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Hamiltonian engineering of collective XYZ 
spin models in an optical cavity
 

Chengyi Luo    1,2, Haoqing Zhang    1,2, Anjun Chu    1, Chitose Maruko    1, 
Ana Maria Rey    1 & James K. Thompson    1 

Quantum simulations offer opportunities both for studying many-body 
physics and for generating useful entangled states. However, existing 
platforms are usually restricted to specific types of interaction, 
fundamentally limiting the models they can mimic. Here we realize an 
all-to-all interacting model with an arbitrary quadratic Hamiltonian, thus 
demonstrating an infinite-range tunable Heisenberg XYZ model. This was 
accomplished by engineering cavity-mediated four-photon interactions 
between an ensemble of 700 rubidium atoms with a pair of momentum 
states serving as the effective qubit degree of freedom. As one example 
of the versatility of this approach, we implemented the so-called two-axis 
counter-twisting model, a collective spin model that can generate 
spin-squeezed states that saturate the Heisenberg limit on quantum phase 
estimation. Furthermore, our platform allows for including more than two 
relevant momentum states by simply adding additional dressing laser tones. 
This approach opens opportunities for quantum simulation and quantum 
sensing with matter–wave interferometers and other quantum sensors,  
such as optical clocks and magnetometers.

The ability to create and control different many-body interactions is  
key for entanglement generation, optimization, quantum sensing and 
quantum simulation. Long-range-interacting systems have recently 
shown much promise for engineering Hamiltonians that generate inter-
esting correlations that propagate across the system. Several experimen-
tal platforms are making rapid progress, including Rydberg atoms1–3, 
polar molecules4,5, trapped ions6,7, cavity quantum-electrodynamic 
systems8 and defect centres in solids9,10. Short-range contact  
interactions in ultra-cold atomic systems are another promising 
approach11–13. However, reaching sufficiently low temperatures is an 
open challenge.

So far, most efforts aimed at engineering Hamiltonians have been 
limited to XXZ spin models or models that feature both exchange and 
Ising interactions. Common to these models is that the total magneti-
zation of the spin ensemble is preserved. However, limited progress 
has been achieved in engineering more general spin models, such as 
XYZ models, which can break both the SU(2) and U(1) symmetries, that 
lead to more general ground-state and out-of-equilibrium many-body 
behaviours. A few exceptions include experiments in Rydberg atoms 

using two-colour dressing14 with dynamics limited to pairs of atoms 
and Floquet engineering in disordered arrays2.

We experimentally show that photon-mediated interactions 
between atoms inside an optical cavity can be tuned to realize a tun-
able all-to-all Heisenberg XYZ Hamiltonian, with the added benefit 
of not requiring the preparation of extremely low-entropy quantum 
degenerate gases. The interactions are realized using only two dressing 
lasers in a generalized approach of previous theoretical proposals15–17. 
We benchmarked the tunability of the XYZ Hamiltonian by performing a 
short-time evolution, which allowed us to characterize the Hamiltonian 
at the mean-field level by mapping the flow lines on the Bloch sphere. 
This approach to Hamiltonian engineering can be applied to a wide array 
of physical systems in which the qubits interact through couplings to a 
common bosonic mode, including atom–cavity, ion trap and supercon-
ducting circuits. The overall performance of the scheme will depend 
on the details of the physical platform used for the implementation.

As an example of engineering XYZ Hamiltonians, we show that we 
can transform the previously explored cavity-mediated momentum- 
exchange interaction ̂J+ ̂J− = ̂J ⋅ ̂J − ̂J

2
z  (ref. 18) to an all-to-all Ising 
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constant42,43. This approach can also be straightforwardly applied 
to systems with further internal levels, making it ideal for develop-
ing next-generation quantum-enhanced sensors for technology and 
for exploring a broad range of science from atomic clocks44,45 and 
magnetometers46–48 to geodesy49.

Experimental set-up
In the experiment, 87Rb atoms were laser-cooled inside a vertically 
oriented two-mirror standing wave cavity (Fig. 1a)18,39. A repulsive 
intra-cavity doughnut dipole trap confined the atoms radially but 
allowed the atoms to fall along the cavity axis. To prepare atoms in a 
well-defined momentum state, a pair of laser beams were injected into 
the cavity to drive velocity-dependent two-photon Raman transitions 
between ground hyperfine states |F = 1, mF = 0〉 and |F = 2, mF = 0〉. After 
removing the unselected atoms with a resonant laser push beam, suc-
cessive microwave pulses were applied to prepare the internal states  
of the selected atoms in the ground hyperfine state |F = 2, mF = 2〉  
(Methods)18.

With about N = 700 atoms centred at momentum p0 − ℏk, another 
pair of laser beams was injected along the cavity axis to drive 
two-photon Bragg transitions connecting the two momentum states 
|p0 ± ℏk〉, which defines a two-level spin-1/2 system18,39. The average 
momentum is p0, ℏ is the reduced Plank constant and k = 2π/λ, where 
λ is the wavelength of the Bragg laser beams. Ignoring the finite momen-
tum spread of the selected momentum states, we considered 

interaction ̂J
2
x , also known as one-axis twisting (OAT), where ̂J+, ̂J− and 

̂Jx,y,z are collective pseudospin raising, lowering and projection opera-
tors, respectively. This capability allows us to engineer an interaction 
that we expect to be more robust against collective cavity decay in our 
atom–cavity platform.

As a second example, we engineered the so-called two-axis 
counter-twisting (TACT)19 model. This model was proposed more than 
30 years ago19,20, but thus far, only the OAT has been realized in experi-
ments, including trapped ions21,22, Bose–Einstein condensates23,24, 
atomic cavity quantum electrodynamics25–29, superconducting qubits30 
and optical interferometers31. Experiments with internal spin degrees 
of freedom have approximated TACT dynamics with the Holstein–Pri-
makoff approximation (only locally on the Bloch sphere) by combining 
OAT with a transverse drive (the so-called Lipkin–Meshkov–Glick (LMG) 
model)32–35 or equivalent approximations in spin-nematic dynamics 
in higher spin systems36,37. However, there has been no demonstra-
tion of TACT in any platform with the exception of a contemporane-
ous mean-field result using Floquet engineering in an itinerant polar  
molecule system38.

The pseudospin system consists of two momentum states of 
atoms39,40 freely falling inside the cavity with an identical internal 
spin label, making our results of great interest for Bragg matter–wave 
interferometers41 that are important for both inertial navigation and 
fundamental science, such as searches for dark matter and dark energy, 
detecting gravitational waves and determining the fine structure 
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Fig. 1 | Experimental overview. a, Illustration of the microscopic momentum 
pair-raising process described by the Hamiltonian ̂J+ ̂J+, using two momentum 
states p0 ± ℏk as a pseudospin-1/2 degree of freedom. Initially, the two atoms i and 
j are in the same momentum state along the cavity axis. Dressing lasers are 
applied to the cavity (red and blue arrows). Atom i absorbs a dressing-laser 
photon and emits a photon (squiggly lines) into the cavity such that the net 
photon recoil flips its momentum state by 2ℏk. The emitted photon is absorbed 
by atom j, which also flips its momentum state by 2ℏk. In the separate 
momentum-exchange process ̂J+ ̂J− explored in ref. 18, atoms initially in opposite 
momentum states flip their momentum states by emitting and absorbing 
photons. b, Frequency diagram of the applied dressing lasers with frequencies 
ω1,2 and coherent state amplitudes α1,2. The emitted photons (squiggly line) are 
Doppler-shifted by ωz from the dressing-laser frequencies and detuned by  
Δc from the cavity resonance frequency ωc. The cavity is far detuned from the 
atomic transition frequency ωa. c, Representation of the emission and absorption 
processes described in a but depicted in terms of the atomic energy versus 

momentum for atoms i and j. The reverse process is also allowed, giving rise to a 
collective lowering operator described by ̂J− ̂J−. d, Dynamics induced by TACT in 
the form of a Hamiltonian ̂J

2
x − ̂J

2
z  is represented on a Bloch sphere with north and 

south poles defined by |p0 ± ℏk〉. Top right, local circular flows around the stable 
point at − ̂x. Bottom right, local flows for unstable saddle points at ̂y  with 
exponential squeezing and anti-squeezing along ̂x± ̂z . e, Observation of the 
four-photon resonance that generates pair-raising and pair-lowering processes. 
We scan the dressing-laser frequency difference to vary the detuning δ. With 
equal dressing-laser amplitudes corresponding to realizing the ̂J

2
x  Hamiltonian 

when δ = 0, we see clear resonances in the observed change of the azimuthal 
angle ϕ of a Bloch vector in units of radian (rad) when it is prepared near the 
south pole (θ = π/4, red data points) and near the north pole (θ = 3π/4, blue data 
points). All error bars reported are 1σ uncertainties. Simulation results are shown 
as solid lines with the shaded area allowing for 5% uncertainty in interaction 
strength. See Methods for details. For all the Hamiltonians engineered later,  
we will focus on the resonant case with δ = 0, as highlighted by the red solid line.
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momentum wave packets centred at these two momentum states, as 
considered in detail previously18. We defined ψ̂†

↑,↓ and ψ̂↑,↓ as the operators 
for creating or annihilating an atom in momentum states |↑〉 ≡ |p0 + ℏk〉 
and |↓〉 ≡ |p0 − ℏk〉. For mapping to a pseudospin model, we defined ladder 
operators ̂J+ = ψ̂†

↑ψ̂↓  and ̂J− = ψ̂†
↓ψ̂↑  and spin projection operators 

̂Jx =
1
2
( ̂J+ + ̂J−), ̂Jy =

1
2i
( ̂J+ − ̂J−) and ̂Jz =

1
2
(ψ̂†

↑ψ̂↑ − ψ̂†
↓ψ̂↓).

As shown in Fig. 1b, the cavity frequency ωc was detuned 
from the atomic transition |F = 2, mF =2〉  → |F' = 3, mF' = 3〉  by 
Δa = ωc − ωa = 2π × 500 MHz, which is much larger than the excited 
state decay rate γ = 2π × 6 MHz and the cavity power decay rate 
κ = 2π × 56(3) kHz. A series of Bragg pulses was applied to realize a 
Mach–Zehnder matter–wave interferometer (π/2–π–π/2), in which the 
wave packets first separated in position and then re-overlapped. When 
the two wave packets were overlapping, the interference between them 
formed an atomic density grating with period λ/2, which matched the 
standing wave of a cavity mode.

As the atoms moved along the cavity axis, the density grating was 
periodically aligned to the standing wave of the cavity mode, leading to 
modulation of the cavity resonance frequency at the two-photon Dop-
pler frequency ωz = 2kp0/m ≈ 2π × 500 kHz, where m is the mass of 87Rb. 
To allow this modulation to mediate an effective atom–atom interaction, 
we typically applied two σ+ polarized dressing-laser tones (Fig. 1a) at 
frequencies ω1,2 within a few megahertz of the cavity resonance fre-
quency (Fig. 1b), with complex amplitudes α1,2 corresponding to the field 
that would be established inside the cavity if there were no atoms in the 
cavity. The typical values for α1,2 are set to be less than 10 with implicit 
units √photons. The atom-induced cavity frequency modulation led to 
the generation of modulation sideband tones at frequencies ω1,2 ± ωz.  
In the following simplifications, we will assume ω2 > ω1.

The key insight is that different combinations of the dressing lasers 
and their atom-induced sideband tones will induce different virtual 
four-photon processes, which manifest as all-to-all exchange interac-
tions ̂J+ ̂J− (ref. 18) and pair-raising ̂J+ ̂J+ (pair-lowering ̂J− ̂J−) processes, 
as shown in Fig. 1a,c. After adiabatically eliminating the cavity fields 
using second-order perturbation theory (Methods)18, we obtained an 
effective time-dependent atom-only Hamiltonian in an appropriate 
frame rotating at ωz:

̂H = χe ̂J+ ̂J− +
1
2 (χp e

iδt ̂J+ ̂J+ + χ∗p e−iδt ̂J− ̂J−) , (1)

with the exchange and pair-raising and pair-lowering couplings (for 
the configuration in Fig. 1b) given by

χe = (
g20
4Δa

)
2

( |α1|2
Δ ̄c + δ/2

+ |α2|2
Δ ̄c − δ/2)

,

χp = (
g20
4Δa

)
2

|α1α2| eiϕint ( 1
Δ ̄c + δ/2

+ 1
Δ ̄c − δ/2)

.

(2)

Here, Δ ̄c = (ω2 + ω1) /2 − ωc is the average detuning of the two dressing 
lasers from cavity resonance, typically set to be less than 1 MHz. 
δ = (ω2 − ω1) − 2ωz is the detuning from four-photon resonance, 
g0 = 2π × 0.48 MHz is the maximal atom–cavity Rabi coupling at an 
antinode of the cavity mode and ϕint = arg (α2α∗1 ) − ϕB is the differen-
tial phase between the two dressing-laser tones relative to the phase 
of Bragg coupling ϕB, which forms the initial density grating (Methods). 
The precise derivation of χp and χe using a lowest-order Floquet expan-
sion and including cavity decay is discussed in the Methods.

We will focus on the resonant case δ = 0 and ϕint = 0. Although, we 
show example data in Fig. 1e (Methods) that clearly exhibits a resonance 
in the interaction-induced dynamics at δ = 0 as the pair-raising and 

pair-lowering processes are tuned into and out of resonance by tun-
ing the dressing-laser frequency difference. In the resonant case, the 
Hamiltonian of equation (1) reduces to:

̂H = (χe + χp) ̂J
2
x + (χe − χp) ̂J

2
y

= χe ̂J ⋅ ̂J + χp ( ̂J
2
x − ̂J

2
y ) − χe ̂J

2
z ,

(3)

where we defined the collective angular momentum operator, 
̂J = { ̂Jx, ̂Jy, ̂Jz} and introduced the collective Heisenberg interaction ̂J ⋅ ̂J. 

The latter acts as a constant for any eigenstate of the collective angular 
momentum operator ̂J ⋅ ̂J, such as the collective states with eigenvalue 
(N/2)(N/2 + 1). In the presence of single-particle inhomogeneities, this 
term opens a many-body gap that help promote spin-locking, which 
has previously been explored as protection against the dephasing of 
coherences stored in internal states29,50 and in momentum states18. We, 
instead, focused on the fully collective dynamics and, therefore, with-
out loss of generality, we can add a generic χz Ĵ ⋅ ̂J term without affect-
ing the dynamics. As such, in our system. we were able to engineer 
dynamics governed by an XYZ Hamiltonian ̂H = χx ̂J

2
x + χy ̂J

2
y + χz ̂J

2
z with 

interaction strengths χx = (χe + χp + χz) and χy = (χe − χp + χz). The XYZ 
Hamiltonian was highly tunable by simply adjusting the relative power 
in the two applied dressing lasers as χe scales as |α2|2 and |α1|2 and χp 
scales as |α2α1|.

To realize the XYZ Hamiltonians of Fig. 2 and 3, we applied the two 
dressing-laser tones separated by Δp = ω2 − ω1 = 2ωz ≈ 2π × 1 MHz, and 
with the average dressing-laser detuning from the cavity set to 
Δ ̄c = 2π × 200 kHz, as shown in Fig. 1. Because the atoms were accel-
erating due to gravity, ωz changed linearly in time at a rate dωz/
dt = 2π × 25.11 kHz ms−1. To compensate for this, we linearly ramped 
the dressing-laser separation at a rate dΔp/dt = 2 dωz/dt. Similarly, the 
difference frequency of the applied Bragg coupling tones was ramped 
at dωz/dt. For the TACT Hamiltonian dynamics presented in Figs. 2  
and 3, the total power of the incident dressing lasers was approximately 
200 pW or 900 photons per microsecond to realize an interaction 
strength of χp = 2π × 1.25 Hz for a typical duration dt = 50 μs, which was 
shorter than the wave-packet separation time 175 μs.

To benchmark the implementation of a targeted Hamiltonian, we 
used a short-time evolution, as this allowed us to directly access the 
Hamiltonian from the propagator, exp(−i dt ̂H/ℏ) ≈ 1 − i dt ̂H/ℏ. Starting 
with different initial conditions, we, thus, studied the linear response 
of different spin projectors and measured a map of the corresponding 
flow lines. Besides giving us a direct probe of ̂H, the short-time dynam-
ics has the advantage that it is robust against decoherence and can be 
studied with a mean-field analysis.

Mean-field dynamics
At the mean-field level, we defined the Bloch vector J ≡ ( Jx, Jy, Jz) =
(⟨ ̂Jx⟩, ⟨ ̂Jy⟩, ⟨ ̂Jz⟩)  and approximated the Hamiltonian as ̂H = B(J) ⋅ ̂J . In 
this way, the collective dynamics are driven by a self-generated effec-
tive magnetic field B(J) = (2χxJx, 2χyJy, 2χzJz), which depends on the instan-
taneous collective spin projections.

We derived the equations of motion of the collective Bloch vector 
from equation (3) (Methods), which simplifies to a nonlinear torque 
equation dJ/dt = B(J) × J ≡ T(J). One can identify the fixed points Jfix as 
the points where T(Jfix) = 0.

To understand the dynamics near the fixed points, it is useful to 
follow a standard stability analysis by diagonalizing the Jacobian matrix 
M( J) = ∂T/∂J|J=Jfix. The local motion near these fixed points is illustrated 
in Fig. 1d (right). We used red circles for stable points with purely imagi-
nary eigenvalues. The Bloch vector evolved on stable closed orbits indi-
cated by the blue circular traces. The red squares denote unstable saddle 
points with real eigenvalues with opposite signs. The eigenvalues of the 
Jacobian matrix at the saddle points are real but with opposite signs. In 

http://www.nature.com/naturephysics
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Fig. 1d (bottom right), the dynamics show exponential divergence from 
the origin (indicated by outward blue arrows) along ̂x + ̂z, corresponding 
to the positive eigenvalue51. The negative eigenvalues are indicated by 
the convergence towards the origin (inward blue arrows) along ̂x − ̂z.

Dynamics on the Bloch sphere
In the experiment, we probed the local dynamics induced by the above 
Hamiltonian with various values of χe and χp. To do this, we varied the 
phase and duration of the Bragg pulse to prepare an initial pseudospin 
coherent state Ji. Before the atomic wave packets separated, we applied 
the interaction for a short time Δt satisfying χNΔt ≪ 1 and measured 
the change in azimuthal angle dϕ and polar angle dθ to obtain the final 
Bloch vector Jf after the interaction. This was achieved by repeating the 
experiment and applying other appropriate rotations before measur-
ing the populations in the two momentum states (Methods). The local 
flow vector was then determined by the torque T(Ji) ≈ ΔJ/Δt = (Jf − Ji)/Δt.

Figure 2a shows the predicted flow vectors T(Ji) on the Bloch 
sphere for three example Hamiltonians of interest. Different Ham-
iltonians were obtained by changing the ratio of the dressing-laser 
amplitudes |α2/α1| = 0, 0.17 and 1.0.

We show the measured flow vector T(Ji) in Fig. 2b with each row 
aligned to the corresponding example presented in Fig. 2a. In each case, 
the flow vector started at Ji and ended at Jf. The left (right) panels are 
polar plots (radial coordinate linear in the polar angle) of the dynam-
ics on the south (north) hemisphere looking from the north poles of 
the Bloch sphere. The middle panels are equirectangular projections 
to show the dynamics near the equator. From these vector maps, we 
made qualitative comparisons based on the geometry of the flow. For 
both the theoretical and experimental results, the stable fixed points 
and unstable saddle points are labelled as numbered red circles and 
squares, respectively51,52.

In the first row of Fig. 2, we consider the simplest case with χp = 0. 
This was achieved by turning off one of the dressing lasers (|α2/α1| = 0), 
leading to the Hamiltonian ̂H = χe( ̂J ⋅ ̂J − ̂J

2
z ). This Hamiltonian, referred 

to as the OAT Hamiltonian19, maintained U(1) symmetry, thereby con-
serving Jz. At the mean-field level, it had a constant effective magnetic 
field along the ̂z  direction, which resulted in the rotation of the collec-
tive Bloch vector about the ̂z  axis at a uniform constant angular fre-
quency, −2χeJz. As expected, we observed two stable fixed points (red 
circles 1 and 2) and a reversal of the circulation across the equator 
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Fig. 2 | Evolution under different Hamiltonians. a, Setting different amplitude 
ratios between the two dressing tones ∣α2/α1∣ gives rise to different XYZ 
Hamiltonians, with specific examples shown. b–d, The experimentally observed 
dynamics are shown in the corresponding rows: (b) OAT ̂J ⋅ ̂J− ̂J

2
z , (c) TACT 

̂J ⋅ ̂J+ ̂J
2
x − ̂J

2
z  and (d) OAT ̂J

2
x . The tail of each vector indicates the initial position 

of the Bloch vector Ji on the Bloch sphere, and the arrow indicates the 
displacement T after a brief period of evolution under the corresponding 
Hamiltonians. The left (right) panels are for initial Bloch vectors on the south 
(north) hemisphere with azimuthal angle ϕ. The polar angle θ of the initial Bloch 

vector linearly increases from π/2 at the rim to π in the middle for the left plot, 
whereas θ decreases from π/2 at the rim to 0 in the middle for the right plot. We 
believe that the flow lines near the poles deviate from the ideal due to a small 
systematic offset in the measurements that is magnified near the poles. The 
middle panels are equirectangular projections. In each case, the qualitatively 
observed stable fixed points are marked with numbered red circles, and the 
unstable fixed points are marked with numbered red squares. The blue lines 
indicate the directions of the observed flow. The red lines indicate where the 
dynamics are zero and separate regions of opposite flows on the Bloch sphere.
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(Jz = 0), where there were no dynamics (red line). This Jz-dependent 
circulation led to shearing of the quantum noise in the orientation of 
a Bloch vector on the Bloch sphere, a semiclassical explanation for how 
OAT dynamics generate spin-squeezed states19,39. Note that, although 
the term ̂J ⋅ ̂J was trivial for our current observations at short times, at 
longer times, when inhomogeneities in our system manifest, it can lead 
to important dynamical effects, as shown in ref. 18.

Next, we consider the last row in Fig. 2 with χp = χe. This was 
achieved by using equal dressing-laser amplitudes |α2/α1| = 1. Here, the 
Hamiltonian was ̂H = 2χe ̂J

2
x, leading to OAT dynamics along the ̂x direc-

tion. The corresponding dynamics were induced at the mean-field level 
by a magnetic field along ̂x  that preserved Jx and induced a rotation 
about ̂x with constant angular frequency 4χeJx. Note that the interaction 
strength here is twice that of the ̂J

2
z  case, which is attributed to the use 

of two dressing-laser tones. The data qualitatively show two stable fixed 
points along ̂x  labelled by red circles 1 and 2 and a reversal of the sign 
of circulation across Jx highlighted by the red lines.

Finally, we come to the case that achieved TACT, as shown in the 
middle row of Fig. 2. In this case, the ratio of the dressing-laser ampli-
tudes was set to |α2/α1| = (√2 − 1)/(√2 + 1) ≈ 0.17 , which produces 
χe = 3χp. The Hamiltonian then becomes ̂H = 2χp(2 ̂J

2
x + ̂J

2
y ) =

2χp( ̂J ⋅ ̂J + ̂J
2
x − ̂J

2
z ).

The corresponding mean-field magnetic field was now B(J) = 4χp(Jx, 
0, −Jz), where we have again ignored the Heisenberg term, as we only 
consider dynamics at constant Bloch vector length. The theoretical 
flow line for the dynamics is depicted in Fig. 2a (middle), which shows 
four stable fixed points along ± ̂x  and ± ̂z  (red circles) as well as two 
unstable fixed points along ± ̂y (red squares) connected by great circles 
inclined at ±π/4 to the equatorial plane. In comparison to OAT, there 
are two twisting fields. Thus, only the two points at the intersections 
of the two blue circles with Jx = Jz = 0 exhibit the maximum shearing 
dynamics, which are the unstable saddle points.

We experimentally explored the flow lines. In the left and right 
panels of Fig. 2c, the observed stable fixed points are labelled with red 
circles numbered 1 to 4. The circulations of the flow lines are opposite 
for stable fixed points on opposite sides of the Bloch sphere. In the 
middle panel, two unstable points are labelled with red squares 1 and 
2. The two unstable fixed points have flow lines that either diverge from 
them (blue arrows outward) or converge towards them (blue arrows 
inward), with the two flows orthogonal to each other (see the discussion 
below). These findings constitute a direct observation of genuine TACT 
dynamics. Note that for a particular set of parameters of the LMG 
Hamiltonian, for example when ̂H = χ ̂J

2
z + δ ̂Jy  with δ ≈ χN, and when 

the Bloch vector initially points along the ̂y  direction51,52, the flow lines 
can resemble those close to a saddle point of the TACT model (Meth-
ods). However, the instability is restricted to this single point, in con-
trast to the full TACT, which features two independent unstable points.

For a quantitative comparison, we examined the dynamics near 
the saddle point Jsad along the ̂y  axis on the Bloch sphere. Figure 3a 
maps the displacement T(Ji) as a function of the initial Bloch vector 
orientation Ji = Jsad + dJi. We scanned the initial Bloch vector angles θi 
and ϕi over a range ±π/12 centred about π/2 (about ̂y) with discrete 
points sampled using a detailed 11 × 11 grid.

The mean-field equations of motion for the two orthogonal direc-
tions ̂n± = ( ̂x ± ̂z) /√2 are

d
dt
( Jx + Jz) = 4χp Jy( Jx + Jz),

d
dt
( Jx − Jz) = −4χp Jy( Jx − Jz).

(4)

For the small range of angles around the ̂y  axis sampled in these meas-
urements, we assumed that Jy ≈ N/2, and therefore, we found that the 
time derivative of the displacement increases linearly with the displace-
ment itself, indicating dynamics that change exponentially over time. 

Collective or superradiant decay from the cavity introduced another 
self-generated torque that drove the Bloch vector toward the poles 
(Methods)18. We removed the superradiant dynamics at the lowest 
order by subtracting a global displacement along ̂z  that is common to 
all data points in Fig. 3 (Methods).

We first focused on the data points along the two directions ̂n± 
(depicted by the blue and red lines in Fig. 3a), and we computed the 
parallel projection of the flow ΔJ ⋅ ̂n±/ (N/2) as a function of the initial 
displacement from the saddle point dJi ⋅ ̂n±/ (N/2), as shown in Fig. 3b. 
The observed linear relation between the projection of the flow and 
the initial displacement matches well with the prediction from the 
simulation results (solid lines), which go beyond the linear approxima-
tion by solving the nonlinear equations (Methods). The small differ-
ences observed between the ΔJ ⋅ ̂n±/ (N/2) slopes stem from the finite 
duration of the interaction, which extends the dynamics beyond the 
linear response regime.

The unstable dynamics of TACT explain why an initial circular 
distribution centred around the saddle point shears as a function of 
time by squeezing (anti-squeezing) along the ̂n− ( ̂n+) direction at a rate 
exponentially faster than the linear growth seen in OAT. When com-
bined with the global (over the full Bloch sphere) dynamical behaviour, 
this allowed the TACT to directly approach the fundamental Heisenberg 
limit on phase estimation19,51.

In Fig. 3c, we analyse the orthogonal projection of interaction- 
induced flows, especially the data points that were initially displaced from 
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Fig. 3 | Dynamics near saddle points. a, Measured local flow vector map around 
the saddle point for the TACT dynamics. b, Blue and red points are parallel 
projections of the local flow vector onto the ̂n± axes ΔJ ⋅ ̂n±/ (N/2) as a function of 
initial displacement dJi ⋅ ̂n±/ (N/2) from the saddle point along the blue and red 
lines in a. Blue and red solid lines are simulation results. c, Green and orange 
points are the perpendicular projection of the local flow vector as a function of 
initial angular displacement from the saddle point along the green and orange 
lines in a ( ̂n = ̂x  and ̂z) onto the ̂n× ̂y = ̂z  and − ̂x  axes (ΔJz and −ΔJx). Orange and 
green solid lines are simulation results. The observed dynamics near the saddle 
point are consistent with the exponential growth or decay in the simulation along 
two orthogonal directions. All error bars in b and c are 1σ uncertainties derived 
from 15 experimental trials.
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the saddle point along the ̂n = ̂x and ̂z axes (depicted by green and orange 
lines in Fig. 3a). We calculated their projections along the ̂n × ̂y = ̂z  and 
− ̂x  axes (ΔJz and −ΔJx), respectively. The dynamics can be explained by 
noticing that when the Bloch vector was initially prepared in the y–z plane, 
the effective mean-field magnetic field was along the ̂z  axis with a mag-
nitude of −4χpJz. Conversely, when prepared in the y–x plane, the field was 
along the ̂x  axis with an amplitude of 4χpJx. Thus, we expected these two 
perpendicular displacements to grow linearly in magnitude with the 
initial Bloch vector displacement, as we observed in Fig. 3c.

TACT with unstable points at the north and south 
poles
The original TACT Hamiltonian, as proposed by Kitagawa and Ueda19, 
is defined as

̂H
′
= χ ( ̂J

2
+ + ̂J

2
−) = 2χ ( ̂J

2
x − ̂J

2
y ) . (5)

The theoretical flow lines are shown in Fig. 4a. This Hamiltonian resem-
bles the previously discussed TACT, with another π/2 rotation around 

the y axis. It is characterized by unstable points at the north and south 
poles of the Bloch sphere, along with four stable points on the equator 
at ± ̂x  and ± ̂y. We realized this Hamiltonian by placing the two detuned 
dressing-laser tones on the same side of the cavity resonance with 
Δ ̄c = 2π × 700kHz > ωz, such that we needed to account for another 
modulation sideband with opposite detuning from the cavity reso-
nance, as shown in Fig. 4b (top). In this configuration, the previously 
ignored lower modulation sideband of the red dressing laser becomes 
non-negligible. This sideband introduced an exchange interaction with 
the opposite sign of the other generated exchange interactions. By 
carefully selecting the detuning and the amplitude ratio of the two 
dressing-laser tones, we achieved a configuration where χe = 0, effec-
tively leaving only the χp term (Methods.) Owing to atom number fluc-
tuations, the dressed cavity resonance also fluctuated, causing the 
actual value of χe to fluctuate between positive and negative and aver-
age to zero over many runs of the experiment. The r.m.s. value of χe due 
to the shot-to-shot error was bounded to be less than 10% of χp and 
could be reduced by working with larger cavity detuning from the 
atomic transition. ̂H

′
 offers the advantage of possibly being less sensi-

tive to the presence of superradiance or collective decay when gener-
ating squeezing in our system.

Figure 4b (bottom) shows the measured flow lines for ̂H
′
 in the 

equirectangular projection. One can clearly identify four stable fixed 
points on the equator as expected. To provide a better intuition of the 
dynamics, instead of focusing on the dynamics for the whole Bloch 
sphere, we took a few cuts with initial Bloch vectors Ji prepared with 
θi = 0.1π, 0.5π or 0.9π and studied the dynamics separately. For the 
initial Bloch vectors prepared on the two circles with θi = 0.1π or 0.9π 
(green and purple in Fig. 4a) near the north and south poles, the distri-
butions of the states after the interaction Jf are plotted in Fig. 4c,d (solid 
lines are fitted curves). The elliptical distributions with major axes 
orthogonal to each other explicitly show the squeezing and 
anti-squeezing axis near the north and south poles in this small dis-
placement limit. Figure 4e is for the initial Bloch vector prepared on 
the equator with different azimuthal angles (grey dashed line). Jf is 
plotted with black dots. The four zero crossings correspond to the four 
stable points on the equator. Between the stable points, the observed 
final states were deflected alternately above or below the equator,  
as expected.

Conclusion
Thus, we have demonstrated the flexibility of our optical cavity simu-
lator when engineering tunable XYZ Hamiltonians using two selected 
momentum states, without the need for Floquet engineering using 
discrete rotations. In some cases, it can be challenging for Floquet 
engineering to gain access beyond mean-field dynamics in large 
many-body systems due to the increased sensitivity to amplitude and 
phase noise on the Floquet control fields53. We have verified the pres-
ence of the pair-raising and pair-lowering processes from the resonant 
spectroscopic signal when the detuning δ was scanned. We also con-
firmed the direct cancellation of the exchange interactions that yielded 

the dynamics of the Hamiltonian ̂H
′
= χ( ̂J

2
+ + ̂J

2
−) . By combining the 

correct relative balance of exchange and pair-raising and pair-lowering 
contributions, we observed TACT dynamics.

In this work, we focused on characterizing the Hamiltonian by 
probing the short-time dynamics at the mean-field level. In the future, 
the capability of engineering a broad range of XYZ models presents 
exciting opportunities when extending the experiments to longer 
timescales, where entanglement effects are expected to become mani-
fest. Collective cavity decay and single-particle free-space emissions 
limit the squeezing attainable in our atom–cavity system. By transform-
ing from ̂J ⋅ ̂J − ̂J

2
z  (ref. 18) to ̂J

2
x  or TACT, the attainable squeezing vari-

ance is expected to improve from ~1/(NC)1/3 (ref. 54) to ~1/(NC)1/2 (refs. 
15,55), where C is the single-particle cooperativity (Methods). Our 
system has the potential to achieve above 20 dB (state-of-the-art 
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levels56,57) if the number of atoms is increased to a million, for example, 
by starting with a Bose–Einstein condensate instead of a thermal gas. 
Exploring beyond mean-field physics will require improved 
dressing-laser phase noise, as presently the phase to amplitude noise 
conversion produced by the cavity induces random deflections of the 
Bloch vector that mask the entanglement. It will be of great interest to 
understand the limits of this approach for realizing all-to-all XYZ Ham-
iltonians when used with other physical platforms, such as ion traps 
and superconducting circuits, which have different sources of decoher-
ence compared to the present atom–cavity system.

Furthermore, although we have focused on only two momen-
tum states as a first step, by combining them with the actual inter-
nal states of the atoms39,40 or by adding more selected momentum 
states and dressing tones, one should be able to engineer a toolbox for 
quantum-state engineering, as has been done with momentum states 
in Bose–Einstein condensates58–61. In our case, however, in addition to 
the internal and external level control that tunes the synthetic dimen-
sions, we could employ the rich opportunities offered by the tunable 
cavity-mediated interactions to engineer phenomena ranging from 
superfluidity and supersolidity27,62–64 to dynamical gauge fields and 
non-trivial topological behaviour8,65–68.
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Methods
Derivation of Hamiltonian with two-colour couplings
We begin by considering the dispersive atom–cavity coupling Hamil-
tonian, with the exited state adiabatically eliminated as detailed in ref. 
18. By applying two dressing lasers with frequencies ω1,2 and amplitudes 
ϵ1,2 in the rotating frame of the dressed cavity defined by ̂Hc = ωc ̂a† ̂a, 
where ̂a and ̂a† are the cavity field operators, the atom–cavity Hamil-
tonian can be written as:

̂H0 = ωz ̂Jz +
g20
4Δa

̂a† ̂a ( ̂J+ + ̂J−)

+ ϵ1 e−i(ω1−ωc)t ̂a† + ϵ2 e−i(ω2−ωc)t ̂a† + h.c.,

(6)

with the atom–cavity detuning Δa = ωa − ωc. In addition, the cavity dis-
sipation can be modelled by a Lindblad operator ̂L = √κ ̂a with κ denot-
ing the cavity decay rate.

We can decompose the cavity field operator into ̂a = α(t) + ̂b, where 
α(t) represents an oscillating classical field. This field is described by

α(t) = α1 e−i(ω1−ωc)t +α2 e−i(ω2−ωc)t,

α1 =
ϵ1

iκ/2 + (ω1 − ωc)
,

α2 =
ϵ2

iκ/2 + (ω2 − ωc)
,

(7)

where α1 and α2 are the complex amplitudes of coherence field inside 
the cavity as established by the two dressing lasers. We define the 
detuning for the two dressing lasers as Δc1 = (ω1 − ωc) + ωz and 
Δc2 = (ω2 − ωc) − ωz. Additionally, the average detuning and the differ-
ential detuning introduced in the main text can now be expressed as 
Δ ̄c = (Δc1 + Δc2) /2  and δ = Δc2 − Δc1. The resonance frequency diagram 
depicted in Fig. 1c illustrates the case when Δc1 = Δc2 = Δ ̄c < 0.

To derive the atom-only dynamics, we applied the standard 
second-order perturbation theory to eliminate quantum fluctuation 
̂b, assuming the negligible excitation ⟨ ̂b

† ̂b⟩ ≪ 1. This approach essen-
tially aligns with first-order Floquet or time-average Hamiltonian 
theory, as we ignore the fast rotating term. The effective Hamiltonian 
takes the form

̂Heff/ℏ = (
g20
4∆a

)
2

[ ∆c1|α1|2

∆
2
c1 + (κ/2)2

+ ∆c2|α2|2

∆
2
c2 + (κ/2)2

] ̂J+ ̂J−

+ (
g20
4∆a

)
2
α∗2α1

2 ( 1
∆c1 + iκ/2 + 1

∆c2 − iκ/2 ) e
iδt ̂J+ ̂J+

+ (
g20
4∆a

)
2
α∗1 α2

2 ( 1
∆c1 − iκ/2 + 1

∆c2 + iκ/2 ) e
−iδt ̂J− ̂J−.

(8)

Simultaneously, the dissipation is described by the effective Lindblad 
operator:

̂Leff =
g20
4∆a

√κ [ α1 e−i∆c1t

∆c1 + iκ/2
̂J+ +

α2 e−i∆c2t

∆c2 + iκ/2
̂J−] . (9)

We have ignored two further modulation sidebands that are detuned 
from the dressed cavity frequency by Δc1 − 2ωz and Δc2 + 2ωz (ref. 18), as 
their contribution to the dynamics is negligible. For the dressing-laser 
configuration in Fig. 4b, one of the modulation sidebands with detun-
ing ∆c1 − 2ωz ≲ Δ ̄c  from the dressed cavity resonance becomes 
non-negligible. This sideband introduces another exchange process 
into the effective Hamiltonian with an opposite sign to that of χe. To use 

that term to obtain the TACT Hamiltonian ̂H
′
 by cancelling the exchange 

interaction term, we require:

∆c1|α1|2

∆
2
c1 + (κ/2)2

+ ∆c2|α2|2

∆
2
c2 + (κ/2)2

= (∆c1 − 2ωz) |α1|2

(∆c1 − 2ωz)
2 + (κ/2)2

, (10)

which was used for the measurements reported in Fig. 4.
For the short-time dynamics explored in Figs. 2 and 4, we ignored 

the superradiant dynamics given by equation (9) and considered only 
Hamiltonian evolution. In Fig. 3, to study the slow dynamics near the 
unstable saddle point, both the experimental data and the theoretical 
simulation account for and subtract the effects due to superradiance 
with the same analysis as discussed below.

Mean-field equation of motion and stability analysis
In this section, we study the fixed points and stability for the general 
XYZ model in equation (3) and for the LMG model. We start with the 
mean-field equations of motion for the XYZ model in the Heisenberg 
picture,

d Jx
dt

= 2χy Jy Jz,

d Jy
dt

= −2χx Jx Jz,

d Jz
dt

= 2 (χx − χy) Jx Jy,

(11)

with χx = χe + χp and χy = χe − χp for our realization. The fixed points Jfix 
for the aforementioned nonlinear equations correspond to the spin 
aligned along the ± ̂x , ± ̂y  and ± ̂z  directions. The torque is given by 
T(J) = (2χyJyJz, −2χxJxJz, 2(χx − χy)JxJy). The stability at the fixed point can 
be deduced from the Jacobian matrix,

M(J) =
⎛
⎜
⎜
⎝

0 2χy Jz 2χy Jy
−2χx Jz 0 −2χx Jx

2 (χx − χy) Jy 2 (χx − χy) Jx 0

⎞
⎟
⎟
⎠

. (12)

In the dressing-laser configuration depicted in Fig. 1c, we consid-
ered the condition where χx ≤ χy ≤ 0. Under this configuration, ± ̂x  and 
± ̂z  represent the stable points of the system, having eigenvalues of 
±i2√χx (χx − χy) and ±i2√χxχy, respectively. Conversely, ± ̂y are identified 
as the saddle points of the system, characterized by the real eigenvalues 

±2√χy (χx − χy). By fixing χx, the system achieved its largest eigenvalue 
when χy = χx/2. Thus, χe = 3χp corresponds to the TACT Hamiltonian 
̂H = χp(2 ̂J

2
x + ̂J

2
y ).

We now apply the same analysis to the LMG model ̂H = χ ̂J
2
z + δ ̂Jy  

with equations of motion given by,

d Jx
dt

= −2χ Jy Jz + δJz,

d Jy
dt

= 2χ Jx Jz,

d Jz
dt

= −δJx.

(13)

Following the previously outlined procedure, we identified two stable 

points at Jfix =
N
2
(0,δ/χN, ±√1 − (δ/χN)2), one stable point along the − ̂y  

direction and one saddle point along the ̂y  direction, given 0 < δ < χN. 
When δ > χN, the system had two stable points along the ± ̂y  directions 
and no saddle points. The eigenvalues of the Jacobian matrix at the 

saddle point were ±χN√δ/χN (1 − δ/χN), and for fixed χN, the maximum 
rate was achieved when δ/χN = 1/2.

http://www.nature.com/naturephysics


Nature Physics

Article https://doi.org/10.1038/s41567-025-02866-0

After examining the global flow lines, which revealed notable dif-
ferences between the TACT and LMG models as previously discussed, 
we now shift our focus to the local flow lines near the saddle point along 
the ̂y direction. We analysed this using the Holstein–Primakoff approxi-
mation, in which the spin operators are represented as ̂Jx ≈ √N ̂p , 
̂Jy ≈ J − ̂c† ̂c  and ̂Jz ≈ √N ̂x . Here, ̂c† denotes a bosonic mode creation 

operator, and ̂x  and ̂p the corresponding position and momentum 
quadratures, respectively. Consequently, the TACT Hamiltonian can 
be approximated by ̂H = χ( ̂J

2
x − ̂J

2
z ) ≈ −χN [( ̂c†)

2
+ ̂c2]. Similarly, for the 

LMG model (at δ/χN = 1/2) near the saddle point, H = χ ̂J
2
z +

χN
2

̂Jy ≈
χN ̂x2 − χN

2
̂c† ̂c ≈ χN[( ̂c†)

2
+ ̂c2] , thereby locally resembling the TACT 

Hamiltonian.

Four-photon spectroscopy
Figure 1e shows the spectroscopic result for the four-photon reso-
nance. For this experiment, we prepared two different initial Bloch 
vectors to be π/4 above or below the equator with projections nomi-
nally along ̂y, as shown in Extended Data Fig. 1. When on resonance 
with δ = 0, the ratio of the two dressing-laser amplitudes was balanced 
to achieve an effective Hamiltonian in the form ̂H = χ ̂J

2
x, which preserves 

the azimuthal angle.
The four-photon detuning δ can be intuitively understood as 

inducing a time-dependent OAT interaction ̂H = χ ̂J
2
ϕ(t) where the twisting 

axis rotates as ̂Jϕ(t) = cos (δt/2) ̂Jx + sin (δt/2) ̂Jy . With the four-photon 
detuning δ ≫ χN, the effective Hamiltonian recovered to the exchange 
interaction ̂H = χ( ̂J ⋅ ̂J − ̂J

2
z ) , which induced finite changes in the azi-

muthal angle of the initial Bloch vectors with the signs depending on 
the initial projection along ̂z.

With a different set of initial states, the four-photon resonance 
can also be witnessed by the change in polar angle or equivalently spin 
projection Jz. In this experiment, we prepared initial Bloch vectors on 
the equator but with different azimuthal angles ϕ = −π/4, 0 and +π/4, 
as shown in Extended Data Fig. 2.

When on resonance with δ = 0, the effective Hamiltonian ̂H = χ ̂J
2
x  

caused a positive or negative change in Jz for initial states with ϕ = ±π/4. 
For ϕ = 0 the initial Bloch vector was along ̂Jx, which commutes with 
the Hamiltonian and, thus, experienced no change in Jz. When δ ≫ χN, 
Jz was conserved under the effective exchange interaction ̂H = χ ( ̂J ⋅ ̂J − ̂Jz) 
for all three initial states.

Sequences for measuring the flow vectors
The local flow vectors were measured by the changes in polar angles 
dθ and azimuthal angles dϕ. Starting with all atoms in |↑〉, the initial 
states were prepared by applying Bragg pulses with durations and 
phases determined by the initial state parameterized by θi and ϕi. For 
all the Bragg pulses applied, the Rabi frequency was 8.3 kHz, giving to 
a π-pulse duration of 60 μs. Right after preparing the initial state, the 
interaction was applied before the wave packets separated. To measure 
the changes to the polar angles, we applied a π-pulse along ϕi, adjusted 
the delay time to refocus the wave packets, applied a final (π/2 + θi)-pulse 
along the axis ϕi + 180° to bring the Bloch vector nominally around to 
the equator and measured the projection of the Bloch vector Jz∣dθ along 
̂z. To measure the changes to the azimuthal angles, after the interaction, 

we applied a π-pulse around ϕi, again adjusted the delay time to refocus 
the wave packets, applied a final π/2-pulse around ϕi + 90° and meas-
ured the projection of the Bloch vector Jz∣dϕ along ̂z . With the two 
sequences described above, the changes to the polar and azimuthal 
angles were mapped to the changes in the projection along ̂z, which 
were then estimated with dθ = Jz∣dθ/J and dϕ = Jz∣dϕ/J.

Dynamics around the unstable saddle point
Figure 3 shows the measured local flow vector as a function of the initial 
displacements from the unstable saddle point. For a more explicit com-
parison, the measurement data (left) and the corresponding numerical 

simulation results (right) are shown in Extended Data Fig. 3. The original 
data and the corresponding simulation are presented in the top row, 
and the result after subtracting the superradiance is shown at the 
bottom. In both cases, we found clear agreement between theory and 
experiment.

For the measurement data, we estimated the effect of superradi-
ance by averaging the displacement along ̂z  for all data points. This 
common background displacement δJz/N = 0.03 was then subtracted 
from all points. For the numerical simulation, we considered the clas-
sical phase space structure for general XYZ models as discussed in 
‘Mean-field equation of motion and stability analysis’ but with super-
radiance included. Now, the equations of motion become

d Jx
dt

= 2χy Jy Jz − Γ Jx Jz,

d Jy
dt

= −2χx Jx Jz − Γ Jy Jz,

d Jz
dt

= 2 (χx − χy) Jx Jy + Γ (J2x + J2y) .

(14)

Here,

Γ = κ(
g20
4∆a

)
2

( |α1|
2

∆
2
c1 + κ2/4

− |α2|
2

∆
2
c2 + κ2/4

)

is the mean-field strength of the superradiance, which can be cancelled 
by balancing the intra-cavity powers of the two dressing-laser tones. 
The numerical simulation result based on equation (14) is presented in 
the top right of Extended Data Fig. 3. The simulation result with super-
radiance subtracted is shown in the bottom right. The subtraction was 
performed following the same procedure of subtracting the superradi-
ance used in analysing the experimental data. The ratio Γ/χx = 0.2 used 
in the simulation was determined by the detuning of the dressing-laser 
tone from the cavity resonance.

Initial state preparation
Starting with about 108 atoms in a magneto-optical trap near the cavity 
centre, we first applied polarization gradient cooling to load about 
2 × 105 atoms into the 813-nm red-detuned optical lattice. After ramp-
ing down the lattice depth, Λ-enhanced grey molasses cooling was 
applied to reduce the ensemble temperature down to 6 μK. We then 
performed degenerate Raman sideband cooling to lower the radial 
temperature down to less than 1 μK. Further optical pumping was 
applied to transfer the atom into the |F = 2, mF = 0〉 state, which resulted 
in a radial temperature of 1.4(5) μK (ref. 39).

About 1,000 atoms were selected with momentum spread 
Δp < 0.1ℏk using velocity-selective two-photon Raman transitions. 
The remaining atoms were then removed with transverse radiation 
pressure39. To enhance the interaction with the more favourable 
Clebsch–Gordan coefficients, the atoms were transferred from |F = 2, 
mF = 0〉 to |F = 2, mF = 2〉 using a series of microwave pulses18, leading to 
a single-particle cooperativity C = 1.37.

Generating frequency tones for rotations and interactions
Quantum non-demolition measurements and Bragg rotations of 
momentum states were realized by a single laser coupled into the 
cavity18. We refer to this laser as the atomic probe. It was stabilized to 
the blue of the atomic transition ωa with a detuning of about 500 MHz.

Driving Bragg rotations between |p0 − ℏk〉 and |p0 + ℏk〉 required 
two different laser tones separated by ωz. These two tones were gen-
erated by first redshifting the atomic probe frequency by 75 MHz 
with an acousto-optic modulator (AOM) and then blueshifting it 
back with another AOM driven with two radio-frequency (RF) tones 
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at ωRF1 = 2π × 75 MHz and ωRF2 = (2π × 75 − ωz) MHz. The phase of the 
Bragg rotation ϕB = ϕRF2 − ϕRF1 was defined by the relative RF phases 
of ωRF2 and ωRF1. To compensate for the changing Doppler shift due to 
the free-falling, the frequency separation between the two tones was 
chirped by 25.11 kHz ms−1.

To drive the interactions, we needed two tones offset by 2ωz with 
the separation chirped by 50.22 kHz ms−1. This was again realized by 
first redshifting the atomic probe by 75 MHz with one AOM and then 
blueshifting it back with another AOM. In this case, the second AOM 
was driven by two RF tones at ωRF1 and ωRF3 = (2π × 75 − 2ωz) MHz. Here, 
ωRF3 = 2ωRF2 − ωRF1 was generated by first frequency-doubling ωRF2 then 
mixing with ωRF1 to shift the frequency back down after proper fre-
quency filtering. By doing so, we maintained the differential phase 
φint = (φRF3 − φRF1)/2 − φB between the Bragg rotations and the interac-
tions were stabilized. This differential phase could be rapidly controlled 
by the RF phase of ωRF2.

Data availability
The datasets generated during and analysed during the current study 
are available in the CU Scholar repository, with the identifier https://
doi.org/10.25810/kkbc-wm40.
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Extended Data Fig. 1 | Initial states for four-photon spectroscopy. Bloch sphere 
representation of the initial states used in the four-photon spectroscopy 
experiment. The initial Bloch vectors are prepared with polar angles θ = π/4 (red) 
and θ = 3π/4 (blue) in the y − z plane. At the mean-field level, the exchange 

interaction induces an azimuthal phase shift that rotates the initial Bloch vectors 
into (blue cross) or out of (red dot) the page. The coordinate axes are labeled as 
̂x, ̂y, and ̂z .

http://www.nature.com/naturephysics


Nature Physics

Article https://doi.org/10.1038/s41567-025-02866-0

(A) (B)

x

z

y

Extended Data Fig. 2 | Four-photon spectroscopy with initial states on the 
equator. (A) The initial Bloch vectors. (B) Interaction induced change in Jz as 
a function of the four-photon detuning for initial Bloch vectors with different 

azimuthal angles Φ = − π/4, 0 and + π/4 (yellow, green and blue circles). Data is 
fit with 68% confidence band and all error bars presented are 1σ uncertainties 
derived from 40 experimental trials.

http://www.nature.com/naturephysics


Nature Physics

Article https://doi.org/10.1038/s41567-025-02866-0

W
ith

 s
up

er
ra

di
an

ce
W

ith
ou

t s
up

er
ra

di
an

ce

Measured data Numerical simulation

Extended Data Fig. 3 | Experimentally measured local flow (upper) and numerical simulation result (lower). We present the data before (right) and after (left) 
subtracting the superradiance, which both match with the theory. Here, θ and Φ are the polar and azimuthal angle of the initial Bloch vector.
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