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1. INTRODUCTION

Many optical radiometric measurements quantify optical
power originating on the surface of an extended source that
is incident on a detector. Such measurements have many
purposes, e.g., determining effective blackbody emissivity,
detector responsivity, filter transmittance, or the area of a pre-
cision aperture that affects the throughput of an optical layout.
Quantifying the effects of the wave nature of light on optical
power measurements continues to be a topic of study because
diffraction can cause the effective throughput of optical systems
to differ from the geometrical throughput. In radiometry, the
difference is referred to as “diffraction effects” [1–12].

The vast majority of work considers diffraction by a single,
circular aperture, which arises in an optical system consisting of
three optics, a source, an aperture, and a detector, henceforth
referred to as a SAD system. SAD systems exhibit “first-order”
diffraction effects that vary as the first power of the wavelength,
λ, in the small-wavelength limit. For systems with four or more
elements, one can treat the first-order diffraction by identifying
SAD subsystems therein and combining their diffraction effects
additively. This work considers “second-order” diffraction
effects in four-element optical systems, where diffraction of
light from the source can occur in serial fashion at two elements
before the light reaches (or fails to reach) the detector. Perhaps
not surprisingly, the leading term in second-order diffraction
effects varies asλ2.

This work treats five scenarios that exhibit second-order
diffraction effects. Figure 1 shows the scenarios and identi-
fies them with three-letter abbreviations. The optical layouts
are shown in a cross section with the optic axis drawn using a
dot–dash legend. Elements are numbered from right to left.
The source is Element 0, and the detector is Element 3. Lines
labeled “A” and “B” trace marginal rays end-to-end through the
systems, and lines labeled “C” trace portions of other rays. Of

the five scenarios, the first two tend to impact measurements
most strongly.

In the “overfilled baffle” (OFB) scenario, the open (light-
passing) portion Element 2 (a baffle) is overfilled and fully
illuminated by the light that can pass through Element 1 from
the source. On the other hand, the perimeter of Element 2 is not
illuminated in the “underfilled baffle” (UFB) scenario. Element
1 also serves as a limiting aperture so that the throughputs of
the OFB and UFB systems shown are defined by Elements 1
and 3. In the “wide” and “narrow baffle pair” (WBP and NBP)
cases, the detector can view the entire source, so the throughput
is determined by Elements 0 and 3. The delineation when a
pair of intervening baffles is “wide” or “narrow” is articulated
later in this work. In the last scenario, the throughput is deter-
mined by Elements 1 and 2. Elements 0–2 and Elements 1–3
constitute two SAD subsystems. However, the diffraction losses
germane to each subsystem are not additive: there is a small gain
in flux because of second-order diffraction, to be referred to as a
double-loss gain (DLG).

In Section 2, formulas are derived for the leading term λ2

in second-order diffraction effects for all scenarios. Section 3
presents examples of results, including values obtained from
analytic formulas and values obtained from numerical calcu-
lations. Section 4 suggests avenues appropriate for extensions
to this work, and several technical details of the mathematical
methodology common across the scenarios are relegated to
appendices.

2. FORMULAS FOR SECOND-ORDER
DIFFRACTION EFFECTS

A. General Considerations

All systems treated in this work have cylindrical symmetry. In
order along the optic axis, four optical elements are numbered
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Fig. 1. Optical layouts exhibiting second-order diffraction.

0–3 and have radii R0 − R3. The distance from element a ≤ 2
to element a + 1 is da . Element 0 is the “source,” which emits
spatially incoherent radiation from every point on its surface
according to its spectral radiance, Lλ(λ). Element 3 is the
“detector.” If a point emitter at x0 on the source plane emits
radiation with a field strength initially of the form exp(iql)/l ,
with q = 2π/λ and l being distance from the source, then the
field strength at x3 is

ψ(r0, θ03; r3)=
R2

1 R2
2e i(φ0+φ3)

(iλ)2d0d1d2

∫∫ ∫ 1

0

∫ 1

0

∑
mm′m′′

× (−i)m+m′+m′′e−i(mθ01+m′θ12+m′′θ23)

× Jm(v0ρ1ρ0) Jm′(v1ρ1ρ2) Jm′′(v2ρ2ρ3)

× e iu1ρ
2
1/2e iu2ρ

2
2/2ρ2 dρ2 ρ1 dρ1dθ2dθ1.

(1)

Unless otherwise indicated, angles are integrated from 0 to
2π , m indices run over all integers, and others run from 0 to
+∞. Cylindrical radial and angular coordinates are ra = Raρa

and θa , Jm is a Bessel function of the first kind of order m, and
we have θab = θa − θb and

va =
q Ra Ra+1

da
, ua = q R2

a

(
da−1 + da

da−1da
−

1

fa

)
. (2)

We usually consider clear optics, but fa is finite in the case of a
powered optic. An overall phase, such asφ0 + φ3, is not of inter-
est in this work. Such phases are often abbreviated by ellipses
in what follows. They must be reconsidered when evaluating
the interference of light waves diffracting from different com-
binations of aperture edges. Equation (1) uses the generating
function for Bessel functions, which are summed over all orders.
Integration over θ1 and θ2 gives

ψ(r0, θ03; r3)=
(2π)2 R2

1 R2
2e i(...)

(iλ)2d0d1d2

∑
m

(+i)me−imθ03

×

∫ 1

0

∫ 1

0
Jm(v0ρ0ρ1) Jm(v1ρ1ρ2) Jm(v2ρ2ρ3)

× e iu1ρ
2
1/2e iu2ρ

2
2/2ρ2 dρ2ρ1dρ1.

(3)

Evaluating the field strength requires “radial” integrations
over ρ1 and ρ2 and summation over m. Appendix A describes
the method used for radial integrations.

Estimating second-order diffraction effects requires integrat-
ing the square of the above wave field over all values of ρ0, ρ3,
and θ03 of interest. In some cases, the result is a gain in flux, but
in other cases, it is a loss. The appropriate ranges of integration
over ρ0 or ρ3 may be values below 1 or values above 1. Second-
order diffraction effects on spectral power,18λ(λ), divided by
source spectral radiance, Lλ(λ), are as follows:

S =18λ(λ) /Lλ(λ)

=±2π R2
0 R2

3

∫∫ 1

0

∫ 1

0
|ψ(r0, θ03; r3)|

2

× ρ3dρ3ρ0dρ0dθ03. (4)

Summation over m can be done either when considering the
field or considering its square. Each choice has its advantages
and is discussed within each scenario as needed.

For the remainder of this section, the five scenarios men-
tioned in the Introduction are treated. The greatest amount
of space is devoted to the first scenario, with much of the
same methodology for other scenarios. When expressing
relative diffraction effects, the quantity S ′ = S/8G is more
useful than S. Here 8G is the geometrical throughput, with
8G = π

2 R2
1 R2

3/(d1 + d2)
2 in the OFB and UFB scenar-

ios, 8G = π
2 R2

0 R2
3/(d0 + d1 + d2)

2 in the WBP and NBP
scenarios, and8G = π

2 R2
1 R2

2/d
2
1 in the DLG scenario.

B. Scenario 1. Overfilled Baffle (OFB)

In the OFB case, one hasv0 > v1 + u1 and u2 > v1 + v2. Under
these circumstances, the radial integration (first overρ1 and then
overρ2) yields
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ψ ′(r0, θ03; r3)=
i R1e i(···)

R0ρ0(d1 + d2)

∑
m

(+i)me−imθ03

×

∑
klgp

(k + 1)l
l !

(p + 1)g

g !
(−iα)kβ l (iγ )g (−iωρ3)

p

× Jm+l+k+1(v0ρ0) Jm+l−g (v1) Jm+p(v2ρ3) .
(5)

[We introduce α = u1/(v0ρ0), β = v1/(v0ρ0), γ = v1/u2,
and ω= v2/u2.] The prime indicates that only the “boundary-
diffraction wave” part of the result [see Appendix B after
Eq. (B10)] is retained following integration over ρ2, because
only that part contributes to second-order diffraction effects.

Equation (5) also implies [ψ ′(r0, θ03; r3)]
∗, which can be

expanded using k′, l ′, g ′, p ′, and m′. It is henceforth assumed
that R1 is sufficiently small that the Bessel functions of v1

determine the range of m and m′ over which one must sum.
Hence, v2 >m for all relevant contributions to S. Integration
over θ03 implies only terms with m =m′ contribute to S. This
allows dropping factors (+i)m and (−i)m

′

and the replacement,
Jm′+p ′(v2ρ3)→ Jm+p ′(v2ρ3). This makes the m and m′ sums
separable, but each sum depends on θ03.

It is helpful to integrate over ρ3, then sum over m and m′

separately, and then integrate over θ03 using Chebyshev quadra-
ture. Integration over ρ3 (evaluated as shown by Appendix C)
depends only on m. One has

(i)p ′−p
∫ 1

0
ρ

1+p+p ′

3 Jm+p(v2ρ3) Jm+p ′(v2ρ3) dρ3

∼
1

πv2

 ∞∑
f=0


p+p ′

(im/v2)
f t ( f )

p ′−p

f !(1+ p + p ′ − f )
, (6)

with t defined in Eq. (C4). The subscript p + p ′ implies only
including over terms for which the index (or the sum of such
indices) has the same parity as the subscript. Terms not shown
in Eq. (6) include an oscillatory “ringing” component and a
constant of integration that are neglected.

One can sum over m and m′ separately using Graf’s theorem
and an extension in Eq. (A8) of Appendix A. For the m′ sum,
one has

B ′(θ03)=
∑

m

e+im′θ03

× Jm′+1+k′+l ′(v0ρ0) Jm′+l ′−g ′(v1)

=
1

2
exp
[
−i
(
l ′ − g ′

)
θ03 + iν ′χ3

]
×

[
H(1)
ν′
(W)+ H(2)

ν′
(W)

]
, (7)

with ν ′ = 1+ k′ + g ′, W = v0ρ0G , G =
(1+ β2

− 2β cos θ03)
1/2, and

e iχ3 =

(
1− βe−iθ03

1− βe+iθ03

)1/2

. (8)

One can likewise define η= v0ρ0 sin χ3, ν = 1+ k + g , and
B f (θ03), with

η f B f (θ03)=

+∞∑
m=∞

e−imθ03 m f

Jm+1+k+l (v0ρ0) Jm+l−g (v1)

∼
η f

2
exp[+i(l − g ) θ03 − iνχ3]

×
[
H(2)
ν (W)+ (−1) f H(1)

ν (W)
]

. (9)

If orders of summation over p , p ′, and f are interchanged,
but one requires that p + p ′ has the same parity as f , one has

S ′ ∼−
2

π2v2

∫
∞

1

1

ρ0

∫ ∑
f

(
+

iη
v2

) f

×

∑
klg

1

g !
(k + 1)l

l !
(−iα)kβ l (+iγ )g

×

∑
k′l ′g ′

1

g ′!

(
k′ + 1

)
l ′

l ′!
(+iα)k

′

β l ′(−iγ )g
′

× B f (θ03) B ′(θ03) M( f )
g g ′ (ω, ω) dθ03dρ0, (10)

with

M f
g g ′(ω, ω)=

∑
pp ′

(p + 1)g
(

p ′ + 1
)

g ′ω
p+p ′ t ( f )

p ′−p

f !(1+ p + p ′ − f )


f

,

(11)
means to evaluate which are given in Appendix D, with formulas
for all f + g + g ′ ≤ 2.

In Eqs. (7) and (9), one has large W and ν and ν ′ of order
unity for all appreciable contributions to S. Only two of the four
products of Hankel functions in B f (θ03)B ′(θ03) contribute
substantially, giving

B f (θ03) B ′(θ03)∼
e iφB

2πW

[
(+i)ν−ν

′

+ (−1) f (−i)ν−ν
′
]
,

(12)
with the abbreviation φB = (l − l ′ − g + g ′)θ03 − (ν − ν

′)χ3.
If one regroups the±i factors accompanying α and γ in Eq. (5)
and its conjugate with this product, one has

(−i)k(+i)k
′

(+i)g−g ′ B f (θ03) B ′(θ03)

∼
e iφB

2πW

[
(−1)g+g ′

+ (−1) f+k+k′
]

. (13)

Summing over k, l , k′, and l ′ [with help from Eq. (8)] and
definingφg = (g ′ − g )(θ03 + χ3), one has
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S ′ ∼−
(

1

π 3v0v2

) ∫
∞

1

∫
1

ρ2
0 G

∑
f g g ′

(
+

iη
v2

) f

×
γ g+g ′ e iφg

g !g ′!
M f

g g ′(ω, ω)

(
(−1)g+g ′

(G − α)2
+

(−1) f

(G + α)2

)
dθ03 dρ0.

(14)

The value of R1 affects this as a factor in v0, α, γ , and η. For
sufficiently small R1, it is only necessary to sum over a few values
of f , g , and g ′, and the integration is amenable to efficient
quadrature. Taylor’s expansion of 1/(G ± α)2 facilitates the
identification of terms in S ′ varying scaling as odd powers of R1.
For small R1, these tend to dominate second-order diffraction
effects.

C. Scenario 2. Underfilled Baffle (UFB)

The foregoing analysis can be repeated with suitable modifica-
tions to estimate second-order diffraction effects in the UFB
case. Three differences arise in doing so: first, it is helpful to
integrate over ρ2 before integrating over ρ1. Second, integration
over ρ0 is over values smaller than unity. Adhering to the above
two statements ensures v0ρ0 < v1 when using Graf’s theorem
to facilitate the integration over ρ1. Therefore, third, the last
inequality favors the expansion of (v1 − v0ρ0e±iφ)−1 about
v0ρ0 = 0. This leads to

S ′ ∼+
(
v0

v1

)2( 1

π3v2v1

) ∫ 1

0

∫ ∑
f g g ′

×

(
+

iη
v2

) f (γ e iχ3
)g (
γ e−iχ3

)g ′

g !g ′!
M f

g g ′(ω, ω)

×

(
1

(G − α)2
+
(−1) f+g+g ′

(G + α)2

)
dθ03

G
ρ0 dρ0, (15)

but now withα = u1/v1,β = v0ρ0/v1, andη= v1 sin χ3.

D. Scenario 3. Wide Baffle Pair (WBF)

In Scenarios 3 and 4, the ordering of optics is chosen to have
v0 > v2. If the baffles are sufficiently “wide,” one also has
v1 > v2. One can first integrate over ρ1 and ρ2 in either
order. The second-order field, with γ1 = v1/u1, γ2 = v1/u2,
ω1 = v0/u1, andω2 = v2/u2, is

ψ ′′(r0, θ03; r3)=
d1e i(···)

(d0 + d1)(d1 + d2)

∑
klk′l ′

×
(k + 1)l

l !

(
k′ + 1

)
l ′

l ′!
ρk

0ρ
k′
3

× (−iω1)
k(+iγ1)

l (+iω2)
k′(−iγ2)

l ′

×

∑
m

(i)me−imθ03 Jm−k′ (v2ρ3) Jm+k(v0ρ0)

× Jm+l ′−l (v1) .
(16)

Reciprocity conditions are satisfied despite the different
forms of order of the first and last Bessel functions because m
runs from −∞ to +∞. The denominator in the prefactor
makes sense if one likens second-order diffraction to a series of
two first-order diffraction events. A factor, d0 + d1, arises in
the denominator in a SAD case with a baffle. Here, the sum of
distances upstream and downstream of an aperture appears in
the denominator in each event, whereas the d1 in the numera-
tor prevents double counting of the denominator because the
“departing” wave of the first event is also the “arriving” wave of
the second event.

Integration over ρ0 can be done in much the same way as that
over ρ3 in the OFB case, because v2 limits the values of m. If
a triangle has two sides of length v1 and v2ρ3 and an angle θ03

between them, W = Gv1 is the length of the other side, andχ is
the angle between sides of length v1 and W , then the remaining
vertex angle isϒ = π − θ03 − χ , and one can show

S ′ ∼
d2

1 (d0 + d1 + d2)
2

π3v0v1(d0 + d1)
2(d1 + d2)

2

∑
flL

M f
lL(ω1, ω1)

l !L !

×

∫ ∫ 1

0

(
γ1e iχ

)l (
γ1e−iχ

)L

G

(
iv1 sin χ

v0

) f

×

[
1(

1−ω2ρ3e iϒ − γ2e−iχ
)(

1−ω2ρ3e−iϒ − γ2e iχ
)

+
(−1) f+l+L(

1+ω2ρ3e iϒ + γ2e−iχ
)(

1+ω2ρ3e−iϒ + γ2e iχ
)]

× ρ3dρ3dθ03.
(17)

E. Scenario 4. Narrow Baffle Pair (NBP)

It is also possible that one has v1 < v2. Then v1 determines the
range of relevant values of m, and integration over ρ3 can be
done as for ρ0 in the WBP case. Following integration over θ03,
Appendix A shows how to estimate

+∞∑
m=−∞

m f+ f ′ Jm+l ′−l (v1) Jm+L ′−L(v1)= A(p, n) , (18)

which introduces a new function of two integers, with

A(p, n)=C(p,(p + n) /2)/2p (19)

if n and p have the same parity and |n| ≤ p ; otherwise one has
A(p, n)= 0. This leads to

S ′ ∼
4d 2

1 (d0 + d1 + d2)
2

π 2v0v2(d0 + d1)
2(d1 + d2)

2

∑
f f ′

(
iv1

v0

) f(
−

iv1

v2

) f ′

×

∑
l l ′L L ′

(iγ1)
l (−iγ2)

l ′(−iγ1)
L(+iγ2)

L ′

l !l ′!L !L ′!

× A
(

f + f ′, l − l ′ − L + L ′
)

M f
lL(ω1, ω1) M f ′

l ′L ′(ω2, ω2) .
(20)
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F. Scenario 5. “Double-Loss” Gain (DLG)

When each inner optic serves as a limiting aperture for the other,
integration over ρ1 and ρ2 can be done in close analogy to inte-
gration over ρ1 in the OBF and UBF cases. With α = u1/v0,
ω= v1/v0, α′ = u2/v2, ω′ = v1/v2, v1 < v0, |u1|< v0 − v1,
v1 < v2, and |u2|< v2 − v1, p = k + l , h = k′ + l ′, one
obtains

ψ(r0, θ03; r3)

=
R1 R2e i(...)

d1 R0 R3

∑
m

(i)me−imθ03

×

∑
kl

C(p, k)
(−iα)kωl

ρ
1+p
0

∑
k′l ′

C
(
h, k′

) (+iα′)k
′

ω′
l ′

ρ1+h
3

×Jm+1+p(v0ρ0) Jm+l−l ′(v1) Jm−1−h(v2ρ3) .
(21)

Expressing sums in the conjugate with upper-case indices and
a use of an analog of Eq. (6) leads to

S ′ =
4

π 2v0v2

∑
kl ...K ′L ′

C(p, l) · · ·C
(
H, L ′

)
(−iα)k · · ·ω′L

′

×

(∑
f

i P−p− f ω f t ( f )
P−p

f !(1+ p + P + f )

)
P+p

(∑
g

i H−h−gω′
g t (g )H−h

g !(1+ h + H + g )

)
H+h

×A
(

f + g , l − l ′ − L + L ′
)

.
(22)

3. RESULTS

In all results presented, only spectral power incident on the
detector is considered (not total power). If geometrical optics
were an exact description of radiometry, the throughput would
be the ratio of spectral power to source spectral radiance. The
diffraction effects can be quantified as a relative change in
that ratio. For instance, in the OFB scenario, the throughput
is determined by the two-element subsystem consisting of
Element 1 and Element 3, referred to as “13.” Two SAD subsys-
tems, denoted “013” and “123” because of the three elements
included (noting that Element 1 is the effective source in the
“123” case), contribute to a diffraction loss and gain, respec-
tively. However, the diffraction effects are not additive, and the
non-additivity, N, is given by

NOFB = [80123 +813 −8012 −8123] /813. (23)

Each8 term is the spectral power incident on the detector in
a system that only includes elements indicated. Note that N is a
dimensionless quantity. In analogy to Eq. (25), one also has

NUFB = [80123 −8013] /813, (24)

NWBP = [80123 +803 −8013 −8023] /803, (25)

NNBP = [80123 +803 −8013 −8023] /803, (26)

and

NDLG = [80123 +812 −8012 −8123] /812. (27)

(NWBP and NNBP are two instances of the same non-
additivity, but they have different formulas, whichever applies.)
In each case, the denominator is 8G . Obviously, one has
N = S ′. One can introduce SG such that

N = S ′ = SG + · · ·, (28)

with SG being one of the first terms derived in the previous
section. It is presumed that, for λ→ 0, terms omitted are
oscillatory and/or vanish more quickly thanλ2.

The terms on the right-hand sides of Eqs. (23)–(27) can be
computed using diffraction calculation software with computa-
tion time scaling roughly as λ−3 [13]. This makes calculations
more difficult for small λ, which is where N is best approxi-
mated by its leading term. In this section, numerical results are
presented based on four (or three in the UFB case) calculations
of spectral power versus λ using the method of Rubin et al. [13].
A plot of N and SG vs λ will generally appear more favorable
than a plot with N/λ2 and SG/λ

2. Both types of plots appear
in this work. The remainders that arise from S ′ − SG are also
shown in all relevant figures with the same scaling.

Figure 2 shows NOFB and the corresponding SG for a situ-
ation realistically mimicking actual blackbody calibrations in
the NIST low-background infrared (LBIR) facility, with R0,
R2, R3, d0, d1, and d2 being 11.8235, 8.2225, 9.9965, 63.144,
140.854, and 894.867 mm, and R1 having values 0.3, 1.1,
and 1.5 mm. The figure shows R1 NOFB and R1SG , which is
a smooth curve. Multiplication by R1 better elicits the subtle
dependence of effects of R1. To realize an underfilled baffle,
Fig. 3 shows analogous results, but with d0 = 631.44 mm.
(Underfilled baffles have also arisen in other LBIR geometries.)
Values of R1 were 0.3, 0.9, and 1.5 mm.

Figures 4 and 5 present results for layouts featuring a pair
of baffles. These layouts, which again borrow from LBIR situ-
ations, had R0, R1, R2, d0, d1, and d2 being 9.9965, 16.465,

Fig. 2. Scaled OFB effects for three values of R1.
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Fig. 3. Scaled UFB effects for three values of R1.

Fig. 4. Second-order diffraction effects for two scenarios.

8.2225, 163.008, 731.859, and 140.854 mm. R3 varied layout-
to-layout, with values below about 3.169 mm implying v1 > v2

(WBP case) and values above about 3.169 mm implying v1 < v2

(NBP case). Figure 4 shows SG/λ
2 versus R3. The different

behavior on either side of the WBP–NBP threshold is clear and
reminiscent of trends in SAD cases when either the source or
detector subtends a larger solid angle at the aperture. Sufficiently
close to the threshold, the formulas for S should fail. Figure 5
shows SG/λ

2 and N/λ2 for the same wavelength region but five
values of R3 on either side of the threshold.

Figure 6 shows results for N/λ2 versus λ2 for optics with
parameters given in Table 1. The points are numerical results,
the solid lines show SG/λ

2, and the dashed line shows a fit for
N/λ2

=mλ2
+ b because of the strong wavelength dependence

of the numerical results in Layout 4. Layout 3 and Layout 4
are the only two instances of powered optics considered in this

Fig. 5. Second-order diffraction effects for two scenarios.

Fig. 6. DLG results for four layouts discussed in the text.

Table 1. Parameters of Four-Optic Layouts

Layout R0, R1, R2, R3 (mm) d0, d1, d2 (mm) f1 (mm)

1 25, 2.5, 2.5, 25 50, 2000, 50
2 20, 2.5, 2.2, 15 50, 2000, 50
3 5, 37.5, 2.5, 4.2 180, 2000, 50 180
4 5, 37.5, 2.5, 3.8 180, 2000, 50 180

work. The worst relative discrepancy for the λ→ 0 limit in
Fig. 6 proved to be smaller than 10−4.

4. CONCLUSION

This work derives formulas for the leading term in expressions
for second-order diffraction effects in practical radiometry.
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Much of the innovation benefits from Graf’s addition theorem
and other properties of special functions. First-order diffraction
effects can be computed with very high efficiency [12], whereas
the computation time for systems with more than three ele-
ments should scale as λ−3 [13]. It is therefore useful to be able
to estimate the main part of second-order diffraction effects
at small λ without such a computational cost. As an example,
the calculation of the numerical result for λ= 3 µm in the
middle panel of Fig. 5 required about 2400 s (taking 150 s when
the work was spread across 40 cores) versus about 1 s required
for SG .

This work may be extended in several ways. The total power
(as opposed to spectral power) and diffraction effects thereon
are also of interest, as treated, for instance, in Ref. [12]. The
present results can be extended in that way, generally leading
to a correction scaling as T−2 for a Planck source with tem-
perature T. Interference of different boundary-diffraction
waves [14], which themselves enter at various orders, might
also be addressed using methods developed in this work. In the
case of total power for a Planck source, however, such inter-
ference effects should almost always lead to relative changes
in flux varying roughly as T−3 (or T−2 in cases of accidentally
strong interference). Thus, asymptotic formulas for diffraction
effects on blackbody calibrations might have small remainders
proportional to T−3. (The remainders should still be much
smaller than other known contributions that vary as T−3 and
T−3loge T.)

Vignetting effects on diffraction were assiduously avoided
when selecting the layouts considered here. Such effects often
arise in optical layouts with many elements. (For instance, a
portion of the detector may view only part of the edge of a baffle,
whereas the central portion of the detector views all the edge.)
Vignetting effects likely involve optical elements with relatively
small impact on measurements, but a more explicit treatment
of vignetting effects on first- and second-order diffraction errors
could also be helpful in practical radiometry.

APPENDIX A: APPROXIMATE EXTENSIONS
OF GRAF’S ADDITION FORMULA

Suppose a1, a2, and p > 0 are integers with absolute values not
much larger than unity. Let

S p =
∑

m

Jm+a1(u1) Jm+a2(u2) e imφm p . (A1)

Graf’s addition theorem gives

S0 = e i8 Ja1−a2(w) , (A2)

with8=−a2φ + (a1 − a2)χ ,

w= (u2
1 + u2

2 − 2u1u2 cos φ)1/2, (A3)

and

e iχ
=

(
u1 − u2e−iφ

u1 − u2e+iφ

)1/2

. (A4)

This is the ratio of two factors whose product is w. Hence,
we±iχ

= u1 − u2e∓iφ and S p are periodic with respect to φ

with straightforward Fourier series, a fact much exploited in this
work. If u1 and u2 are the lengths of two sides of a triangle with
an angleφ between them,w is the length of the third side, andχ
is the angle between the sides of length u1 and lengthw.

Radial integrations mentioned in the text can be done by
recognizing a product of two Bessel functions as a Fourier
coefficient according to

Jm+a1(uρ) Jm+a2(vρ)

=
1

2π

∫
e−i(m+a2)φe i(a1−a2)χ Ja1−a2(wρ) dφ. (A5)

Here e i(a1−a2)χ depends on φ but not ρ, and the radial
integration (over ρ) can be carried out inside the angular (φ)
integral. Methods for the radial integration with one Bessel
function are described in Appendix B. Fourier coefficients of
every factor in the outer, angular integrand can subsequently be
identified, in part by recasting a product found within the inte-
grand, of general form e±i(a1−a2+c )χ Ja1−a2+c (w), as an infinite
sum of products of Bessel functions given by Graf’s theorem, but
without a factor of ρ in the arguments. In general, one must also
sum over a range of values of c . The range follows from the radial
integration.

Suppose u1 > u2 > 0 with u1 − u2 much larger than unity.
One can express Ja1−a2(w) as two Hankel functions. Becausew
is much larger than unity, one has

H(1)
a1−a2

(w)∼

(
2

πw

)1/2

(−i)a1−a2e i(w−π/4) (A6)

and likewise for H(2)
a1−a2

(w). Applying 2ν Jν(z)=
z[Jν−1(z)+ Jν+1(z)] repeatedly gives

m p Jm+a1(u1)∼
(u1

2

)p
p∑

s=0

C(p, s ) Jm+(a1−p+2s )(u1) .

(A7)
The terms that are not shown in Eq. (A7) are smaller by a fac-

tor that isO(u−1
1 ) than the terms that are shown. This implies

S p ∼
u p

1 e i8

2p+1

p∑
s=0

C(p, s ) e i(2s−p)χ
[

H(1)
a1−p+2s−a2

(w)

+ H(2)
a1−p+2s−a2

(w)
]

∼
e i8

2

[
(u1 sin χ)p H(1)

a1−a2
(w)

+ (−u1 sin χ)p H(2)
a1−a2

(w)
]

. (A8)

If the power series in m of a function f (m) converges suf-
ficiently rapidly, the replacement m p

→ f (m) in Eq. (A1)
would be accommodated in Equation (A8) by replacements
(±u1 sin χ)p

→ f (±u1 sin χ). If u1 = u2 and is large, while
φ = 0, one also has
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S p ∼

(u1

2

)p
p∑

s=0

C(p, s )
∑

m

Jm+a1−p+2s (u1) Jm+a2(u1)

= u p
1 A(p, a1 − a2) .

(A9)

This uses Neumann’s addition theorem and the fact,
Jm(0)= δm0. A is zero unless a1 − a2 and p have the same
parity with p ≥ |a1 − a2|. One also has

∑
+∞

a=−∞ A(p, a)= 1.

APPENDIX B: INTEGRALS RELATED TO
LOMMEL FUNCTIONS

One can evaluate the integral

Il (u, v)=
∫ 1

0
e iuρ2/2ρl+1 J l (vρ) dρ (B1)

with u, v > 0 and integer l , using repeated integration by parts.
The relation

d
dz

(
zm+1 Jm+1(z)

)
= zm+1 Jm(z) (B2)

gives

d
dρ

(
ρm+1 Jm+1(vρ)

)
= vρm+1 Jm(vρ) . (B3)

For u < v, this implies

Il (u, v)=
1

v

∫ 1

0
e iuρ2/2 d

dρ

(
ρl+1 J l+1(vρ)

)
dρ

= ρl+1 J l+1(vρ)
e iuρ2/2

v

∣∣∣∣∣
1

0

−
iu
v

1
∫
0

e iuρ2/2ρl+2 J l+1(vρ) dρ

= ρl+1 J l+1(vρ)
e iuρ2/2

v

∣∣∣∣∣
1

0

−
iu
v

Il+1(u, v) . (B4)

Only the upper-limit part contributes to the first term, and
the large l limit of Il (u, v) vanishes. This implies

Il (u, v)=
e iu/2

v

∞∑
k=0

(
−

iu
v

)k

J l+1+k(v)

=
e iu/2

(−iu)

∞∑
k=0

(
−

iu
v

)k+1

J l+1+k(v) . (B5)

For u > v, one has

Il (u, v)=
∫ 1

0
ρl J l (vρ)

d
dρ

(
e iuρ2/2

iu

)
dρ

= ρl J l (vρ)
e iuρ2/2

iu

∣∣∣∣∣
1

0

−
v

iu

∫ 1

0
ρl J l−1(vρ) e iuρ2/2dρ

= ρl J l (vρ)
e iuρ2/2

iu

∣∣∣∣∣
1

0

+
iv
u

Il−1(u, v) . (B6)

In general, one has

Il−k(u, v)= (−v)k−l
∫ 1

0

(
Jk−l (vρ)

(vρ)k−l

)
e iuρ2/2ρdρ, (B7)

which vanishes in the k→+∞ limit as

Il−k(u, v)∼
(
−
v

2

)k−l e iu/2
− 1

iu0(k − l + 1)
. (B8)

Repeated integration by parts therefore gives

Il (u, v)=
e iu/2

iu

∞∑
k=0

(
iv
u

)k

J l−k(v)

−
1

iu

∞∑
k=l

(
iv
u

)k

lim
ρ→0

ρl−k J l−k(vρ) . (B9)

(In the second sum, terms with k < l would be zero.) This
gives

Il (u, v)=
e iu/2

iu

∞∑
k=0

(
iv
u

)k

J l−k(v)

−
1

iu

(
iv
u

)l ∞∑
k=l

(
−

iv
u

)k−l

lim
ρ→0

(
Jk−l (vρ)

ρk−l

)

=
e iu/2

iu

∞∑
k=0

(
iv
u

)k

J l−k(v)

−
1

iu

(
iv
u

)l ∞∑
k=0

1

0(k + 1)

(
−

iv2

2u

)k

=
e iu/2

iu

∞∑
k=0

(
iv
u

)k

J l−k(v)

−
1

iu

(
iv
u

)l

e−iv2/(2u).

(B10)

In the case of diffraction by a non-limiting aperture, the radi-
ation field strength has a “geometrical wave” part, which would
be the field strength in the case of the aperture’s radius going
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to infinity, plus a “boundary-diffraction wave” part. Phases of
exponentials in Eq. (B10) indicate an analogous interpreta-
tion here. The first term, whose leading phase factor depends
on aperture radius, would be related to a boundary-diffraction
wave. The second term, whose phase does not depend on
aperture radius, would be related to a geometrical wave.

APPENDIX C: SEVERAL RADIAL INTEGRALS
WITH BESSEL FUNCTIONS

If one has integers p and p ′ not much larger than unity, integer
m, α =m + p , α′ =m + p ′, and v sufficiently larger than |m|
to be beyond the transition region, Jα(v)Jα′(v) consists of a
smooth part and a self-averaging oscillatory part. The smooth
part of Jα(v)Jα′(v) is the real part of

Aαα′(v)∼
(i)α

′
−α

πv

∞∑
k,l=0

1

k!l !

(
−

i
2v

)k(
+

i
2v

)l

×

(
1

2
− α

)
k

(
1

2
+ α

)
k

(
1

2
− α′

)
l

(
1

2
+ α′

)
l

=
(i)α

′
−α

πv

∞∑
f=0

1

f !

(
i

2v

) f f∑
k=0

(− f )k
k!

×

(
1

2
− α

)
k

(
1

2
+ α

)
k

(
1

2
− α′

)
f−k

(
1

2
+ α′

)
f−k

.

(C1)

This is an expansion in powers of both v and m. The use of(
1

2
± α′

)
f−k
=

(−1)k
(

1
2 ± α

′
)

f(
1
2 ∓ α

′ − f
)

k

(C2)

gives (using Džrbasjan’s sum formula in the last step)

Aαα′(v)∼
(i)α

′
−α

πv

∞∑
f=0

1

f !

(
i

2v

) f(1

2
− α′

)
f

(
1

2
+ α′

)
f

× 3 F2

(
− f , 1

2 + α,
1
2 − α

1
2 + α

′
− f , 1

2 − α
′
− f ; 1

)

=
(i)α

′
−α

πv

∞∑
f=0

1

f !

(
i

2v

) f(1

2
− α′

)
f

(
1

2
+ α′

)
f

×

(
1
2 (1+ α + α

′
− f )

)
f

(
1
2 (α

′
− α − f + 1)

)
f(

1
2

(
1
2 + α

′ − f
))

f

(
1
2

(
3
2 + α

′ − f
))

f

.

(C3)

One can introduce

t ( f )
α′ −α
= 2 f

(
1

2

(
α′ − α − f + 1

))
f
. (C4)

For large m, one has(
1
2

(
1+ α + α′ − f

))
f

(
1
2 − α

′
)

f

(
1
2 + α

′
)

f(
1
2

(
1
2 + α

′ − f
))

f

(
1
2

(
3
2 + α

′ − f
))

f

∼ (−4m) f .

(C5)

This is the leading term in a descending power series in m,
and for each power of v in Aαα′(v), namely v−1− f , only the
power m f is of interest. For large v, the asymptotic behavior of
the following integral (considering the smooth part only) can be
approximated as follows:

∫ v1+p+p ′ Jm+p(v) Jm+p ′ (v) dv

∼ Re

 i p ′−pv1+p+p ′

π

∑
f

(−im/v) f t ( f )
p ′−p

f !(1+ p + p ′ − f )

 . (C6)

APPENDIX D: VARIOUS DOUBLE SUMS

In this work, double sums arise of the form

M f
g g ′(µ, ν)=

∑
pp ′


f

(p + 1)g
(

p ′ + 1
)

g ′ t
( f )
p ′−pµ

pν p ′

f !(1+ p + p ′ − f )
.

(D1)
For g = g ′ = 0, such a sum is also denoted by M f (µ, ν). The

parameters µ and ν can be complex but are smaller in absolute
value than 1, while f , p , p ′, g , and g ′ are all non-negative inte-
gers, and the subscript f indicates that summation is only over
pairs of p and p ′ for which f and p + p ′ have the same parity.
Because one has t ( f )

p ′−p = (−1) f t ( f )
p−p ′ , one may write

M f (µ, ν)= s f (µ, ν)+ (−1) f s f (ν, µ)+m f (µ, ν) .
(D2)

Here s f (µ, ν) is a partial sum as in Eq. (D1), but only for
p ′ − p ≥ f . From Eq. (C5), one has

t ( f )
f+2s = 2 f

(
s +

1

2

)
f
= 2 f

(
1

2

)
f

( f + 1/2)s
(1/2)s

, (D3)

which implies

s f (µ, ν)=
2 f (1/2) f

f !
ν f
∑

st

( f + 1/2)s (1)s ν
2s (µν)t

s !(1/2)s (1+ 2s + 2t)

=
2 f (1/2) f

f !
ν f
∫ 1

0

F
(

f + 1/2, 1; 1/2; ν2x 2
)

1−µνx 2
dx .

(D4)

This can be found for successive f by numerical integration.
One can next introduce (with loge 1= 0 and its branch cut on
the argument’s negative real axis)

3= F
(

1

2
, 1;

3

2
;µν

)
=

1

2
√
µν

loge

(
1+
√
µν

1−
√
µν

)
. (D5)

One has m0 =−3, m1 = 0, and m2(µ, ν)= (1−µν3)/2
because, for f > 1, one has m f = (3a f + b f )/ f !, with
a f =

∑ f−1
a=1 t ( f )

f−2aµ
aν f−a and

b f =

∑
pp ′


f ,p+p ′< f

t ( f )
p ′−pµ

pν p ′

1+ p + p ′ − f
. (D6)
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For g + g ′ > 0, properties of unsigned Lah numbers L imply
(p + 1)gµp

= Dg (µ)µ
p , which involves the operator

Dg (µ)=
1

µ

g∑
k=0

L(g , k) µk
(

d
dµ

)k

µ, (D7)

and likewise for ν, p ′, and g ′ [Non-zero Lah numbers are
L(0, 0)= 1 and L(g , k)=C(g − 1, k − 1)g !/k!],

M f
g g ′(µ, ν)= Dg (µ) Dg ′(ν) M f (µ, ν) (D8)

and find derivatives of µνM f (µ, ν) numerically. For µ= ν =
ω, the independent leading non-zero double sums are

M0 =
1

1−ω2 , M1
10 =−ω

(
3+ω2

3(1−ω2)
3

)
,

M2 =
3+6ω2

−ω4

6(1−ω2)
3 , M0

11 =
3+ω2

3(1−ω2)
3 ,

M0
10 =

1

(1−ω2)
2 , M0

20 = 2

(
3+ω2

3(1−ω2)
3

)


. (D9)
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