
Plasma Sources Science and
Technology

     

PAPER • OPEN ACCESS

Zeeman effect of isotopes of Kr and Xe
investigated at the linear plasma device PSI-2
To cite this article: M Sackers et al 2024 Plasma Sources Sci. Technol. 33 025015

 

View the article online for updates and enhancements.

You may also like
Theoretical modeling of the hybrid
membrane-gas hydrate crystallisation
process for xenon recovery
M S Sergeeva, A N Petukhov, M M
Trubyanov et al.

-

Structural and vibrational properties of
condensed phases in xenon molecular
binary systems: He-Xe, H2-Xe
Andrew P Jephcoat, Mónica Amboage and
Annette K Kleppe

-

Cross-section measurements of (n, 2n)
and (n, p) reactions on
124,126,128,130,131,132Xe in the 14 MeV
region and theoretical calculations of their
excitation functions
Junhua Luo,  , Li Jiang et al.

-

This content was downloaded from IP address 129.6.169.130 on 22/07/2024 at 14:47

https://doi.org/10.1088/1361-6595/ad23fa
/article/10.1088/1742-6596/1134/1/012078
/article/10.1088/1742-6596/1134/1/012078
/article/10.1088/1742-6596/1134/1/012078
/article/10.1088/1742-6596/215/1/012016
/article/10.1088/1742-6596/215/1/012016
/article/10.1088/1742-6596/215/1/012016
/article/10.1088/1742-6596/215/1/012016
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
/article/10.1088/1674-1137/ac3fa4
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsuFMJaDdpYf2j-8CxvS5EYLtOhmps85zY56abLGYZx8pq7wMgZqyLPQ1-zH0zSp06zWoT10fvy8oRlQ3F-Q-PIXKiMtobfgtxoWoZ3riodgEW0SlTg4JJMNtqmUmRpFQhyoJXtBQzSyf78_HTUEuW0t728eIRHHI06mr8nEiPJO0gjgtMbdjA6QT_BrSewtc5JZPi-rkl7lvUeY955ty0SwXV32JLbsxTfdJsp-bVo_Oo-E4pHXewpOA4GUX8NrXT1DzZBl-RYz4cVK9Q7DDyvhwPFT7731EXi0hCBnIAlbWV3HNhB54Lw3ObKdp8o5GR0wtFhE8ZKuiKmXhaZIAg&sig=Cg0ArKJSzLoyudahMnVe&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://www.hidenanalytical.com/analysis-solutions-for-your-plasma-research/


Plasma Sources Science and Technology

Plasma Sources Sci. Technol. 33 (2024) 025015 (18pp) https://doi.org/10.1088/1361-6595/ad23fa

Zeeman effect of isotopes of Kr and Xe
investigated at the linear plasma device
PSI-2

M Sackers1,∗, O Marchuk1, D Dipti2, Yu Ralchenko3, S Ertmer1, S Brezinsek1
and A Kreter1
1 Forschungszentrum Jülich GmbH, Institut für Energie- und Klimaforschung—Plasmaphysik, Partner of
the Trilateral Euregio Cluster (TEC), 52425 Jülich, Germany
2 International Atomic Energy Agency, Atomic and Molecular Data Unit, 1220 Vienna, Austria
3 National Institute of Standards and Technology, Atomic Spectroscopy Group, Gaithersburg, MD 20899,
United States of America

E-mail: m.sackers@fz-juelich.de

Received 30 August 2023, revised 16 January 2024
Accepted for publication 30 January 2024
Published 16 February 2024

Abstract
Laser absorption spectroscopy provides high-resolution spectra of atomic transitions that reveal
many often inaccessible features. The line shapes of krypton and xenon measured in magnetized
plasmas are strongly affected by the contribution of the odd-numbered isotopes 83Kr, 129Xe and
131Xe due to their hyperfine structure, creating more challenging spectra in comparison to
even-numbered ones. The lines originating from metastable levels of krypton and xenon with
J= 2 (Kr I 760.4 nm) and J= 0 (Kr I 785.7 nm, Xe I 764.4 nm) were measured and analyzed in
the linear plasma device PSI-2 in the field range of 22.5 mT–90 mT. Evaluating the Hamiltonian,
including hyperfine and Zeeman interaction terms for these magnetic field strengths, unveils a
deviation from the linear energy shift of the sublevels as a function of the magnetic field and
from constant relative intensities that the weak field formulas provide. We prove that modeling
the transitions in Xe using the weak field approximation, frequently used in magnetized plasma,
becomes inadequate at ≈50 mT. In particular, the spectra of the 131Xe isotope show pronounced
deviations from the weak field results. For krypton, however, the situation is less critical
compared to xenon due to the low natural abundance of the odd-numbered isotope.

Keywords: Zeeman effect, Magnetized plasma, Laser absorption spectroscopy,
Hyperfine structure, Isotope shift, Linear plasma device

1. Introduction

Modeling absorption spectra obtained from atomic species
in an external magnetic field requires including the Zeeman
effect in the analysis [1–5]. The complexity of the spec-
tra depends on the energy perturbation caused by the new
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Hamiltonian terms compared to the fine structure (FS) energy
correction terms. Usually, the splitting caused by an external
magnetic field is either much smaller or larger than the FS
correction. Given a small external magnetic field, first-order
perturbation theory provides analytical expression to describe
the energy splitting and relative intensities [6]. In magnetized
plasmas with sufficient magnetic field gradients, the Zeeman
pattern detected by a spectrometer can help deduce the spa-
tial position of the atomic species emitting or absorbing the
photons [7].

During the first experimental campaigns on laser absorp-
tion of metastable argon at the linear plasma device PSI-2, it
sufficed to describe the spectra using simple formulas in the

1 © 2024 The Author(s). Published by IOP Publishing Ltd
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weak field approximation (WFA) [3, 8]. Analyzing the data in
this manner provided an estimate of themagnetic field strength
and metastable Ar population density.

The theoretical description of the absorption spectra can
be more challenging in the case of elements with multiple
stable isotopes. In the case of krypton and xenon, the trans-
ition patterns increase in complexity as the gases naturally
consist of several stable isotopes—three of which (83Kr, 129Xe,
131Xe) have a hyperfine structure (HFS). It is precisely this
presence of the HFS that leads to the very complex spectra
due to the interaction with a magnetic field as compared to
those of a single even-numbered isotope: if the HFS split-
ting becomes comparable to the energy separation caused by
the magnetic field, neither of the formulas available for weak
or strong field limit is valid. So, for instance, the absorp-
tion spectra from 133Cs in neutral beam ion sources demon-
strate clear examples for the Cs 852 nm line in the field range
of 2.5 mT–32 mT, where the WFA is invalid as the energy
splitting of the individual magnetic sublevels depends non-
linearly on the external magnetic field strength [9]. The cor-
rect description requires evaluating the matrix elements of the
Hamiltonian [10–12], where the HFS interaction constants are
taken from experimental data or atomic structure calculations
[13]. The latter approach is taken for estimating the magnetic
field strength in the coronal plasma of stars [14]. An altern-
ative method is to use a model developed by Darwin, which
accounts for the magnetic dipole hyperfine interaction but neg-
lects higher-order terms [15, 16].

The probably most relevant current research topic, where
xenon and krypton spectra contain invaluable information
under magnetic field strengths comparable to those investig-
ated in this study, is spacecraft propulsion [17]. Obtaining high
thrust while keeping the associated mass loss low represents
a high priority. Thus, the velocity of the neutral and singly-
ionized atoms is a crucial parameter accessed in the plasma
plume via laser-induced fluorescence (LIF) or laser absorption
spectroscopy. Typical lines accessed by the lasers are the Kr I
760.4 nm [18], Xe I 834.9 nm and Xe II 834.95 nm transitions
[19–21]. For example, the Xe II line at 834.95 nm gives access
to the velocity distribution function (VDF) in the plume of
a Hall effect thruster at the maximal field of about 15 mT
[19]. One already estimated the strong impact of the magnetic
field on the derived axial velocity dispersion, but the accur-
ate deconvolution of the line shape taking into account the
Zeeman effect and HFS splitting of the odd isotopes was still
not performed. In amore recent study, this deficit was removed
to describe LIF spectra of the same line (Xe I 834.9 nm) up
to the peak magnetic field of 65 mT in the WFA, e.g. assum-
ing the linear Zeeman effect for the HFS components of the
odd-numbered isotopes [22]. The fitting of experimental data
still shows some deviations from experimental data and the
modeling also indicated the presence of a significant hyper-
fine transition of 131Xe at the detuning of 5 GHz outside of the
scanning range covered by the laser. In contrast to this study,
the theoretical calculations demonstrated that the WFA breaks
for the Xe I 834.9 nm line even at fields as low as 1.7 mT [23].
Moreover, by applying the model developed by Darwin [15,
16] and the WFA to the experimental data (B= 3 mT–27 mT)

one found a difference in a gas temperature of almost a factor
of two [23]. The spectral component reported in [22] at the
detuning of 5 GHz for the same range of magnetic field was
also not observed. The contradicting claims of [22] and [23]
regarding the validity of the WFA for fields below 100 mT are
one of the reasons for modeling the spectra of the Xe I line
measured at the linear plasma device PSI-2.

The theoretical description of experimental data for Kr lines
suffers even this level of discussion. For instance, only zero-
field modeling of the Kr I 760.4 nm or Kr II 728.98 nm trans-
itions is available in the literature [18, 24]. We are not aware
of studies investigating Kr I lines in the magnetic field of tens
of mT with consequent modeling taking the Zeeman effect
and the HFS components into account. This work provides
a detailed analysis of the absorption spectra by the Xe I
764.4 nm, Kr I 760.4 nm and 785.7 nm lines obtained at the lin-
ear plasma device PSI-2 for magnetic fields ranging from 22.5
mT–90mT. Special attention is paid to the validity of theWFA
for describing the spectral profile of Kr and Xe transitions.

The paper is structured as follows. Section 2 briefly intro-
duces the experimental setup at the PSI-2 and presents the
choice of transitions investigated in this work. Section 3 gives
a brief overview of laser absorption spectroscopy. Theoretical
calculations for Xe I and Kr I spectral lines observed in the
experiment with and without magnetic field for odd and even
isotopes are shown in section 4. Benchmarking of the model is
facilitated by using the zero-, weak and strong field approxim-
ations. Section 5 shows the analysis of experimental spectra
using exact calculations and the WFA. It also compares the
obtained intensity of the magnetic field with the vacuum field
calculations and other experimental data. Section 6 discusses
the impact of spectra saturation on the line shape of Kr I lines.
Finally, section 7 presents the results of the calculation and
comparison with the WFA for the Xe I 834.9 nm line in the
weak magnetic field.

2. Experimental setup

The tunable diode laser absorption spectroscopy (TDLAS)
system installed at the linear plasma device PSI-2 provides
the absorption spectra investigated in this work [3]. The
TOPTICA DL pro diode laser covers the spectral range
between 750 nm–795 nmwith a linewidth of about∆νL = 110
kHz. This spectral interval allows to measure the population
of metastable levels of Ar I, Kr I and Xe I atoms. Figure 1(a)
presents a rough sketch of PSI-2, including the laser absorp-
tion diagnostics system. Feeding a gas into the cathode region
and igniting an arc discharge towards an anode generates the
plasma. A gradient in pressure drives the plasma toward the
neutralization plate. The axial magnetic field H generated by
six solenoids confines the particles within a radius of about
5 cm–10 cm. The overview paper [25] provides more details
on the device. Tuning the current through the solenoids allows
choosing a magnetic field strength of roughly 22.5 mT–90 mT
along the line of sight of the TDLAS diagnostic. A Langmuir
probe gives information on the plasma parameters. The pro-
file of electron temperature and density shown in figure 1(b)
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Figure 1. Schematic of the linear plasma device PSI-2 including the TDLAS setup and typical plasma paramaters of a Kr discharge—150 A
cathode current, 8.3 · 10−7m3 s−1(50sccm) Kr injected into the source, 67.5 mT and a pressure of 4.1 · 10−2 Pa.

Table 1. Vacuum wavelengths, oscillator strength and configuration according to the NIST atomic spectra database [26] and the Landé
splitting factors g.

Vac. wavelength
(nm)

Oscillator
strength

Conf.
lower level

Landé g
lower level

Conf.
upper level

Landé g
upper level

Kr I 760.3638 0.2368 5s[3/2]2◦ 1.502a 5p[3/2]2 1.383 71(41)b

Kr I 785.6984 0.567 5s ′[1/2]0◦ — 5p ′[1/2]1 1.451(1) c

Xe I 764.4128 0.56 6s ′[1/2]0◦ — 6p ′[1/2]1 1.551d

Xe I 834.9116 0.73 6s ′[1/2]1◦ 1.321d 6p ′[3/2]2 1.190a

Landé g factors are taken from:
a [27]
b [28]
c [29]
d [30]

demonstrates maxima of the profiles at the distance of 2 cm
from the axis of the device. The line-of-sight of the TDLAS
system is at a distance of about 2 m from the hollow cathode.
In the PSI-2 plasma, collisional radiative processes and dif-
fusion determine the population density of metastable states,
which the laser probes in this study. Previous work suggests
that absorption by metastable atoms occurs mainly within
the region that has a homogeneous magnetic field [8]. A lin-
ear polarizer enables isolating π (∆m= 0) or σ (|∆m|= 1)
transitions, where m is the projection of the total angular
momentum on the z-axis, and a set of gray filters makes it pos-
sible to probe for saturation effects, which could occur if the
absorption substantially perturbs the population density of the
atomic states (cf section 6).

While measuring laser absorption spectra, atomic states
with substantial fractions of the overall population distribution
are excellent choices for obtaining good statistics. In krypton,
such a property can be expected from the ground state (J= 0)
and two metastable states in the 4p55s shell (J= 0,2) since
they have no electric dipole transitions into the ground state
and other multipole transitions have negligible probabilities.
The quantity of light absorbed in the medium is proportional
to the oscillator strength f ij of the transition. Given the spec-
tral range of the laser of 750 nm–795 nm and f ij, there are

two promising candidates for absorption from the two meta-
stable Kr I 5 s levels and one line that connects to the Xe I
6s ′[1/2]0◦ level. Table 1 provides more information on their
properties. The Xe I line at 834.9 nm, frequently used in LIF
measurements in the Hall effect thrusters, is given here for
completeness.

3. Tunable diode laser absorption spectroscopy at
PSI-2

The fraction of light transmitted (T) through the plasma is
given by [8]

T(ν) =
I(ν)
I0 (ν)

= exp

(
−
ˆ

α(ν,x)dx

)
, (1)

with ν being the photon frequency, I(ν) the intensity of the
laser light with absorption, I0(ν) the intensity of the laser light
without absorption from atomic species present in the plasma,
and α(ν,x) the coefficient of absorption. It should be justifi-
able to assume a constant spectral profile for volumes with sig-
nificant absorption along the line-of-sight (α(ν,x) = α(ν)),
as explained in section 9.5 of [8]. In particular, the density
gradient-driven transport is lower in the case of Kr and Xe due

3
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to the higher mass as compared to Ar. The absorption coeffi-
cient depends linearly on the spectral profile [31]:

α(ν)∝ g(ν) (2)

and themain focus of this work is the influence of themagnetic
field on the spectral profile g(ν), with

ˆ
g(ν)dν = 1. (3)

All other constants and the density of the lower level are omit-
ted from equation (2) since it is more convenient to derive the
spectral profile as

g(ν) =
ln
(

I(ν)
I0(ν)

)
´
ln
(

I(ν)
I0(ν)

)
dν

. (4)

Additional information on how to properly obtain I and I0
from experimental measurements are given in [8, 32].

This line profile must include all broadening mechanisms
that considerably alter the spectrum. For instance, the Doppler
effect of the Kr I 760.4 nm line, assuming a neutral gas tem-
perature of 600K (figure 8(b)), produces a broadening with a
full width at half maximum (FWHM) by using equation (7.3a)
of [33] of

∆νD ≈ 8× 10−1GHz. (5)

Obviously, the laser linewidth can be neglected in the spectral
analysis as ∆νD >>∆νL. A simple estimate of the splitting
induced by the field is to use the normal Zeeman effect∆E=
µBH giving a substantial splitting for 45 mT of

∆νZ ≈ 6× 10−1GHZ. (6)

The FWHM due to the natural lifetime (equation (8.11) of
[34]) of the atomic states stays below

∆νN ≈ 7× 10−3GHz (7)

for the transitions considered in this study. We also estimated
the influence of the electron-ion broadening in quasi-static
approximation using the peak electron density 3× 1017 m−3

and temperature 3 eV of a krypton discharge, as plotted in
figure 1(b). For that purpose, equation (4) of [35] provides
estimates of the thermally averaged Gaunt factors of the Kr
I and Xe I levels needed to calculate the width according to
equation (24) of [36]. The NIST ASD [26] gives the nearest
perturbing levels and the orbital quantum numbers l are 0
for the lower and 1 for the upper levels were used in [36].
Calculating this FWHMassociated with the Xe I 764.4 nm line
yielded the largest broadening of

∆νei ≈ 5× 10−3GHZ, (8)

where the energy differences to the perturbing levels 6p[1/2]1
and 6d[5/2]2◦ used in equation (24) of [36] are ∆Ei =
0.13 eV and ∆Ef = 0.004 eV, respectively. Furthermore, iso-
topic effects influence the spectrum, as shown in section 4.
Therefore, the only two dominant broadening mechanisms are
the Zeeman and Doppler effect.

Table 2. Center of gravity energy shift in MHz for the six stable Kr
isotopes of the transitions [38].

Transition 86–84 86–83 86–82 86–80 86–78

760.4 nm 73 94 143 221 307
785.7 nm 69 93 136 215 296

4. Magnetic sub-transitions of Kr I and Xe I lines:
shifts and relative intensities

There are a variety of processes that may broaden or split
atomic transitions. Regarding the experimental spectra in this
work, isotopic effects and the interactionwith an external mag-
netic field are dominant physical processes that need to be
included in the analysis.

4.1. Isotopic influence on the line shape

Natural krypton and xenon consist of a variety of stable iso-
topes, where the differing number of neutrons in the core of
the nucleus slightly shifts the center of gravity energies. The
first shift is due to the difference in isotopic weight, called the
mass shift and the second shift, known as the field shift, arises
from the change in the charge distribution of the core [37].
For the transitions investigated in this study, sufficient literat-
ure data are available to obtain accurate wavelength shifts for
different isotopes. Tables 2 and 3 present the shifts used in this
work.

4.1.1. HFS splitting. The even-numbered isotopes of Kr and
Xe have a nuclear spin I of zero and, thus, nomagneticmoment
associated with their core. However, the odd-numbered iso-
topes of Kr and Xe have nonzero nuclear spins of: [41]

• 83Kr I = 9/2
• 129Xe I = 1/2
• 131Xe I = 3/2

The orientation of the nuclear magnetic dipole to the field
depends on the coupling between the angular momentum J
and the spin of the nucleus I. Here, the typical rules for pos-
sible values of the new quantum number F= I+ J apply [6].
This effect is known as the magnetic dipole (MD) contribution
to the HFS splitting, which gives an energy correction EMD

of [42, 43]

∆EMD = A
C
2
, (9)

with A being the magnetic dipole HFS constant and

C= F(F+ 1)− I(I+ 1)− J(J+ 1) . (10)

Only nuclear spins greater or equal to 1 can give rise to a non-
zero electric quadrupole (EQ) term, shifting the energy level
in the zero-field regime by [44]

∆EEQ =
B
4
3/2C(C+ 1)− 2I(I+ 1)J(J+ 1)

I(2I− 1)J(2J− 1)
, (11)

4
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Table 3. Isotope shifts of the 764.4 nm [39] and 834.9 nm [39, 40] Xe I line compared to 136Xe in MHz.

Transition 136–128 136–129 136–130 136–131 136–132 136–134

764.4 nm −274(6) −276(9) −202(4) −205(12) −150(9) −85(6)
834.9 nm −215.9(6.0) −203.9(4.5) −158.9(4.5) −189.7(6.1) −115.4(6.0) −85.4(6.0)

Table 4. Magnetic dipole and electric quadrupole HFS constants of
the atomic states taking part in the absorption process of the Kr I
lines.

5s[3/2]2◦ 5s ′[1/2]0◦ 5p[3/2]2 5p ′[1/2]1

A83 (MHz) −243.87(5)a / −108.49(12)a 226.47(16)b

B83 (MHz) −453.1(7)a / −85.7(16)a 26.5(12)b

The constants are taken from:
a [50]
b [38]

Table 5. Hyperfine structure constants of the levels connected to the
764.4 nm and 834.9 nm (grey-colored) Xe I transitions in MHz.

Level 6s ′[1/2]0◦ 6s ′[1/2]1◦ 6p ′[1/2]1 6p ′[3/2]2

A129 (MHz) / −5808(2)a 1977(1)a −2894.6(4.7)b

A131 (MHz) / 1709.3(7)a −581.0(6)a 858.9(3.1)b

B131 (MHz) / 30.3(8)a −6.2(4)a −14.0(17.0)b

The constants are taken from:
a [51]
b [40]

with B being the electric quadrupole constant. Higher-order
terms such as the magnetic octupole and electric hexadecapole
are typically negligible [45–47].

Equations (9) and (11) provide the total energy shift of the
energy levels for given HFS constants without the influence
of an external field. The HFS constants are given in tables 4
and 5.

Properly analyzing the line shape requires the relative
intensities of the hyperfine sub-transitions. The line strength
SFF ′ of a transition from the state (J,F) to (J ′,F ′) is [48]

SFF ′ = (2F+ 1)(2F ′ + 1)

{
F F ′ 1
J ′ J I

}2

SJJ ′ , (12)

with SJJ ′ being the line strength of the multipole transition of
the FS from the level J to the level J′. The relative intensit-
ies are calculated using the expression (12) and neglecting the
factor SJJ ′ according to [49].

Using the natural abundance of even-numbered Kr and Xe
isotopes [41] and the isotope shifts (tables 2 and 3) gives the
contribution of the even isotopes as plotted via the grey bars in
figures 2(a), (b) and 3(a) of the lines experimentally studied in
this work. Figure 3(b) shows the line at 834.9 nm of Xe I stud-
ied theoretically only. In each case, the heaviest isotope (86Kr,
136Xe) is at the detuning of 0 GHz. Taking the HFS correction
of the odd-numbered isotopes into account via equations (9),
(11) and (12) with the values given in tables 4 and 5 yields
various new components. These bars represent the zero field
transition frequencies and the quantum numbers F identify the
hyperfine sub-transitions.

Figure 2. Relative peak intensities of the Kr I 760.4 nm (a) and
785.7 nm (b) lines. Grey-colored bars indicate the transitions of
even-numbered isotopes. The hyperfine sub-transitions of the odd
isotope 83Kr for are shown by red bars. The intensities of the 13
transitions in 83Kr in (a) are multiplied by a factor of 10. The
notation of the quantum numbers in the plot is according to the
hyperfine sub-transitions F−F ′ between upper (F) and lower
level (F′).

4.2. HFS components in a magnetic field

Magnetic fields interact with the magnetic dipole moment of
an atomic system and omitting the quadratic term contribute
to the overall Hamiltonian as [52]

Hmag =−µH, (13)

where µ is the magnetic dipole moment.
There are various regimes of the Zeeman effect that

are, in principle, analogous in the cases of atoms having a
fine or, additionally, a hyperfine structure. For instance, the
Hamiltonian used as a perturbation for atoms in an external
magnetic field with hyperfine interaction terms is [34, 43]

H= AI · J+B
3(I · J)2 + 3

2 (I · J)− I(I+ 1)J(J+ 1)

2I(2I− 1)J(2J− 1)

+ gJµBJ ·H− gIµNI ·H, (14)

5
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Figure 3. Relative peak intensities of the Xe I 764.4 nm (a) and
834.9 nm (b) lines. Grey-colored bars indicate the transitions of
even-numbered isotopes. The hyperfine sub-transitions in the odd
isotope 129Xe are shown in red and transitions in the isotope 131Xe
in blue. Summing up the contributions given by the red or the blue
bars gives the natural abundance of 129Xe or 131Xe, respectively.

with gI being the g-factor associated with the nuclear magnetic
dipole moment µN [53].

Appendix shows the derivation of the formula needed to
calculate the relative intensities for given expansion coeffi-
cients. In most cases, it suffices to use analytical expressions
derived from the Hamiltonian (14) for the two limiting cases of
the interaction of the atomic system with an external magnetic
field. These situations arise if the terms depending on the mag-
netic field strength dominate the Hamiltonian or the hyperfine
interaction is much larger. In any other case, the correct treat-
ment requires evaluating the matrix elements.

4.2.1. Weak field limit—WFA. If the level splitting induced
by the magnetic field is much smaller than the FS/HFS
splitting, it is possible to derive the linear shift of the
energy eigenvalue

∆E= gmµBH, (15)

wherem denotes themagnetic quantum number,µB is the Bohr
magneton and g is the Landé splitting factor [42]:

g=

{
FS gJ
HFS gF ≈ gJ

F(F+1)+J(J+1)−I(I+1)
2F(F+1)

. (16)

The additional factor in the case of the HFS Landé splitting
factor results from the vector coupling of I with J, forming
the new quantum number F. Thus, there is a projection of the
magnetic moment associated with J onto F. Analogously, the
tiny magnetic moment of I slightly shifts the splitting factor
but is generally insignificant.

The relative intensities of the magnetic sub-transitions
are [6]

I∝


FS

(
J 1 J ′

−mJ mJ−mJ ′ mJ ′

)2

HFS

(
F 1 F ′

−mF mF−mF ′ mF ′

)2 , (17)

where allowed transitions satisfy |∆m|⩽ 1.

4.2.2. Strong field regime. For fields where the interac-
tion with the magnetic field dominates the contribution to the
Hamiltonian (14) as compared to the FS/HFS splitting, an
independent precession of the decoupled vectors about the
magnetic field lines becomes apparent—see, for instance, [54].

The electric dipole operator acts upon the spatial part of
the wave function and not upon the spin of the electrons or the
spin of the core and thus, the selection rules for the magnetic
quantum numbers are in the FS case [6]

∆mL =±0,1 (18)

∆mS = 0 (19)

and analogously in the HFS case [42]

∆mJ =±0,1 (20)

∆mI = 0. (21)

Here, mL is the projection of the orbital quantum number L,
mS is the projection of the spin S and mI is the projection of
the nuclear momentum I on the direction of the magnetic field,
e.g. the z-axis.

According to first-order perturbation theory, the energy
shift for atoms with a nonzero nuclear magnetic moment in
a strong field is [34, 55]

∆E= AmJmI+B

[
3m2

J − J(J+ 1)
][
3m2

I − I(I+ 1)
]

4I(2I− 1)J(2J− 1)

+mJgJµBH−mIgIµNH. (22)

The structure is essentially the same as for the weak field
regime of the FS case since the term mJgJµBH dominates
the energy shift of equation (22). In general, there are 2I+ 1
components of equal intensity underneath each magnetic sub-
transition of the FS due to equation (21) [56].

4.2.3. Comparison of the WFA with the exact solution. The
Wigner 3-j symbol of equations (17) and (A.6) gives nonzero
relative intensities only if the difference in magnetic quantum
numbers mJl-mJl ′ is −1, 0, or 1. These values correspond to
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Figure 4. Weak field approximation (WFA) patterns of odd-numbered Xe and Kr isotopes for the three transitions experimentally
investigated in this study compared to the exact solution assuming a magnetic field of 45 mT. These calculations include the isotope shift
relative to the heaviest one (83Kr, 136Kr). The solid red-colored (exact) and dashed blue-colored (WFA) lines are synthetic spectra of the π
components at a neutral gas temperature of 600 K (cf figure 8(b)).

several polarization of the light. Those with ∆m= 0 are lin-
early polarized parallel to the magnetic field line direction (π),
whereas those with ∆m=−1 (σ−) and ∆m=+1 (σ+) are
circularly polarized in the plane perpendicular to the magnetic
field lines. The following sum rule holds true for the line of
sight perpendicular to the magnetic field direction [43]

∑
Iπ =

∑
Iσ, (23)

as verified by the absorption measurements on metastable
argon [8].

Obtaining the correct energy splitting and relative intens-
ities using WFA formulas is essentially a two-step proced-
ure: Firstly, the zero-field splitting is calculated, as shown by
the red bars in figure 2(a), via equations (9), (11), and (12).
Secondly, each hyperfine sub-transition splits into its weak
field pattern, where equations (15) and (16) give the energy
splitting, and equation (17) provides their relative intensities.

The exact solution in the presence of magnetic field relies
on calculating the energy eigenvalues and expansion coeffi-
cients by diagonalizing the Hamiltonian (14). We performed
this in the basis of |ImIJmJ > wavefunctions. The matrix
elements of the (I · J) operator were calculated using the
standard expression for the step-up and step-down operators
[49], alternatively they can be calculated using equation
(3) of section 7.3 [49]. The diagonalization was performed
using the SciPy v.1.11.4 (scipy.linalag) package. The rel-
ative intensities of hyperfine sub-components are obtained
using the expansion coefficients and equation (A.6) given in
the appendix. In all cases, we ensured that evaluating the
Hamiltonian (14) provides the weak field solutions for fields
≪ 45 mT (section 4.2.1) and the strong field pattern for fields
≫45 mT (section 4.2.2).

Figures 4(a)–(d) present the splitting and relative intensities
of the lines associated with the odd-numbered isotopes of Kr
and Xe for a magnetic field of 45 mT. The intensities of π
(∆m= 0) transitions are shown with positive signs, whereas

7
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those of σ (∆m=±1) components are plotted with negative
signs in accordance with the usual representation [6].

The number of magnetic sub-transitions of the exact solu-
tion and WFA is identical for figures 4(b)–(d) but differs sub-
stantially in figure 4(a). The WFA formulas applied to the
Kr I 760.4 nm line give 356 possible transitions, where each
component contributes more than 0.002% to the overall spec-
trum. However, using the exact approach of evaluating the
Hamiltonians (14) gives 502 of the in total 620 possible com-
ponents that surpass a contribution of 0.002% for a magnetic
field of 45 mT.

One can understand this behavior by considering the fol-
lowing: F= I+ J andmF are good quantum numbers for weak
fields. E1 transitions of nonzero intensity require |∆F|⩽ 1
and |∆mF|⩽ 1. Increasing the field strength provides mixing
of magnetic sublevels with the same total magnetic quantum
number mF but differing F (F is not a good quantum num-
ber any more). Thus, the magnetic field induces transitions
between levels with |∆F|> 1 and |∆mF|⩽ 1, increasing the
overall number of lines with nonzero intensity, which is pre-
cisely the reason for the large number of additional compon-
ents plotted in figure 4(a). Further increase of the magnetic
field reduces the number of components again since the com-
plete decoupling of I and J leads to a strong field pattern (the
Paschen-Back effect) with 120 nonzero components, which
is 2I+ 1 times the number of FS magnetic sub-transitions
according to selection rules (21) and (20), respectively.

The patterns plotted in figures 4(b)–(d) are special cases
since the lower level consists only of the state F= I due
to J= 0, while there are three upper levels (F ∈ {I− 1, I, I+
1}). Thus, increasing the field does not increase the num-
ber of transitions but solely redistributes the relative intens-
ities. Laser absorption measurements of spectra of Ar at PSI-
2 suggest a temperature of neutral Kr and Xe to be around
600K for this field strength. Resulting profiles of the π com-
ponent obtained by convolution of the Doppler profile for
the calculated magnetic sub-transitions are also plotted in
figures 4(a)–(d). Both curves exemplify an agreement between
the WFA and exact calculations. So, for instance, despite a
significant difference in the distribution of intensities of the
spectral lines at 760.4 nm and 785.7 nm for 83Kr, the deviation
between the two curves is observed only on the level of 20%–
30%. In the case of Xe isotopes, the difference in line shape
is much more pronounced for the 131Xe I 764.4 nm line com-
pared to 129Xe. The deviation between the curves exceeds 50%
in the frequency range of 0.6 GHz–2 GHz. For the 129Xe iso-
tope, the deviation between the WFA and exact calculations
remains on the order of 20% again.

A common approach for making an initial guess whether
weak field or strong field formulas apply is to calculate the
ratio [43]

ϵ=

∣∣∣∣gJµBHA
∣∣∣∣ . (24)

So, for instance, if the magnetic field strength creates a fre-
quency shift orders of magnitude smaller than the hyperfine

Table 6. Ratio of the Zeeman interaction term to the MD
contribution for Kr I levels at 45 mT.

5s[3/2]2◦ 5s ′[1/2]0◦ 5p[3/2]2 5p ′[1/2]1

ϵ83 3.9 / 8.0 4.0

Table 7. Ratio of the contribution by the Zeeman effect to the MD
hyperfine interaction by Xe I levels at 45 mT.

Level 6s ′[1/2]0◦ 6s ′[1/2]1◦ 6p ′[1/2]1 6p ′[3/2]2

ϵ129 / 0.14 0.49 0.26
ϵ131 / 0.49 1.68 0.87

splitting due to the magnetic dipole interaction (ϵ << 1), the
WFAworks. In the inverse case—the Zeeman splitting ismuch
larger (ϵ >> 1) – the strong field formulas are valid. Tables 6
and 7 show these ratios for a magnetic field of 45 mT. For
instance, the value of 4.0 for the Kr I 5p ′[1/2]1 state indicates
that strong field formulas should work better since the contri-
bution by the external magnetic field surpasses the MD hyper-
fine interaction term in the Hamiltonian (14). However, this
ratio neglects the EQ interaction, the detailed structure of the
atomic level, and that Zeeman and hyperfine interaction terms
can contribute to the same matrix elements. Both the weak
field and strong field formulas produce symmetric patterns
around their zero-field position. Undoubtedly, figures 4(a) and
(d) present patterns that do not exhibit such symmetry, but
figures 4(b) and (c) approximately resemble the weak field pat-
tern. Thus, we only compare the spectra produced by theWFA
to those derived using the exact approach.

The ratios of hyperfine to Zeeman contribution for 45 mT
in the case of the Xe I levels show that weak field and strong
field formulas probably do not apply either. Essentially, the
ratio is neither large nor small enough to motivate using weak
or strong field formulas but, instead, requires evaluating the
Hamiltonians (14).

5. Analysis of experimental spectra

The experimental spectra are fitted using three parameters.
They are the normalization constant, the temperature of the
Gaussian profile and the magnetic field strength. Each iso-
tope contributes to the total spectra according to their natural
abundance [41], and the WFA formulas of section 4.2.1 apply
to all even-numbered isotopes. Calculating the spectra of odd-
numbered isotopes was discussed in the previous section. The
spectra shown in the following sectionweremeasured by rotat-
ing a linear polarizer parallel to the field direction to meas-
ure absorption by π components, whereas rotating the linear
polarizer by 90 degrees allowed measuring absorption by σ
transitions.

Figures 5(a)–(d) and 6(a)–(d) show the line profile meas-
ured by laser absorption from both Kr I lines of π and σ trans-
itions for an external magnetic field of 22.5 mT and 45 mT. An
overall excellent agreement is obtained between the measured
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Figure 5. Experimentally measured line profiles of the 760.4 nm Kr I line for magnetic fields of 22.5 mT and 45 mT compared to modeling.
Rotating a linear polarizer allowed access to π and σ transitions. The grey-colored bars represent the magnetic subtransitions of the even
isotopes calculated using the WFA. Convolving these with a Gaussian profile gives five grey-shaded curves representing the contributions of
the isotopes 78Kr,80Kr,82Kr,84Kr and 86Kr to the total fit. For 83Kr, the exact approach of evaluating the Hamiltonian provides the line
positions and relative intensities. The red-shaded curve illustrates the contribution of 83Kr to the total spectrum, which is the sum of even
and odd isotopes (green solid line). Applying the weak field formulas to 83Kr gives a slightly different fit, shown as the golden-colored line.

and simulated data. The parameters are fitted as follows. The
energy splitting between the corresponding σ− (∆m=−1)
and σ+ (∆m=+1) transitions depends significantly on the
magnetic field strength—in the WFA linearly. For example,
there are two distinct peaks in figures 5(b) and (d), whose
frequency offset depends on the field strength. Consequently,
these spectra are an excellent choice for deriving the temperat-
ure and the magnetic field strength. The green line represents
the total fit of all isotopes that treat the 83Kr isotope by evalu-
ating the Hamiltonians (14), whereas the golden-colored line
represents the WFA using the temperature and field strength
derived from the exact solution. The grey-colored bars indicate
the magnetic sub-transitions of the even-numbered isotopes
for the field strength derived from the fit. Each grey-shaded
curve gives the overall contribution of these isotopes. The red
bars and red curves correspond to absorption by 83Kr using the
exact treatment, forming additional broad wings of the spec-
tra. Using the rigorous method gives slightly better fits than
when applying WFA formulas to all isotopes.

The π transitions shown in figures 5(a) and 6(a) do not
depend sufficiently on the magnetic field strength to infer its
value. Thus, the field strength derived from fitting the σ com-
ponents is fixed, while the temperature of the Gaussian is a
free parameter in the fit of π spectra. We point out that the
natural abundance of 83Kr is only 11.5%, so even-numbered

isotopes dominate the spectrum and cover up a large part of
the spectrum induced by 83Kr.

The absorption spectra by the Xe I 764.4 nm line presen-
ted in figures 7(a)–(d) show substantially more changes in
the line profile when varying the field strength. This beha-
vior occurs since the natural abundance of odd-numbered iso-
topes of xenon is almost 50%. One feature is that the π spec-
tra depend noticeably on the magnetic field strength through
the odd-numbered isotopes, whereas the line profile associated
with the even-numbered isotopes of the J= 1− J= 0 trans-
ition depends only on the temperature. Thus, themagnetic field
strength and temperature are free parameters in the fits of both
and the π and the σ transitions of the xenon line for external
magnetic fields of 22.5 mT and 45 mT. Both parameters are
the input into the simulations using purely the WFA formu-
las. Also, in this case, one obtains the spectra being in reason-
able agreement with the experimental ones at 22.5 mT. Further
increasing the field to 45 mT indicates that these WFA formu-
las rapidly cease to be valid, as figure 7(c) shows. For instance,
the composite π spectrum of the 131Xe [3/2− 3/2], 129Xe
[3/2− 1/2] and 131Xe [1/2− 3/2] hyperfine sub-transitions
(cf figures 3(a) and 4(c)–(d)) at around 0.6 GHz–2 GHz indic-
ate rather large deviations of the WFA formulas to the rigor-
ous approach. The experimental spectrum supports this find-
ing. Likewise, a pronounced asymmetry develops for the σ
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Figure 6. Experimental data for π (a), (c) and σ (b), (d) transitions measured using rotated linear polarizer are shown using black line. The
grey-colored bars represent the magnetic subtransitions of the even isotopes calculated using the WFA. The five grey-shaded curves give
contributions of the isotopes 78Kr,80Kr,82Kr,84Kr and 86Kr to the total fit using Gaussian profiles. For 83Kr, the exact approach of evaluating
the Hamiltonian provides the line positions and relative intensities. The red-shaded curve illustrates the contribution of 83Kr to the total
spectrum, which is the sum of even and odd isotopes (green solid line). Applying the weak field formulas to 83Kr gives a slightly different
fit, shown as the golden-colored line.

component at 1 GHz of figure 7(d), which the exact approach
captures, but the WFA formulas fail to describe accurately.

The magnetic field strengths obtained from fitting the Kr I
and Xe I spectra are compared to vacuum field calculations
since the plasma pressure is much lower than the magnetic
pressure. The magnetic field generated by the six solenoids
is calculated numerically using the axial symmetry of the lin-
ear plasma device PSI-2 [57]. Hall probe measurements per-
formed along the line of sight used by the laser diagnostic veri-
fied the vacuumfield calculations. Figure 8(a) depicts themag-
netic field, as per numerical calculation, and the field obtained
by analyzing experimental data. Here, an error of about 5%
is assumed for the vacuum field due to some uncertainties
in the position of the solenoids and the exact optical path of
the light emitted by the laser through the vacuum vessel. Hall
probe measurements along the line of sight used by the laser
confirm the vacuum field calculation and the point shown in
figure 8(b) corresponds to r= 0. Figure 22 of [8] compares
the Hall probe measurements to the Biot–Savart law for r ̸= 0.
The diamonds and stars represent the results obtained by ana-
lyzing the absorption spectra from Kr. They agree remark-
ably well with the theoretical estimation for fields from 22.5
mT–90 mT. As predicted, the π transitions of the Xe I line
depend sufficiently on the field strength to derive adequate
values from fitting these spectra. Absorption spectra by meta-
stable argon states indicated a systematically lower magnetic

field than predicted [8]. Thus, it may be interesting to invest-
igate a mixed Ar–Kr plasma to monitor whether this trend is
reproducible. The final set of data points is from probing the
magnetic field by optical isolation of emission of sputtered
tungsten atoms, as discussed in detail in [58].

Figure 8(b) presents the neutral gas temperature obtained
from the fits and shows similar behavior for all atomic species
investigated via laser absorption at PSI-2. The discharge
burned between a hollow ring-shaped cathode and anode at
a fixed current of around 150 A. Varying the field strength
changes the confinement of the plasma. Thus, the number
of plasma particles leaving the source region increases when
applying a higher magnetic field. The particles propagate into
the exposure area accessible by the TDLAS system. Langmuir
probe measurements of the plasma parameters verify this
assumption, and having more charged particles distributing
kinetic energy onto the background gas explains why the neut-
ral gas temperature increases for higher magnetic fields.

The temperatures derived frommeasuring σ and π compon-
ents exhibit a systematic difference. One reason could be the
line-of-sight integration of the spectra along the inhomogen-
eous magnetic field. An estimation using the CRM developed
in [8] indicates that the decrease in magnetic field strength
in the line-of-sight effectively broadens the σ+ and σ− com-
ponents (cf section 9.5 of [8]). The opposite effect occurs
for π components as the FWHM of the Zeeman splitting
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Figure 7. Experimentally measured line profiles of the 764.4 nm Xe I line for magnetic fields of 22.5 mT and 45 mT compared to modeling.
Experimental data for π (a), (c) and σ (b), (d) transitions measured using rotated linear polarizer are shown using black line. The color
coding is identical to figures 5 and 6, with the exception that Xe has two odd-numbered isotopes. Line positions and intensities of even
isotopes in the WFA are indicated by grey bars. Red- and blue-colored bars represent the values derived from the Hamiltonians (14) for
129Xe and 131Xe, respectively.

Figure 8. figure (a) presents the magnetic field strengths obtained from laser absorption (Ar [8], Kr, Xe), optical isolation (OI) of σ−/+

components from sputtered tungsten [58] and a Hall probe measurement of the vacuum field. The solid line is the vacuum magnetic field
strength calculated using the Biot–Savart law with 95% confidence interval in grey. Figure (b) shows the neutral gas temperature during the
discharge according to the fit of the absorption profiles.
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Figure 9. Line profile of the Kr I 760.4 nm transition measured at PSI-2 for a magnetic field of 22.5 mT while varying the photon flux
density P0. The bars indicate the zero field line positions and intensities of the even isotopes (grey) and 83Kr (red), as shown in figure 2(a).
The blue-colored curve represents data acquired without attenuating the power (100%). Using two gray filters reduced the photon flux of the
laser to 10% (orange) or 1% (green). The line profiles derived from the experimental data show only minor differences.

decreases. Therefore, the most accurate temperature is prob-
ably the average obtained from π and σ spectra. Using spec-
troscopic absorption tomography would avoid this problem.
However, one has to consider a possible rotating component
in the inverse Abel transform [59, 60]. Worth mentioning is
also that linear plasma devices such as PSI-2 tend to develop
instabilities, which could lead to a fluctuation of the neutral
gas temperature within the machine [57, 61–63].

6. Saturation of Kr I 760.4 nm line

The probability of a transition absorbing a photon is linearly
proportional to its oscillator strength. However, the density of
the absorbing atomic state can drastically decrease as soon as
absorption becomes comparable to the other depopulating col-
lisional radiative processes. The oscillator strengths of hyper-
fine sub-transitions (fFF ′) connect to the oscillator strength of
their corresponding FS line (fJJ ′) via [6]

fFF ′ = (2F ′ + 1)(2J+ 1)

{
F F ′ 1
J ′ J I

}2

fJJ ′ , (25)

while the sum rule [6] ∑
F ′

fFF ′ = fJJ ′ (26)

applies, which shows that the oscillator strength of hyper-
fine sub-transitions are smaller than those of the FS line
(fFF ′ < fJJ ′). Thus, the laser depopulates the metastable dens-
ity of even-numbered isotopes (fJJ ′) significantly more than
of the odd-numbered ones (fFF ′). For instance, [21] presents
zero-field simulations of the Xe I 834.9 nm for different sat-
uration and exhibits precisely the above-described behavior.
Consequently, the line profile of the 760.4 nm Kr I line should
change if the laser perturbs the population density of the
5s[3/2]2◦ level. To probe for saturation effects, we measured
the laser absorption spectra of the Kr I 760.4 nm line at PSI-
2 while varying the photon flux density over two orders of
magnitude. These spectra do not demonstrate any line shape

changes, as figure 9 shows. This fact substantially simplifies
the theoretical description of the spectra since each isotope
contributes according to its natural abundance.

7. Modeling of the Xe I 834.9 nm line

The remarkable agreement of fit to experimental data, as seen
in figures 5–7(a)–(d), validates the approach taken to invest-
igate laser absorption spectra of odd-numbered isotopes at
the intermediate field regime. Thus, it enables clearing up the
commonly found inconsistency of analyzing LIF spectra in Xe
thrusters.

Again, the approach is the same as before. One starts with
the zero-field pattern of the Xe I 834.9 nm line, as shown in
figure 3(b). Synthetic spectra by 129Xe and 131Xe of σ compon-
ents, assuming a neutral gas temperature of 800K observed
in the experiment of [22], are shown in figures 10(a)–(f).
Analyzing the Hamiltonians (14) for 2 mT, 50 mT, and 100
mT provides the energy eigenvalues and expansion coeffi-
cients used to calculate the frequency shifts and relative line
intensities.

Figures 10(a) and (b) present the σ spectra of 129Xe and
131Xe calculated for 2 mT. In essence, the line shapes are
identical when considering the exact or WFA standing in
stark contrast to the finding at 1.7 mT reported in [23]. Our
result matches quite well with the non-linear ZHFS model
of [23] incorporating the results of Darwin [15] but shows
significant differences compared to their weak field pattern
(figure 14 of [23]).

Increasing the field to 50 mT does not give substantial line
shape differences for theWFA and exact solution of 129Xe, but
the spectra of 131Xe undoubtedly differ in their line shape. Our
simulations also do not indicate a strong component of 131Xe
at a detuning of 5 GHz, as suggested by [22] using the WFA.
The difference between theWFA and exact calculations grows
further for 131Xe at 100 mT. The profiles of the 129Xe isotope
exhibit almost imperceptible differences in the line shape. Our
simulations prove that theWFAworkswell in the case of 129Xe
for fields up to 100 mT, but it breaks for 131Xe for magnetic

12



Plasma Sources Sci. Technol. 33 (2024) 025015 M Sackers et al

Figure 10. Spectra simulated for isolated σ components of odd-numbered Xe isotopes. The red and blue-colored bars indicate the line
positions and intensities according to the evaluation of the Hamiltonians (14) for the 129 and 131 Xe isotopes, respectively—the exact
approach. The grey-colored bars represent the line positions and intensities using the WFA formulas. The solid lines represent the exact
solution, whereas the dashed lines are based on the WFA formulas. A neutral gas temperature of 800K is assumed [22].

fields of a few tens of mT. At such fields, it becomes necessary
to evaluate the Hamiltonians (14) when modeling the 131Xe I
834.9 nm transitions to correctly capture its line profile.

Figures 11(a)–(c) present the composite spectra that
account for all isotopes, and the simulated Xe I 834.9 nm
lines indicate better agreement between the WFA and exact

calculations compared to the transition at 764.4 nm. This
behavior occurs since the hyperfine interaction constants asso-
ciated with the 834.9 nm line are generally larger (cf tables 5
and 7). The difference between WFA and the exact solution
for 834.9 nm exists practically only at the detuning frequencies
dominated by the 131Xe isotope, as shown in figures 11(a)–(c).
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Figure 11. Isotopic contributions to the line shape by σ components of a commonly used line in LIF for measuring the velocity of the
propellant. A neutral gas temperature of 800 K is assumed [22].

8. Conclusion

TDLAS provides, in this study, absorption spectra from meta-
stable states of neutral krypton (760.4 nm, 785.7 nm) and
xenon (764.4 nm) measured at the linear plasma device PSI-
2 operating at a magnetic field of 22.5 mT–90 mT. Comparing
the results with argon spectra [8] of similar types of transitions
connected to metastable Ar states reveals additional complex
structures for the Kr I and Xe I lines, which occur in both cases
of isolated absorption by the σ (∆m=±1) and π (∆m= 0)
components. The isotopic composition and the interaction

of the magnetic moment of the nucleus of odd-numbered
isotopes with the magnetic field are primarily responsible for
the appearance of the detected structure. Accurately describing
the absorption spectra consisting of contributions by various
even- and odd-numbered isotopes influenced by an external
magnetic field is the central purpose of this work.

Isotopic effects shift the energy of transitions, which is cru-
cial for describing the absorption spectra of gases having vari-
ous stable isotopes like Kr and Xe. The external magnetic field
(<90 mT) generated by the six solenoids at PSI-2 provides
weak field conditions for all even-numbered isotopes since it
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induces an energy splitting, which is negligible compared to
the FS splitting. Expressions (15)–(17) accurately reproduce
the Zeeman pattern in this regime.

The situation regarding the odd-numbered isotopes of
83Kr, 129Xe, and 131Xe, whose nuclei possess small mag-
netic momenta, is more challenging. Indeed, the magnetic
moment associated with the core interacts with the valence
electrons, which provides a magnetic dipole shift. This inter-
action creates the well-known HFS in the absence of external
fields. However, the HFS splitting at magnetic fields of the
PSI-2 is comparable to the splitting due to the external field
(tables 6 and 7). Thus, using weak or strong field approx-
imations is erroneous for describing the energies of trans-
itions and intensities of magnetic components for the odd iso-
topes. Instead, the hyperfine interaction terms must be added
to the Hamiltonian, which includes Zeeman terms. Using the
basis of the uncoupled wavefunctions |ImIJmJ > in the per-
turbative approach and the standard expressions of the step-up
and down operators [49] enables calculating the matrix ele-
ments. Diagonalizing the obtained matrix provides the energy
eigenvalues and expansion coefficients, which, inserted into
equation (A.6), gives the relative intensities of hyperfine sub-
components. Section 4.2.3 provides more details.

Accounting for all isotopes while fitting the absorption
spectra gave an excellent agreement with the experimental
data for the lines of Kr I (760.4 nm, 785.7 nm) and Xe I
(764.4 nm). In particular, the magnetic field obtained from
the optimization procedure matches remarkably well with
the numerical calculations of the magnetic field in vacuum
or other measurements, such as optical isolation of spectral
lines. Interestingly, the Xe I spectra allow estimating the mag-
netic field from the π components enabled by the hyperfine
interaction.

One of the principal problems raised in plasma technology,
such as Hall-effect thrusters, is the validity of the WFA for-
mulas (17) for magnetic fields of tens of mT. Strictly speaking,
the calculations for the transitions of the 83Kr isotope exhibit a
difference in the intensity distribution of components between
the exact calculation and the WFA for the magnetic field of
22.5 mT and 45 mT. In our experiment, the Doppler broad-
ening smooths the difference so that the transitions of 83Kr
isotope at 760.4 nm and 785.7 nm appear as broad ‘wings’.
Unfortunately, it is impossible to detect the deviations between
the weak field and the exact calculations in the current exper-
iment as the fraction of the odd isotope is quite low (11.5%)
and the signal-to-noise ratio must be further improved.

For testing the atomic model, more favorable conditions
exist in the case of Xe I transitions, as the fraction of odd iso-
topes in the gas is simply larger. For the magnetic field of 22.5
mT, the results of theWFA and the exact calculationmatch and
describe the experimental spectra of σ and π components quite
well. However, at the magnetic field of 45 mT, the situation
changes. The experimental data can be described much better
using the exact calculation. The profiles of 129Xe and 131Xe
obtained using WFA, as shown in figures 4(c) and (d), fail to
describe the experimental data in figures 7(c) and (d).We point
out that the parameter ϵ, being used as the merit of the applic-
ation of the weak field results, has even lower values for the

upper levels of the Xe I lines compared to Kr I. Obviously,
only the value ϵ << 1 guarantees the condition of theWFA. In
the other cases, the weak field calculation could deviate from
the exact calculations. Our comparison between Kr I and Xe I
lines clearly underlines this.

The successful description of the Xe I 764.4 nm line at the
linear plasma device PSI-2 prompted us to investigate the Xe
I 834.9 nm line, which is frequently used for measuring the
velocity of neutral xenon in hall thrusters. The results demon-
strate the following. For the 129Xe isotope and magnetic fields
below 100 mT, the WFA can be applied without limitation.
In the case of 131Xe, the spectra at 2 mT are identical when
using WFA formulas and the exact method. However, a con-
siderable mixing of magnetic sublevels occurs for 131Xe at
the fields of 50 mT. Thus, for this isotope, strictly speak-
ing, WFA formulas do not apply for the fields above a few
tens of mT (figure 10). Nevertheless, the larger values of
the HFS constant for the upper and lower levels of the Xe I
834.9 nm line guarantee better agreement between the WFA
and exact calculations compared to the transition at 764.4 nm.
This fact explains why the composite spectra, including all
isotopes of xenon, shown in figures 11(a)–(c), are very alike
when using the WFA and the exact calculations. The differ-
ence exists only at the detuning frequencies dominated by the
131Xe isotope.

Comparing the results to the literature values shows that our
spectra at 2 mT for the Xe I 834.9 nm line hardly agree with
the data of [23]. In that work, the theoretical spectra produced
assuming the WFA or using the model by Darwin [15] dif-
fer substantially at fields as low as 1.7 mT. Our results match
closely with their non-linear ZHFS results. At the same time,
we cannot confirm the weak field calculation of [22] at the
detuning frequency of 5 GHz. Neither the WFA nor the exact
solution demonstrates a strong 131Xe I line component at this
position.

Measuring the TDLAS or LIF spectra of spectral lines
of the pure isotopes 83Kr, 129Xe or 131Xe will provide much
deeper insight into the validity of the WFA at the field of tens
of mT at the linear plasma device. At the same time, the newly
developed model can be applied to distinguish the different
isotopes of sputtered materials during plasma surface inter-
action. For instance, tungsten—one of the crucial materials
in fusion research—has one odd-numbered isotope (183W)
with a natural abundance of 14.3%, which may influence its
line shape. We are going to address both problems in the near
future.
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Appendix. Relative intensities of magnetic
sub-transitions

The first-order perturbation theory approach provides the
expansion coefficients α needed to express the wave functions
of the atomic states as

|Ψa > =
∑
l

αa,l|Φl >, (A.1)

with |Φl > the unperturbed wave function. The line strength
of an electric dipole transition is then given by [6]

Sab = |<Ψa|P(1)
q |Ψb > |2 =

∣∣∣∣∣∣
∑
l,l ′

αa,lαb,l ′ < Φl|P(1)
q |Φl ′ >

∣∣∣∣∣∣
2

,

(A.2)

with P(1)
q being the electric dipole operator.

Next, the unperturbed wave function is described by a set of
quantum numbers:

|Φl >= |γImIJmJ >, (A.3)

with γ containing all other quantum numbers, such as parity
and principal quantum number. The Wigner–Eckart theorem
[64, 65] and the fact that the E1 operator acts only upon the
spatial components of the wave functions [6] simplify calcu-
lating the matrix elements of equation (A.2) to [66]

< γImIJmJ|P(1)
mJ−m ′

J
|γ ′I ′m ′

I J
′m ′

J >

= (−1)J−mJ ×
(

J 1 J ′

−mJ mJ−m ′
J m ′

J

)
< γJ|P(1)|γ ′J ′ >< ImI||I ′m ′

I > . (A.4)

This equation contains the reduced matrix element <
γJ|P(1)|γ ′J ′ >, which depends on the wave functions without
the hyperfine and Zeeman interaction. As such, the reduced
matrix element is a constant and is available in the literature
for the Kr I and Xe I transitions considered in this work. The
term < ImI||I ′m ′

I > is only nonzero if the quantum numbers
are the same since these wave functions span an orthonormal
basis, providing us with the selection rule of

∆mI = 0. (A.5)

Combining all of the above equations yields the line strength

Sab ∝

∣∣∣∣∣∣
∑
l,l ′

αa,lαb,l ′ (−1)Jl−mJl

(
Jl 1 Jl ′

−mJl mJl −mJl ′ mJl ′

)∣∣∣∣∣∣
2

,

(A.6)

which is linearly proportional to the intensity [49].
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