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ABSTRACT ARTICLE HISTORY

To evaluate variance homogeneity among groups for clustered data, Received 26 March 2024
lachine et al. (Robust tests for the equality of variances for clustered Accepted 11 November 2024
data. J Stat Comput Simul 2010;80(4):365-377) introduced an exten- KEYWORDS

sion of the well-known Levene test. However, this method does not Homogeneity of variance;
account for informative cluster size (ICS) or informative within-cluster robust tests; clustered data;
group size (IWCGS), which can occur in clustered data when clus- informative cluster size;
ter and group sizes are random variables. This article introduces two informative within-cluster
tests of variance homogeneity that are appropriate for data with ICS group size

and IWCGS, one extending the Levene-style transformation method

and one based on a direct comparison of estimates of variance. We

demonstrate the properties of our tests in a detailed simulation study

and show that they are resistant to the potentially biasing effects

of ICS and IWCGS. We illustrate the use of these tests by applying

them to a data set of x-ray diffraction measurements collected from

a specimen of duplex steel.

1. Introduction

Among-group variance comparisons are often important components of statistical analy-
ses, typically as a step in verifying commonly held assumptions of variance homogeneity.
The well-known F and Bartlett tests are perhaps most commonly implemented for com-
paring variances from two and more than two groups, respectively, for independent,
identically distributed (i.i.d.) data [1]. Each relies heavily on the assumption of normality
and can exhibit inflated size when the normality assumption fails. Levene suggested a test
based on an analysis of variance (ANOVA)-like procedure applied to the mean-centred
absolute values of the observations which proved more robust to violations of normal-
ity [2]. Brown and Forsythe later modified this method by centring the data on medians
rather than means, thereby improving the robustness of the Levene test to normality
violations [3].
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Clustered data, in which observations within a cluster are potentially dependent, are
frequently encountered in data applications. Evaluations of variance homogeneity among
groups for such data may be necessary. For example, many heritability analyses rest on the
assumption of homogeneous variances, but individuals belonging to the same family unit
(cluster) may have some shared dependence. When clustered data require such an evalua-
tion, the dependence among observations within cluster can invalidate the aforementioned
tests of variances. To this end, Iachine, Petersen and Kyvik introduced a Levene test-like
procedure that maintained appropriate size for clustered data and was robust to departures
from normality [4]. However, this test was developed in the context of twin data, imply-
ing not only a two-group comparison (identical vs. fraternal) but also that the number of
observations within each cluster of data — termed the cluster size — was fixed at two. In many
applications, cluster sizes may not be fixed. An issue that has received recent attention is
when cluster size is associated with the response variable of interest, a condition known
as informative cluster size (ICS). Statistical methods otherwise appropriate for clustered
data can be biased when ICS is present in a data set. Based on a Monte Carlo-based resam-
pling approach [5], Williamson, Datta and Satten [6] derived a non-random reweighted
averaging procedure correcting for ICS, which was subsequently applied in a number of
clustered data hypothesis testing procedures [7-11]. Tangential to ICS is an additional
problem that occurs when the distribution of a covariate measured within-cluster is related
to the response variable of interest. When such a covariate is a factor that defines groups to
be compared, such informativeness is referred to as informative within-cluster group size
(IWCGS). Huang and Leroux proposed a modification to the within-cluster resampling
and cluster-weighted averaging procedure that accounts for IWCGS [12], and this method
has been used to develop several hypothesis testing procedures for comparing groups in
clustered data applications [13,14].

In this paper, we develop two tests of variance homogeneity under ICS and IWCGS:
one a Levene-style test based on transformations, and one a direct comparison of weighted
estimates of variance within-groups. We compare the performance of these tests to that of
the test by Iachine et al., and show that our methods maintain size while the competitor
test is biased for data with informativeness related to group sizes. Furthermore, our novel
tests are robust to departures from normality and have no loss of power compared to the
competitor test when informativeness is not present.

In Section 2, we establish the clustered data framework and notation, review the test
procedure of Iachine et al., and introduce ICS and IWCGS. In Section 3, we summarize the
resampling and weighted average estimation procedures that correct for informativeness,
and then apply these estimation principles in Section 4 to develop our two test statistics
for evaluating variance homogeneity. We evaluate the performance of these test statistics
through a detailed simulation study in Section 5, and demonstrate their use on data from an
x-ray diffraction application with clustered observations in Section 6. We make concluding
remarks in Section 7.

2. Clustered data and variance comparisons

Suppose the data consist of i = 1, ..., M clusters, each with j = 1, ..., n; observations. Let
Xijj denote the ™" observation from cluster i. Each observation belongs to one of K distinct
groups, and Gj; = k represents that observation j from cluster i belongs to group k. The
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data from cluster i are then the set V; = {n;, (Xjj, Gjj)}. Observations within clusters are
potentially correlated but observations between clusters are assumed to be independent.
Throughout this paper it will be important to index the set of observations in cluster i

that belong to group k. Let nfk) denote the number of observations that belong to group k

in cluster i, with n; = Zle nl(k). The set of observations belonging to group k in cluster

i is then expressed {Xi(lk ... ,Xf:gk) }. For simplicity of notation, we use j to index this set
(ie.j=1,..., nfk)) in addition to the indexing of all observations from the cluster (i.e.
j=1,...,n;). The use of j will be circumstantially evident by noting whether the reference

observation is Xj; or Xi(jk). Additionally, let Kf = > &, I [nl(k) > 0] denote the number of

distinct groups that contain observations in cluster i, noting that in practice all K groups
(k)

may not be observed in all M clusters (i.e. n;

where nl(k) = 0 for at least one k to be ‘incomplete clusters’, and refer to data containing
incomplete clusters as having incomplete group structure.
Within this framework, our goal is to test marginal variance equality across the K

groups. That is, we wish to test the hypotheses:

may equal 0 for some i, k). We term clusters

Hy : Var(XV) = Var(X®) = ... = Var(x®)
Hy : Var(X®) £ Var(X%))  for at least one k, K, k # K. (1)

If there were no clustering of the data and observations could be assumed to be inde-
pendent, this set of hypotheses could be tested using the classical Levene’s test. For such

data, subscript i is dropped and the test operates by transforming the data into Zj(k) =

|Xj(k) —X®W),5=1,...,n®, where X is a measure of central tendency for group k (e.g.
mean, median). The hypothesis of variance homogeneity is then tested by performing a
one-way ANOVA on the group factor for the transformed data.

In the context of assessing the equality of variance of oral glucose tolerance test data
between identical and fraternal twins, Iachine et al. extended Levene’s test to clustered data
by noting the correspondence between ANOVA and linear regression. As in the classical
test, they transform the data and proposed testing the hypothesis of variance homogeneity
by modelling

E[Z®) = By + pullk=2], k=1,2

using a regression method that appropriately handles the clustering structure, such as gen-
eralized estimating equations (GEE). Variance homogeneity is assessed through testing the
hypothesis Hy : 1 = 0 using a Wald-type test. This is a clever way of appropriately han-
dling potential dependence within clustered observations using analysis techniques readily
available in most software. While Iachine et al. presented this method as a two-group
comparison, it is easily extended to a K-group comparison.

Like many clustered data analysis methods, the process proposed by Iachine et al. inher-
ently assumes the cluster sizes and group sizes to be either fixed or random variables that
are independent of the response. In the context of a group comparison for twin data, the
scenario under which the Iachine et al. method was developed, cluster size is fixed (i.e. each
twin pair has exactly two observations) and group membership is uniform within clusters
(i.e. for a given twin pair, both observations are either fraternal or identical). However,
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for many types of clustered data, the cluster size is a random variable and group distri-
bution may vary across clusters. Two potential concerns arise for such data. The first is
ICS, where the number of observations in the clusters is related to the outcome of interest,
which is defined formally as P(Xj; < x|n; = n) # P(X;j < x),n=1,...,M;j=1,...,n,.
A commonly referenced example of ICS is in dental studies where individuals with fewer
teeth have worse periodontal health. The second is the related phenomenon of IWCGS,
in which the group distributions within clusters are related to the outcome of interest,
formally defined as P(Xj; < xlnfk)) # P(Xj; < x). In the dental example, IWCGS would
manifest if molars were disproportionately affected by periodontal disease and more likely
to be absent than nonmolars. The issues of ICS and IWCGS and their biasing effects on the
analysis of clustered data have been well-documented in the literature [5,6,11,13,15].

3. Reweighting methodology for ICS/IWCGS

We construct two tests of variance homogeneity using the marginalization principle of
Williamson et al. [6]. This method was first introduced in the context of ICS, and applies
a conditional expectation calculation to estimators derived from a Monte Carlo resam-
pling process that marginalizes cluster size by randomly selecting one observation from
each cluster [5]. This results in estimators constructed as functionals from the marginal
distribution

nj

W
F)=Ev1> —
i=1 " j=

I(Xjj < x)
1

where Ey represents the expectation taken with respect to the distribution of the observed
data V. This method inversely weights observations by their cluster size, and then pro-
duces an overall marginal estimator through the averaging of cluster-specific estimators.
For example, if the estimate of interest is the overall mean, the reweighted estimator is
simply § = + >M nl, Z]n;l Xij= & >M X;, the overall average of the cluster means.
A modified weighting scheme is necessary to correct for IWCGS when it is the group
parameters that are of interest [12]. This method applies a conditional expectation to
estimators derived from a two-step resampling process marginalizing group membership
within cluster, and results in estimators derived as functionals from the distribution

M n;

F(xlk) = By 1 > wi 21 (Xj < %,Gj = k) 2)
i=1 j=1

where the weight wj; is defined

-1
(Kfngk)) , ifngk) >0

0, otherwise.

3)

wij =

Recall that Kf denotes the number of groups observed in cluster i. Note that the weight

in equation (2) not only includes the group size (nl(k)), but also a term related to the
group distribution within the cluster. This is because the two-step resampling behind
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the marginalization principle operates by first selecting a random group, and then a ran-
dom observation belonging to that group, for each cluster. The group selection probability
depends on how many groups are represented in the cluster, and care must be taken when
marginalizing these estimators to properly account for incomplete clusters. For example,
suppose K = 2 and the parameter of interest is the marginal mean of the group 1 observa-
tions. If all clusters are complete (i.e. contain both group 1 and group 2 observations), the
marginal estimator of the group 1 mean is () = 1%4 Zf\i 1 )_(i(l). However, if some clusters
only contain observations belonging to one of the two groups, the marginal estimate of the
group 1 mean is then

~ 1 - _
) _ (1) (2) @) 7r,,(1) @ _
o) = —1 © £ ;1 E [ I[ > 0,n,” > 0]+ X; I[n;’ > 0,n;” =0]

where M©) = Z, I (1) > 0,n, @ o 0] and MD = Zf\f I[n, ™ 0, n(z) = 0]. Here,
M© represents the number of complete clusters, and M denotes the number of incom-
plete clusters that only contain observations belonging to group 1. Note that a correspond-
ing quantity M® exists, and M = MO + MD + M@ In the equation above, M © s
weighted by % because in complete clusters group 1 is selected with % probability dur-
ing the group selection portion of the two-step resampling process. For clusters that only
contain group 1 observations, the group selection probability is 1.

Reweighted estimators derived from the marginalization principle are asymptotically
normal under mild regularity conditions [6-8]. Let ¢ be a parameter of interest. Given a
hypothesis of interest, Hy : ¢ = ¢y, and a reweighted estimator, ¢, a Wald-type hypothesis
test can thus be constructed by comparing the test statistic ¢ = m to the quantiles of

NE
the standard normal distribution, where 7 is some estimate of the variance of ¢. When the
equality of multiple parameters are simultaneously being assessed, e.g. Hy : ¢ = ¢ =

. = ¢, the Wald-type quadratic form is

X2=M (c&s)T (cic)_1 (c&s)

where C is the (K — 1) x K contrast matrix

1 -1 0 0 0
0O 1 -1 0 0
c= ,
0 O 0 1 -1
and 3. is an estimate of the variance matrix for ¢ = (¢, 3@, ..., $&)). Under mild regu-

larity conditions, X? follows a Chi square distribution with K—1 degrees of freedom. Such
reweighted estimators have been used to construct clustered data analogues to classical
hypothesis tests, including signed rank [8], rank sum [7,13], correlation [10,11], log rank
[14] and proportion [9] tests.

An estimate of X can be obtained using the jackknife technique, which estimates the
variance of a statistic though systematic removal of one observation [16-18]. When clus-
ters are the marginal unit of interest, this process corresponds to the systematic removal of
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each cluster. This method was used in an IWCGS-reweighted rank sum analogue test [13],
and unlike alternative variance estimation techniques (e.g. sandwich estimator, method of
moments) it remains valid when data have incomplete group structure [19]. A modifica-
tion of the jackknife variance based on reweighted pseudovalues has been proposed for
unbalanced data [20], and this modification is closely approximated by the correction fac-
tor %, where N is the sample size and P is the number of model parameters [21]. In the

context of the clustered data notation, this correction factor corresponds to %

4. Tests of variance homogeneity for clustered data under IWCGS

We use the reweighting principles detailed in the previous section to derive two tests of
variance homogeneity appropriate for clustered data with potential group size informa-
tiveness. The marginal moment for group k is defined m,(lk)[Y] = E[(Y(k))“]. Using the
reweighting methodology, mék) [Y] is estimated using

0

M i
1 a
- (k § : § : (k)
i=1 j=1

where M® = ZEEZI % Zf\i I [Ki(k) = K;] and wj; is defined in equation (3).

4.1. Method 1: Levene-style test

We first construct a Levene-style test by leveraging a similar transformation used in the
classical form and clustered data test of Iachine et al. For clustered data defined in Section 2,
the data are transformed using Zl-(jk) = |Xl-(jk) — 0®|, where 8% is a measure of IWCGS-
weighted central tendency for group k. In correspondence with previous methods, we
consider three forms of #% corresponding to a mean, trimmed mean and median. The
central tendency corresponding to a mean is simply the weighted first marginal moment,
mg") [X]. The trimmed mean and median forms of ® may be estimated as functionals
from the reweighted empirical CDF (2) in the manner of Nevalainen et al. [22]. This is con-
ducted by calculating the empirical CDF and identifying the weighted quantiles (median,
a x 100% tails), with the a-trimmed mean defined as the weighted mean after removing
the a x 100% upper and lower tails.

Let ,u(k) = E[Z®W]. As in the classical Levene test and model-based method by Iachine
et al., variance homogeneity is assessed by testing the equality of the transformed group
means. Let ji = (/}(1), .. .,,&(K))T, where ﬁ(k) = mi") [Z]. To test hypothesis (1), we use
the statistic

X, =M (Ci)" (Cic)_l (Ci)
M
M—-K

variance estimate of fi. X; asymptotically follows a y? distribution with K—1 degrees of
freedom.

where C is the contrast matrix defined in Section 3 and ¥ is the -corrected jackknifed
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4.2. Method 2: direct comparison using moment estimators

We derive a second test of variance homogeneity through a direct comparison of weighted
estimates of the group variances. The marginal variance of group k can be expressed
cr(zk) = E[(X¥)2] — (E[X®])2, and may be estimated using the weighted sample moments

of equation (4): &(Zk) = mg") X] — (r?zgk) [X])2. Let 6% = (3(21), .. .,6(2K)) be the vector of
reweighted group variance estimates. The hypothesis of variance homogeneity, (1), can be
tested using the statistic

X;=M (C&Z)T (ci c)_1 (c&z)

where C is the contrast matrix defined in Section 3 and £ is the %—corrected jackknifed

variance estimate of 6%. X, asymptotically follows a y2 distribution with K—1 degrees of
freedom.

5. Simulation study
5.1. Simulation design

We evaluated our two tests of variance homogeneity using a simulation study and com-
pared their performance to that of the model-based test of Iachine et al. We assessed
performance over varying numbers of clusters and groups, and for data across three under-
lying distributions. For each scenario, we compared the empirical size and power of our
tests to that of the model-based test of Iachine et al., with the size and power of each
test being estimated as the proportion of rejections of the null hypothesis over 10,000
Monte Carlo iterations. We ran simulations for M = 30, 50, 100 clusters and K = 2, 3 and
5 groups.

We simulated clustered data with IWCGS by first generating a vector of group random
effects for each cluster, (ulm, AU ugK)), from a multivariate normal distribution Nk (0, Xg),
where Xx = o2 * Ig,where I is the K x K identity matrix and o? =4 Group sizes were
generated from

nl(k) ~ Poisson(8 + Ckl[lu,(k)| > o))

where

4, ifkodd

Cr =

k —4, otherwise.
Cluster size is defined as n; = Zszl ngk). If any cluster had n; = 0, a group was randomly
selected uniformly from 1:K and ngk) was simulated from Poisson(8) 4+ 1. A categorical
group variable Gj; taking values 1,2, ..., K was defined so that nl(k) observations belonged
to group k in cluster i. We defined Wj; = uEGij) + ejj, where e;; ~ N(0,1). As ugk) and e;;
were simulated independently, Wi~ N (e + 1).

In the classical setting, Levene’s test is preferential to the F test due to its robustness

against non-normality. To evaluate the performance of the reweighted tests of variance
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under varied distributions, we followed the simulation design of Iachine et al. and ran sim-
ulations for three marginal distributions by applying a non-linear transformation defined

by
X; = a®Dg(Wy). (5)

The data Xj; were generated though a transformation g(x), which induced the distinct
distributions. The transformation g(x) was defined

x, if Xjj ~ N(0,0% + 1)
gx) = LN (@24, (x), i X5~ 1y
F o (Qp241(0) i X5~ 1

where @2, (x), Fy,, and F 2 are the cumulative distribution functions for the N(0, o2 +

1), Student’s t4, and ){f distributions, respectively. These distributions allow us to evalu-
ate the relative performance of tests when data are normal, symmetric with fat tails, and
skewed, respectively.

In equation (5), a®) is a scalar that generates differences in group variances. When the
ratio ()2 : (a¥)2 = 1 forall k, k', simulations were conducted under the assumption of
the null hypothesis of equal group variances. Power was assessed by varying the a® values
across the K groups. We assessed three values of power, where values of a®) were selected
such that the maximum ratio of variances between the groups corresponded to 2:1, 3:1
and 4:1. When K = 5, values of (a®)? for the 5 groups corresponded to the columns of
the matrix

2 3 4
1.5 2 3
1.5 2 3. (6)
1.0 1.0 1.0
1.0 1.0 1.0

For the K = 3 scenario, values of (a(k))2 were taken from the columns of matrix (6)
excluding the 3rd and 4th rows.

Informativeness is induced in this simulation through the relationship between the ran-
@

dom effects and group sizes. In the 2-group scenario, clusters with large absolute #;” values,

e.g. values of |u§l) | > 2, tend to have more group 1 observations compared to clusters with

less extreme ul(l) values. In contrast, large absolute random effects have a diminishing effect

on group size for group 2 observations. This differing response produces a disproportionate
number of group 1 observations from the extremes of the distribution, while the major-
ity of group 2 observations have more moderate values, falsely inflating an appearance
of unequal spread across the groups. A similar variation in the random effect-group size
relationship was generated in the K = 3 and K = 5 scenarios.

We ran additional simulations to assess the performance of our tests when group

sizes were noninformative. These simulations were conducted using the same design and
o

parameters as above, with the exception that group sizes were simulated from n;

Poisson(8).
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5.2. Simulation results

The simulation results under IWCGS are shown in Tables 1 - 3. These tables are organized
into three sections corresponding to the three marginal distributions (Gaussian, Student’s
t4, ){f ). The first column denotes the number of clusters (30, 50, 100), while the second
column denotes the size or power setting, where a = 0 corresponds to Hy ( equation (1))
and a = 1, 2, 3 corresponds to the three power scenarios. The remaining seven columns
contain results from the various testing approaches. Results under the header ‘Cluster’ are
the three forms of the Iachine et al. test, while the results under the header ‘Reweighted’
are the reweighted tests proposed in this paper. Size and power estimates are the empirical
rejection rates of Hy calculated over 10,000 simulations.

Table 1. Tests of variance homogeneity; empirical size and power, K = 2.

Cluster Reweighted
M a GEEg GEE1g GEEsg Xio0 X.10 XL50 Xy
Gaussian
30 0 0.162 0.159 0.148 0.056 0.054 0.051 0.044
30 1 0.855 0.849 0.840 0.568 0.563 0.551 0.553
30 2 0.989 0.988 0.986 0.919 0.918 0.914 0.914
30 3 0.999 0.999 0.998 0.988 0.988 0.986 0.985
50 0 0.221 0.217 0.208 0.050 0.049 0.046 0.042
50 1 0.972 0.971 0.970 0.789 0.786 0.783 0.801
50 2 1.000 1.000 1.000 0.992 0.992 0.992 0.993
50 3 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 0 0.388 0.385 0.379 0.054 0.054 0.052 0.051
100 1 1.000 1.000 1.000 0.977 0.976 0.977 0.984
100 2 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 3 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Student’st,
30 0 0.161 0.147 0.137 0.056 0.050 0.048 0.033
30 1 0.721 0.705 0.691 0.398 0.389 0.378 0.267
30 2 0.931 0.923 0918 0.746 0.738 0.730 0.538
30 3 0.979 0.976 0.973 0.901 0.897 0.893 0.701
50 0 0.202 0.192 0.185 0.052 0.047 0.046 0.033
50 1 0.888 0.881 0.877 0.578 0.571 0.566 0.404
50 2 0.988 0.987 0.986 0914 0911 0.910 0.733
50 3 0.998 0.998 0.998 0.982 0.982 0.981 0.860
100 0 0.345 0.337 0.333 0.054 0.052 0.051 0.040
100 1 0.993 0.992 0.992 0.855 0.854 0.852 0.645
100 2 1.000 1.000 1.000 0.994 0.994 0.994 0.900
100 3 1.000 1.000 1.000 1.000 1.000 1.000 0.954
X3

30 0 0.237 0.176 0.126 0.114 0.080 0.057 0.048
30 1 0.784 0.718 0.651 0.506 0.464 0.387 0316
30 2 0.953 0.927 0.898 0.819 0.791 0.728 0.615
30 3 0.987 0.978 0.968 0.941 0.926 0.891 0.778
50 0 0.284 0.207 0.158 0.111 0.078 0.054 0.049
50 1 0.918 0.885 0.848 0.680 0.642 0.572 0.485
50 2 0.995 0.992 0.987 0.948 0.937 0.910 0.831
50 3 1.000 0.999 0.999 0.994 0.992 0.986 0.941
100 0 0.413 0.324 0.258 0.107 0.073 0.051 0.048
100 1 0.995 0.992 0.988 0.911 0.901 0.868 0.779
100 2 1.000 1.000 1.000 0.999 0.999 0.998 0.979
100 3 1.000 1.000 1.000 1.000 1.000 1.000 0.998

Note: GEEy,, Levene test analogue based on GEE; X , reweighted Levene test analogue. Subscript m denotes measure of
centre: 0, mean; 10, 10% trimmed mean; 50, median. Xy, reweighted test based on moment estimators.
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Simulation results for K = 2 are shown in Table 1. All forms of the Iachine et al. test are
biased, exhibiting a four-fold increase in nominal size across distributions at the smallest
sample size (M = 30), with bias increasing in sample size (M = 50, 100). This behaviour
illustrates how informativeness in the group structure can invalidate methods otherwise
appropriate for clustered data. In contrast, the reweighted tests maintained approximate
nominal size. For symmetric data (Gaussian, Student’s t4), all forms of the Levene-style
reweighted test (X} ,,) exhibited comparable size and power, though only the median form
maintained appropriate size under skewed data. The direct comparison test (X) was overly
conservative for symmetric data but maintained size under the y7? distribution, though it
had reduced power relative to XJ 5.

Tables 2 and 3 contain the simulation results for K = 3 and 5. The results in
these tables are similar to the K = 2 scenario. The Iachine et al. test remained biased

Table 2. Tests of variance homogeneity; empirical size and power, K = 3.

Cluster Reweighted
M a GEE, GEEq GEEsg X0 Xi10 Xi50 Xq
Gaussian
30 0 0.244 0.237 0.220 0.061 0.060 0.056 0.053
30 1 0.569 0.560 0.534 0.464 0.463 0.439 0.447
30 2 0.867 0.863 0.849 0.869 0.867 0.853 0.862
30 3 0.973 0.971 0.967 0.986 0.985 0.983 0.986
50 0 0.341 0.335 0.323 0.058 0.058 0.054 0.058
50 1 0.772 0.767 0.757 0.703 0.701 0.690 0.708
50 2 0.977 0.977 0.975 0.984 0.984 0.982 0.988
50 3 0.999 0.999 0.999 1.000 1.000 1.000 1.000
100 0 0.565 0.563 0.555 0.056 0.056 0.054 0.054
100 1 0.974 0.973 0.973 0.953 0.952 0.951 0.964
100 2 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 3 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Student’st,
30 0 0.238 0.222 0.210 0.066 0.062 0.058 0.050
30 1 0.448 0.426 0.408 0.323 0313 0.300 0.221
30 2 0.706 0.686 0.670 0.665 0.654 0.643 0.481
30 3 0.851 0.839 0.828 0.880 0.874 0.870 0.724
50 0 0314 0.301 0.294 0.063 0.060 0.059 0.054
50 1 0.608 0.592 0.581 0.483 0.474 0.471 0.340
50 2 0.876 0.869 0.863 0.866 0.863 0.860 0.688
50 3 0.961 0.958 0.957 0.979 0.978 0.978 0.886
100 0 0.501 0.492 0.487 0.060 0.056 0.056 0.052
100 1 0.872 0.867 0.863 0.769 0.766 0.766 0.561
100 2 0.992 0.992 0.991 0.991 0.991 0.990 0.894
100 3 0.999 0.999 0.999 1.000 1.000 1.000 0.969
xi

30 0 0.353 0.262 0.191 0.149 0.110 0.071 0.070
30 1 0.570 0.473 0.381 0.456 0.391 0.307 0.274
30 2 0.795 0.721 0.636 0.781 0.727 0.643 0.572
30 3 0.907 0.868 0.818 0.933 0.911 0.874 0.803
50 0 0.422 0.326 0.239 0.145 0.101 0.062 0.069
50 1 0.713 0.621 0.531 0.627 0.563 0.476 0.417
50 2 0.924 0.886 0.838 0.933 0.910 0.872 0.787
50 3 0.982 0.973 0.959 0.994 0.991 0.986 0.954
100 0 0.592 0.485 0.394 0.145 0.099 0.061 0.066
100 1 0918 0.871 0.820 0.871 0.835 0.783 0.683
100 2 0.996 0.993 0.990 0.998 0.996 0.995 0.971
100 3 1.000 1.000 0.999 1.000 1.000 1.000 0.998

Note: GEEp,, Levene test analogue based on GEE; CW,, reweighted Levene test analogue. Subscript m denotes measure of
centre: 0, mean; 10, 10% trimmed mean; 50, median. X;, reweighted test based on moment estimators.
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Table 3. Tests of variance homogeneity; empirical size and power, K = 5.

Cluster Reweighted
M a GEEg GEEqo GEEsg X0 Xi,10 X150 Xq
Gaussian
30 0 0.425 0.417 0.387 0.079 0.076 0.070 0.078
30 1 0.877 0.872 0.856 0.516 0.510 0.485 0.501
30 2 0.990 0.989 0.987 0.917 0.915 0.903 0.907
30 3 1.000 1.000 1.000 0.997 0.997 0.997 0.997
50 0 0.563 0.555 0.540 0.070 0.068 0.064 0.073
50 1 0.977 0.976 0.974 0.760 0.758 0.747 0.768
50 2 1.000 1.000 1.000 0.996 0.996 0.996 0.996
50 3 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 0 0.830 0.829 0.824 0.059 0.058 0.056 0.063
100 1 1.000 1.000 1.000 0.982 0.981 0.980 0.986
100 2 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 3 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Student’st,
30 0 0.423 0.400 0.378 0.090 0.083 0.080 0.087
30 1 0.780 0.763 0.747 0.380 0.364 0.348 0.298
30 2 0.948 0.940 0.934 0.744 0.732 0.718 0.593
30 3 0.992 0.991 0.990 0.953 0.949 0.947 0.864
50 0 0.526 0.509 0.495 0.080 0.075 0.072 0.086
50 1 0916 0.909 0.904 0.542 0.532 0.523 0.421
50 2 0.994 0.993 0.993 0.930 0.927 0.923 0.803
50 3 1.000 1.000 1.000 0.997 0.997 0.996 0.968
100 0 0.768 0.760 0.755 0.066 0.063 0.061 0.080
100 1 0.997 0.997 0.996 0.851 0.847 0.846 0.658
100 2 1.000 1.000 1.000 0.999 0.999 0.999 0.963
100 3 1.000 1.000 1.000 1.000 1.000 1.000 0.999
2
X4

30 0 0.562 0.443 0.338 0.222 0.158 0.101 0.127
30 1 0.863 0.791 0.703 0.566 0.482 0.374 0.371
30 2 0.971 0.948 0.913 0.864 0.815 0.725 0.675
30 3 0.997 0.994 0.987 0.984 0.975 0.951 0.917
50 0 0.642 0.522 0.405 0.201 0.132 0.080 0.110
50 1 0.953 0.912 0.859 0.720 0.644 0.538 0.502
50 2 0.997 0.994 0.987 0.973 0.959 0.925 0.870
50 3 1.000 1.000 1.000 1.000 1.000 0.999 0.991
100 0 0.834 0.740 0.642 0.192 0.119 0.068 0.088
100 1 0.999 0.997 0.992 0.942 0914 0.855 0.768
100 2 1.000 1.000 1.000 1.000 1.000 0.999 0.992
100 3 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Note: GEE,, Levene test analogue based on GEE; CW,, reweighted Levene test analogue. Subscript m denotes measure of
centre: 0, mean; 10, 10% trimmed mean; 50, median. Xy, reweighted test based on moment estimators.

under informativeness, while the reweighted tests exhibited asymptotically appropriate
behaviour. For K = 3, all reweighted forms performed relatively well for symmetric data,
though the mean and trimmed mean forms of Xy ,, were slightly biased at smaller sam-
ple sizes. All forms of the reweighted tests were biased for skewed data, with Xj 50 and Xy
less affected than Xj o and Xj 9. Results for K = 5 mirror those of K = 3, with the addi-
tional groups exacerbating the biasing effect of distribution and small sample size on the
reweighted tests.

Results from the non-informative simulation scenario are presented in the supplemen-
tary material. Even when group size is independent of the response variable, our methods
maintain size more appropriately than the test of Iachine et al. while providing comparable
power. Consistent with the IWCGS simulation results, larger M are required as K increases
and the data depart from normality, with Xj 59 providing the most robust performance.
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6. Application to x-ray diffraction data

We illustrate our methods on a data set of repeated x-ray diffraction measurements from a
duplex steel specimen. The phase content of the sample was measured using x-ray diffrac-
tion at 35 non-overlapping locations using a Bruker D8 Discover with Cu radiation, and
Dectris Eiger2R 500 K detector with lower energy threshold at 7200 eV to reject fluores-
cence. Of interest was determining the phase fractions of the austenite (face centred cubic
crystal structure) and ferrite (body centred cubic crystal structure), two polymorphs of
steel that affect the mechanical properties of the sample. At each location, a diffraction pat-
tern was recorded measuring the number of diffracted x-ray counts (intensity) as a function
of diffraction angle (26). Each peak of intensity corresponds to a particular lattice spacing
in either the austenite or ferrite phases. For the range of 20 angles explored there are 5 ferrite
and 5 austenite peaks that may occur. Figure 1 illustrates the diffraction data collected at
one of the 35 locations. The normalized integrated intensities [23,24] of the sample peaks
were calculated using a peak fitting algorithm [25] that accounts for specific diffraction
and sample parameters built upon the GSAS-II application [26]. Additional corrections
for crystallographic texture necessary for normalization were made from measured crys-
tallographic texture data. This algorithm, which fits a weighted sum of a Gaussian and
Lorentzian (Cauchy) distributions to each peak, may fail to find an appropriate fit, in which
case the normalized intensity is censored. The collected data have a hierarchical structure,
where multiple potentially dependent measurements are recorded at each location (clus-
ter), with each measurement (normalized intensity) belonging to one of two polymorphs
(groups). The number of peaks belonging to each polymorph is determined by the range
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Figure 1. Number of diffracted x-ray counts (intensity) plotted on a log scale as a function of the diffrac-
tion angle (20) for one of 35 locations measured on a sample of duplex steel. Locations of particular
intensity peaks are annotated with phase (A for austenite, F for ferrite) and the relevant crystal plane
(hkl).
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of 20 and, in theory, will remain constant across location for homogeneous samples. How-
ever, this may not hold in practice as samples may not have uniform phase composition.
Additionally, group sizes may be affected by difficulties in obtaining measurements at larger
20, differentiating low-intensity peaks from the background, and distinguishing overlap-
ping peaks. In these ways, group size may be variable and potential informativeness may
be introduced. The data presented here were from a homogeneous specimen and had no
censoring of the peak-fitting algorithm, and as such had 5 austenite and 5 ferrite peaks
recorded at each location. For illustration purposes, we randomly removed some inten-
sities corresponding to overlapping peaks (A111, F110) and large 26 values (F220, F310)
from a subset of the locations to induce variation in the group sizes representative of data
structure that may be experienced under less-ideal conditions. This data set contained 283
normalized intensities from 35 locations, with cluster size ranging from 6 to 10 and group
sizes ranging from 2 to 5, and is visualized in Figure 2.

The phase fractions of austenite and ferrite are estimated through a function of their
marginal intensities. Naive estimates of these marginal intensities would be the poly-
morphs’ averaged normalized intensities across all observations. More sophisticated esti-
mates could be achieved through modelling the hierarchical data structure. Assessing
group variance homogeneity is a preparatory step to this modelling, as the model may
be simplified if the variability in normalized intensities can be assumed to be equivalent
for the two polymorphs.

We applied our tests of variance homogeneity and the method of Tachine et al. to the
normalized intensities, using median centring for both Levene-style tests. Both reweighted
methods provide similar results, with test statistics of X750 = 187.8 and X; = 171.9, cor-
responding to p-values < 0.001 (Table 4). The null hypothesis would be rejected for all
methods at a significance level of 0.05 and the marginal polymorph normalized intensities
may now be modelled assuming unequal variance. We note that our tests are easily imple-
mented through the htestClust package in R, available on CRAN, with example code
found in Gregg, Datta and Lorenz [27].

7. Discussion

We have introduced two tests for assessing variance homogeneity among groups for clus-
tered data — one based on a direct comparison of estimated variances and one extending
the Levene-type transformation procedure. Our tests were constructed using a reweighting
methodology derived to account for informativeness of cluster or group size, and through
simulations we compared their performance to that of a test of variance homogeneity for
clustered data proposed by Iachine et al. In simulation, our reweighted tests demonstrated
resistance to informativeness in the within-cluster group size, whereas the test by Iachine
et al. exhibited substantial bias due to such informativeness. For our Levene-type test, each
of the cluster-weighted mean, a-trimmed mean and median performed well as centring
measures when the response variable had a symmetric distribution (normal, ) but only
the median centring remained robust to skewed data. The direct comparison test was
inconsistent, performing well for symmetric distributions for K = 3, but overly conser-
vative for K = 2 and biased for K = 5. When there was no informativeness in the group
size, our tests continued to outperform the method of Iachine et al., suggesting that use
of these methods is advantageous whenever group sizes are random variables. Overall,
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Figure 2. Normalized reflection intensity separated by polymorph for each of 35 locations measured on
a sample of duplex steel. A, austenite; F, ferrite. Points have been nominally staggered in the horizontal
direction to minimize overlap. Panel headings indicate location ID, and are ordered by increasing cluster
size.

the Levene-style reweighted test based on median centring (X} 50) offered the most robust
performance across all scenarios and is our recommended method.

Our reweighted tests are asymptotic in nature and we do not recommend their use when
sample sizes are small. Specifically, when the number of clusters is less than 30, both the
direct and Levene-type tests introduced here may exhibit bias. This was born out in our
simulation results, in which these tests exhibited some bias at lower numbers of clusters
when the response variable had a skewed distribution and K > 2. Sample size requirements



JOURNAL OF STATISTICAL COMPUTATION AND SIMULATION 15

Table 4. Results from the tests of variance homogeneity applied to the x-ray

diffraction data.

Method Test statistic p-Value
GEEso 43.2 < 0.001
Xi,50 187.8 < 0.001
X4 1719 < 0.001

Note: GEEsg, Levene test analogue based on GEE (lachine et al.); X; 50, reweighted Levene test
analogue; Xy, reweighted test based on moment estimators.

will increase with the number of groups being compared, as illustrated through the K = 5
simulations.

Informative cluster size and within-cluster group size have received recent attention in
the development of clustered data analogues of classical hypothesis tests. Implicit in these
developments is that the marginal analysis of interest is that of a typical member of a typi-
cal cluster in the population of interest. Other marginal analyses are possible, for example,
a typical member from the population of all clusters. Under certain circumstances, largely
related to the informativeness of cluster size or lack thereof, these different marginal anal-
yses can overlap in scope and produce similar results. Other authors discuss these issues
and define the marginal analyses of interest [13,28].

The extension of Levene’s assessment of variance homogeneity to clustered data pro-
posed by Iachine et al. was developed in the context of twin studies — a scenario in which
both the cluster size is fixed and group membership is uniform across clusters. When
cluster sizes and group distributions across clusters are random variables, such data have
potential for ICS/TWCGS and methods accounting for these phenomena should be con-
sidered. Through simulations, we showed that the test of Iachine et al. is inappropriate
for data with informativeness in group size, demonstrating unacceptably high levels of
empirical size. Moreover, this bias increased with sample size, indicating such inadequacies
cannot be overcome with additional data. We propose two alternative procedures appro-
priate for clustered data that maintain appropriate Type I error rates for data with IWCGS.
These methods offer comparable power to the method of Tachine et al. for data under no
informativeness, and are accessible to users through the R package htestClust.

The hypothesis tests in this manuscript provide straightforward, accessible methods of
assessing group variance homogeneity in clustered data that may have variations in cluster
and/or group sizes. However, these methods are limited to scenarios where the observed
data have sufficient number of clusters, a modest number of groups, and when the response
variable of interest is univariate and continuous. Future work could be directed to the devel-
opment of methods for assessing group variance homogeneity in clustered data that do not
fit these parameters; specifically, methodologies appropriate for data sets containing a small
number of clusters, a large number of groups, or when the response variable(s) of interest
are multivariate or discrete. Beyond the scope of assessing variance homogeneity, perhaps
the greatest opportunity for methodology advancement related to clustered data with intra-
cluster covariate structure lies in the development of a test procedure for assessing potential
informativeness in the group structure.
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