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Low-depth random circuit codes possess many desirable properties for quantum error correction but have
so far only been analyzed in the code capacity setting where it is assumed that encoding gates and syndrome
measurements are noiseless. In this work, we design a fault-tolerant distillation protocol for preparing encoded
states of one-dimensional random circuit codes even when all gates and measurements are subject to noise. This
is sufficient for fault-tolerant quantum memory since these encoded states can then be used as ancillas for Steane
error correction. We show through numerical simulations that our protocol can correct erasure errors up to an
error rate of 2%. In addition, we also extend results in the code capacity setting by developing a maximum
likelihood marginal decoder for depolarizing noise similar to work by Darmawan et al. [Phys. Rev. Res. 6,
023055 (2024)]. As in their work, we formulate the decoding problem as a tensor network contraction and show
how to contract the network efficiently by exploiting the low-depth structure. Replacing the tensor network with
a so-called “tropical” tensor network, we also show how to perform minimum weight decoding. With these
decoders, we are able to numerically estimate the depolarizing error threshold of finite-rate random circuit codes

and show that this threshold closely matches the hashing bound even when the decoding is suboptimal.

DOLI: 10.1103/PhysRevResearch.7.013040

I. INTRODUCTION

Random codes have long been a primary object of study
in classical coding theory as they are known to achieve the
capacity of noisy channels [1]. As a result, codes of this type
have gained widespread use in practice in the form of random
low-density parity check (LDPC) codes [2—4]. Recent work
in quantum information theory suggests that random encod-
ing techniques should enjoy similar success in the quantum
setting [5—11]. In particular, the decoupling theorem devel-
oped by Hayden et al. demonstrates that encoding with Haar
random unitaries achieves the quantum channel capacity [12].

It is also known that the smaller set of random Clifford uni-
taries generates good (finite rate and linear distance) codes. In
fact, it has been proven that these codes achieve the quantum
Gilbert-Varshamov bound even for O(log> n)-depth encoding
circuits [7]. More recently, Ref. [10] showed that O(logn)-
depth geometrically local circuits in one or higher dimensions
are sufficient to encode random codes that approach or sat-
urate, respectively, the capacity of the erasure channel. One
advantage of these codes is that the rate and error threshold
can be easily tuned to reach a desired tradeoff. This is not
the case for many quantum codes where the rate is often a
fixed property of the code such as with the toric code [13].
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Hypergraph product codes have a similar property in that
the rate can be adjusted by changing the underlying classical
codes [14,15]; however, these codes are generally nonlocal
which presents challenges for experimental realization.

These results demonstrate some potential of low-depth ran-
dom circuit codes for quantum error-correction. However, a
complete picture of fault tolerance is still missing. In the pre-
viously mentioned results the encoding circuit and syndrome
measurements are assumed to be noiseless. This setting is
known as the code capacity setting, which only considers one
layer of errors in between encoding and decoding for a given
code.

In this work, we utilize low-depth random circuit codes
in the setting of a fault-tolerant quantum memory. Specifi-
cally, we outline an error correction protocol that succeeds
even when all circuit operations are subject to erasure er-
rors. Erasure errors, while not as general as Pauli errors, are
nonetheless an important error model to study. They are a
helpful benchmark of error correction performance [16,17].
Moreover, in many circumstances there exist techniques to
convert the dominant source of error into erasure errors.
For example, such protocols have been shown for quantum
hardware based on neutral atoms, trapped ions, and supercon-
ducting qubits [18-21].

To combat these midcircuit erasure errors, we employ
Steane error-correction gadgets [22], which minimally spread
errors while performing syndrome extraction. The main pre-
requisite for Steane error correction is the ability to prepare
encoded ancilla states. We show that this can be accomplished
for low-depth encoding circuits using a distillation protocol
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composed of bit-flip and phase-flip correction gadgets that
closely mirror Steane error correction itself. In addition, this
protocol can be naturally executed on the reconfigurable atom
array platform [23,24].

The performance of our error correction routine is evalu-
ated through numerical simulations, which indicate that it can
sustain erasure errors up to an error rate of approximately 2%.
In our first simulation, we study the entropy of the output state
of our distillation protocol. The second simulation then uses
these states to execute the full Steane error correction gadget.
Performance is evaluated by maximally entangling the data
block with a reference and studying the quantum mutual infor-
mation between the two after applying many rounds of error
correction. This mutual information can be exactly related to
the failure rate of the optimal erasure decoder. Finally, we
describe an efficient implementation of this erasure decoder
utilizing the spacetime code framework of Refs. [25,26]. In
the numerical simulations, the scaling behavior is studied by
varying the encoding depth d and the number of rounds of
distillation g. Our results consistently indicate threshold be-
havior at an error level of roughly p = 0.02. This result shows
promising evidence that low-depth random circuit codes can
be used for fault-tolerant quantum memory.

Similar results have previously been achieved for a wide
variety of other codes including the surface code [27-29],
LDPC codes [30-32], hyperbolic Floquet codes [33,34], and
others. In addition there has also been exciting progress on
the experimental realization of these fault-tolerant schemes
[35-39]. Our particular approach shows that a high thresh-
old can be achieved at the cost of an overhead that depends
exponentially on the encoding depth. As shown in Ref. [10],
it is sufficient for the encoding depth to scale logarithmically
in the number of qubits, and so the exponential overhead with
respect to the depth is in turn polynomially large in terms of
the number of qubits.

In addition to developing the fault-tolerant picture, we
also present practical tools for decoding low-depth random
circuit codes in the code capacity setting. Whereas decoding
random stabilizer codes is hard in general (optimal decoding
is #P-Complete for arbitrary quantum stabilizer codes [40]),
low-depth random circuit codes naturally possess a quasilocal
structure that can be exploited for efficient decoding. Utilizing
this local structure, we present two different polynomial-time
decoding algorithms for finite-rate, low-depth random-circuit
codes. The first of these is nearly optimal in the sense that
it determines the most likely error on each logical qubit while
marginalizing over the rest as is also the case in Ref. [41]. This
is closely related to maximum likelihood decoding, which
finds the most likely logical error over all logicals at once.
The second decoder we present is a minimum weight decoder,
meaning it finds the minimum weight error that is consistent
with the syndrome measurement. Minimum weight decoders
of this type greatly simplify the decoding problem and can
lead to faster decoding implementations [28,42]. Both decod-
ing algorithms have runtimes that scale exponentially with
circuit depth, which is still efficient when the depth grows no
faster than logarithmically in the number of qubits.

Armed with these decoding algorithms, we show that
low-depth random-circuit codes maintain high perfor-
mance against the depolarizing channel, which is a more

challenging setting than the previously studied erasure chan-
nel. More specifically, we show that the threshold of this
family of codes closely matches the hashing bound, which
supports the results of Darmawan et al. [41]. We also employ
the suboptimal minimum weight decoder and show that its
performance is comparable to the optimal decoder across a
range of encoding rates. Our results are complementary to
tensor-network decoding algorithms appearing in Ref. [41],
which were developed independently and contemporaneously
with the algorithms presented here. While the maximum-
likelihood marginal decoder shares many similarities with the
tensor-network decoder of Darmawan et al., the minimum
weight decoder instead utilizes tropical algebra and builds on
recent developments in numerical spin glass techniques [43].
This tropical tensor network decoder allows us to demonstrate
a high threshold even in the setting of suboptimal decoding.
Although the algorithms were developed independently, we
adopt the same setup as Ref. [41] for our code capacity nu-
merical simulations.

A primary technique that we utilize throughout is a well-
known mapping between stabilizer codes and classical Ising
spin models [28,44]. In this framework, decoding is equiva-
lent to minimizing the free energy of the spin model. When
the temperature of the model is set according to the Nishi-
mori conditions [45], this minimization problem corresponds
to maximum likelihood decoding. Alternatively, when the
temperature approaches zero, minimizing the free energy is
equivalent to finding the minimum weight error [44].

The paper is organized as follows: we begin in Sec. II
by describing the specific class of low-depth random-circuit
codes considered in this work. Next, in Sec. III we formally
define the quantum decoding problem and review the map-
ping from stabilizer codes to classical Ising spin models. In
Sec. IV, we present our results for estimating the depolarizing
error threshold in the code capacity setting. Then, in Sec. V,
we present our fault-tolerant distillation protocol. Finally, we
present numerical simulations for estimating the fault-tolerant
threshold of our protocol in Sec. VI and conclude with a brief
discussion of future work in Sec. VII.

II. LOW-DEPTH RANDOM CIRCUITS

We consider one-dimensional (1D) encoding circuits £ of
depth d acting on a system of n qubits, where randomly
sampled two-qubit Clifford gates are applied to neighboring
qubits in a brickwork arrangement as illustrated in Fig. 1(a).
Note that open boundary conditions are used to simplify the
decoding later on. Since these are Clifford circuits, they can
be used as the encoding circuit of a stabilizer code in the
following way. First, each input qubit to the encoding circuit
is either associated with a stabilizer generator or logical qubit
of the code. The input qubits associated with stabilizer gener-
ators are set to the state |0). Since this is stabilized by Z;, the
output state of the circuit will be stabilized by UZ;U" where
U is the Clifford circuit. Therefore, UZ;U" is considered a
stabilizer generator of the code. The remainder of the input
qubits correspond to logical qubits of the code. For example, if
the rate of the code is k/n = 1/2, then every other input qubit
is associated to a stabilizer generator and thus set to the state
|0), and the rest are associated to logical qubits. To prepare
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FIG. 1. Low-depth random circuit codes for fault-tolerant quan-
tum memory. In this work we study brickwork encoding circuits
& (a) of low-depth d, where blue rectangles represent randomly
sampled two-qubit Clifford gates. We first analyze these codes in the
code capacity setting (b), where a noiseless encoding step is followed
by a noisy channel \, a noiseless syndrome measurement S, and a
noiseless recovery channel R. Then we describe a fault-tolerant pro-
tocol for preparing encoded states (c) where noise occurs anywhere
throughout the circuit.

the encoded all-zero state for this code, |(_))®k, the input qubits
associated with logical qubits are also set to |0) so that the
output state of the circuit is now stabilized by UZU" for all
qubits i. These operators UZ;U " for logical input qubits make
up the logical Z operators of the code. Similarly, UX;U" for
these same input qubits make up the logical X operators of the
code.

Since each layer is made up of only two-qubit gates, the
stabilizer and logical generators of the code can only grow
by one qubit on either side per layer. Therefore, the overall
support of the generators is at most 2d, which will become
crucial when we later describe our decoding algorithms.

One issue introduced by the open boundary conditions is
that logical qubits near the boundary become stunted. This
is most prevalent when the depth d is much larger than the
inverse of the rate since the outermost logical will be a dis-
tance O(n/k) away from the boundary but would normally
have support up to d qubits from its center. To remedy this, we
pad the boundary with extra stabilizer generators as done in
Ref. [41]. In particular, approximately 2d stabilizers are added
to either side of the circuit to ensure that no logical qubit
is within 2d qubits of the boundary. This padding becomes
negligible when the number of qubits n is large relative to d
as in our case.

When extending our results to the fault-tolerant setting,
we also consider a related class of circuits that we call ran-
dom CSS circuits. Recall that Calderbank-Shor-Steane (CSS)
codes are stabilizer codes where the stabilizer generators can
be chosen to be either an X-type or Z-type generator. An
X-type (Z-type) Pauli operator only contains identities and
X’s (Z’s). Random CSS circuits are thus Clifford circuits
that maintain the CSS property of the associated code. More
specifically, each gate in the circuit is randomly sampled from
the subset of Clifford gates that map X -type Pauli’s to X -type

Pauli’s and Z-type to Z-type. Any input qubit starting in the
state |+) is stabilized by X; and thus becomes UX;U" after
applying the encoding circuit. This must also be an X-type
stabilizer since gates preserve the stabilizer type. Similarly,
any input qubit starting in the state |0) is stabilized by Z; and
becomes UZ;U™ which is a Z-type stabilizer. Finally, as in
the non-CSS case, logical X and Z operators are defined by
UX;UT and UZU", respectively, where i is the index of an
input qubit associated with a logical operator rather than a
stabilizer generator. For example to encode the all-zero state,
|0)®k, one would first set the input qubits associated with
X -type stabilizers to |+) and Z-type stabilizers to |0). Since
the rest of the qubits are associated to the logical zero state
they would all be initialized to |0). Finally, the random CSS
circuit is applied to this input state to get the encoded all-zero
state. Note that we use periodic rather than open boundary
conditions for these random CSS circuits since we analyze
them subject to erasure errors, which do not have the same
decoding difficulties as depolarizing errors.

CSS codes have many convenient properties for design-
ing fault-tolerant protocols. In fact, Steane error correction
only works for CSS codes because logical CNOT gates are
transversal for any CSS code, which is not true in general for
any stabilizer code. We will leverage this property in our pro-
tocol and so these CSS circuits are crucial for implementing
random circuit codes in the fault-tolerant setting.

III. MAXIMUM LIKELIHOOD DECODING

Given a stabilizer code defined by its stabilizer group S and
logical group L, any Pauli error E can be decomposed as

E = SaLKCsa (1)

where S, € S is a stabilizer element, L, € L is a logical opera-
tor, and C; is the canonical error associated with the syndrome
s. Recall that this syndrome is obtained by measuring each
of the stabilizer generators and that C; can be efficiently cal-
culated using the stabilizer tableau framework and Gaussian
elimination [46]. Since multiplying by a member of the sta-
bilizer group has no effect on the codespace, all errors that
differ only by a stabilizer element are treated as equivalent.
We therefore define the logical equivalency class L; as the
collection of errors that differ from the logical operator L, by
only a stabilizer element:

E = {SaLZ|Sa € S} (2)

The goal of maximum likelihood decoding is to determine
which logical class L; is most likely given the error syn-
drome s. This can be expressed as the following optimization
problem:

arg max, Z P(LCy) = arg max, ZP(SaLZCs)a 3)

LeL, S.€S

where P(E) is the probability that error E occurs under the
given error channel and observed syndrome measurements.
The error can then be corrected by applying the operator L,C;.
Multiplying by L, cancels the logical operation of the error
and multiplying by C; returns it to the codespace.

To solve this decoding problem, we employ a well-known
mapping between stabilizer codes and classical spin models
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[28,44]. The main idea is to view the probabilities P(E) as
Gibbs weights ¢ #H#£() in a statistical mechanical model of
Ising spins 5§ where s; = 1. Each spin s; is associated with
a stabilizer generator S;. Given a stabilizer code with stabi-
lizer group S = (S;) on n physical qubits and a Pauli error
E € P®", the classical spin Hamiltonian is defined as

He) =Y J[E.o] ] s )

Havslﬂ:_

where the sum is over all single-weight Pauli operators o. The
scalar commutator is defined as [A, B] = Tr[ABA='B~!]/2"

and is equal to 1 if A and B commute and —1 if they anticom-

mute. This fully describes the commutativity relations of Pauli
operators since they always either commute or anticommute.

For depolarizing noise with X, Y, Z errors occurring with
probability p/3 each, we fix the inverse temperature 8 by
demanding that the model satisfies the Nishimori conditions:
1 3(-p

BJ = —-log

2 &)

For precisely this relationship between inverse temperature
and coupling strengths, the Gibbs weight in the stat-mech
model is exactly proportional to the error probability:

e P o P(E), 6)

where 1 is the configuration with all spins pointing up (s; =
+1 for all 7). Furthermore, flipping spin s; from +1 to —1
corresponds to multiplying the error E by the corresponding
stabilizer generator S;. Also, note that every stabilizer ele-
ment can be produced by multiplying together some subset of
the stabilizer generators. Thus, summing over every possible
configuration of the spin variables is equivalent to summing
over all stabilizer elements multiplied by E. This leads to the
following interpretation of the partition function:

Zp =Y e PO o 3" P(S,E). @)

S.€S

Notice that if £ = L,C;, then Zp is proportional to the
probability of the logical class £ given the syndrome s from
Eq. (3). In Appendix C, we give an efficient method for calcu-
lating Zg for low-depth circuit-codes, and so this immediately
suggests a maximum likelihood decoder for zero-rate codes.
Namely, calculate Zp where E = L,C; for each logical class
I and choose the [ that corresponds to the largest partition
function. For finite-rate codes this becomes more challenging
since the number of logical classes grows exponentially with
the number of logical qubits. To address this, we show in
Appendix A how to add logical classes as spins in the stat-
mech model to decode logical qubits individually based on
calculating marginal likelihoods.

While this is a near-optimal decoding algorithm, it is often
more practical to sacrifice optimality for efficiency. A com-
mon simplification of the decoding problem is to find the
minimum weight Pauli operator that is consistent with the
error syndrome. This is called minimum weight decoding and
is often easier since it ignores the fact that many different
errors can be logically equivalent. We describe minimum
weight decoding in more detail in Appendix B.

IV. CODE CAPACITY THRESHOLD

Equipped with our encoding circuits £ and a set of al-
gorithms for decoding, we are now ready to evaluate the
performance of these random circuit codes in the code capac-
ity setting. To perform the threshold estimation, we adopt the
protocol of Ref. [41]. In this numerical simulation, the number
of physical qubits is held constant at n = 50 (excluding the
boundary padding) and only the depth is varied. For each
depth ranging from d = 4 to d = 7, 10 000 different random
codes and Pauli errors are sampled. The errors are decoded
using both the marginal and minimum weight decoder and
the failure rate p,, of each logical qubit m is calculated in-
dividually. The average failure rate over all logical qubits is
denoted by p, = 1/k)_, pm [47] and plotted with respect
to various error rates. This is repeated for encoding rates of
1/3,1/4,1/5,1/10, and 1/50. These plots are displayed in
Figs. 11 and 12 of Appendix E.

It can be seen in these figures that at the critical error rate
there is a crossing point. Below this critical error rate, increas-
ing the depth exponentially suppresses the average failure rate
pr- This is closely related to the code’s error threshold, which
is defined instead in terms of the probability that any logical
qubit fails, denoted as p;. The authors of Ref. [41] argue
that this crossing point in p; does indeed correspond to a
crossing in p; due to the observation by Ref. [10] that logical
qubits have short-ranged correlations. It is helpful in this case
to study p; instead of p; directly since, as pointed out by
Ref. [41], the logical qubits near the boundary behave differ-
ently than logical qubits in the bulk. Averaging over the failure
rate of all logical qubits can help avoid these boundary effects.

To accurately estimate this threshold, a finite-size scaling
collapse of the data is performed [48—50] using the following
ansatz:

pr = fld*(p = po)l- ®)

f(x) is approximated as f(x) = A + Bx + Cx? by taking the
Taylor expansion around x = 0, which corresponds to p = p,.
This introduces a total of five fitting parameters: p., A, A, B,
and C. These parameters are estimated by minimizing the
mean-squared error of our model with the observed data. To
estimate the standard deviation of this fitting procedure, jack-
knife resampling is conducted and this is represented as error
bars in Fig. 2. It is also worth noting that the specific range
of p;, that is used in the fitting procedure is important. Values
of pi, close to p. are more accurately approximated by the
Taylor expansion but are not as helpful for estimating the fit
parameters. To eliminate outliers where the Taylor expansion
is no longer accurate, the range of pj, is truncated to exclude
data points that significantly increase the standard deviation
of the fit.

This finite-size scaling collapse is presented for rate =
1/4 and minimum weight decoding in the inset of Fig. 2.
The scaling collapses for the rest of the encoding rates are
included in Figs. 11 and 12 of Appendix E. It can be seen that
the estimated p. leads to an approximately linear relationship
between the scaling ansatz and p; regardless of the depth
d, suggesting the presence of a threshold at this value. The
estimated value for p. at each encoding rate is plotted in Fig. 2
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FIG. 2. Threshold estimation for random-circuit codes of various
encoding rates. Codes are generated on systems of n = 50 qubits
(excluding the boundary padding) using random stabilizer circuits
of depths d =4, 5, 6, 7. Error thresholds for both marginal decoding
and minimum weight decoding are presented. For each datapoint,
the threshold is estimated by fitting our finite-size scaling ansatz.
Jackknife resampling is used to estimate the standard deviation of
our fitting procedure which is shown as error bars. An example
of this scaling collapse is shown in the inset for rate = 1/4. The
rest of the crossing plots and associated collapses can be found in
Figs. 11 and 12 of Appendix E.

along with the standard deviation estimated through jackknife
resampling.

A key observation from these results is that the critical
error rate remains close to the hashing bound even when using
the minimum weight decoder. This suggests that it is sufficient
to solve the easier minimum weight decoding problem to
achieve near-optimal performance. One reason decoding in
the quantum setting is often harder than the classical setting
is that errors are highly degenerate, meaning one logical class
contains many equivalent Pauli operators. However, in the
minimum weight decoding problem, logical classes are com-
pletely ignored and the problem is reduced to the classical
case of finding the most likely error rather than most likely
logical class. Our results show that this simplification comes
at only a small cost in the threshold and we hope to take
advantage of this by exploring approximate decoding methods
in future work for solving this problem more efficiently.

V. FAULT-TOLERANT STATE PREPARATION
AND ERROR CORRECTION

In the previous section, we assumed that encoding £, syn-
drome measurement S, and recovery R are all implemented
perfectly. In practice these operations will be implemented
on noisy hardware and so a more comprehensive error model
must be studied to use these codes in practice. To address this,
we next consider a method for executing error correction even
when errors can occur at every time step of the circuit. We

any
N>

0) " ———

FIG. 3. Steane error correction gadget for measuring stabilizers
of a CSS code. Note that each wire represents a code-block of n
qubits and that the CNOT and Hadamard operations are implemented
transversally on the entire code-block.

use the Steane error correction circuit, as shown in Fig. 3,
to perform syndrome extraction. Steane error correction con-
trols the spread of errors by using transversal gates, which
propagate Pauli errors to at most one other qubit. Since only
CSS codes are guaranteed to have transversal CNOT gates,
it is important that we use CSS encoding circuits for this
scheme to work. In addition, this circuit relies on the ability to
prepare the encoded all-zero state, I(_))®k, and all-plus state,
|+)®, which can be a highly nontrivial task. To this end,
we design a distillation procedure to prepare these states in
a way that is robust to midcircuit errors. We note that similar
methods have also been proposed for preparing encoded states
of concatenated codes [51].

First, a random CSS circuit code, as defined in Sec. II, is
sampled and many different noisy copies of |(_))®k or | )&
are prepared depending on which is the desired output state.
These copies are then paired up and checked against each
other using the circuits in Fig. 4, which either check whether
a bit or phase error occurred.

In the case of bit flip correction, the CNOT gates in this
circuit will propagate X errors (bit flips) from the first ancilla
block to the second. This is depicted in Fig. 5. The X errors
on the second ancilla block will then flip the corresponding
measurement outcome. By inspecting which measurements
have been flipped, it is possible to detect which qubits may
have experienced an X error.

More concretely, when there are no errors, the transversal
CNOT gates perform the identity since these act as logical
CNOTs where the controls are the encoded zero states. In this
case, the circuit simply measures the second ancilla block in
the standard basis. Recall that codewords of CSS codes in
the computational basis are superpositions over codewords
of a classical linear code defined by the Z-type stabilizers.

i
il

6>®k /n E}
Ok e

(a) Phase flip check

(a) Bit flip check
FIG. 4. Bit and phase correction circuits. Note that |(_))®k repre-
sents k logical qubits in the all-zero state. Each wire in the diagram
represents an entire code-block made up of n physical qubits. In ad-
dition, the CNOT represents the transversal CNOT applied across the
two code-blocks and the Hadamards and measurements are applied
to each qubit in the block. Although not depicted here, erasure errors
can occur at any time step in the circuit. Note that single-qubit gates
are absorbed into adjacent two-qubit gates when determining what
constitutes a time step. Finally, the same circuit can also be used for
correcting |)®*.
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FIG. 5. Example of an X error being detected by our bit flip
correction circuit. First, the CNOT gate propagates the X error from
the data block to the ancilla block. On the ancilla block, the X error
then flips the corresponding measurement outcome. Since the mea-
surements are performed on a CSS codeword, they have a particular
form as discussed in the text. The measurement error can thus be
detected by comparing to the expected measurement given no errors.
The phase flip correction circuit detects Z errors in a similar manner.

Therefore, the measurement result will sample one of these
classical codewords with equal probability. Since X errors
cause bit flips on the measured codeword, correcting X errors
is equivalent to the classical decoding problem where the
noisy codeword is the measurement outcome. Although we
focused on X errors here, phase flip correction works in the
same way.

After applying these correction circuits, the measurement
destroys one of the two states and the process is then repeated
for the remaining half of the states until there is only one
state left. In each round of this distillation procedure, the
comparison circuit alternates between either correcting for bit
flips or phase flips.

Although the number of ancilla states in this protocol
grows exponentially with the number of rounds of distillation,
our simulations show that the number of necessary rounds,
which we denote as ¢, scales linearly with the encoding depth
d which is logarithmic in the number of qubits. This results
in only a polynomial overhead in ancilla qubits. To make the
procedure explicit, Fig. 6 depicts three rounds of the distilla-
tion procedure.

The output of this distillation procedure is either an en-
coded all-zero or all-plus state with potentially some residual
errors. The measurements from the bit and phase flip checks
can be used to identify what errors may have occurred. Rather
than correcting these errors explicitly, it is sufficient to keep
track of the errors and adjust the Pauli frame accordingly. The
goal is that after many rounds of this distillation procedure,
all errors will have been identified up to a stabilizer element.
These encoded states can then be used for syndrome mea-
surement by performing the Steane error correction gadget in
Fig. 3. Note that although the error locations are not depicted
in this figure, all gates and measurements are considered to be
noisy.

In terms of experimental feasibility, our protocol can be
naturally executed on the reconfigurable atom array plat-
form [23,24], which allows for the positions of qubits to be
rearranged in between rounds of gates. It is important to
note that not all rearrangements are efficiently implementable;
however, our protocol only requires very simple qubit rear-
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FIG. 6. Partial circuit for our distillation procedure. In this case,
the first round contains only bit flip checks and the type of check
alternates in each subsequent round. The top data block will be the
outputted encoded state.

rangements. Throughout the circuit, the only repositioning
required is to remove the measured code-blocks and then
move the remaining 1D line of code-blocks closer together so
that pairwise gates between these code-blocks can be applied
in parallel. Since these are simple operations, we believe our
protocol can be practically implemented on these devices.

VI. FAULT-TOLERANT THRESHOLD

To evaluate the error threshold of this protocol, we per-
formed numerical simulations where errors are taken to be
erasure errors. For a single qubit the erasure channel is defined
as

N(p)=(1=pp@I[0) (0l +pl/2@ 1) (1. (9

In other words, with probability p the qubit is replaced with
the maximally mixed state and the location of the error is
signalled by the |1) state of the auxiliary register. This is
equivalent to the depolarizing channel except with the added
benefit of knowing the locations of where each error occurred.
This equivalence is a key reason why general Pauli errors can
often be converted to erasure errors in physical architectures.
In our simulations, there is a single error rate p and for
every time step an erasure error occurs at each qubit with
probability p.

A. Entropy density of prepared states

In the first numerical simulation, erasure errors are ran-
domly sampled at each time step of the distillation protocol
and the state’s entropy density is calculated at the end of
every other round. Erasure errors are simulated by preparing
ancilla qubits in the maximally mixed state, swapping these
ancillas with the qubits being erased, and tracing out the old
qubits. This circuit can be simulated using an extension of
Gottesman-Knill simulation that allows for mixed stabilizer
states [46]. This is because the entire protocol only contains
Clifford circuits, Pauli measurements, and maximally mixed
ancilla qubits, which can be represented as mixtures over
stabilizer states. The entropy is calculated using the formula:
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FIG. 7. Entropy density of the prepared encoded state after var-
ious rounds of our distillation protocol. n = 48 physical qubits are
used to encode k = 16 logical qubits which is a rate of 1/3. In each
case, d = 6 layers of a randomly sampled CSS circuit are used as
the encoding circuit. g = 2, 4, 6 rounds of distillation are performed.
The experiment is repeated 1000 times and the standard error is
displayed as error bars.

S(p) =n —r [52-54] where n is the number of physical
qubits and r is the stabilizer dimension of the state (the size of
the minimal generating set of the state’s stabilizer group).
Intuitively, the entropy density of the encoded state reflects
how much information is gained about the circuit errors from
the measurements in the distillation procedure. If the error can
be exactly identified up to multiplication by some stabilizer
of the encoded state (here, logical Z operators are considered

“stabilizers” of the state |(_))®k) then the resulting state will
have zero entropy density. This state can be used as a noiseless
ancilla state for Steane error correction. However, if there is
still uncertainty over which error occurred, then the resulting
state will be a mixture over the different possible errors ap-
plied to the state.

At each time step of the protocol (including each layer of
the encoding circuit and each round of distillation) erasure
errors occur with probability p on each qubit. For each error
rate p, 1000 different CSS encoding circuits and erasure error
patterns are randomly sampled and simulated. The entropy
density is calculated after every two rounds of distillation (one
round of bit flip correction and one round of phase flip cor-
rection). The average entropy density, (S(p))/n, and standard
error are plotted as a function of p in Fig. 7 for an encoding

rate of 1/3. To prepare the state |0)®k, the input state to the
encoding circuit is initialized as |4+00 4 00 + 00...) where
the first qubit of the three qubit pattern is associated with an
X -type stabilizer, the second qubit is associated with a logical
qubit in the state |0), and the third qubit is associated with a
Z-type stabilizer.

In this plot, there is a clear crossing point near p = 2.5%.
Below this point increasing the number of rounds of distil-
lation improves the purity of the output state. However, the
distillation procedure only amplifies the noise when the error
rate is above 2.5%. This is evidence of an erasure threshold
for our state preparation procedure.

Notice that this threshold is only for the state preparation
routine and not for the error correction scheme as a whole.
These thresholds should not be expected to align since certain

I(A: B)

oo+ ®+)
V2 [ |

FIG. 8. Test of our noisy error correction gadget, which is
marked by the dashed box. This is the only part of the circuit that
is subject to erasure errors. The ellipsis denotes that this error cor-
rection gadget is repeated many times. Each logical qubit in the first
code-block is prepared in an encoded EPR pair with a corresponding
logical qubit of the second code-block. This input state is denoted
here as w‘gk. The S operation represents a perfect stabilizer
measurement. Finally, the quantum mutual information between the
two halves of the encoded EPR pairs is calculated, which is marked
by /(A : B) in the diagram.

states may be easier to prepare but may not be as useful for
Steane error correction. For instance, the unencoded all-zero
and all-plus state are both easy to prepare but provide no
useful information when used as the ancillas in Steane error
correction. Therefore, it is reasonable that in this particular
case the state preparation threshold is a bit higher than our
reported threshold of 2% for the entire protocol.

B. Evaluating the Steane error correction gadget
using an entanglement test

The next step is to test the full Steane error correction gad-
get, which uses two encoded ancillas prepared by our distilla-
tion procedure. To test the performance of our error correction
gadget, we devise the following entanglement test. First, many
perfectly encoded EPR pairs are prepared between two code-
blocks of 48 physical qubits and 16 logical qubits each where
the X-type, Z-type and logical qubits are spaced out evenly
as in Sec. VI A. This can be done by setting the input qubits
associated with X and Z type stabilizers to |+) and |0), re-
spectively, as before. This time, the input qubits associated
with logical qubits are initialized to form an EPR pair with
the corresponding input qubit of the other code-block. Now,
applying the encoding circuit to each code-block separately
produces encoded EPR pairs across the two code-blocks. Note
that this part of the experiment is assumed to be noise-free
since its purpose is to test our noisy error correction gadget.

Next, the encoded states |())®k and |F)®* are prepared
using our noisy distillation procedure. These encoded states
are then used in a Steane error correction gadget as depicted
in Fig. 3. Note this gadget is also subject to erasure errors
occurring in between CNOT gates and before measurements.
This entire gadget is then repeatedly applied ten times to one
of the two code-blocks described previously. At the end of the
last round of error correction, a perfect stabilizer measurement
is performed on the data code-block and the quantum mutual
information between the two code-blocks is calculated. The
quantum mutual information of a bipartite state psp is defined
as I(A : B) = S(pa) + S(pp) — S(pap) where S(p) is the Von
Neumann entropy. This entire protocol is illustrated in Fig. 8.

The noisier the error correction gadget is, the more errors
it will introduce on the EPR pairs, thus destroying the entan-
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FIG. 9. Mutual information density of encoded EPR pairs after
noisy error correction is applied ten times. n = 48 physical qubits
are used to encode k = 16 logical qubits which is a rate of 1/3.
13000 samples were taken for points near the crossing and the
standard error is displayed as error bars. The inset shows the finite-
scaling collapse for p. = 0.0212 and A = 0.577. This is repeated for
rates 1/4,1/5,1/10, and 1/50 in Fig. 13 of Appendix E where the
corresponding estimated thresholds are 0.0216, 0.0220, 0.0224, and
0.0225, respectively.

glement. This is captured by the quantum mutual information
since it is highest when there is maximum entanglement be-
tween the two code-blocks and decreases as the entanglement
is disrupted.

The quantum mutual information can be directly related
to the logical failure rate of the optimal erasure decoder by
the following formula: p, =1 — %Zk_I(A:B), where k is the
number of logical qubits. To see this, first note that the final
state of the reference and data code-blocks (denoted A and
B, respectively) is in the codespace. This is because no er-
rors can occur on the reference code-block, and the stabilizer
measurement projects the data-block back to the codespace.
It is, in fact, in a uniform mixture of codestates correspond-
ing to various logical errors. The number of codestates in
this mixture is equal to 25(1#) where p is the final state of
the two code-blocks. The optimal strategy for the erasure
decoder is to guess one of these logical errors uniformly at

random and so its failure probability is p; = 1 — 1*** Note
that S(pa) = S(pp) = k since the two code-blocks initially
share k logical EPR pairs and erasure errors on B cannot

s
decrease the entropy. Thus, we have p, =1— 1 () _p

N S —I(A:B 2k—I(A:B . e
R i “P) Finally, it is important to

éote that since the data-block is initially maximally entangled
with the reference block, it is not stabilized by any logical
errors that act only on the data block. Thus, all logical errors
introduced by repeatedly applying the noisy error correction
gadget will act nontrivially on the data-block and therefore
be captured by S(pap). In Sec. VIC, we describe how to
implement the optimal erasure decoder to correct for these
logical errors.

The simulation is repeated for randomly generated CSS
circuits with varying depths. In Fig. 9, depths 2, 4, and 6 are

used for an encoding rate of 1/3. In each case, the number
of rounds of distillation g is chosen to be equal to the en-
coding depth d. For example, for depth-2 encoding circuits,
two rounds of distillation are performed (one round of bit flip
checks and one round of phase flip checks). Overall, up to
13000 different encoding circuits and erasure error patterns
are sampled for each error rate and the average and standard
error of the mutual information density is plotted. In this
figure, it is apparent that below a threshold error rate of about
2%, increasing the encoding depth and number of distillation
rounds improves the performance of the error correction gad-
get. This suggests that below this error rate deeper encoding
circuits correct more errors than they introduce. However,
above this error rate deeper encoding circuits introduce more
errors, even when allowing for more rounds of distillation.
This is once again evidence of an error threshold for our error
correction gadget. This simulation is repeated for encoding
rates of 1/3,1/4,1/5,1/10, and 1/50. These results are pre-
sented in full in Fig. 13 of Appendix E.

C. Optimal erasure decoder using spacetime framework

In the previous section, the logical failure rate of the opti-
mal erasure decoder is calculated by relating the failure rate to
the quantum mutual information. This allowed us to test our
protocol without explicitly implementing the decoder. In this
section, we describe how to efficiently implement the optimal
erasure decoder by directly applying the ideas of Ref. [26] to
our circuit.

The goal of the decoder is to determine what logical error
occurred on the data-block after our noisy error correction
gadget is repeatedly applied to it. The input to the decoder
is the measurement results from the error correction gadget.
Below, we describe how these measurements can be used to
decode errors.

Recall that in the case of bit flip correction the measure-
ment outcome of Fig. 4(a) is a noisy codeword of a linear
code C| whose parity check matrix H is defined by the Z-type
stabilizers of the CSS code. More specifically, each stabilizer
generator is mapped to a parity check of H; by mapping Z’s to
1I’s and identities to 0’s. Furthermore, the bit flips in the noisy
codeword exactly correspond to X errors on the corresponding
qubits. Thus the measurement outcome will be ¢ + e where
c € C; and e is a bit vector representing the location of X
errors on the qubits being measured. To determine which X
errors occurred, the first step of the decoding algorithm is to
calculate the error syndrome, which is given by Hi(c 4+ ¢) =
Hje since c is a codeword. Phase flip correction works sim-
ilarly except that the measurement outcomes are constrained
by the parity check matrix defined by the X-type stabilizers
and bit flips of these measurement outcomes correspond to Z
erTors.

Concatenating all measurement outcome bits into one vec-
tor m and combining all of their associated parity checks into
one matrix A defines what is called the outcome code of the
circuit. The syndrome vector s is calculated by Am = s. The
erasure decoder is then tasked with finding an error pattern
that produces the observed syndrome s and is only supported
on the given erasure locations. As noted in Ref. [17], this is
an optimal decoding strategy since all Pauli errors supported
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on a given set of error locations are equally likely according
to the erasure error model.

To implement this decoding strategy, we use Ref. [26]’s
construction to map our circuit to a spacetime code. The
mapping in Ref. [26] has the advantage over the spacetime
code construction of Ref. [25] of being a stabilizer, rather than
subsystem, code, although for general errors it does so by
sacrificing some information about the syndrome that could
improve the logical failure rate or threshold. In this mapping,
each location of the circuit is represented by a physical qubit
of the spacetime code. For example, a circuit with A lay-
ers acting on n-qubits has n(A + 1) locations (one for each
qubit at each time step) and so its spacetime code will have
n(A + 1) physical qubits. The key property of this spacetime
code is that the syndrome of an error £ with respect to the
spacetime code is equal to the syndrome of the same error
with respect to the outcome code of the circuit. Thus, it is
sufficient to find an error on the spacetime code that matches
the observed syndrome and erasure locations. It is well-known
that optimal erasure decoding for stabilizer codes amounts to
solving a linear system of equations which can be computed
efficiently. Therefore, we can use this mapping to implement
an efficient erasure decoder. See Appendix D for more details
on this erasure decoding algorithm.

VII. DISCUSSION

In this paper we took steps toward the fault-tolerance of
low-depth random circuit codes in noisy systems. By combin-
ing a state preparation protocol with Steane error correction,
we showed that these random circuit codes can be used for
quantum memory even when noise occurs at all stages of
the error correction cycle. Our protocol is also readily imple-
mentable on reconfigurable atom array platforms with limited
rearrangement or shuttling of qubits.

Our numerical simulations revealed threshold behavior as
measured by the entropy of the encoded states and the mutual
information between the quantum data and reference system.
In particular, we found the erasure threshold of our scheme to
be approximately p. = 0.02 even for encoding rates as high as
r = 1/3. This result gives promising evidence that these codes
can achieve a high threshold in the fault-tolerant setting even
at high encoding rates. This desirable tradeoff between rate
and threshold has previously been shown for random circuit
codes in the code capacity setting, but this work takes the
first step toward leveraging this property in the more realistic
model of fault-tolerance.

Although our results focus on the low-depth regime, we
believe our scheme can be adapted to work for deeper encod-
ing circuits as well. Note that at higher depth, it is not ideal
to execute the entire encoding circuit before performing the
distillation since by this point the errors may have already
destroyed the state. In this case, we can instead apply rounds
of distillation throughout the encoding process. This can be
done by simply applying the encoding circuit in small batches
of layers and running our distillation protocol after each
batch until the entire encoded state is constructed. Since our
experiments were restricted to the low-depth regime due to
the computational cost of the numerics, we have not system-
atically evaluated this protocol and leave this to future work.

Another direction for future work is to generalize our
techniques to the case of circuit-level general Pauli noise
in the fault-tolerant setting. We believe that similar tensor
contraction methods can be used for decoding in this case.
The main issue is that the treewidth of the tensor contraction
will double with each round of the distillation procedure. To
overcome this challenge, recent work has explored the use
of a message-passing based approach for decoding multiple
rounds of distillation for codes defined by circuits on tree ge-
ometries [55]. We expect that similar methods can be extended
to this setting with geometrically local circuit codes.

The natural remaining question is whether low-depth ran-
dom circuit codes can be used for fault-tolerant quantum
computation in addition to quantum memory. Since our codes
are CSS codes, they have many natural fault-tolerant gadgets
that we exploited here such as transversal logical CNOT gates
and transversal logical measurements. To achieve universal
quantum computation, we need a method for implementing
non-Clifford gates in our codes. As of yet, there has not been
a systematic investigation of logical gate constructions for
low-depth random circuit codes. However, gate-teleportation
and magic-state generation protocols will have natural real-
izations in this setting that are compatible with the distillation
procedure we used for Steane error correction here.

We also introduced practical tools for decoding low-depth
random circuits. These decoders are built using tensor-
network contraction and exploit the quasilocal structure of
the brickwork random circuit. An important bottleneck in
our decoding algorithm is the exponential scaling with cir-
cuit depth. It would be interesting to search for “sparser”
codes—low-depth circuits codes featuring stabilizers with
lower average weight—to mitigate this bottleneck. To do so
one could consider stochastically dropping gates from the
preparation circuit or by applying random projective measure-
ments throughout the circuit [56-58]. Finally, it has recently
been shown by Sommers et al. [59] that a similar class of low-
depth nonrandom Clifford circuits define high-performing
quantum codes. In the future, we hope to further evaluate these
codes using the techniques presented in this work.
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APPENDIX A: MARGINAL DECODING

In the first two Appendices, we discuss how to use our
tensor contraction method to decode finite-rate random circuit
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codes. One strategy for decoding finite-rate codes is to iterate
through each logical qubit and assign it to the logical class
with the largest marginal probability. Before formally defining
this marginal probability, we introduce some notation. The
logical generators are comprised of the operators L;( and sz_
which together generate the full logical group L and represent
the logical X and Z operators, respectively, on logical qubit ;.
Now, we can define the set of logical generators on all qubits
besides the jth logical qubit as

Gy = (L1} # ULl # ).

We let L_; = (G_;) be the set of logical operators that is
generated by G_;. Finally, we let L7 be the set of single-qubit
logical classes of the jth logical qubit, i.e., the set of logical
operators generated by L and L%. With this notation in mind,
the marginal probability of the logical qubit j being L7 is

(AD)

Po)= Y PS.LLG).
S.€S
L—/,Z GL,j

(A2)

These marginal probabilities can be computed by adding
all logical generators in G_; to the Hamiltonian and cal-
culating the partition function. For Pauli error E, stabilizer
generators Sy, ..., S,—x, and logical j, the classical spin
Hamiltonian is redefined as

l_[ Si 1_[ 8i's

He j§) =) J[E o] (&3)
o [o.Si]=-1 [[Uwajj’]]:_l

where gy = 1 are a new set of Ising spins, one for each
generator G_;; of G_;, and o is any weight-one n-qubit
Pauli operator. The model now contains n — k + 2k —2 =
n+ k — 2 spins since there is one for each stabilizer and
logical generator excluding the two logical generators on j.

The partition function is now a sum over not only all of
the stabilizer elements but all of the logical operators in L_;
multiplied by E. Thus, we now have

Zpj=Y e o 3" P(SL_jE).
5

S.€S
L_jeel_;

(A4)

By setting E = L7C, and combining with Eq. (A2), we see
that Zg ; is proportional to Pj(c). Finally, choosing o €
{I,X,Y,Z} such that Zg ; is maximized will give the logical
class that optimizes the marginal probability. We then set this
logical qubit to this logical class and repeat this process for
the rest of the logical qubits.

APPENDIX B: MINIMUM WEIGHT DECODING

Here we describe minimum weight decoding, a suboptimal
alternative to maximum-likelihood decoding that is typically
more efficient in practice. We discuss this class of decoders us-
ing the statistical mechanics framework introduced in Sec. II1.
To perform minimum weight decoding, the temperature of the
system is set to zero instead of according to the Nishimori
conditions. Since the partition function is not well-defined in
this case, the free energy is used instead:

1
Fg(B) = —EIOgZE. (B1)

Notice that this is a monotonic function and so minimizing
the free energy and maximizing the partition function are
equivalent. The difference between maximum likelihood and
minimum weight decoding is therefore entirely captured by
the shift in temperature. Notice that the free energy at zero
temperature reduces to the ground state energy:

. 1

ﬁILH;O Fe(B) = — ,slggo B logZg (B2)
1 ;

= — lim —log ) e PH® B3

Jim 2 gZ (B3)

= min H (3). (B4)

This ground state exactly corresponds to the minimum
weight Pauli operator reachable by multiplying E by the gen-
erators associated with the spin variables. To see this, first
notice that there are three Hamiltonian terms corresponding to
each qubit i of E (one for each single-weight operator X;, ¥,
and Z;). For simplicity, let us first consider the case where
5= 1. When E; = I, these three Hamiltonian terms have a
total energy bonus of —3 since in this case E; commutes
with all three single-weight Pauli operators. However, these
Hamiltonian terms have a total energy penalty of +1 when
E; is nonidentity since it now anticommutes with two out
of the three X, Y;, Z; operators. Therefore, the energy of the
Hamiltonian is completely determined by how many qubits of
E are nonidentity. Now recall that flipping a spin from 1 to —1
is equivalent to multiplying the error E by the corresponding
generator. Thus, the spin configuration with the lowest energy
corresponds to the subset of generators that produces the
minimum weight operator when multiplied together with E.
If all stabilizer and logical generators are included as spins
Sly«vvsSu—ks---,Sptk in the Hamiltonian as shown below

He@®) =Y JLlE. o] [] s ] swsri

[o.8Si]==1 [o.L¥]=-1
< 1

[[(I,Lf,,]]:—l

Sn+i"»

then the minimizing configuration of Hg (5) corresponds to the
S, € S and L, € L such that wt(S,L,E) is minimized. When
E = (i, it is apparent that this is the minimum weight error
that is consistent with the syndrome s.

APPENDIX C: EFFICIENT TENSOR
NETWORK CONTRACTION

1. Calculating the partition function

It is well-known that the partition function of a classical
spin model can be written as a tensor network contraction.
Although it is #P-hard to contract the resulting tensor network
in general, the hope is that the low-depth structure of the en-
coding circuit can be leveraged to perform this efficiently. To
rewrite the partition function as a tensor network contraction,
we follow the notation of Ref. [44] and introduce the tensor
variables «;,, where i and u are the spin and Hamiltonian term
labels, respectively. To enforce that each variable representing
the same spin takes the same value, delta tensors denoted §;
are included that take as input all o variables with spin label
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FIG. 10. Diagram of 2D tensor network. Each horizontal chain of
s;’s represents one spin in the stat mech model. For any tensor in this
chain, it is enforced that both horizontal edges have the same value
otherwise the tensor outputs zero. This ensures that the chain acts as
one spin. The vertical edges play the role of multiplying the spins
together. A given tensor will output one if its spin value, defined by
the horizontal edge, multiplied by the previous spin value, defined
by the above vertical edge, is equal to the outgoing spin value,
defined by the below vertical edge. The vertical edge incident to the
Hamiltonian terms, denoted by squares, now represents the product
of all of the spin values. The square tensor outputs ¢~#/IE-o1TTisi
given [, s; from the incoming edge.

i and output one only when they each have the same value;
otherwise, zero is outputted. With this change of variables the
partition function is expressed as

Zp = Z 1_[ Si'({aiuli = l/}) 1_[ e_ﬁhu’({aiu\u:u’}),

oy 0 uw

(CI)

where &, denotes each Hamiltonian term and is a function of
all variables of « that are labeled by u.

This tensor network can be visualized as a bipartite graph
with the delta tensors on one side and the Hamiltonian terms
on the other. Using a similar method as Ref. [41], we make
the contraction more efficient by transforming the network
into a 2D lattice with height O(d) where d is the depth of
the encoding circuit as shown in Fig. 10. This 2D lattice
can now be contracted efficiently by traversing it column by
column. With this ordering, the runtime of the contraction
is exponential only in the height, which is still polynomial
when the depth is logarithmic in the number of qubits. To do
this transformation to a 2D lattice, each §; tensor is broken
up into a chain of smaller tensors that each correspond to a
different incident Hamiltonian term as illustrated in Fig. 10.
It is enforced that each of the new § tensors in the chain only
outputs one if the neighboring « variables are all the same,
and so the overall function of the delta tensors is unchanged.
The next modification is that all delta tensors that are incident
to the same e~#"« tensor are stacked on top of each other in a
vertical chain. The vertical tensor legs represent the product of
the spin variables of a given Hamiltonian term and this value
is updated according to «;,, which are passed by the horizontal
tensor legs. Finally, once the bottom is reached, the product of
spin variables is passed to the e " tensor. In this way, the
tensor network still represents the original partition function
calculation, but now takes the form of a 2D lattice.

The height of the network depends on the total number of §
tensor chains that must be stacked on top of each other. Since
each chain of § tensors represents a spin, this is at most the

total number of spins in a single Hamiltonian term. To see
that this is bounded by O(d) it is first crucial to note that
the reverse light-cone of the encoding circuit is 2d since each
layer of gates causes the light-cone to grow by at most one
qubit on either side. Therefore, at most O(d) generators can
be incident to a given qubit and so each Hamiltonian term can
have at most O(d) spins. This guarantees that the height will
always be bounded by O(d) as well.

2. Finding the ground state using tropical tensor networks

Recall from Eq. (B4) that in the zero temperature limit
the free energy reduces to the ground state energy. To carry
out this calculation we use numerical techniques presented in
Ref. [43], which make use of two important observations:

.1 _ gy .
— lim — log(e™® + ™) = min(x, y) (€2)
p—oo B
and
.1 By —By
— lim —log(e e ™) =x+y. (C3)
p—00 ﬂ

Combining Egs. (B4) and (C1) we can write the ground
state energy as

n@dﬁ@):—gml%kg[E:rI&Gm”hzﬂ)

Uiy 1

< I1 eﬂhu’({diu”=u/})i| .
»

Inspired by Egs. (C2) and (C3), we introduce a new algebra in
which multiplication and addition are defined as follows:

a®b=a+b, (C4)

a @ b = min(a, b). (C5)

This is known as the tropical algebra. In this algebra, O acts
as the unit element since e #® = 1 and oo acts as the zero
element since e #(>) = (. Using these tropical definitions for
multiplication and addition, we can now define the ground
state energy as a tensor contraction in the tropical algebra:

min Hy 5) = € (O 8 (Goxuali = ') (O b fetaalu = w'}).
Uiy 14 u (C6)

This can be contracted efficiently using the same transforma-
tion to a 2D lattice as described previously.

However, this only calculates the ground state energy
rather than the actual ground state. To get the ground-state,
two different methods can be used. First, a small perturbative
field term can be added to the Hamiltonian for each spin. Now,
differentiating the tensor contraction with respect to the spin
variables will give the ground state configuration. This dif-
ferentiation step will incur an O(n) overhead in runtime. Our
method instead trades off the runtime overhead for an O(n)
memory overhead by storing the ground state configuration as
the tensor network is contracted.
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APPENDIX D: SPACETIME DECODER

In this Appendix, the spacetime erasure decoder is pre-
sented in detail. First, we introduce notation from Ref. [26]
to formalize the algorithm. Given a Clifford circuit C with A
layers of gates acting on n qubits, a fault operator F is defined
as an n(A + 1)-qubit Pauli operator where each qubit of F
corresponds to a qubit at a specific time step in the circuit.
These fault operators represent error patterns occurring in the
circuit. Let £ € {0, 1, ..., A} index each level of the circuit
where ¢ = O refers to the level with no gates applied. Then the
time step in between level £ and ¢ + 1 is denoted as ¢ + 0.5
and the n-qubit Pauli error occurring on the qubits at time step
£+ 0.5 is denoted Fy. (5. We also denote each layer of the
circuit as U, and the product of layers in between level i and
jasU;; =U;U;_;...Uy,. Finally, the propagation of a fault
operator F through the circuit can be defined as the cumulant
of F', denoted as 77) The explicit formula for the cumulant is
reproduced from Proposition 2 of Ref. [26] as follows:

14

—
F 05 = l_[ Ui,zFi+0.5U,-Tg-
i=0

(D1

Essentially, all faults from previous levels are propagated to
the current level and multiplied together. The back-cumulant
can similarly be defined by propagating the fault backwards:

A
<« -
Firos = [US FivosUe. (D2)

j=t

Next, we describe how the stabilizer generators of the
spacetime code are defined. Recall that the measurement out-
comes of the circuit are constrained by the parity checks of the
circuit’s outcome code. In particular, a nonzero inner product
between a parity check and the measurement outcome vector
indicates an error has occurred. For example, for standard
basis measurements, an X error at the time of measurement
will flip the measurement outcome and can be detected by
the outcome code parity checks. However, a Z error does not
change the measurement result and, thus, goes undetected.

As discussed in Sec. VIC, the parity checks are defined by
the CSS code’s stabilizer generators. For the bit flip correction
subcircuit, a parity check is added to the outcome code for
each Z-type stabilizer of the measured code-block. In partic-
ular, each single-qubit Z operator of the generator is mapped
to a 1 of the parity check at the corresponding measurement
bit. Similarly, I’s of the stabilizer generator are mapped to
0’s of the parity check. The parity checks for the Hadamard
basis measurements in the phase flip correction subcircuits are
defined analogously using the X -type stabilizers.

A key insight is that a parity check has nonzero inner
product with the measurement outcome vector if and only
if the corresponding stabilizer generator anticommutes with
the error. To see this, first note that the measurement outcome
vector can be written as ¢ + ¢ where ¢ € C; for the code
C) defined by the parity check matrix of the outcome code
denoted here as H;. The measurement bit flips caused by the
error are represented as e. For standard basis measurements
in the bit flip correction subcircuit, e exactly corresponds to
X errors on the corresponding qubits and H; corresponds to
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FIG. 11. Code capacity threshold estimation for random-circuit
codes using marginal decoding. Codes are generated on systems of
N = 50 qubits (excluding the boundary padding) using random sta-
bilizer circuits of depths d = 4, 5, 6, 7 (blue, orange, green, purple).
The crossing point signifies the threshold of the code and is estimated
using our finite-size scaling ansatz, which is displayed to the right of
the crossing plots. Each datapoint is estimated by sampling 10 000
random codes and Pauli errors.

the binary representation of the Z-type stabilizer generators.
Similarly, for Hadamard basis measurements in the phase flip
correction circuit, e corresponds to Z errors and H; corre-
sponds to the binary representation of the X-type stabilizer
generators. Finally, note that the syndrome with respect to the
outcome code is H;(c + e) = Hje, which is equivalent to the

013040-12



FAULT-TOLERANT QUANTUM MEMORY USING ...

PHYSICAL REVIEW RESEARCH 7, 013040 (2025)

0.5 '
L ] ..
0.4 oo
0.3 \.l"“'
E
a®
B
0.2 e
.
0.10 0.15 0.20 0.25 -02 -01 00 0.1 0.2
P, —p)d
in (p,, — P,)

(a) 1 = 1/50, p. = 0.186, A = 0.598

0.4 o
L] ¥ :
l'.
0.3
& w
#,f
02r o
.
0.05 0.1 OI}IS 0.2 0.25 -0.1 0.0 0.1 5 0.2 0.3
n (p,, — p,)d

(b) r = 1/10, p, = 0.164, A = 0.630

0.3 3

-0.1 -0.05 0.0 0.05/\ 0.1 0.15
(p,, — p)d

(c) r =1/5,p. = 0.123, X = 0.583

0.3
33
3
§*°
3
=02 i o
¥
l‘l!‘ ’
01k’

01 005 00 005 01

(p,, — p)d

(d) r = 1/4,p, = 0.108, A = 0.535

l’§

0.2 '.,{’
= ®
IS ]

s
L
a® f
o1f Lt
"
0.05 o1 015 0.2 01 005 00 005 01
in (p,, —p)d

(e) r=1/3,p. = 0.084, A = 0.486

FIG. 12. Code capacity threshold estimation for random-circuit
codes using minimum-weight decoding. Codes are generated on
systems of N = 50 qubits (excluding the boundary padding) using
random stabilizer circuits of depths d =4,5,6,7 (blue, orange,
green, purple). The threshold is estimated as in Fig. 11.

commutator of the Pauli error with the stabilizer generators
associated with H;.

Therefore, the outcome code can be mapped to a stabilizer
code called the spacetime code by including the correspond-
ing stabilizer generator of each parity check as a generator.
More specifically, each parity check is mapped to a stabilizer
generator of the spacetime code by setting each location of the
circuit other than the given measurement locations to identity
and setting these measurement locations to be the correspond-
ing stabilizer generator of the original code.
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FIG. 13. Fault-tolerant threshold estimation for random CSS
codes at various encoding rates. Results are shown for d =2, g =
2 (blue), d =4, g =4 (orange), and d = 6, g = 6 (green). The
finite-size scaling collapse for the estimated threshold and ansatz
parameters is presented on the right. 13000 samples are taken for
the points closest to the crossing point.

For the spacetime stabilizer generators {S;} defined in this
way, we have that for a given error pattern £ the syndrome
with respect to the outcome code is exactly s; = [S;, f)]] This
is not quite the desired mapping since the syndrome is only
correct after propagating E through the circuit. This can be
fixed by applying Proposition 3 of Ref. [26], which shows
that [F, _G)]] = [[<1’7 G]. Thus we can replace our stabilizer

generators {S;} with {?,-} so that s; = [[?,, E]. Now, erasure
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decoding can be applied to this spacetime code at the given
erasure error locations. This will return a Pauli error that is
supported on the erasure locations and produces the given
syndrome s with respect to the outcome code when propagated
throughout the circuit.

APPENDIX E: SUPPLEMENTARY FIGURES

Here, we present the crossing plots and associated col-
lapses for the code capacity threshold in Figs. 11 and 12 as
well as for the fault-tolerant threshold in Fig. 13. Results for
encoding rates of 1/3,1/4,1/5,1/10, and 1/50 are shown.
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