π
3a ð1;−

ffiffiffi
3

p Þ such that bj · ai ¼ 2πδi;j. Depending on the
site, a fermion may hop forward along the x axis, or hop
along the a1 and a2 vectors. Therefore, it is useful to define
two sublattices A and B, as shown in Fig. 13, each
containing one type of the sites. Now upon defining
ck;A, ck;B, and Ψk as in Eqs. (A6)–(A8), the fermion kinetic
Hamiltonian can be written as

Hk ¼
X
k

Ψ†
khðkÞΨk; ðA12Þ

with

hðkÞ ¼ −teikxa
 

0 e−ik·a1 þ e−ik·a2 þ 1

eik·a1 þ eik·a2 þ 1 0

!
:

ðA13Þ

Let us now expand this Hamiltonian around the points of
the Brillouin zone, K ¼ 2π

3a ð1; 1ffiffi
3

p Þ and K0 ¼ 2π
3a ð1;− 1ffiffi

3
p Þ

(which is equivalent to −K up to a reciprocal lattice vector).
For values k ¼ �K þ κ with small jκj, this leads to

hð�K þ κÞ ¼ −vFðκxσy ∓ κyσxÞ
¼ −vFð∓ κxiγ2 � κyiγ1Þ; ðA14Þ

at linear order in κ and upon a rescaling of the fermion
fields with a phase. Here, we have defined the γ matrices as
γ0 ¼ σz, γ1 ¼ iσx, and γ2 ¼ �iσy. Now note that
γ0hð�K þ κÞγ0 ¼ −vfðκxγ0γ1 þ κyγ

0γ2Þ. For this reason,
we can define Ψ as done in Eq. (9), which is the trans-
formed version of the original Ψk, i.e., Ψk → γ0Ψk.
Comparing this behavior with that of Dirac fermions,
i.e., the kinetic term in the Hamiltonian in Eq. (1), we
observe that the behavior of electrons in the honeycomb
lattice near the nodes identified can be approximated by
massless Dirac fermions in ð2þ 1ÞD with an effective
speed of light c ¼ vF ¼ 3ta

2
. Note that in odd spacetime

dimensions there are two irreducible representations for the
Clifford algebra which are not related by a similarity
transformation [86], hence the two sets of γ matrices
introduced above. Alternatively, one may work with one
set of γ matrices and still recover the Dirac equation of
motion by expanding around both Dirac points �K. This
requires different redefinitions of Ψk at each Dirac point,
which can be obtained straightforwardly.
Finally, upon coupling these fermions to bosons, and

considering a phasewith a nonzeroϕ0 (Néel order in the rotor
picture), the reflection symmetry along, e.g., lines parallel to
the y direction passing through hexagon centers gets broken,
corresponding to spontaneous breaking of the Ψðx; yÞ →
γ1Ψð−x; yÞ symmetry in the original Dirac Hamiltonian;
hence, a fermion mass gets generated dynamically.

APPENDIX B: SUPPLEMENTARY PLOTS

A number of supplemental results were left out from the
main text and are presented here, along with accompanying
discussions. These include the effect of the chemical
potential on the phase diagram (of a square array), a
discussion of correlations in both the trivial and nontrivial
phases, and the charge-occupation profile for a one-dimen-
sional array.

1. Effect of chemical potential

To examine the influence of the chemical potential on the
system’s phase, we showcase the phase diagram for three
different chemical potentials in Fig. 14. The chemical
potential can be adjusted to regulate the electron transport
from the Fermi sea (i.e., the surrounding probes) to the
dopant array. Thus, to achieve a half-filling state, it is
feasible to adjust the appropriate exterior chemical poten-
tial. This is particularly important in the finite-temperature
scenario, where our control is limited to the expected value
of the total number of electrons on the array.

(a)

(b)

FIG. 13. Tight-binding model at half-filling on a honeycomb
lattice. (a) The interactions in a honeycomb lattice can be
described as the interaction of each sublattice point, A and B,
with its three nearest neighbors, characterized by strength t. Basis
vectors a1;2 are also shown. (b) The Brillouin zone and the nodes,
K and K0, as discussed in the main text, along with the basic
vectors on the reciprocal lattice.
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2. Trivial phase

In the main text, our focus was on the nontrivial phase in
which both the dynamical mass and Néel order are evident.
For a comprehensive understanding, we briefly discuss the
contrasting phase named “trivial.” In the ð1þ 1ÞD context,
this phase corresponds to the Luttinger-liquid (LL) phase.
When plotting the correlation function, hc†i ciþdi, against d
(the separation between two sites), an oscillatory pattern
emerges. As illustrated in Fig. 15, this contrasts with an
exponential trend and is consistent with the characteristic
charge-density wave observed in ð1þ 1ÞD systems. The
precise form of the correlation depends on the specific
model and boundary conditions. For finite-temperature
scenarios, this correlation can be approximated as:
hc†i ciþdi ∼ ρ0 þ A cosðBdÞ=d1þδ þ � � � where ρ0, A, B,
and δ are functions of the model’s parameters, such as
temperature and Fermi momentum [87]. In the ð2þ 1ÞD
context, the theory of Luttinger liquid cannot be extended
straightforwardly. However, an oscillatory pattern remains
evident, as shown in Fig. 15(b) and 15(d).
(Thermal) correlation functions, as well as total fermion

occupations, are also plotted for the two-dimensional array
for the nontrivial phase in Fig. 16. As explained in
Sec. IVA, these results indicate that the pairing mechanism
due to only Coulomb potential is unlikely to explain the
nontrivial phase observed in this model. However, due to
the limitations of the HF method, it cannot address other
contributions to pairing, such as those caused by a
combination of the Coulomb potential and electron-spin
interactions. We leave these aspects to future studies.

3. Charge-occupation profile in ð1 + 1ÞD
In alignment with Fig. 10 and the discussion in the

experimental Sec. V, we exhibit the outcomes of

(a) (b) (c)

FIG. 14. Effect of chemical potential on the phase diagram. This figure displays the phase diagram of a ð2þ 1ÞD system with size of
N ¼ 10 × 10 at half filling. nz denotes the order parameter defined in Eq. (11). The diagram is rendered for three different chemical
potentials, μ, each normalized with the tunneling coupling t ¼ 7.5 meV. The inverse temperature for all subplots is uniformly fixed at
β ¼ 100 and hxS=t ¼ 0.01.

(a) (b)

(c) (d)

FIG. 15. Correlation function and fermion behavior in the
trivial phase. (a),(b) The single-particle density matrix of the
fermions in their trivial phase illustrates behavior akin to a
Luttinger liquid in ð1þ 1ÞD. (c) The correlation function
hc†i ciþdi is plotted as a function of d for a fixed position
i ¼ N=2. The correlation function has been tested against two
analytical functions suggested by theoretical predictions, see
Sec. B 2 for more details. One behavior is exponential decay
characterized by the parameter γ, while the other is oscillatory
decay characterized by the parameters ρ0, A, B, and δ. These
parameters are obtained by minimizing the distance (mean square
error) between the data and the analytical function. (d) Analogous
calculation for the ð2þ 1ÞD scenario with size N ¼ 10 × 10. The
lattice indices in the ð2þ 1ÞD case are defined by row-major
order.
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the simulations for the charge-occupation profile of the
ð1þ 1ÞD system with N ¼ 43 at a finite temperature in
Fig. 17. As shown, while the nontrivial phase exhibits a
wide range of stable charge occupations across the phase
diagram, the trivial phase is more layered, exhibiting
different charges as the macroscopic parameters are
changed. This feature can be used to probe the two phases
in the one-dimensional array.

APPENDIX C: FINITE-TEMPERATURE
HARTEE–FOCK–BOGOLUIVOV METHOD

The Hartree–Fock method [88] constricts the wave func-
tion jψi to a specific form known as a Slater determinant,
which aims to find the minimum energy that best approx-
imates the system, thus finding a state as close as possible to
the ground state. The Hartree–Fock–Bogoliubov (HFB)
method [68] serves as a more generalized single-particle
theory that builds upon the Hartree–Fock method. In this
method, one considers the actual Hamiltonian,H, defined in
terms of fermionic operators c†i ; ci, and approximates this
using quasiparticle operators a†i ; ai, yielding an approximate
Hamiltonian H̃ ¼PN

i¼1 Ẽia
†
i ai with the approximate

ground state jΦi. In order to effectively apply the HFB
method, one needs to expand the energy expectation value
hΦjHjΦi
hΦjΦi up to the second order in terms of the largest energy

scale in the Hamiltonian. In the Fermi–Hubbard model, this
is normally the hopping terms, associatedwith the coupling t.
The HFB method at finite temperature can be established

by minimizing the grand canonical ensemble’s free energy,

Ω ¼ E − TS − μn; ðC1Þ

with S standing for the van-Neumann entropy and n
standing for electron occupation. We start with the tran-
sition from the fermionic operator basis, represented as
fcg, to the quasiparticle basis, denoted as fag

a†i ¼
X
j

ðUijc
†
j þ VijcjÞ;

ai ¼
X
j

ðV�
ijc

†
j þU�

ijcjÞ; ðC2Þ

such that the matrices U and V satisfy the following set of
identities:

UU† þ VV† ¼ 1; UVT þ VUT ¼ 0: ðC3Þ

The single-particle density matrix, represented as
ρij ¼ ha†jaii, can be rewritten in the following manner:

ρ ¼ UTfU� þ V†ð1 − fÞV; ðC4Þ

where fðEÞ ¼ ð1þ eE=ðkBTÞÞ−1 is the Fermi–Dirac distri-
bution. Likewise, the pairing matrix, denoted as
Kij ¼ hajaii, can be described as

K ¼ UTfV� þ V†ð1 − fÞU: ðC5Þ

In finite-temperature conditions, the vacuum state of
quasiparticles no longer serves as a reference for the
product state, causing Wick’s theorem to be inapplicable.
Despite this, ensemble averaging remains a valid technique

FIG. 16. Correlation functions for a 10 × 10 array at two
inverse temperatures β. We show the total occupation numberP

ihc†i ciiβ (right axis) and the average pairing matrix K̃ ≔P
i;j KijK�

ij=N
2 with Kij ¼ hcjciiβ. Here, the lattice constant

is a ¼ 4.7 nm. The tunneling coupling is t ¼ 7.5 meV. The
Coulomb potential strength is V0S=ðtdÞ ¼ 3.6, and the transverse
component of the external magnetic field is set to hxS=t ¼ 0.01.
As we can observe, K̃ is almost zero for the entire range of
chemical potential, suggesting that hcicji is zero using the
Hartree–Fock method.

FIG. 17. Charge-occupation profile for a ð1þ 1ÞD system.
Similar to Fig. 10, the variations in charge-occupation profiles
have been simulated for the N ¼ 64 one-dimensional array. The
charges are simulated by tracing the single-particle density
matrix determined at a finite temperature of T ¼ 10 mK. Here,
hni ¼Pihc†i ciiβ. The tunneling coupling is set at t ¼ 7.5 meV,
μ=t ¼ 11.9, hxS=t ¼ 0.01, and periodic boundary condition
are used. The calculations are performed using the HFB method.
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for statistical analysis [68,89]. In the case of a Hamiltonian
featuring quartic interaction, the interaction component can
be approximated as follows:

hc†i c†jclcki¼ hc†i ckihc†jcli− hc†i clihc†jckiþhc†i c†jihclcki:
ðC6Þ

Leveraging the aforementioned relationship, we can
express a general Hamiltonian, which has up to quadratic
interaction, with general tunneling matrix t, as

Hij ¼ tij þ Γij − μ;

Γij ¼
X
i;j;k;l

V̄ijklρkl;

Δij ¼
1

2

X
k;l

V̄ijklKkl; ðC7Þ

and the energy can be described through the following
expression:

E ¼ Tr
h
tρþ 1

2
Γρ
i
− Tr

�
1

2
ΔK�

�
: ðC8Þ

Similarly, the grand-canonical free energy can be
expressed as

Ω ¼
X
i;j

ðΓ − μÞijρji þ
1

2

X
i;j;k;l

V̄ijklρljρki

þ 1

4

X
i;j;k;l

V̄ijklK�
ijKkl

þ kBT
X
i

½fi ln fi þ ð1 − fiÞ lnð1 − fiÞ�: ðC9Þ

By setting the variation of the grand canonical potential,
denoted as δΩ, equal to zero at a given value of β, one can
determine the ground state of the system

�
H Δ
−Δ� −H�

��
Ui

Vi

�
¼ Ei

�
Ui

Vi

�
: ðC10Þ

This set of equations is markedly nonconvex.
Nonetheless, it is expected that with a suitable initial setup,
one can achieve convergence to the global minimum with
iterative methods. We have used this method in the main
text and appendixes for the majority of our calculations of
fermion densities and correlations.

APPENDIX D: DOPANTS IN SILICON

In this section, we briefly outline the general description
of an electron’s wave function bound to a dopant in silicon
and its connection to calculating the tunneling coupling of
an electron from one dopant site to another. Each donor has

the ability to be host of one electron in its neutral state,
referred to as D0, or two electrons when in its negatively
charged state, termed D−. The binding energy for an
isolated neutral D0 center is approximately 45 meV. In this
study, our main focus is on the ground state of the donor in
silicon, denoted as 1sA1 in the literature.
The wave function of an electron can be written as an

expansion of Bloch functions around the lower part of the
conduction band. The conduction band of silicon can be
characterized by six valleys located at

K ¼ 0.85 ×
2π

aSi
f½�1; 0; 0�; ½0;�1; 0�; ½0; 0;�1�g;

from the Γ point of the Brillouin zone. The Γ point
represents the center of the Brillouin zone, where the wave
vector k is zero. It serves as a reference point for defining
other points in the reciprocal space. The lattice constant of
silicon, denoted as aSi, is approximately 0.54 nm [90]. The
6-fold expansion of the wave function around the subvalley
conduction [91] can be written as

ψA1
ðrÞ ¼ 1ffiffiffi

6
p

X
i∈�fx;y;zg

FiðrÞϕiðrÞ: ðD1Þ

Here, FðrÞ represents the slowly varying envelope function,
while ϕðrÞ denotes the Bloch function for each valley [82].
These Bloch functions can be characterized by [80]

ϕiðrÞ ¼ uiðrÞeiKi·r: ðD2Þ

When multiple dopants are present, the interaction of
electrons from different valleys, known as valley-orbital
coupling, leads to the breaking of the 6-fold degeneracy.
Typically, only two states, �z, have lower energy. The
wave function can be expressed as a superposition of these
two components,

ψA1
¼ 1ffiffiffi

2
p ðψþz þ ψ−zÞ ðD3Þ

¼ 1ffiffiffi
2

p FðrÞ½ϕþzðrÞ � ϕ−zðrÞ�: ðD4Þ

The envelope function can be determined via the
variational method. Following Ref. [80], one can expand
it over a finite set of orbital basis states,

FiðrÞ ¼
XN
ν¼1

Ai;νFi;νðrÞ; ðD5Þ

such that, for example,

Fz;ν ∼ xnxynyznze−α⊥ðx2þy2Þe−αkz
2

: ðD6Þ
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The parameters fnx; ny; nz; α⊥; αkg need to be obtained
numerically using the variational method.
To write the full Hamiltonian for the variational method,

one can use the Shindo–Nara multivalley effective-mass
theory [92] to express the kinematic term as a combination
of two terms with two masses. For example, in the þz
direction,

Tz ¼ −
ℏ2

2m⊥

�
∂
2

∂x2
þ ∂

2

∂y2
þ γ

∂
2

∂z2

�
; ðD7Þ

where γ ≔ m⊥=mk with m⊥ ¼ 0.19m and mk ¼ 0.91m.
The full Hamiltonian can then be written as

EFiðrÞ ¼ ½Ti þUðrÞ�FiðrÞ þ
X

λ∈�fx;y;zg
CλiðrÞFiðrÞ: ðD8Þ

Here, Fi was introduced after Eq. (D1); Ti denotes the
kinetic term that encompasses two effective masses, sym-
bolized asm⊥ andmk. The attractive binding potentialUðrÞ
due to a donor in silicon is well approximated as a screened
Coulomb potential at long distances, up to corrections that
are discussed in Ref. [80]. CλiðrÞ ≔ ϕ�

λðrÞϕiðrÞUðrÞ rep-
resents the coupling between different valleys. Leveraging
these mathematical constructs enables a method to find the
envelope function, FðrÞ, and Bloch functions, uiðrÞ, by
minimizing the ground-state energy using the variational
method. This procedure leads to a full description of the
wave function in Eq. (D1). The tunneling coupling between
dopant sites can then be calculated, as outlined in Sec. V B.

In line with Figs. 8, 19, and 18 present the calculated
tunneling coupling, t, for two of the three orientations of
the silicon array, provided for completeness. To plot these
figures, we directly use the numerical representation of the
wave function and the tunneling coupling as a function of
distance from the center of the dopant, provided in
Ref. [80]. For more detailed numerical information, please
refer to the supplementary material of Ref. [80]. It is worth
highlighting, as demonstrated in Fig. 19, that the ½111�
silicon orientation provides the most expansive viable
region for the emergence of the Néel phase. This trait
might render the ½111� orientation especially intriguing.
Nonetheless, a primary concern associated with this ori-
entation is the oscillatory nature of the wave function in the
½111� direction, which results in variations in the tunneling
coupling.

APPENDIX E: LINEAR RESPONSE
CONDUCTANCE AS A PROBE

In this section, we review the method for probing the
donor systems, as discussed in Sec. V, through linear
conductance. We begin by modeling the system as an
island of electrons hosted by donors interacting with the
Fermi sea, using the following Hamiltonian [37]:

H ¼ HðlatticeÞ þHðprobesÞ þHðinteractionÞ; ðE1Þ

withHðlatticeÞ already defined in Eq. (8) of the main text and

FIG. 18. Effect of lattice constant for [110] orientation. The
effect of the lattice constant, a, on the tunneling coupling, t, is
plotted for a ½110� silicon crystal orientation for fixed values of
g ¼ 0.48 μeV and hz ¼ 2.5 T. The top panel shows the ratio of
the Coulomb potential coefficient, V0, compared to the tunneling
coupling across the full range of screening, λ. The bottom panel
shows values of gS=t for fixed g ¼ 0.48 μeV as a function of the
lattice constant.

FIG. 19. Effect of lattice constant for [111] orientation. The
effect of the lattice constant, a, on the tunneling coupling, t, is
plotted for a ½111� silicon crystal orientation for fixed values of
g ¼ 0.48 μeV and hz ¼ 2.5 T. The top panel shows the ratio of
the Coulomb-potential coefficient, V0, compared to the tunneling
coupling across the full range of screening, λ. The bottom panel
shows values of gS=t for fixed g ¼ 0.48 μeV as a function of the
lattice constant.
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HðprobesÞ ¼
X
k∈BL

ϵLk c
†
kck þ

X
k∈BR

ϵRk c
†
kck;

HðinteractionÞ ¼ C
X

i∈ cL;j∈L

c†i cj þ H:c:

þ C
X

i∈ cR;j∈R

c†i cj þ H:c: ðE2Þ

Here, L and BL (R and BR) refer to the left (right) probe (in
position and momentum space, respectively) with associ-
ated momentum modes ϵLk (ϵRk ). cL (cR) refers to the sites
on a column in the two-dimensional dopant array adjacent
to the left (right) probe. The coupling to the left and right
probes, C, is assumed equal. This coupling depends on the
potential barrier at the probe-dopant interface and decreases
exponentially with the separation between the dopants and
the probes [37].
Using the approach outlined in Beenakker’s theory of

resonant tunneling and linear-response theory for quantum
dots [93], one can investigate the linear response conduct-
ance of electrons between reservoirs at a specified temper-
ature, Tr, and a chemical potential, μ, applied to a dopant
array with a temperature T perceived as a quantum-dot
island.
We denote by En

α with α ¼ 0; 1; 2;… the electron energy
in level α given n total electrons in the array and let fng be
all electron configurations with total electron number n
corresponding to the same energy. The linear conductance,
G, can be derived from the stationary current from the left
barrier to the right barrier in the regime linear in the
potential difference applied between the two probes,
divided by the potential difference. It can be shown to
have the form [37,93]

G ¼ G0;T

X
α;α0

X
fng

Qfng
α;α0P

fng
α ½1 − fFDðEn

α − En−1
α0 μÞ�: ðE3Þ

Here, G0;T ¼ e2=ðkBTrÞ, and

Qfng
α;α0 ¼

ΓL;fng
α;α0 ΓR;fng

α;α0

ΓL;fng
α;α0 þ ΓR;fng

α;α0
ðE4Þ

represents the contribution from the quantum tunneling
rates. Note that in accordance with Fermi’s golden rule the
tunneling rate can be ascertained by observing that the
transition of an electron is feasible when its energy matches
the energy difference between the state of the array with an
additional electron, En

α − En−1
α0 . This involves the matrix

element of the electrons’ creation operator at the edges

between the state of the array with n electrons, jΨfng
α i, and

n − 1 electrons, jΨfn−1g
α0 i,

ΓL;fng
α;α0 ¼ Γ

X
i∈ cL

jhΨfng
α jc†i jΨfn−1g

α0 ij2; ðE5Þ

with Γ ¼ 2πC2 and cL denoting sites belonging to
the leftmost column of the two-dimensional array. A
similar expression applies to the right probe.
Furthermore, fFDð·Þ in Eq. (E3) is the Fermi–Dirac dis-

tribution, fFDðE − μÞ ¼ ð1þ e
E−μ
kBTÞ−1. Finally, the station-

ary probability function Pfng
α in Eq. (E3) is given by:

FIG. 20. Effect of temperature on linear conductance of a 2 × 2
array. The variation in the (normalized) linear-conductance
response, G, with respect to chemical potential, μ, has been
simulated for an experimental setup consisting of a 2 × 2 square
dopant array at three distinct reservoir temperatures, Tr, obtained
from ED. For the simulation, the following system parameters are
used, gS=t ¼ 4 × 10−5, hzS=t ¼ 10−5, and hx=hz ¼ 0.01.

FIG. 21. Effect of external magnetic field on linear conductance
of a 2 × 2 array. The variation in the (normalized) linear-
conductance response, G, with respect to chemical potential,
μ, has been simulated for an experimental setup consisting of a
2 × 2 square dopant array. To investigate the dependency of the
system’s linear response on its phase, the conductance is
simulated using the ED method for three distinct external
magnetic fields, hz, at gS=t ¼ 4 × 10−5. These magnetic fields
correspond to different phases of the system, as elaborated in the
main text. As we can observe, the conductance profile at hz ¼
1.8 T is different from the other two, indicating a nontrivial
phase. The variations in these fields lead to noticeable changes in
the response profile. The temperature of the array is set to
T ¼ 0.01 mK, and the temperature of the reservoir is set to
Tr ¼ 10 mK.
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Pfng
α ¼ e−ð1=kBTÞðEn

α−nμÞP
α0
P

fng e
−ð1=kBTÞðEn

α0−nμÞ
: ðE6Þ

This expression is valid under the assumption that the
system and probe possess their thermal state as distinct
temperatures. This assumption holds as long as probing
occurs at fast time scales compared with the equilibration
time of the system-probe composite.
To explore the concept of linear conductance as a tool for

detecting the different phases of the dopant array, we
employed the ED method to simulate the actual wave
function of the system, albeit for a limited size. In Fig. 20,
we plot the linear conductance as a function of the chemical
potential for a 2 × 2 square array over a range of temper-
atures. We adjust the macroscopic parameters to place the
system phase in a nontrivial state. As can be observed in
finite-temperature scenarios, with parameters that realisti-
cally align with experimental setups around Tr ¼ 10 mK

[39] and T ≪ 1 mK, the resonance features are both
detectable and pronounced.
Moving forward, to investigate the potential for observ-

ing phase-transition signatures through conductance behav-
ior, we plot the conductance over a range of external
magnetic fields as a macroscopic parameter, for a 2 × 2
square array. As illustrated in Fig. 21, the conductance
resonance profile varies between nontrivial and trivial
phases. Consequently, this suggests that conductance
measurement may serve as a probe for exploring and
discerning the phases of the system.

APPENDIX F: NUMERICAL SIMULATION
PARAMETERS

In the numerical simulations conducted for this study,
specific values of parameters within experimentally fea-
sible ranges have been used. Here, we provide a list of these
parameters to ensure completeness and reproducibility.
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