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Abstract—This paper presents the use of a binary search
algorithm to obtain the simulated response of a superconducting
Josephson junction-based sampler. In the absence of noise, this
simple approach is superior to mimicking the experimental
approach of using an analog feedback circuit. This binary search
method is first used to obtain the response of an idealized
sampler, analyzing the sampler risetime to a step input and its
dependence on damping. Next, it is applied to a full sampler
circuit. Finally, we present the first experimental implementation
of this method. A 10%-t0-90% step-input response of 5.1 ps was
obtained using 8 binary search iterations which yielded a current
sensitivity of 1 pA.

Index Terms—Algorithm, Binary, Josephson,
Response, Sampler, Simulation, Superconductor.
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[. INTRODUCTION

here is a renewed interest in Josephson samplers for
the characterization and calibration of high-speed
systems at cryogenic temperatures such as high-density
superconducting computer chips [1], quantum computers [2]
and scanning magnetometers [3]. Most initial work [4-10]
dates back to the 70’s and 80’s when there was a need to
characterize latching superconducting logic and memory
circuits  [11,12]. Noteworthy progress included the
demonstration of a two-junction pulse generator [5], an on-
chip adjustable delay circuit [7], a sampler with a step-input
response 10%-90% risetime of 2.1 ps [8] and the development
of a commercial ultra-fast sampling oscilloscope and a time
domain reflectometer [9]. A second generation of sampler
designs are based on non-hysteretic junctions, compatible with
Single Flux Quantum logic and memory circuits [13]; low
temperature [14] and high temperature [15,16] superconductor
versions of these sampler designs have been implemented.
Operation of such samplers requires the repeated operation
of the device under test (DUT), sampling its signal at different
times and adjusting the bias to extract the sampler response.
This involves an analog feedback circuit, as for instance
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detailed in [17].

Simulation of the sampler response presents its own
challenge. Conceptually one can simulate the sampler circuit,
including the analog feedback circuit, with sub-picosecond
resolution. However, a single sampler response trace can take
20 ms [8] so that such a long simulation would have been
prohibitive at the time, and today would still be a time-
consuming task. In addition, any sampler optimization would
require several of those simulations when exploring the effect
of circuit parameters and/or bias currents.

This limitation is documented by the sparse number of
simulated data points published, providing only an
approximate fit to the measured data [6,9]. Instead, an
analytical model was proposed [18] for comparison with
experimental data [8].
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Fig. 1. Sampler operation principle indicating the: a) applied
currents and b) sampler response obtained for different delays,
7, between strobe and signal.

With the current availability of computing power as well as
digital experiment control and data acquisition, the question
arises how such simulations can be accelerated and whether
the same method can be used to extract the measured sampler
response.

In this paper, we present a binary search algorithm as a novel
approach to extract the sampler response using a latching
junction as a comparator. First, we implement the algorithm to
identify the limiting resolution of an idealized Josephson
sampler to a step-input signal. Next, we implement the
algorithm to simulate the response of an actual sampler circuit
and present the measured response of a fabricated sampler
circuit.

II. IDEALIZED SAMPLER SIMULATIONS

A. Principle of Operation

The principle of operation of samplers that use hysteretic
Josephson junctions - as only considered in this paper - is
based on using the junction as a threshold detector, also
referred to as the comparator. Fig. 1a illustrates the operation
principle, where a short sampling strobe pulse, Love, as well



as the signal of interest, Iignas, are applied to the junction
together with a dc bias, Jpas. The delay (74) between the pulse
and signal is then varied and for each delay the dc bias current
is adjusted until the junction reaches its critical current as
shown in Fig. 1b.

As can be taken from Fig. 1b, the required bias current then
varies with the signal, be it with reversed sign and a dc offset.
This does not fully reconstruct the actual signal because of the
dynamics of the comparator junction. Instead, the response has,
as shown in the Fig. 1b., a finite risetime in response to an
abrupt step-input signal. There is also some ringing due to the
plasma oscillation of the comparator junction.

B. Binary Search Algorithm and Simulation

Binary search algorithms have the benefit of significantly
reducing the number of iterations required in root-finding or, in
our case, threshold detection. In scenarios with negligible noise,
using a current range Al = I, — I iy and requiring current a
resolution AI/N, a linear search requires on average N/2
sampling iterations. For a binary search, the same resolution may
be obtained in log,(N) iterations. In the context of a typical
Josephson sampler where the signals of interest are within a
current range of 256 pA and for a desired resolution of 1 uA, the
binary search results in a speedup of 16x (8 vs 128 iterations). If
noise is nonnegligible then multiple sampling events must be
gathered for each search iteration and decisions are then made
using a probability threshold as well. This is true of both binary
and linear searches. Also, when performing a binary search in
the presence of excessive noise, the applied current bias does not
change monotonically for subsequent iterations, indicating the
need for additional averaging.

The binary search algorithm used here is described in more
detail with the aid of Fig. 2. The process starts with the selection
of a minimum and maximum bias current that will be applied to
the junction. These are to be chosen such that the signal of
interest is smaller than the difference between those two currents
and with an appropriate offset to avoid clipping of the response.
Furthermore, these max (min) biases must be selected such that
the comparator always (never) latches for all delays —i.e., for all
delays, 74, which offset the strobe pulse to any portion of the
signal.
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Fig. 2. Illustration of the binary search algorithm. See text for
detail.

First, two initial simulations are run with Ipias = Luee and Ipies =
Lun to guarantee the maximum and minimum biases are
appropriately chosen. We then define:

IhiZ)h = Imax (1)

- Imina (2)

Ilow

n
AL = Iign=Tlow

bias = 5 > (3)

set the bias for the first binary search step to

1 _ yn=0 1 _ Imax—Imi
Ilr;tas - Iﬂaw + AIl?uzs Imm maxz mm, (4)
and determine whether the junction latches under this dc bias (a
“1”) or not (a “0”). If the result of simulation n was a 1, we select
the lower bias range by setting:

1;111_5}1 = IbLas (5)
ligw = Tiows (6)

and conversely for simulation # yielding the “0” result, we select
the upper range:

Ifrlll-;}l = Ihlgh (7)
Ilrétvl = Ipias 3

Thus, the bias at simulation step n > 1 is:

n+l _
Ibias

n n
- Ilo_\*/‘v1 + AIITJLL_Zi = Il?)w + M (9)
This process is then continued up to the desired number of
iterations, n, with a resulting bias current that represents the
sampler response at the chosen delay, 7,. The search algorithm is
repeated for each of the strobe-to-signal delays, thereby
constructing the sampler response.

C. Idealized Sampler Response

We further illustrate this method by simulating the response
of an idealized sampler. It consists of a single junction with an
abrupt step-input signal and a very short, 0.1 74, and 0.2 I,
high strobe pulse, where:

1 i
To=-= 2eICC (10)
and w, is the plasma frequency of the junction.

This sampler response was obtained by numerically solving
the normalized RCSJ model equations [19,20] which only
depend on the McCumber parameter S, [20], namely:

Be = =I.R%C, (11)
where R is the shunt resistance and C is the capacitance of the
comparator junction. The sampler response risetimes listed
below are provided in units of 7. The step-input response of a
comparator junction with 5. = 1.5 and 6 is shown in Fig. 3, for



a pulse delay varied from -15 7, to 25 7,. Twelve binary
search iterations were used to obtain the bias current, which
was inverted and offset such that the sampler response is zero
if there is no signal.
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Fig. 3. Idealized sampler response for a comparator junction
with §. =6 and 1.5.

As expected, the higher the damping, the longer the risetime
and the smaller the overshoot of the response. Also, a further
reduction of the damping, i.e., f, > 6, results in a slightly
faster risetime but would cause a distortion of the response
which in the extreme case for . > 22 is known to result in an
unwanted pre-pulse in the sampler response [10,18]. The
dependence of the risetime and overshoot as a function of the
McCumber parameter, ., is shown in Fig. 4.

For f3, ranging from 1.5 to 6, the overshoot increases from 5.8
% to 21% as the risetime decreases from 6.1 74 to 4.7 74. For
B. > 6, the sampler response dips below 90% after the initial
overshoot causing a jump in risetime based on the last crossing
of the 90% value. Because of this, values larger than 6 are not
considered. For [, < 1.5, the junction return current is larger
than 0.87 I. [21] which exceeds a typical bias current even when
no signal is applied. As a result, the comparator junction no
longer latches when exceeding its threshold. The desired window
of operation is therefore 1.5 < 5, < 6.
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Fig. 4. Normalized sampler risetime and overshoot versus the
McCumber parameter, .

This result provides two key design considerations: 1) the
McCumber parameter, 5., as calculated by considering the
total equivalent resistance shunting the comparator junction
should be 6 or less and 2) the fastest expected 10% - 90%
risetime in response to a step-input signal is 4.7 t,. Since 7,

only depends on the ratio of the capacitance, C, to the critical
current, /., one finds the limiting risetime of a sampler
implemented with a 0.2 mA/um? junction technology with 80
fF/um? capacitance per unit area to be 1.7 ps.

III. SAMPLER CIRCUIT SIMULATIONS

A. Sampler Circuit Description
The sampler circuit as fabricated is shown in Fig.5.
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Fig. 5. Sampler circuit consisting of a comparator junction, a
pulser as a strobe, the SQUID DUT providing a step-input
signal and a second pulser with a reduced amplitude as an
alternate DUT. The inset shows the detail of SQUIDs 1
through 3 in the circuit.

It consists of a 2.2 mA comparator junction connected with
a 2 Q resistor to the strobe circuit which consists of SQUID 1
and a small 0.37 mA junction. This strobe circuit provides the
sampling pulse. Two devices under test (DUT) are connected
to the comparator: 1) SQUID 2 which provides a step-input
signal and 2) a circuit identical to the strobe circuit whose
output is attenuated with a current divider. The inset shows the
circuit detail of each of the identical SQUIDs. The
capacitance-to-current ratio of all the junctions is 0.4 pF/mA.

B. Sampler Circuit Simulation

The sampler was simulated using LTSpice [22]. The model
used for the Josephson junction is presented in the Appendix.
Fig. 6. shows key current and voltage transients of a single
sampling event. The SQUID DUT trigger precedes the
sampling trigger by 10 ps and the comparator bias current is
set just below the value needed for switching (Fig. 6a) and just
above (Fig. 6b)

Shown on each graph are from top to bottom, the SQUID
DUT current through the 12 Q resistor, the Strobe pulse
current through the 2 Q resistor, the voltage across the
comparator junction, Vew, and the supercurrent through the
comparator junction.

For a SQUID DUT bias current of 2.0 mA, the signal current
amplitude is 0.24 mA with a risetime of 1.7 ps. A first estimate
of the sampler response is given by the supercurrent of the
comparator junction [18], which has the same amplitude with a
similar risetime of 1.6 ps mA.
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Fig. 6. The simulated SQUID DUT current, the strobe current
as applied to the comparator, the voltage across the
comparator junction, and the Josephson current through the
comparator. These were simulated with a comparator bias of
a) 1.59 and b) 1.60 mA.

For a bias current of 1.59 mA (Fig. 6a), the junction does
not switch and the comparator current returns to a constant
value after some oscillations. For a bias current of 1.60 mA
(Fig. 6b), the comparator junction switches, causing a rise of
Vour and an oscillating supercurrent through the junction.

C. Sampler Response Simulation

The sampler response was then obtained using the method
described in II.B, using 60 equidistant delay values spaced by
0.25 ps and 12 binary search iterations, requiring therefore 720
sampler operations per trace. The resulting response is shown in
Fig.7.

The simulated 10%-90% risetime of the sampler circuit
shown in Fig. 5 is 2.5 ps, while the overshoot and ringing are
similar to that of the idealized sampler in Fig. 3 with §, = 6.
The difference with the 1.7 ps calculated risetime of the
idealized sampler described in section II.C is attributed to the
finite width of the strobe pulse and the non-abrupt (1.7 ps)
risetime of the step-input signal of the SQUID DUT.

IV. EXPERIMENTAL IMPLEMENTATION

A. Circuit fabrication

The sampler circuit in Fig. 5 was fabricated using Nb/a-
Si/Nb tri-layer junctions with an amorphous silicon barrier and
a current density of 0.2 mA/um? [23, 24]. The junctions have a
capacitance-to-critical current ratio of 04 pF/mA. A
micrograph of the circuit is shown in Fig. 8.

All three trigger lines connect to bond pads at the chip edge
with a grounded coplanar waveguide geometry. As these lines
reach the region shown in Fig. 8, they are transitioned to a
microstrip (not shown) for coupling to the SQUID loops. The
chip is wire bonded to a printed circuit board. The trigger lines
are connected to a set of SMA connectors and semi-rigid coax
lines, while the bias lines are all combined in a multi-wire
cable.
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Fig. 7. Simulated sampler response of the step-input signal
generated by the SQUID DUT shown in Fig. 5.
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Fig. 8. Micrograph of the fabricated sampler circuit including
two devices under test (DUT), namely a latching SQUID DUT
creating a step-input and a Pulser DUT creating a pulse.

B. Sampler Characterization

The critical current, /., of each of the SQUIDs junctions was
measured to be 1.1 mA and that of the comparator junction
was measured to be 2.2 mA. The minimum critical current of
the SQUID when changing the flux in the loop, is 1.25 mA.
Using the empirical equation

B, p2
Imin — 5+B Li¢

2. = Tinpr with g =g, = ano, (12)

obtained by combining the equations from [25], this yields a
measured loop inductance, L, of 1.1 pH. The resistor values
are expected to be within 10% of the nominal values listed.

C. Sampler Testing

The sampler was operated at 3.6 K, with all applied signals
generated by a set of computer-controlled AWGs. The delay
between the strobe and DUT was obtained with a setup similar
to [8], including a manual delay line for calibration. Due to the



fact that all junctions are underdamped (latching), the bias
must be reset at the end of each sampling period and the reset-
to-reset period of the sampler was 66.7 ms or a repetition
frequency of 15 kHz. The sampler output for a given bias, Iy,
and delay was averaged over 1000 sampler operations to
reduce the influence of noise and crosstalk. This output
provided the switching information for a binary search of the
required bias at threshold with 8 iterations. This process was
then repeated for 240 equidistant delay values spaced by 0.135
ps. The resulting sampler response for the SQUID DUT and
pulser DUT are presented in Fig. 9.

The measured sampler response of the SQUID DUT resulted
in a risetime of 5.13 ps. In addition, the pulser was measured
to have a FWHM of 5.10 ps. A close look at the pulser
response, as shown in the inset, reveals the sampler resolution
of 1 pA as obtained with 8 iterations. The response to the step-
input does not have the same overshoot as the simulated
response of Fig. 7 and also has a slower risetime. Both are
indicative of higher damping, possibly due to a lower-than-
expected sub-gap resistance or parasitic elements that are not
included in the simulations.
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Fig. 9. Sampler response measured at 3.6 K of waveforms
from a) the latching SQUID DUT and b) the pulser DUT. The
inset shows the discretized output with a minimum current
step of 1 pA.

V. CONCLUSION

In conclusion, a binary search method, used to obtain the
response of a Josephson sampler, has been shown to speed up
the simulation of the response of a Josephson sampler and has
also been implemented experimentally.

Through simulation we obtained a 10% - 90% risetime of
4.7 7, for an idealized sampler. This result is obtained for a
comparator junction with a McCumber value, ., of 6 to avoid
excessive overshoot to a step-input signal. The sampler
response simulation predicted a 2.5 ps risetime for an actual
sampler circuit, compared to a measured 5.1 ps rise time of a
fabricated sampler with the same nominal circuit parameters.

The experimental demonstration required additional
averaging because of external noise and crosstalk between the
dc bias lines, both of which can be further reduced. As for a
digital acquisition method, the binary search approach is
preferred over collecting the probability of switching over all

bias currents as in [3], since it speeds up the data acquisition
significantly using only n sampling events, one for each
iteration, instead of 27!, Further improvements would entail a
higher sampler frequency and a more advanced algorithm.
One approach would be selecting a reduced bias range based
on any known sampler response and its time derivative.
Another possibility is using a variable delay step, optimized
based on the derivative of the signal.

APPENDIX

A. Spice model of a Josephson junction

Use of a SPICE-compatible model of a Josephson junction
has previously been reported [26, 27]. The simple SPICE
model used here is shown in Fig. 10. It consists of the RCSJ
model [20] of a Josephson junction with a non-linear
resistance, representing the quasi-particle current shown in
Fig. 10c. The subgap resistance was chosen to be 10 times the
normal state resistance, Ry. The supercurrent of the junction is
modeled with a current source which depends on a voltage
representing the junction phase, V.. This voltage is created
by a second current source which depends on the voltage
across the junction, Vj;, in parallel to a 1 Farad capacitor,
which acts as an integrator.

C) Ry

Rsubgap ij

Ly = I sin(Vypgse) 2A
+ e
e
V== % py &
v

Fig. 10. Simplified SPICE model of a Josephson junction
consisting of a) an integrator circuit creating a voltage
representing the phase of the junction, b) the RCSJ model with
a non-linear parallel resistor. c¢) Piecewise linear current-
voltage characteristic of the resistor.
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