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We present an optical scheme to simultaneously characterize the cross-axis and rota-

tional parasitic motions of a long-stroke shaker. By leveraging the geometric prop-

erties of a corner cube retroreflector mounted on the shaker load table, we indepen-

dently sample pitch, yaw, and horizontal and vertical displacements with sampling

rates above 10 kHz. We have applied our optical apparatus to a 400-mm-stroke shaker

operated from 0.1 Hz to 100 Hz and present two forms of analysis: (A) Frequency-

domain data for the four measured parasitic degrees of freedom, with the resulting

implications for accelerometer calibration uncertainties, and (B) extracted trajecto-

ries of the shaker table, allowing visualization of the bowed linear guide below 0.5 Hz

and higher harmonics and hysteresis above 10 Hz. Our findings demonstrate our op-

tical measurement scheme to be an effective tool for the characterization of parasitic

motion for long-stroke shakers. As an example, we determine the “gravity error” in

accelerometer calibration with our shaker to be (1.3± 0.1) % times the acceleration

amplitude at 0.1 Hz, providing a correction to reduce uncertainty from this effect by

an order of magnitude.
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I. INTRODUCTION

Long-stroke shakers are the backbone of low-frequency (< 20 Hz) accelerometer calibra-

tions at the National Institute of Standards and Technology (NIST) and worldwide. Primary

calibrations employ a laser Doppler vibrometer (LDV) to record the motion of the accelerom-

eter device under test as it travels the linear guide of a shaker with a quasi-sinusoidal time

dependence. The extracted calibration coefficient is the ratio of the LDV-measured acceler-

ation to the accelerometer output signal. Errors may arise if the accelerometer is subject to

additional, unintended motion due to non-idealities in the shaker operation, hereby termed

“parasitic motion.” For example, a bowed linear guide may cause the accelerometer to pitch

into and out of gravity in phase with the primary motion, causing a systematic extraneous

signal1, or a rocking motion might lead to errors if the LDV laser does not focus directly

on the accelerometer2. Additionally, excessive cross-axis motion may induce errors through

the transverse sensitivity of the accelerometer. The current ISO standard for accelerome-

ter calibrations3 specifies maximum transverse acceleration amplitudes for the shaker, and

a thorough characterization of parasitic motion in all degrees of freedom (see Fig. 1a) is

warranted to ensure adequate shaker operation and to make corrections where possible and

needed.

Although the difficulties posed by parasitic motions in accelerometer calibration have

been long recognized4, and some techniques to minimize them emerged prior to the last

decade2, more recently there has been increased activity to quantify and correct for para-

sitic motions in long-stroke-shaker-based calibrations. The classic measurement of cross-axis

motion is by use of a triaxial accelerometer5 or a monoaxial accelerometer mounted with

sensitive axis perpendicular to the primary axis of motion4. Veldman and Lefenya6 presented

a detailed characterization of a custom-designed long-stroke shaker using a combination of

a clinometer for static pitch and roll measurements, a dimensional laser interferometer for

straightness deviations of the track, and a triaxial accelerometer for transverse acceleration

during operation. Bruns and Gazioch1 presented an analysis of the flatness of a commercial

shaker bearing as measured in static conditions by an autocollimator, and this tool was

subsequently employed by Ripper et al.7 to guide adjustments of their shaker mechanical

system. These reported clinometer and autocollimator measurements provide character-

ization of the parasitic motion due to static shaker geometric properties only. The forces
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FIG. 1. (a) A drawing of a long-stroke shaker carriage on a linear guide oriented perpendicular to

gravity, g. The primary direction of motion is along the z axis. The x and y axes are the horizontal

and vertical parasitic degrees of freedom, respectively. “Pitch,” “yaw,” and “roll” are here defined

as rotations about the x, y, and z axes, respectively. (b) Conceptual representation of a laser beam

(red) transmitted through a corner cube retroreflector (blue lines). A corner cube translation of

∆x leads to a lateral beam displacement of 2∆x. (c) Representation of a laser beam reflected off

the front surface of a glass corner cube retroreflector, acting as an optical lever for measurement

of the tilt angle θ.

associated with shaker operation may also introduce parasitic motion, and commercial auto-

collimators do not generally afford high-frequency sampling to perform measurements across

the available shaker frequency range, nor do they measure cross-axis motion. Accelerom-

eters in various orientations could be of service for parasitic motion measurements under

operating conditions, but their transverse sensitivity complicates data interpretation and

reduces their utility. Yang et al.8,9 have pursued digital vision approaches to determine both

the primary and parasitic motions of long-stroke shakers, a promising low-cost and novel

approach, though it remains in development.

The history of coordinate measuring machine (CMM) metrology provides an alternative.

CMM accuracy similarly relies on the characterization of parasitic motions of linear transla-

tion stages, although the heavier moving elements, slower motion, and accuracy requirements
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FIG. 2. Simplified top-view diagram of the experimental implementation, including the long-

stroke shaker linear guide (A), the shaker table (B), the calibrated reference accelerometer (C), a

hypothetical accelerometer to be calibrated (D), the corner cube retroreflector (E) with partially

metalized surface (F), and an inset photograph of the front surface of the glass corner cube (G).

The laser (H) emits a beam (red line) travelling through an optical isolator (J), beam expander (K),

iris diaphragm (L), polarizing beam splitter (M), and quarter-wave plate (N). The beam reflected

from F is detected with position-sensitive detector (PSD) P for tilt measurements. The beam

transmitted through E reflects from turning mirror Q to PSD R for displacement measurements.

contrast with long-stroke shakers. Multi-degree-of-freedom CMM measurements based on

corner cube retroreflectors and position-sensitive detectors (PSD)10 have been employed for

decades11–14. Figure 1b demonstrates the basic concept of lateral displacement measure-

ments, whereby a corner cube displacement of ∆x leads to a lateral displacement 2∆x of a

transmitted laser beam. The retroreflector is mounted on the moving stage, and a stationary

PSD measures the beam displacement during stage motion. Detecting an angular deviation

θ can be as simple as using a flat mirror mounted on the moving stage to generate an optical

lever (see Fig. 1c), detected with another PSD. The angle θ follows from measurements of

the beam displacement and distance between the mirror and photodetector.

Here, we present a simplified technique to characterize four parasitic degrees of freedom

of a long-stroke shaker using a single, slightly-modified corner cube mounted on the mov-

ing stage. Our implementation measures pitch and yaw as well as x and y displacements

simultaneously with sampling rates above 10 kHz and can be used during any operating

state of the shaker except those which require zero load on the shaker table. We apply this

technique to an APS Dynamics APS-600 vibration exciter15 with the aims of (a) understand-

ing the behavior of our accelerometer calibration equipment, (b) verifying manufacturers’

specifications, and (c) reducing uncertainties in low-frequency accelerometer calibrations.
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II. EXPERIMENT

A diagram of our shaker-characterization experimental implementation appears in Figure

2. We used a single laser beam to illuminate a single glass 25.4-mm-diameter corner cube

retroreflector, which we robustly mounted on the APS-600 shaker table with a center height

of 50.8 mm above the shaker table surface and with the entrance face normal to the z axis,

the primary direction of motion of the shaker. In addition to the corner cube, we mounted

a calibrated reference accelerometer, with sensitive axis parallel to the z axis and 41.5 mm

above the table, to measure the z-axis acceleration, az.

The 1.7 mW, 633 nm HeNe laser beam initially passed through an optical isolator, beam

expander, iris diaphragm, polarizing beam splitter, and quarter-wave plate (Fig. 2, J–N),

all relevant to the pitch and yaw measurements and discussed in section II B. The beam

split at the corner cube front glass surface; the transmitted beam continued through the

retroreflector for lateral displacement measurements, and the reflected beam returned along

its original path for tilt measurements. These beams were each detected with a Thorlabs

PDP90A position-sensing detector, which accepts a small range of optical power for optimal

performance.

In order to balance the beam powers to facilitate photodection, we added a Mo(≈ 2

nm)/Au(≈ 10 nm) film to the the glass corner cube face (Fig. 2, F) using sputter deposition.

A mask of polyimide tape on the output half of the glass surface during deposition resulted

in a pristine output face for improved transmitted power (see Fig. 2, G). Of the 633 nm

incoming optical power to the corner cube, ≈32 % was reflected and ≈53 % was transmitted,

and the remaining was scattered or absorbed.

Each position-sensing detector provides three output signals: the x differential voltage

(Vx), the y differential voltage (Vy), and the sum voltage (VS). The measured displacement

vector is calculated as10

{∆xγ,∆yγ} =

(
d

2

)(
{Vx, Vy}
VS

)
, (1)

where d ≈ 10 mm is the side length of the pincushion-design PSD sensor, and γ ∈ {R,P}

indicates a measurement from either the displacement-sensing PSD (R) or the tilt-sensing

PSD (P ).

With a multichannel analog-to-digital converter, we simultaneously recorded the three

signals from each of the two position-sensing detectors and the reference accelerometer signal.
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For each frequency f1 = (0.1, 0.15, 0.22, 0.33, 0.5, 0.7, 1, 1.5, 2.2, 3.3, 5, 7, 10, 15, 22, 33, 50,

60, 71, 84, and 100) Hz, we operated the shaker in continuous sinusoidal motion and collected

25 sets of waveforms each over precisely 8 oscillation periods. We varied the sampling rate

to collect 2000 samples per period.

Low-frequency vibration calibrations at NIST use the sine-approximation method to ex-

tract the signal amplitude at only the operating frequency, f1, in accordance with ISO

16063-113. This calculation accounts for possible harmonic distortion and measurement

noise and is equivalent to using a discrete Fourier transform under the waveform sampling

conditions described above16. For the quantitative analysis, we therefore Fourier transform

the collected time-domain waveforms, and unless otherwise noted, proceed to work with the

spectral amplitudes and phases located at f1.

A. Lateral Displacement Experiment

As described in section I, a corner cube lateral displacement of ∆x results in a lateral

displacement of the transmitted laser beam by 2∆x. Tilts of the corner cube, whether static

or dynamic, do not affect the beam displacement, effectively decoupling the tilt degrees

of freedom from this measurement. Due to the rigid mounting of the retroreflector and

accelerometers as well as the relatively low frequencies of measurement (≤ 100 Hz), we

assume this laser beam displacement accurately represents the accelerometer displacement.

We have verified this assumption to within 1 % with accelerometers alternately mounted on

the corner cube fixture and the accelerometer calibration mount.

Following the corner cube, the transmitted beam reflects from a turning mirror (Fig. 2,

Q) toward the PSD (Fig. 2, R). The measured displacement vector {∆xR,∆yR} relates to

the actual corner cube displacement {∆x,∆y} via the relations (α ∈ {x, y})

∆α =
∆αR

2 cosϕα

(2)

where ϕα is the angle of incidence of the laser beam to the PSD normal in the α-z plane.

In principle, one could increase the displacement sensitivity by intentionally increasing ϕα

from zero, however this would be limited by the correspondingly increased projected width

of the beam on the PSD which specifies a maximum. For the measurements presented here,

we used ϕα ≈ 0.
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Using a bubble level on the case of the PSD R, we matched the orientation of the measured

coordinates (xR, yR) about the optical axis to that of the corner cube coordinates (x, y).

Due to the uncertainty of this operation, and because the direction of cross-axis sensitivity

of an accelerometer under test is a priori unknown, we use the displacement magnitude

∆r =
√

∆x2 +∆y2, which is independent of rotational coordinate transformations, for

cross-axis acceleration analysis.

This measurement requires that the laser beam is aligned parallel to the z axis, which

itself should ideally be parallel to the sensitive axes of the accelerometers and nominally

parallel to the shaker linear guide. The z axis cannot in principle be strictly parallel to the

linear guide due to stress in the guide and other non-idealities resulting in deviation from

a straight line. We define the z axis as the line connecting the same point on the corner

cube when the shaker table is located at the two extremes of the linear guide. If the laser

is not parallel to the z axis, then we would record an additional displacement proportional

z position of the shaker table, a displacement-amplitude-dependent systematic error, δϵ. So

for laser alignment, we use the turning mirrors preceding the polarizing beam splitter M as

well as Q and the positioning of R to ensure that (xR, yR) = (0, 0)± 1 µm at both extreme

shaker table positions. Such effort minimizes the uncertainty attributable to misalignment.

B. Pitch and Yaw Experiment

Pitch and yaw measurements function by using the metalized front surface of the corner

cube (Fig. 2, F) as a mirror which generates an optical lever as in Figure 1c. As the mirror

moves and tilts, the PSD (Fig. 2, P) records the displacement ∆αP ∈ {∆xP ,∆yP} which

relates to the pitch (θ) and yaw (ψ) degrees of freedom as

β =
1

2
tan−1

(
∆αP

l(z) cosϕα

)
, (3)

where (α, β) ∈ {(x, ψ), (y, θ)}, and l(z), a function of the shaker table position z, is the

optical path length between F and P. The zero-position controller of our long-stroke shaker

defines the position z = 0. As discussed below, minimizing misalignment error requires

alignment of the mirror F for retroreflection (i.e. normal incidence and zero static angular

tilt, β0) at z = 0. The sensitivity to detect small tilt angles increases with increasing l,

ultimately limited by diffraction such that the beam diameter remains below the 7 mm
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recommended for our PSD. We used beam expander K to improve collimation, allowing

us to fix l(z = 0) ≡ l0 = (3790 ± 10) mm (as measured using a wire following the beam

path) with additional beam folding between M and P not shown in Figure 2 and achieve

sub-arcsecond (∼microradian) resolution.

Due to the translational symmetry of the mirror face F, the tilt measurements are decou-

pled from the corner cube displacements for small tilts and displacements. For example, for

a pitch of θ = 1 arcmin, a displacement of ∆y = 0.1 mm results in a beam displacement at

P of ∆y tan2 θ = 8 pm, which is insignificant.

During shaker operation at fundamental frequency f1, both the tilt variables β ∈ {θ, ψ}

and the optical path length l become a function of time. In the limit of β → 0 and ϕα → 0,

Eq. 3 is

β(t) =
∆αP (t)

2(l0 − z(t))
, (4)

where z(t) is the z position waveform of the shaker carriage, centered at l0. Because we

collect reference accelerometer data in synchrony with the PSD data, it is possible to convert

the measured ∆αP (t) waveform to the associated angle variable in the time domain using

Eq. 4, prior to the Fourier analysis. This correction provides the most direct extraction of

β1 = β(f = f1) and avoids limiting assumptions about the linearity, symmetry, or spectrum

of the motion.

Since ∆αP (t) ≈ 2l(t)β(t), considered in the frequency domain, the harmonic components

of l(f) and β(f) could mix to produce systematic errors at f1. As seen in section IIIA,

second and higher harmonics may be prevalent at various frequencies, providing a complex

landscape of potential nonlinear interaction. However, a chief error in β1 arises at the

lowest frequencies from the product β0l1 due to misalignment of the laser (i.e. non-ideal

retroreflection with angle of incidence β0 = β(f = 0) and stroke length l1 = l(f1)). This

misalignment error is δβ0 = (l1/l0)β0 in the limit β0 → 0.

Optical design choices can manage the misalignment uncertainty: (i) We minimized β0 by

placing a shim under the corner cube mount such that the retroreflected beam falls back onto

the aperture of iris L, centered to within ≈ 0.5 mm at a distance of (3060±10) mm, for shaker

table position l(z = 0), corresponding to a worst-case β0 ≈ 17 arcsec. (ii) We minimized the

ratio l1/l0 with a large l0, which, in addition to improving tilt sensitivity, reduces the relative

impact of z(t) for the primary, lowest-order corrections. With the maximum displacement

single-peak amplitude used at the lowest frequencies of l1 ≈ 180 mm, we have for our system
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at worst l1/l0 ≈ 4.7 % and δβ0 ≈ 0.8 arcsec.

Because the acceleration was not strictly sinusoidal, we obtained z(t) by twice integrating

the measured z acceleration, az(t), with respect to time. This procedure includes an implicit

assumption that the zero-position controller on our shaker operates accurately, and therefore

we were justified in removing linear and quadratic artifacts from the integration result:

z(t) =

∫∫
az(t)dt

2 −
(
c2t

2 + c1t+ c0
)
, (5)

where c0, c1, and c2 are fitted parameters to subtract the constant, linear, and quadratic

baseline offsets introduced to the quasi-sinusoidal z(t) waveform by the integration.

III. RESULTS

A. Spatial Domain Trajectories

We begin with a visualization of the motion of the corner cube at selected frequencies to

understand the kinematic regimes it experiences. We initially averaged the 25 waveforms

collected for each of ∆xP (t), ∆yP (t), ∆xR(t), ∆yR(t), and the z-axis acceleration az(t). The

∆x(t) and ∆y(t) followed from ∆xR(t) and ∆yR(t), respectively, according to Eq. 2, and

the tilt variables β(t) followed from Eq. 4.

Figure 3 displays ∆y(t) and θ(t) plotted versus z(t) for nine selected frequencies. The

result is a visualization of eight oscillation periods of the pitch and vertical displacement

of the corner cube in space, ∆y(z) and θ(z), for four frequency ranges featuring distinct

qualities of motion. Data for ∆x(z) and ψ(z) are qualitatively similar, although the signals

are weaker.

The data in Fig. 3a represent the lowest frequency regime, for which ∆y(z) and θ(z) are

relatively independent of frequency, implying that the static properties of the shaker (such

as linear guide flatness) determine motion. We infer from Fig. 3a that the shaker carriage

displaces vertically by ∆y ≈ −7.5 µm and pitches by θ ≈ −15 arcsec between the center

and z = 0.18 m. If we assume that the shaker guide is stressed into a circular arc, ∆y(z =

0.18 m) = −7.5 µm implies an arc radius of R ≈ 2.2 km, whereas θ(z = 0.18 m) = −15

arcsec implies R ≈ 2.5 km. These estimations of R agree reasonably given the uncertainty

and the crude approximation of the stressed profile as a circular arc, but they also suggest

that this approximation somewhat overestimates θ(z = 0.18 m). Indeed, the nonlinearity of
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FIG. 3. Pitch (θ) and ∆y time-domain waveforms averaged from the 25 raw waveforms and plotted

versus z, which was obtained by double time-integration of the averaged az waveform. Together,

these variables visualize motion of the corner cube in the y-z plane over eight oscillations. Due to

the diminishing z motion amplitude with frequency, the data of nine selected frequencies appear

in plots with proportionate z scales: (a) 0.1 Hz and 0.15 Hz data, (b) 1 Hz and 3.3 Hz data, (c)

10 Hz and 15 Hz data, and (d) 60 Hz, 71 Hz, and 84 Hz data.

θ(z) in Fig. 3a indicates a deviation from circularity, in which case we would expect θ(z) to

be linear provided z ≪ R.

Note that curvature present in the z-dependent waveforms, although informative of the

dynamics of the shaker, manifests only at higher harmonics of f1 in the Fourier analysis;

it is the linear component of these waveforms which may affect the accelerometer signal

following Fourier filtering or sine approximation. For example, the linear component of ∆y
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at f1 = 0.15 Hz is near zero by design, so the corresponding Fourier-extracted transverse

acceleration will be negligible despite the measurable maximum displacement. However, the

nonlinearity in θ(z) at f = 0.15 Hz indicates that the linear coefficient of pitch for these low

frequencies would be amplitude dependent, which is important to consider.

Figure 3b shows data for f1 = 1 Hz and f1 = 3.3 Hz, frequencies at which θ(z) and ∆y(z)

are no longer correlated with the linear guide flatness. Rather, the increased accelerations

cause displacements and tilts increasing with frequency. In this frequency range, the tilt and

displacement are primarily linear with z. As frequency increases further, higher harmonics

and hysteresis emerge in the waveforms as shown in Figure 3c. Interestingly, the 7f1 and

3f1 harmonics are dominant in ∆y(z) for f1 = 10 Hz and f1 = 15 Hz, respectively, although

the linear component is rather small. Finally, the large amplitudes, strong hysteretic be-

havior, and changing sign of the linear coefficient at the highest frequencies (Fig. 3d) are

all consistent with resonant motion. Together, Figure 3 demonstrates the utility of our

optical characterization scheme to visualize the z-dependent tilts and displacements of a

long-stroke shaker for qualitative and quantitative analysis of parasitic motion across the

accessible frequency range.

B. Frequency Domain Analysis

For a quantitative analysis of the systematic errors presented by the measured parasitic

degrees of freedom, we extract ∆x, ∆y, θ, ψ, and az at each of the measured shaker operation

frequencies, as described in Section II. This Fourier filtering excludes the higher harmonics

which, as we have seen in Fig. 3, may represent the dominant motion but do not affect a

calibration using the sine-approximation method. Figure 4 displays the mean of the values

collected from each of the 25 waveforms at each frequency as well as error bars representing

the k = 2 uncertainty of the mean, including type A uncertainty and type B contributions

enumerated in Figs. 5 and 6 below.

The measured displacements ∆x and ∆y appear with az in Figure 4a. ∆x and ∆y are

strongly correlated, with ∆x ≈ ∆y/2, suggesting that the primary direction of transverse

displacement is rotated ≈ 27 ◦ with respect to the PSD R coordinates. By construction,

∆x and ∆y at the lowest frequencies are below 10−6 m, indistinguishable from zero. From

f1 = (0.33 to 3.3) Hz, there is an approximately constant displacement amplitude. This
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∆x and ∆y (left scale) appear with the z acceleration, az (right scale). (b) The pitch (θ) and yaw

(ψ) tilts appear with the normalized az (green) for reference. Error bars represent the k = 2

expanded uncertainty of the mean, further discussed below.

amplitude decreases from f1 = (3.3 to 22) Hz, which, as seen in Fig. 3, is connected to

the rise of higher harmonics. The displacement amplitudes increase above f1 = 22 Hz

and peak around 60 Hz. There is little correlation between the displacement amplitudes

and the z acceleration, az, which follows a curve approximating the maximum acceleration

recommended in the APS-600 manual for a laden shaker carriage.

The pitch and yaw shown in Fig. 4b display a markedly different frequency dependence.

Yaw is approximately an order of magnitude smaller than pitch, and both appear strongly

correlated with az from f1 = (2.2 to 33) Hz. Above f1 = 33 Hz, the tilt variables exhibit

the ≈ 60 Hz resonance. Below f1 = 2.2 Hz, they decouple from az, and for f1 < 0.5 Hz,

they are essentially constant as expected where the tilt is determined by the curvature of

the shaker linear guide rather than acceleration.
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1. The Gravity Error

Pitching of the shaker carriage into and out of gravity is understood to contribute a

systematic error in accelerometer calibration1,7. This error, here denoted gθ in units of

acceleration, is most likely significant for the lowest operating frequencies where the linear

guide length limits the amplitude of az, so az(f1) ∝ f 2
1 while θ1(f1) is constant. In this

regime, the relative error contribution is gθ/az ∝ 1/f 2
1 . Bruns and Gazioch1, motivated

by discrepancies in the results of the EURAMET.AUV.V-K3 key comparison17, found gθ

to be significant for their shaker especially below 0.5 Hz, and Ripper et al.7 endeavored

(successfully) to reduce gθ for their their shaker by minimizing stress in the linear guide to

improve flatness. The gravity error due to the static linear guide curvature is clearly an

important consideration for the lowest-frequency long-stroke shaker calibrations. However,

in light of the existence of resonant motion in shakers at higher frequencies unrelated to

the linear guide shape, it is prudent to also characterize gθ with dynamic measurements

throughout the operating frequency range.

We calculated the gravity error as

gθ = g sin(θ1), (6)

where g ≈ 9.801018 m/s2 is the local gravitational acceleration. The absolute value of gθ/az

appears in Fig. 5a with error bars representing the k = 2 uncertainty of the mean, including

uncertainty from the az measurement which dominates at the lowest frequencies due to low

az amplitudes. These data are the relative magnitude of the correction to az to account

for the gravity error. Given an uncertainty budget for calibrations on the order of 10−3,

the correction is evidently needed for our shaker for frequencies below 0.5 Hz, although it

does not quite rise to significance at the 60 Hz resonance. The phase is indicated with

respect to the hypothetical accelerometer under test, with sensitive axis parallel to z, and

the predominant measured phase of π indicates that the gravity error would reduce its signal.

This is consistent with the downward curvature of the linear guide evidenced in Fig. 3a.

The operating frequency f1 = 0.05 Hz was unavailable to us for this study, but it is

potentially available for calibrations. The grey region in Fig. 5a represents the 95 % confi-

dence region of a weighted least-squares fit of the function y(f1) = m/f 2
1 to the five points

f1 ≤ 0.5 Hz, where m = (1.30± 0.12)× 10−4 Hz2 is the fitting parameter. The blue square

demonstrates the relative value of the gravity error correction extrapolated to f1 = 0.05 Hz.
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point at 0.05 Hz. (a, right) The phase of gθ/az with respect to a hypothetical accelerometer

under test with axis parallel to z (Fig. 2 D). (b) Contributions to the uncertainty of gθ (δgθ,

k = 2), normalized to az. Contains type A uncertainty (δA) and type B uncertainties in the laser

displacement measurement on the P detector (δ∆yP ), l0 length (δl0), z(t) including the fitting

parameters (δz(t)), and misalignment (δβ0).

Because the correction gθ simply adds to the signal of the accelerometer under test, its

uncertainty, δgθ, contributes directly in quadrature. The quantity δgθ/az in Fig. 5b is thus

the relative contribution of δgθ to the uncertainty of az. In addition to type A uncertainty,

the type B contributions to δgθ include uncertainty in (i) laser displacement measurement

on the P detector (δ∆yP , including PSD sum output voltage, VS, PSD active area length, d,

PSD angle of incidence, ϕθ, and PSD voltage measurement, Vy), (ii) optical lever length, l0,

(iii) z(t) (δz(t), including the reference accelerometer calibration, ca, reference accelerometer

voltage measurement, Va, and the z(t) fitting parameters), and (iv) misalignment, δβ0. We

observe that since δβ0 is nearly constant below f1 = 1 Hz, δβ0/az ∝ f−2
1 , leading this uncer-

tainty to dominate in this regime. We find that for our shaker, the ********************
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FIG. 6. (a) Extracted, normalized transverse acceleration, ar/az, versus shaker operating fre-

quency. Error bars represent the k = 2 expanded uncertainty of the mean, including uncertainty in

az. At the lowest frequencies, ar is indistinguishable from zero by construction. (b) Contributions

to the relative uncertainty of ar (δar, k = 2). Contains type A uncertainty (δA) and type B

uncertainties in ∆r (δ∆r) and laser misalignment (δε).

Although the relative uncertainty in az due to the gravity error correction is insignificant at

δgθ/az < 1 × 10−4 across much of the spectrum, it rises to ≈ 1 × 10−3 at f1 = 0.1 Hz and

extrapolates to ≈ 4× 10−3 at f1 = 0.05 Hz, a possibly significant value.

2. Transverse Motion

Transverse motion of the shaker table is relevant due to the transverse sensitivity every ac-

celerometer exhibits. Although it is possible to largely cancel the systematic error introduced

by transverse motion through two sequential measurements of the accelerometer differing

by a 180◦ rotation2, this is imperfect and time consuming, especially for low-frequency cali-

brations. It is therefore useful to determine for which frequencies this mitigating procedure

would be needed, if any.

From the displacement data ∆x and ∆y measured at the operating frequency f1, we

compute the magnitude of the transverse displacement vector, ∆r, followed by the magnitude
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of the transverse acceleration,

ar = (2πf1)
2∆r. (7)

Since the axis of the accelerometer transverse sensitivity is a priori unknown, the phase of

ar is unimportant, and without mitigation, ar adds in quadrature to the uncertainty of az

through the transverse sensitivity. We see from Fig. 6a that, again, ar is indistinguishable

from zero at the lowest frequencies by definition of the shaker travel axis. Yet, ar increases

dramatically with f1 to even exceed az on resonance. If we assume a 3 % transverse sen-

sitivity of the hypothetical accelerometer under test, the relative uncertainty in az due to

ar would exceed 10−3 above around 25 Hz. This type of conclusion might lead to recom-

mendations for use of this shaker configuration, depending on the calibration uncertainty

budget.

IV. CONCLUSION

The optical corner-cube-based technique we have presented is effective for dynamic mea-

surement of four of the parasitic degrees of freedom for a long-stroke shaker: pitch, yaw,

and horizontal and vertical displacement. We demonstrated the utility of this technique

for motion visualization by leveraging simultaneous time-domain data collection leading to

plots of waveforms versus z with micrometer and sub-arcsecond resolution. The mapping

of the motional trajectories provided valuable insight into the nature and causes of the par-

asitic motions. Fourier analysis led to traceable characterization of the gravity error and

transverse acceleration across the frequency range. The gravity error for accelerometer mea-

surements is as large as ≈ 1×10−2 at 0.1 Hz, and our measurement leads to a correction with

residual uncertainty an order of magnitude smaller. Our results showed us that for typical

accelerometers the uncertainty due to transverse motion rises to significance at frequencies

of 25 Hz and above for our shaker. Naturally, the analysis could extend to any additional

systematic error associated with the measured parasitic motions.

Drawbacks of our corner-cube-based approach include (i) the need to mount a corner

cube retroreflector on the shaker table, (ii) the need to build and align the optical system,

and (iii) the risk that the corner cube not does accurately follow the motion of the hypo-

thetical accelerometer under test. Regarding (i) and (ii), our technique evokes the time

prior to the prevalence of Doppler-vibrometer-based primary calibrations, when custom-
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built Michelson interferometers, typically using a corner cube mounted on the moving stage,

were the norm. Our approach is of similar complexity and cost and uses many of the same

components. One difference is the slight modification of a corner cube retroreflector for laser

power management; however, with excess laser power such modification would be unneeded.

Regarding (iii), the setup we have used implicitly assumes complete stiffness of the shaker

table and mounted components. This assumption is reasonable for the low frequencies we

used and empirically verifiable, although finite-element modelling and reconfiguration of the

components to reduce susceptibility to mechanical compliance are also both feasible.

A future direction of this project could include modification of the setup to include mea-

surements of shaker carriage roll. Glass corner cube retroreflectors modify the polarization

of a transmitted laser beam depending on the roll angle18. So in principle, an extension

of our setup to access roll could be achieved by replacing the turning mirror Q in Fig. 2

with a beamsplitter followed by polarization analysis optics, ultimately providing kinematic

characterization of all five parasitic degrees of freedom of the shaker table.
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