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Abstract—Four terminal-pair air capacitors are important
transfer standards to calibrate LCR meters up to a frequency
of 10 MHz. We report a simple and new method to obtain the
frequency dependence of the four terminal-pair capacitance of
these standards using a four-channel vector network analyzer
(VNA). The frequency dependence of the capacitance of an air
capacitor and its uncertainty can be obtained from a single
set of measurements without changing connections between the
standard and the VNA, as has been the case in previously
published work. The calculation of the frequency dependency
is straightforward and model-independent. Nevertheless, an el-
ementary model is provided to explain the observed frequency
dependence. This article allows every laboratory with a four-
channel VNA to measure the frequency dependence of these
capacitors. Hence, a significant shortening of the traceability
chain is achieved.

Index Terms—Calibration, four terminal-pair, air capacitors,
impedance measurement, frequency dependence

I. INTRODUCTION

FOUR terminal-pair air capacitors are used in laboratories
daily to calibrate and verify the operation of LCR meters,

and, hence, these capacitors are an important standard in the
toolbox of electrical metrology. Figure 1 shows a photograph
of a typical set of four air capacitors with nominal values
of 1 pF, 10 pF, 100 pF, and 1000 pF. The set shown in the
photo was manufactured by Hewlett Packard1. Periodically,
these capacitors are sent to a primary standard laboratory
for calibration. There on each capacitor, two measurements
are established: (1) the low-frequency (typically at 1 kHz)
value of the three terminal-pair capacitance C0, and (2) the
frequency dependence ε(f) of the capacitance relative to
its low-frequency value, i.e., C(f) = C0(1 + ε(f)). This
article provides a simple method to measure ε(f) with a
commercially available four-channel network analyzer.

II. LITERATURE REVIEW

In 1963, R.N. Jones published a technical note [1] describ-
ing a technique to extrapolate the measurements of capaci-
tance at 1 kHz to higher frequencies. He assumed a series
connection of a capacitor with a parasitic inductor and used

1Certain commercial equipment, instruments, and materials are identified
in this paper in order to specify the experimental procedure adequately. Such
identification is not intended to imply recommendation or endorsement by the
National Institute of Standards and Technology, nor is it intended to imply
that the materials or equipment identified are necessarily the best available
for the purpose.

Fig. 1. A commercial set of four standard air capacitors with nominal values
of 1pF, 10pF, 100pF, and 1000pF.

a grid-dip meter to determine the resonant frequency of the
combined circuit. For a 1000 pF capacitor, Jones found a
serial inductance of 50 nH and determined a 9.7% increase
of the capacitance from low frequency to 10MHz. The note
by Jones was published before Cutkosky introduced the four-
terminal pair impedance in a seminal article [2]. An updated
version of the technical report was published considering the
four-terminal definition [3] in 1980. Again, the measurement
was performed with a grid-dip meter, but a more complicated
circuit was adopted for the equivalent circuit of the capacitance
standard.

A thorough theoretical analysis with simulation and mea-
surements of the equivalent circuit components was performed
and documented by Yonekura and Wakasugi. Both were work-
ing at the Yokogawa-Hewlett-Packard company in Japan [4]
at the time.

At the same company, about a year later, the first systematic
measurement without a grid-dip meter was carried out by
Kiyoshi Suzuki [5]. He used a vector network analyzer to mea-
sure the reflection coefficient, S11, as a function of frequency.
Suzuki did not use the S parameter formalism. Instead, he used
several measurements to obtain the four-terminal impedance
of the standard. Two sets of measurements were performed at
each port. In the first set, all other ports were left open, and
in the second, one single port was shorted. The frequency
dependence of the four-terminal pair impedance could be
extrapolated to smaller frequencies from the eight data sets
(four with open ports and four with one shorted). In many
National Metrology Institutes (including the National Institute
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of Standards and Technology), the Suzuki method became the
de facto calibration method for these air capacitors [6], [7].
Suzuki published an improvement of his method specifically
for large impedances [8] 2009. The improved method required
an external shorting bar connected to the device.

In the meantime, researchers at NPL have developed a four-
terminal pair bridge [9] capable of traceable measurements up
to 1MHz.

To our knowledge, Luca Callegaro and Francesca Durbiano
at the National Metrology Institute in Italy applied for the
first time the S parameter matrix to the problem [10], [11].
Researchers at the National Physical Laboratory in India
use a similar method and provide a detailed report on their
measurement [12]. Shorter reports from the National Institute
of Metrology in Thailand can also be found in the literature
on this topic [13], [14].

A collaboration between researchers from Italy and the UK
explored a resonant method to estimate the change in capaci-
tance [15]. Their method exploits one zero in the denominator
of the expression for the four terminal-pair capacitance, C4TP.
The model discussed in the present article uses every pole
(zeros in the denominator) and zero in the numerator in our
expression for C4TP.

Four channel vector network analyzers have been used
recently in precision impedance measurements, for example,
by researchers at the Swiss National Metrology Institute
(METAS) to characterize calculable coaxial resistors [16].

III. CIRCUIT MODEL AND THEORY

The simplest circuit model of the air capacitors is shown in
Fig. 2. Its four terminal-pair impedance [2] is given by

Z4TP = Z0 (1 + YhgZh) (1 + YlgZl)+

Zh (1 + YlgZl) + Zl (1 + YhgZh) , (1)

as is derived in Appendix A. Except for the main impedance,
Z0 = −i/(ωC0), all components shown Fig. 2 are parasitic.

I1 I41

2
V2, I2 = 0

3
V3 = 0, I3 = 0

4Vh Vl
Zh Iz

Z0
Zl

Ihg

Yhg

Ilg

Ylg

Fig. 2. The simplest model of a four terminal-pair air capacitor. Terminals
one and four are the current terminals. The other two terminals are for the
potential. The four terminal-pair definition of the impedance [2] requires the
current to be zero at the potential terminals, I2 = I3 = 0, and the voltage to
be zero at the low potential terminal, V3 = 0.

To build intuition, we assume symmetric elements. The
total serial impedance, an inductance, is abbreviated as Zs =
iωLs = Zh + Zl and the total admittance to ground, a

capacitance as its sum iωCc/2 = Yhg = Ylg. In practice,
the capacitors are asymmetrical in construction; see Fig. 3.
Nevertheless, the effect of the asymmetry on the conclusions
reached in this article is negligible.

Fig. 3. The inside of the 10pF capacitor. The asymmetry of the construction
is visible. One capacitance electrode is the center plate, and the outer plates
form the other. Because of the asymmetry, the leakage capacitance to the case
must be different for the high and the low electrode, i.e., Yhg ̸= Ylg .

Substituting the above expressions for the parasitic elements
yields the four terminal-pair capacitance,

C4TP(f) ≈
C0f

2
p,1

f2
p,1 − f2 . (2)

where the following definition was used

(2πfp,1)
2 =

1

C+Ls
with C+ = C0 + Cc/4. (3)

Eq. (2) is derived in Appendix B.
Expanding Eq. (2) in f to the second order obtains the rela-

tive change of the low-frequency capacitance. By rearranging
the equation, the relative change in the capacitance, ε, from
its low-frequency value can be introduced. It is

ε :=
C4TP(f)

C0
− 1 ≈ f2

f2
p,1

. (4)

In Eq. 4, the Taylor expansion is truncated after the second
order in f . This is a good approximation for f ≤ 30MHz.
According to Eq. (4), the relative change of the capacitance is
positive and proportional to f2. The 1 pF air capacitor, how-
ever, defies this expectation, as the measured C4TP decreases
with rising frequency.

An explanation for the frequency dependency of the 1 pF
air capacitor has been identified by Yonekura and Waka-
sugi [4]. For completeness, we reiterate their explanation: For
low capacitance values, a common mode inductance plays a
significant role, and the circuit diagram in Fig. 2 has to be
modified to include that common inductor, as is shown in
Fig. 4.

The admittances inside the dashed box in Fig. 4 can be
reformulated using a Y -∆ transformation as is indicated in
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Fig. 4. Extended model with a common mode inductance in the leakage path.

Fig. 5. The admittances to the common point transform to
a parallel but negative capacitance. According to the Y -∆
transformation and using Yc = iωCc and Ycm = (iωLcm)−1,
it is

Yp =
Y 2
c /4

Yc + Ycm
= iωCp and (5)

Yg

2
=

YcYcm/2

Yc + Ycm
= iω

Cg

2
with (6)

Cp = −Cc

4

f2

f2
p,2 − f2 , (7)

Cg = Cc

f2
p,2

f2
p,2 − f2 , and (2πfp,2)

2 =
1

CcLcm
. (8)

Following Eq. (5) , a parallel capacitance with a negative value
given by Eq. (7) must be added to the main capacitance C0.
With rising frequency, the parallel capacitance starts out small
and grows more negative until it diverges at f = fp,2. Above
this frequency, Cp is positive. Also, according to Eq. 8, Cg >
Cc. Hence, the experimental value of fp,1 will be lower than
calculated using Cg ≈ Cc. This effect is particularly large for
the 1 pF capacitor. In this case, the location of the first pole
is a factor two lower than one would calculate by using the
above approximation.

Yc/2 Yc/2

Ycm

Yg/2 Yg/2

Yp

Fig. 5. Y -∆ transformation of the common mode admittance (an inductor)
to a parallel (but negative) capacitance.

Adding the parasitic capacitance from Eq. (7) to C0 in
Eq. (2) yields

C4TP(f) =

(
C0 −

CC

4

f2

f2
p,2 − f2

)
f2
p,1

f2
p,1 − f2 , (9)

which can be rewritten to

C4TP(f) = −C0

f2
p,1f

2
p,2

f2
z,1

f2 − f2
z,1

(f2 − f2
p,1)(f

2 − f2
p,2)

with (10)

f2
z,1 =

C0

C+
f2
p,2. (11)

As indicated in Eq. 10, the four terminal-pair capacitance
can be written as rational functions in f2 with a single zero
in the numerator at f2

z,1 and two poles, f2
p,1 and f2

p,2 in the
denominator. In this case, according to Eq. (11), the location
of the zero is linked to the location of the second pole.

In general, allowing for n zeros and m poles, the functional
form of C4TP is

C4TP(f) = C0 (−1)
n+m f2

p,1 · f2
p,2 · . . . · f2

p,m

f2
z,1 · f2

z,2 · . . . · f2
z,n

(f2 − f2
z,1)(f

2 − f2
z,2) · . . . · (f2 − f2

z,n)

(f2 − f2
p,1)(f

2 − f2
p,2) · . . . · (f2 − f2

p,m)
, (12)

where the prefactor in the first line ensures that C4TP = C0

for f = 0. Taylor expanding Eq. (12) to fourth order yields,

ε =
C4TP(f)

C0
− 1 = azpf

2 + bzpf
4. (13)

The index zp indicates that the coefficients a and b are obtained
from the locations of the zeros and poles. They are

azp =
∑
i

1

f2
p,i

−
∑
j

1

f2
z,j

and (14)

bzp =
∑
i

1

f4
p,i

+
∑
k>i

1

f2
p,if

2
p,k

−
∑
i,j

1

f2
p,if

2
z,j

+
∑
l>j

1

f2
z,jf

2
z,l

, (15)

where the indices obey

1 ≤ i ≤ m, i < k ≤ m, (16)
1 ≤ j ≤ n, and j < l ≤ n. (17)

A proof of the formulas for the coefficients for azp and bzp,
Eq. (14) and Eq. (15), respectively, is given in Appendix C.

IV. MEASUREMENTS AND RESULTS

A four-channel vector network analyzer (VNA) (Rhode and
Schwarz, Model ZNB8), together with the calibration device
ZN-151 from the same manufacturer, is used to measure the
scattering matrix of the standard. With the calibration device,
automatic calibration of the VNA can be performed overnight.
All calibrations and measurements shown below were taken in
a frequency range from 10MHz to 500MHz. The capacitor
under test is connected to the VNA via four RG-393 coax
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cables with a length of 91 cm terminated by N male connectors
on each end. On one side of each cable, an N(f)-to-BNC(m)
adapter is necessary to connect to the capacitor, see Fig. 1.
The connections are made as follows: channel 1 to high
current port, channel 2 to high potential port, channel 3 to
low potential port, and channel 4 to low current port.

100
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10 4
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10 3

10 1
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Fig. 6. The measured four terminal-pair capacitances as a function of
frequency. Fits by the equation ε = afitf

2+ bfitf
4 are shown as black lines.

The fit residuals are plotted below each graph in lighter colors. The results
of the fit afit and bfit are shown in Table II and Table III, respectively. Only
data in the frequency range fstart ≤ f ≤ fend are shown and considered
for the fit. The values for fstart and fend are given in Table I.

The four-by-four scattering matrix is

S = (sjk) with j, k ∈ {1, 2, 3, 4}. (18)

Conveniently, for a single capacitor, the complete S matrix
at N discrete frequencies in the measurement interval can
be measured by one setup. In previous work, two-channel
VNAs were used, and the connection between the capacitor
and the VNA had to be changed multiple times. With the
four-channel VNA, measuring a single capacitance standard
takes about 45 minutes. For the measurement, all channels
are terminated with a characteristic impedance Zt = 50Ω.
Then, the impedance matrix, as a function of frequency, can
be obtained from the scattering matrix [17] using

Z = Zt · (I+ S)× (I− S)−1, (19)

where I denotes the 4 × 4 identity matrix and (I − S)−1 the
matrix inverse of I− S. The impedance matrix links the four

currents flowing through the four terminals (flowing into the
standard with positive signs) to the four voltages, V = Z× I.
Using the same numbering as in Fig. 2. We obtain the four
terminal-pair impedance as

Z4TP =
V2

−I4

∣∣∣∣
V3=0,I2=0,I3=0

= −z24 +
z21z34
z31

(20)

The measured four terminal-pair capacitance is then
C4TP,meas = (−Im(Z4TP)ω)

−1.
Plotting the change in capacitance as a function of frequency

in a double logarithmic plot reveals, for low frequencies, a f2

dependence, a line with slope two. To allow for a deviation
from f2 at higher frequency, we add a f4 term. Hence, the
simplest phenomenological function that can be fit to the data
is

C4TP,fit = C0

(
1 + afitf

2 + bfitf
4
)

(21)

The fit is performed such that

χ2 =

N∑
1

(C4TP,meas − C4TP,fit)
2 (22)

is minimized. The parameters C0, afit and bfit are the result
of the fit.

The fit function can be phenomenologically deduced from
the measured data and is, hence, independent from the detailed
model of the capacitor that has been discussed in Sec. III. The
circuit model presented in Sec. III, and the analysis of the gen-
eralized capacitance function in f2 with poles and zeros, lead
to a functional form that is identical to the phenomenological
form given by Eq. 21. Hence, we can compare the results of
the phenomenological fit to the model-based prediction using
the location of poles and zeros, see Sec. IV-B. Since Eq. 21
is model-independent, it can be applied to all four terminal-
pair air and gas capacitors without detailed knowledge of their
internal structure.

Figure 6 shows

ε := C4TP/C0 − 1, (23)

for both, the measurement and the fit, for all four capacitors.
The fit is carried out for frequencies ranging from fstart ≤
f ≤ fend. We use fstart = 10MHz and the end frequency
is a third of the frequency of the first pole (defined below),
i.e., fend = 1

3 min(fp1, fp2). One-third was chosen because, at
that frequency, the denominator differs from 1 by about 10%,
which is still reasonably small for a Taylor expansion. These
and other statistics of the fit can be found in Table I. The last
column of this table gives an estimate of the uncertainty of
each measurement value obtained as

⟨σC⟩ =
√

χ2

N − 3
, (24)

where N − 3 is the number of degrees of freedom of this fit.
The results and uncertainties of afit and bfit are given in the

first columns of Table II and Table III, respectively.
Besides the capacitance, the dissipation factor D can be

obtained from the negative ratio of the real to the imaginary
part of Z4TP. The dissipation factors for the four capacitors



TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT 5

TABLE I
STATISTICS ON THE FIT. THE COLUMN LABELED ⟨σ⟩ GIVES THE

ESTIMATED MEASUREMENT UNCERTAINTY OF EACH POINT BASED ON THE
RESIDUAL SUM OF SQUARES; SEE TEXT FOR MORE INFORMATION.

nominal start end number of estim. unc.
value frequency frequency points per point

Cnom/pF fstart/MHz fend/MHz N ⟨σC⟩/pF

1 10 77.0 2087 1.0× 10−3

10 10 89.3 2238 3.1× 10−3

100 10 59.7 1826 1.3× 10−2

1000 10 20.6 737 1.2× 10−1
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D
D
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z)
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D
D
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0.01

0.00

0.01

D
D

(1
kH

z)

Cnom =  100 pF

101 102

f/Mhz

0.01

0.00

0.01

D
D

(1
kH

z)

Cnom =  1000 pF

Fig. 7. The dissipation factor as a function of frequency obtained using
D = −Re(Z4TP)/Im(Z4TP). Fig. 9 shows D for a larger frequency range,
including the poles. Here, the data is presented for the same frequency range
as the data in Fig. 6.

as a function of frequency are given in Fig. 7. The data is
shown for the same frequency range as in Fig. 6. The 10 pF
and 100 pF data show a very weak dependence of D on f .
Below 20MHz, no significant dependence was found for both
of these capacitors.

A. Uncertainty considerations

A full uncertainty analysis requires the discussion of Type
A and Type B uncertainties. Here, we only present the dis-
cussion of the statistical uncertainties (Type A). A detailed
investigation of the Type B uncertainties is ongoing and will
be the topic of a future publication. Useful information on
this topic can be found in [18] and [19]. Two strategies were
used to obtain the Type A uncertainties of ε as a function of
frequency: (1) conventional uncertainty propagation [20] and
(2) bootstrap [21].

For conventional uncertainty propagation, σ2
a and σ2

b can be
obtained from the product diagonal elements of the covariance

matrix of the fit and ⟨σ2
C⟩, given in Eq. (24). The uncertainty

of ε is, then,

σε(f) =
√
σ2
af

4 + σ2
bf

8 + 2rσaσbf6, (25)

where r is the correlation coefficient of afit and bfit, which is
in all four cases close to −1.
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Fig. 8. The 1-σ uncertainty band of ε around its fit value (black solid lines)
obtained with a bootstrap method (shaded) and classic uncertainty propagation
(black dashed lines). The latter is a graph of ±σε as given in Eq. (25).

One concern is that the choice of the start and end frequency
of the fit biases the fit result. To assess such an effect, we
used the bootstrap method. For each capacitance value, We
artificially created 100 000 data sets from the existing data
by choosing N data pairs with replacements from the N
measurement pairs. From the obtained fits of the 100 000 data
sets, ε was calculated for selected frequencies ranging from 0
to 10MHz. For each frequency point, the band that contains
68.27% of the data around ε = afitf

2 + bfitf
4 was obtained.

Figure 8 shows the 1-σ uncertainty of ε obtained by both
methods, uncertainty propagation and bootstrap. There is good
agreement between both methods, and it is sufficient to provide
the fit uncertainties. Furthermore, σε is dominated by the term
σaf

2, i.e., σε ≈ σaf
2, and this simplification is sufficient for

all practical cases. Since no significant difference between the
bootstrap method and the conventional error propagation was
found, we conclude that the fit is mostly insensitive to the
choice of the start and end frequency of the data.
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TABLE II
RESULTS FOR THE PARAMETER afit FITTING EQ. (21) AND azp

ACCORDING TO EQ. (14). THE NUMBER IN PARENTHESIS GIVES THE 1-σ
UNCERTAINTIES OF THE APPROPRIATE DIGITS. THE LAST COLUMN SHOWS

THE DIFFERENCE, azp − afit .

Cnom afit azp (azp − afit)
/pF /MHz−2 /MHz−2 /MHz−2

1 −1.0037(5)× 10−4 −1.00(4)× 10−4 0(4)× 10−6

10 4.62(1)× 10−6 6(4)× 10−6 1(4)× 10−6

100 3.208(1)× 10−5 3.2(4)× 10−5 0.4(40)× 10−7

1000 2.599(3)× 10−4 2.64(4)× 10−4 −0.4(40)× 10−7

TABLE III
RESULTS FOR THE PARAMETER bfit FITTING EQ. (21) AND bzp

ACCORDING TO EQ. (15). THE NUMBER IN PARENTHESIS GIVES THE 1-σ
UNCERTAINTIES OF THE APPROPRIATE DIGITS. THE LAST COLUMN SHOWS

THE DIFFERENCE, bzp − bfit .

Cnom bfit bzp (bzp − bfit)
/pF /MHz−4 /MHz−4 /MHz−4

1 −3.09(1)× 10−9 −2.63(2)× 10−9 4.58(14)× 10−10

10 −1.61(2)× 10−10 6.2(2)× 10−12 1.67(2)× 10−10

100 7.63(4)× 10−10 1.03(2)× 10−9 2.66(4)× 10−10

1000 8.88(6)× 10−8 6.910(2)× 10−8 −1.97(6)× 10−8

B. More information on the zeros and poles

The section before obtains the frequency dependence of ε
in a model-independent method. A simple function af2+bf4,
without concern of the physical model, was fitted to the
measured values. Here, we make the connection of the fit to
the theory of the capacitance.

According to Eq. (14) and Eq. (15), the coefficients a and b
can also be obtained from the locations of the poles and zeros
of C4TP in the frequency domain.

The locations of zeros and poles of C4TP can easily be
found with the dissipation factor, D = Re(Y )/Im(Y ). With
rising frequency D approaches −∞ for zeros and +∞ for
poles of C4TP , see Fig. 9. Searching for the poles in D and
evaluating the functional dependence near the discontinuity
allows one to detect and classify all poles and zeros in C4TP

for a given frequency range. In Fig. 9, the zeros are marked
by circles and the poles by diamonds. The numerical values
of the corresponding frequencies are listed in Table IV.

The a coefficient is obtained according to Eq. 14. The sign

TABLE IV
ZEROS AND POLES AS OBTAINED FROM FIG. 9. BLANK SPACES INDICATE

THAT THE FEATURE DOES NOT EXIST FOR f ≤ 500MHz.

Cnom fz,1 fz,2 fp,1 fp,2 fp,3
/pF /MHz /MHz /MHz /MHz /MHz

1 89.33 231.60 394.55
10 240.19 268.04 329.05

100 265.36 179.48 253.17
1000 252.17 478.94 61.87 232.60 471.20

f/Mhz

100

0
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C 4
TP

/C
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m 1 pF

fz, 1 fz, 2 fp, 1 fp, 2 fp, 3
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2
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Fig. 9. Measurement of the capacitance divided by the nominal capacitance
of all four capacitors as a function of frequency from 10MHz to 500MHz.
The lower graphs, in a lighter color, show the dissipation factor D. It can be
used to identify the zeros and poles in the measurement range.

of azp is positive if
∑

f−2
p,i is greater than

∑
f−2
z,i . That is

the case for the three larger capacitors. Hence, only the 1 pF
capacitor has a negative slope in Fig. 6, because of the low
zero fz,1. The calculated values of azp using Eq. 14 are given
in Table II. The agreement with the corresponding parameter
obtained from the fit is good and agree within uncertainties
for all four standards. In the worst case, the difference is
only 1.2 × 10−6 MHz2. This value was found for the 10 pF
capacitor, which has the lowest frequency dependence of all
four capacitors.

The values for bzp are given in Table III. The agreement
between bzp and bfit is not quite as good, but at least they
agree within an order of magnitude, except for the 1000 pF
capacitor. Since the effect of the fit parameter b is very small
for f < 30MHz, this result is acceptable.

The physical model discussed in the theory section, Eq. (11)
links the position of the fz,1 and fp,2 to the parasitic capaci-
tance, according to

f2
p,2

f2
z,1

− 1 =
Cc

4C0
(26)
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TABLE V
COMPARISON OF THE PREVIOUS METHOD FOR CALIBRATION (TWO

CHANNEL VNA) TO THE NEW METHOD (FOUR CHANNEL VNA). THE
VALUES SHOWN IN THE TABLE ARE CALCULATED FOR fo = 10MHz. THE
UNCERTAINTIES SHOWN IN THIS TABLE ARE EXPANDED WITH k = 2. FOR

THE NEW METHOD ONLY TYPE A UNCERTAINTIES ARE GIVEN.

previous method new method
Cnom ε(fo) D(fo) ε(fo) D(fo)
/pF ×103 ×103 ×103 ×103

1 −13(14) 2(6) −10.07(1) −1.09(4)

10 1.4(11) 0.02(61) 0.461(2) −0.218(4)

100 3.6(11) 0.07(11) 3.215(2) −0.025(5)

1000 26.2(11) 1.4(14) 26.89(5) 1.04(3)

For the 1 pF and 10 pF capacitors, we calculate for Cc values
of 74 pF and 34 pF, respectively. These values compare well
to the ones given in [4], namely 66 pF and 54 pF, respectively.
The fact that fz,1 > fp,2 for the 100 pF and 1000 pF
capacitors is hard to explain with the simple theory provided
here. We suspect that there is a mechanism yet to be described
that moves the first zero above fp2.

Lastly, we note that in Table II azp − afit is positive or
very small for all cases. A possible explanation is that there
is a zero above 500MHz that is not considered. For example,
if there were zero right at 500MHz, azp would be lower by
4 × 10−6 MHz−2. Because of the possibility of an unknown
pole and zero right outside the measurement area, the value
4× 10−6 MHz−2 has been included as uncertainty for azp in
Table II.

C. Comparison to previous results

Previously, at the National Institute of Standards and Tech-
nology (NIST), a two-channel vector network analyzer was
used to measure ε and D as a function of frequency. Engineers
working at the calibration service at NIST followed the Suzuki
method [5], as described in [7]. The uncertainty analysis for
the previous method is provided in [6].

Table V compares the results for ε and D calculated at a
frequency of 10MHz for the previous method and the new one
described in this article. In all cases, the values agree within
the combined uncertainties at k = 2.

Note that the uncertainties listed in Table V for the new
method only include the Type A uncertainty. A complete
uncertainty analysis is ongoing and will be the subject of a
forthcoming publication. The excellent agreement between the
two results implies that the Type B uncertainty of the method
presented here is equal to or smaller than the uncertainty of the
previous method. We note that the new method is less tedious
and error-prone because the measurement can be performed in
a single setup, and reconnecting the standard can be avoided.

V. CONCLUSION AND SUMMARY

This article shows a simple method to measure the fre-
quency dependence of four terminal-pair air capacitors using
a four-channel network analyzer. With a calibrated network
analyzer, the measurement of one standard takes less than 45

minutes and can be made in one hook-up, i.e., no change
in connection is required. The suggested measurement range
is from 10MHz to 500MHz. We provide the equation to
obtain the four terminal-pair capacitance from the four-by-
four scattering matrix. The elements of the matrix, and hence,
the four terminal-pair capacitances, are obtained for each
frequency value.

The result is fitted to the function ε = C4TP/C0 − 1 =
afitf

2 + bfitf
4. This function does not require a physical

model and fits the measured data well. The data used for the
fit ranges in frequency from 10MHz to a third of the first
resonance, i.e., 62MHz for the 1000 pF, 180MHz for the
100 pF and below 300MHz for the other two capacitors.

Figure 10 summarizes the data and the fits previously shown
in Fig. 6. The four terminal-pair capacitance decreases with
increasing frequency for the 1 pF capacitor. For the other
three nominal values, the capacitance increases. The absolute
values of the slope of the fit line in a double logarithmic plot
are all the same. The capacitance changes relatively by two
decades for every decade in frequency, mostly due to the f2

dependence of the data. For large frequencies, the beginning
of the f4 dependence can be seen for the 10 pF data.

100

10 1

10 2

10 3

10 4

  1 pF

    1 pF   

100 101 102

f/Mhz

10 5

10 4

10 3

10 2

10 1

 10 pF
100 pF
1000 pF

   10 pF   
  100 pF   
 1000 pF   

1.0 × 10 2

4.6 × 10 4

3.2 × 10 3

2.7 × 10 2

Fig. 10. Log-log plot of the value of ε = C4TP/C0 − 1 as a function
of frequency. For the 1pF capacitor, the capacitance decreases, while for
the other three, it increases with increasing frequency. The numbers on the
right give the relative change of the capacitance value from low frequency to
10MHz.

Finally, we provided a pedagocial model of the frequency
dependence of the capacitance based on the location of the
poles and zeros of C4TP(f). We have shown that the physical
model supports such an assumption. We have identified the
zeros and poles for the four capacitances in a frequency range
from 10MHz to 500MHz. With this model, the coefficients,
a, could be predicted within their uncertainties. Remarkably,
the model explains the negative frequency dependence of the
1 pF capacitor. Furthermore, this model explains the weak but
positive frequency dependence of the 10 pF capacitor.

A noticeable feature in Fig. 10 is the relatively large scatter
of the 10 pF data. This feature is, however, an artifact of
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plotting the data on a logarithmic vertical scale. The ε values
for the 10 pF are almost an order of magnitude smaller than
the 100 pF values. Hence, the relative scatter is magnified by
a factor of 10. As can be seen in Fig. 6, the residuals of ε
about the fit function for the 10 pF are only slightly larger
than those for the 100 pF capacitor.

Understanding the weak frequency dependence of the air
capacitors at very low frequencies is an important stepping
stone for impedance metrology at audio frequencies. At this
frequency range, the air capacitors can be used as stable
transfer standards, see, for example, [22].

APPENDIX A
DERIVATION OF THE FOUR TERMINAL-PAIR IMPEDANCE

Tracing the circuit diagram in Fig. 2 from right to left yields
the following elementary relations:

Vl = −I4Zl,

Ilg = VlYlg,

Iz = Ilg − I4,

Ihg = VhYhg,

I1 = Iz + Ihg, and
V2 = Vh + ZhI1.

From a combination of these relationships, the four terminal-
pair impedance is obtained as

Z4TP =
V2

−I4
= Z0 (1 + YhgZh) (1 + YlgZl) +

Zh (1 + YlgZl) + Zl (1 + YhgZh) (27)

APPENDIX B
FROM THE FOUR TERMINAL-PAIR IMPEDANCE TO THE

CAPACITANCE

Applying Zh = Zl = iωLs/2 and Yhg = Ylg = iωCc/2 to
Eq. (27), yields

Z4TP = −i

((
C0 +

Cc

4

)
Lsω

2 − 1

)(
CcLs

4
ω2 − 1

)
C0ω

.

(28)
The value of the four terminal-pair capacitance is given by
C4TP = (−Im(Z4TP )ω)

−1. Using the substitutions,

2πf = ω, (29)

C+ = C0 +
Cc

4
, (30)

(2πfp,1)
2 =

1

LsC+
, and (31)

(2πfp,2)
2 =

1

LsCc/4
, (32)

the capacitance evaluates to approximately,

C4TP =
C0(

f2/f2
p,1 − 1

) (
f2/f2

p,2 − 1
)

=
C0f

2
p,1f

2
p,2(

f2 − f2
p,1

) (
f2 − f2

p,2

) . (33)

The lower of the two poles, i.e., fp,1, dominates the capac-
itance, and we can approximate,

C4TP ≈ −
C0f

2
p,1(

f2 − f2
p,1

) . (34)

APPENDIX C
PROOF OF THE EQUATIONS FOR azp AND bzp

Here, we prove that if the capacitance is given by a rational
function in f2 as

Cn,m(f) = C0 (−1)
n+m f2

p,1 · f2
p,2 · . . . · f2

p,m

f2
z,1 · f2

z,2 · . . . · f2
z,n

(f2 − f2
z,1)(f

2 − f2
z,2) · . . . · (f2 − f2

z,n)

(f2 − f2
p,1)(f

2 − f2
p,2) · . . . · (f2 − f2

p,m)
, (35)

it can be Taylor expanded to the fourth order in f , resulting
in

C(n,m)(f) = C0

(
1 + an,mf2 + bn,mf4

)
, (36)

where the coefficients are given by

an,m =
∑
i

1

f2
p,i

−
∑
j

1

f2
z,j

and (37)

bn,m =
∑
i

1

f4
p,i

+
∑
k>i

1

f2
p,if

2
p,k

−
∑
i,j

1

f2
p,if

2
z,j

+
∑
l>j

1

f2
z,jf

2
z,l

, (38)

where the indices obey

1 ≤ i ≤ m, i < k ≤ m, (39)
1 ≤ j ≤ n, and j < l ≤ n. (40)

Different from the main text, we use here the index n,m to
indicate the number of zeros and poles. This is required be-
cause we use complete induction to prove the above assertion.
Note the trivial case,

C0,0 = C0 hence a0,0 = 0 and b0,0 = 0, (41)

For the cases n = 1,m = 0 and n = 0,m = 1 , Eq. (37)
and Eq. (37) simplify to

a1,0 = − 1

f2
z,1

, b1,0 = 0, (42)

and

a0,1 =
1

f2
p,1

and b0,1 =
1

f4
p,1

. (43)

The capacitance for one zero evaluates to

C1,0 =
−C0

f2
z,1

(
f2 − f2

z,1

)
≈ C0

(
1− f2

f2
z,1

)
(44)

and hence,

a1,0 = − 1

f2
z,1

and b1,0 = 0, (45)
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which is in agreement with Eq. (42). For the case n = 0 and
m = 1, we perform a Taylor expansion to the fourth order
and obtain,

C0,1(f) = −C0f
2
p,1

1

f2 − f2
p,1

≈ C0

(
1 +

f2

f2
p,1

+
f4

f4
p,1

)
.

(46)
Equation (46) translates to

a0,1 =
1

f2
p,1

and b0,1 =
1

f4
p,1

, (47)

which is identical to Eq. (43). With this, the beginning of the
induction has been shown for both cases.

Adding an additional zero to an,m leads, according to
Eq. (37), to

an+1,m = an,m − 1

f2
z,n+1

and (48)

bn+1,m = bn,m +
1

f2
z,n+1

 n∑
i=1

−1

f2
p,i

+

m∑
j=1

1

f2
z,j

 . (49)

Equation (49) can be succinctly expressed as

bn+1,m = bn,m − an,m
f2
z,n+1

. (50)

Adding the additional zero to the capacitance equation leads
to

Cn+1,m = Cn,m
−1

f2
z,n+1

(
f2 − f2

z,n+1

)
. (51)

Hence,

an+1,m = an,m − 1

f2
z,n+1

and (52)

bn+1,m = bn,m − αn,m

f2
z,n+1

(53)

Equations (52) and (53) agree with equations (48) and (56),
respectively.

Adding an extra pole to Eq (37) and Eq (38) produces

an,m+1 = an,m +
1

f2
p,m+1

and (54)

bn,m+1 = bn,m +
1

f4
p,m+1

+

1

f2
p,m+1

 n∑
i=1

1

f2
p,i

−
m∑
j=1

1

f2
z,j

 . (55)

The second equation can be written as

bn,m+1 = bn,m+1 +
1

f4
p,m+1

+
an,m
f2
p,m+1

. (56)

Adding the additional pole to the capacitance equation leads
to

Cn,m+1 = −Cn,mf2
p,m+1

1

f2 − f2
p,m+1

(57)

Expanding up to f4, multiplying out, and using Cn,m =
C0(1 + an,mf2 + bn,mf4), leads to

an,m+1 = an,m +
1

f2
p,m+1

and (58)

bn,m+1 = bn,m +
1

f4
p,m+1

+
an,m
f2
p,m+1

. (59)

Equation (58) is identical to Eq. (54), and so is Eq. (59) to
Eq. (55). This concludes the proof.
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