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A mathematical approach is adopted for optimizing the number of total device elements required for obtaining high effective
quantized resistances in graphene-based quantum Hall array devices. This work explores an analytical extension to the use of
star-mesh transformations such that fractal-like, or recursive, device designs can yield high enough resistances (like 1 EQ,
arguably the highest resistance with meaningful applicability) while still being feasible to build with modern fabrication
techniques. Epitaxial graphene elements are tested, whose quantized Hall resistance at the v = 2 plateau (Ry = 12906.4 Q)
becomes the building block for larger effective, quantized resistances. It is demonstrated that, mathematically, one would not

need more than 200 elements to achieve the highest pertinent resistances.
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Graphene has been the subject of extensive research over the past decade due to its remarkable optical and electrical
properties [1-4]. Epitaxial graphene (EG), grown on 4H-SiC in the case of this work, has been developed into devices for
electrical metrology due to its robust quantum Hall effect (QHE) across a wide range of magnetic fields (B-fields). For these

devices to be successfully implemented as standards, the exhibited resistance must be well-quantized [5-10]. Devices made

1 h

from EG display quantized Hall resistance values of Gmin

, where m is an integer, 4 is the Planck constant, and e is the

elementary charge. Most EG-based devices that are used as resistance standards operate at the resistance plateau formed by

the v =2 Landau level (Ry = %:—2 ~ 12906.4037 Q) [11-15], with other efforts using the v = 6 plateau [16].

This common single-value constraint severely limits the infrastructure and equipment with which one may disseminate
the unit of the ohm. Two dominant types of efforts to transcend these limitations include the use of quantum Hall array
resistance standards (QHARS) to link multiple Hall elements in parallel or series and the use of p-n junctions, with both

approaches yielding resistances of gRy where ¢ is a positive rational number [17-28].

One of the limiting factors in QHARS development is the total area of high-quality EG, currently limited to the
centimeter scale [29]. Other device design alternatives must be explored since these growth limitations restrict the total
number of feasibly attainable QHARS elements. For instance, the maximum achievable quantized resistance from having 500
elements in series is approximately 6.5 MQ, which is much smaller than the range of resistances currently calibrated globally

— up to PQ levels in some cases [30].

Recently, EG-based QHARS devices were used in experimental configurations enabling the application of the
mathematical star-mesh transformation [31]. And though that approach can scale up to higher resistances [30, 32-34], such
limits of applicability of star-mesh transformations have not yet been explored. For that reason, this work explores a
framework for utilizing star-mesh QHARS device designs in a recursive manner to minimize the required number of array
elements for very high effective quantized resistances. Example data from QHARS devices are also shown to support the
underlying principles of this work. Given that this formulation is independent of the material’s properties, it may be applied

to other material systems that exhibit the QHE, as well as artifact standard resistors.

Devices were prepared in the same Si sublimation procedure described in Ref. [31] and in three major steps: (1) growth,
(2) fabrication, (3) post-fabrication and packaging. Grown EG films were inspected using optical and confocal laser scanning

microscopy [36], followed by fabrication of device contacts composed of NbTiIN [29, 37]. Gateless control of the EG



AlIP
Publishing

£

electron density for some devices was also implemented via functionalization with Cr(CO)3 [38-40]. Devices were measured

in a cryostat at 2 K with a Dual Source Bridge (DSB) [31].

Some of the fundamentals of star-mesh transformations are well-summarized in early work [41-42], and the framework
presented herein begins by inspecting two resistance networks containing N terminals, like those shown in left and right
columns of Fig. 1. One may then derive a mathematical relationship between a star network (where all arms meet at a central
node as in the left column of Fig. 1) and its equivalent mesh network (N is equal in both networks, but the mesh contains one

fewer node):

N
R RRZ1
ij = Kk re
a=iRa

1)
In Eq. 1, the indices go as high as N with the condition that i # j. To simplify how a QHARS device undergoes minimal-

element design optimization, let us define q = Ri, where g is defined as the number of single Hall elements held at the v = 2
H

plateau to obtain the total resistance R. This number has been characterized as the coefficient of effective resistance (CER) in
other work related to graphene-based devices [43-44], with the key difference being that, for this work, functions of ¢ may be
presented as analytical, wherein such functions will be easier to manage as mathematical objects than a discretized set. It
should be noted that this coefficient ¢, when applied to the development of actual device designs, must be restricted to the set

of positive integers (q: q € Z*).
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FIG. 1. Various star-mesh transformations are shown with the stars on the left and the meshes on the right (except for (c)), with N and &
defined as the number of terminals and number of electrically grounded branches, respectively. (a) A Y-A transformation (N = 3). (b) A
star-mesh transformation (N =9). (c) Equivalence between a Y network containing a parallel set of electrically grounded elements and a
star network with the same number of independent, single-element branches as there are parallel elements. The yellow and red branches
represent the two primary terminals for measuring high quantized resistances.

In an experimental context, measurements are generally performed across two of the branches of a Y-A network, with
the third branch being electrically grounded [31]. Since experimental setups only employ a high and low voltage terminal
(two terminals), a reasonable condition to introduce is that all other existing terminals be grounded since future
measurements of such networks would require this. Illustrations of various star-mesh transformations are shown in Fig. 1,
where one defines & as the number of grounded branches. Though this number is always two less than », it is still useful to

designate for subsequent mathematical manipulation. It should be noted that a Y network containing a parallel set of

4
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grounded elements is topologically equivalent to a star network with the same number of independent, single-element
branches as there are parallel elements, where the & branches are all grounded to the same point. Therefore, the lowest
number of elements any branch may contain is 1. The final two quantities to define are Dy, or total number of elements in a
QHARS device, and M, a recursion factor that will be detailed later. The objective of optimization is to substantially reduce
the total required elements to develop QHARS devices with quantized resistances well beyond the MQ level. With the earlier

definition normalizing quantized resistances, one may rewrite Eq. (1) as the following expression:

N

1

qij = 4i9; ZE
a=t

@)
Next, focusing exclusively on the Y-A configuration for simplicity (where & = 1), the number of actual elements (g with
a single index) required to enable the measurement of a much larger, “effective”, number of elements (¢ with two indices)

yields the expression of the abstract quantity g;; (recall from earlier that mesh resistors are virtual, not physical):

94,
Qj =qi+q; +—=
Ak

(3)

In order to maximize the effective CER in Eq. 3 (g;;), let us impose the previously held condition that g, = 1:

qij = qi +q; +qq;

()]
Since Eq. 4 can yield many high CERs due to the multiplication term, one can optimize device designs by finding the
global minimum of this function of g; and g; that yields the desired q;; (which is treated as a constant, to be selected by the
designer). This minimization problem may be solved with straightforward substitution and derivatives, where one
temporarily defines the sum of the QHR elements in the two relevant branches to be @ = g; + gq; (one need not include gy,

which has already been set to 1). Rewriting Eq. 4 in terms of @ and gq; (the latter being arbitrarily selected), one gets:

. qij + q;*
q+1

()

And through conventional extraction of neighborhood extrema:
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da _a’t20—ay _,
dg; (q; + 1)?

(6)

The positive root of Eq. 6 yields:

q; = /%“"1—1

(@]

This solution for g; also applies to g; given the symmetry of Eq. 4. One final check to this analysis may be computed and
2

verified: % > 0. This second derivative result verifies that Eq. 7 is, in fact, a global minimum and not a global maximum
13

(global rather than local since the domain of ¢ is non-negative). To extend this analysis to the general star-mesh case,

suppose there are N terminals:

®
And again, the  brancheshave q, = q; = g, = - =qy = 1:
qij = qi + q; + §q:9;
©)
Equation 9, where N = £ + 2, appears similar to Eq. 4, and by repeating the previous procedure:
1 1
U /fqij"'l—l:m\jm—l
(10)

Equation 10 shows the generalized case solution for determining the CER where N terminals are used. The total number
of elements in the entire device may then be written: Dy = 2q; + §. With this analysis, one may use example values of R;; (1
EQ, 1 PQ, 1 TQ, 1 GQ) to calculate the minimum number of required elements for those values, as in Fig. 2. Solutions (q;)

found for each value must be rounded to the nearest integer before calculating Dy. And the error introduced from rounding

ded
qij(ruun ed)

may be represented as deviations from the nominal example values (specifically, as Dev = —1). Both the

qij(nominal)

deviations and Dy are plotted as a function of & in Fig. 2.



Publishing

AIP

\

B Deviations

® Total Elements
r T T T T v T " T x107
o = 10
a1 b u ] . 115
L e .. Ll | u | e
=8 " " 110
2 'o... ]
- ..... .
a [ | i | ..?...'., 43
~ I L i '.I L I x105
G I m® ]
2 10 e = o R 14 4
T (""Ce,.", . 1 g
g 20 | “000.:=o...=:| 42 £
5 | e 0o
@
I s e S e e -3
E 400f® ] =19 @
S 00| T 118 &
c r ... | ] u 1 S
S e By " 410 ©
© 200 oo, [ ] n 1
2 r [179] | .T..OI,OOO'Q 1058
a 7. y T ; T y |. v. T |
1,7 u 1 | ]
e . a" - 400
Oi.l' u ]
1’ .=. n ] - | 1
Ar [§ ol
_ | ..7....?.'.., 200
9 \ ) y L
0 5 10 15 20

Number of Single QHR Branches: ¢

FIG. 2. Example values of high effective resistances are used to calculate the minimum number of required elements for such values (red,
right side vertical axis) as well as the deviations of those hypothetical QHARS devices from the nominal example values (1 EQ, 1 PQ, 1
TQ, 1 GQ — black, left side vertical axis). The horizontal axis counts the number of single QHR branches (&) as a proxy for the star-mesh
configuration used in the calculation.

The calculated deviations do not prevent these hypothetical QHARS devices from being useful, as many specialized
Wheatstone bridges can operate without an exact decade value of resistance [31]. Though this optimization process reduced
Dy for GQ level resistances to reasonable numbers for fabrication, those numbers are still high for larger resistors (in the

millions for 1 EQ). Therefore, one may expand on this optimization process by adopting recursive star-mesh designs that

resemble the construction of some kinds of fractals.

Implementing a recursive treatment to star-mesh QHARS device designs may vastly expand the availability of quantized
resistances. For instance, Fig. 3 summarizes a few cases in which recursive features have been included, such as embedding
Y-A networks within Y-A networks. A new parameter can be designated to characterize this recursion: M. With a desired

resistance selected, one may expand g;; into a star network (with all & branches valued as g = 1 and grounded). Every
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subsequent expansion of all non-grounded elements increases the characteristic recursion factor M by one. For Fig. 3 (a)-(d),
the Y-A networks is analyzed, whereas in Fig. 3 (e)-(h), more complex cases like the 4-terminal (N = 4, or equivalently & =2,
as defined earlier) and the 7-terminal (N = 7, or equivalently & = 5) configurations are analyzed. The complexity of the latter

two cases warrants a change in representation to topologically equivalent, more abstract diagrams of device configurations.

To account for the addition of this new parameter M, the subscripts will be modified so as to not alter previously adopted
notation; that is, actual elements represented by qy; (single index) and effective number of elements represented by qy.;;
(two indices). By repeating the optimization process in the previous section with all intermediate resistors fully expanded,
leaving the QHARS device in its final configuration of elements, one obtains the actual number of elements needed per non-

grounded sub-branch:

1 2—M 1
Au:i = E(qu:ij +1)° - 7

amn
With this information, one can count the total number of elements in the final QHARS device:
M N x-1 2" v 2" M
Dr(M.&,uas) = 2 + ), 2778 = 5 (B +1)° =T+ (2 = DE
x=1
(12)

This function of three variables may now serve as the starting point for a final optimization process.
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FIG. 3. (a) R;; (equivalently, g;;) as a Y-A network. Every subsequent expansion of all non-grounded elements increases the characteristic
recursion factor M by one. (b) Every resistor in the non-grounded path is expanded as a Y-A network, with the next substitution shown in
(c). (d) A third recursion is applied to all non-grounded resistors. (e) A diagram similar to (a) is produced for 4-terminal (or N =4,
equivalently represented in the derivation as & = 2, the number of grounded branches) and 7-terminal (or N = 7, equivalently represented in
the derivation as & = 5, the number of grounded branches) star-mesh networks. (f) Like (b), every resistor in the non-grounded path is
expanded as a network of the same number of terminals, with the next substitution shown in (g). (g) Like (c), this diagram shows the next
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iteration (M = 2) of the recursion for both the 4-terminal (top) and 7-terminal (bottom) cases. Note that the top and bottom appear different
in drawing format. This topologically equivalent diagram of the device configurations must be used due to the added difficulty of drawing
more complex meshes with each recursive iteration. (h) Like (d), this diagram shows the next iteration (M = 3) of the recursion for the two
cases (N=4and N=7).

As per the construction of Eq. 12, it would benefit the designer to first select a desired final element count qy.;; (proxy

for resistance). For the sake of example, the upper bound on arguably useful resistances for metrology is selected: 1 EQ

(qum:ij = 7.74809 x 1013).

(@) (b)
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3
Recursion
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3D, = (D, —79.19472) x10| i
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Recursion Factor M
FIG. 4. (a) Dy is plotted as a function of § and M, while fixing q.,;; corresponding to 1 EQ. The minimum is marked as a red spot, and the
shaded orange region refers to the embankment of practically feasible design solutions in the text. (b) The behavior of Dy as a function of
M at various fixed values of & Dr is plotted for values of q;; corresponding to 1 PQ, 1 TQ, and 1 GQ. Shaded cyan regions indicate an
upper bound of 300 elements, a rough approximation for fabrication capabilities. Every curve has its minimum marked by a star. (c)
Magnification of global minimum of Dy according to the listed transformation. A corresponding contour projection is shown in (d).
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Attempting to analytically find the minimum of this now two-variable function quickly reveals that one must solve a
large order polynomial, and since such large polynomials are not guaranteed to have closed-form solutions (see SM), finding
the global minimum must be done numerically. Fixing qy.;; to correspond to 1 EQ, one may plot this function as seen in Fig.
4 (a). The global minimum is marked as a red spot and can be greatly magnified to see the subtle approach to that extremum
(see Fig. 4 (c) and (d)). Inspecting this solution space yields two observations. First, there is some flexibility in how to design
a device since there are a set of solutions with low Dy along the embankment region of M =3 and & = 2 to 4 (shaded orange
in Fig. 4 (a)). The embankment is also presented in Fig. 4 (b), where semi-logarithmic curves for D are plotted for fixed
values of & (and for 1 EQ, 1 PQ, 1 TQ, and 1 GQ). Shaded cyan regions indicate an upper bound of 300 elements, which is a
rough approximation for what is likely within fabrication capabilities [28]. The reason one should take note of this cyan
region is because exclusively using the global minimum, when accounting for fact that one must use integers in practice, may
not give a nominal resistance value close enough to the desired value, as defined by the experimenter (see SM for example

calculations).

Generally, optimal configurations using high recursion make it inflexible to achieve an exact desired value with a low
error. What can be learned by calculating example device designs is that the likelihood of obtaining a resistance close to a
desired value is statistically greater when M is taken to be 2 or 3 since the embankment region in Fig. 4 (a) allows for greater
flexibility in & (and thus more chances at obtaining a combination of parameters yielding an optimally accurate resistance).

See the SM for more details.

With greater flexibility in QHARS designing, one may now more closely analyze the extent to which such flexibility can
improve nominal value accuracy. For this analysis, M = 3 (initially) since M = 4 too greatly restricts the parameter space.
With a chosen g5, Dy can be minimized in terms of & This minimization can be seen in Fig. 5 (a) on the red vertical axis
(Dr). Naturally, one selects an integer & such that Dy is minimized and proceeds to obtain gs.;. As done in the SM, deviations
of the final device design may be calculated (represented as black squares in Fig. 5 (a)). Furthermore, rounding to the closest
integer may not always yield the optimal deviation, as seen in the 1 GQ case, where the optimal & yields a resistance, whose
deviation falls off-scale. Therefore, it may be fitting to perturb the solution of integer parameters to see if more optimal
solutions exist. Such perturbations are also shown in Fig. 5 (a) as black hollow triangles, indicating that better accuracies are

available at limited increases in Dy. These more optimal parameters are rendered into QHARS device designs in the SM.

11
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FIG. 5. (a) With g3,;; chosen, Dy can be minimized in terms of § on the red vertical axis. Deviations of the final device design may be
calculated from the solutions closest to the minima when rounded to integers (represented as black squares). When solutions are perturbed
by alternative means of rounding to an integer (like alternating rounding down and up for the relevant parameters), possible improvements
may be found to the accuracy of the resistance output when compared to the desired resistance (black, hollow triangles). (b) An example
image of a device valued nominally at about 1 MQ due to its 78 devices in series, with a middle element on the right side, center, as the
grounded branch. Accompanying illustration shows the corresponding diagramatic representation of the Y-A transformation (N = 3). (c)
Example measurement of a QHARS device using a DSB, both across its full array (gold) and in the Y-A configuration (green).
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To test these concepts, several device measurements were performed on a symmetric Y-A network. A DSB was used, as
in Ref. [31], to more precisely measure the output resistances of one type of QHARS (see SM) in Fig. 5 (b), where the offsets
from nominal for the values 1 MQ and 20.6 MQ were 1812.6 Q and 6699.473 Q, respectively. The demonstration of the
device’s ability to be used in a star-mesh network makes it evident that this mathematical transformation has the promise of

substantially reducing the complexity of future QHARS devices, especially those in use for electrical metrology.

In conclusion, a mathematical approach was adopted for optimizing the number of total elements required for obtaining
high effective quantized resistances in graphene-based quantum Hall array devices. Star-mesh transformations involving
recursive device designs yielded resistances as high as nearly 1 EQ. Furthermore, designs may be lightly modified to enhance
accuracy to a desired value while still remaining feasible to build with modern fabrication techniques. A general observation
based on the results suggests that using fewer recursions would allow the greatest flexibility in device design, including
designs that are not wholly symmetric in their star-mesh branches as treated in this work. Lastly, these designs are
encouraged to be tested for their promise in removing the need for artifact resistors and for providing access to the quantum

SI without the need for a lengthy calibration chain.

SUPPLEMENTARY MATERIAL

The Supplementary Material includes additional mathematical details, calculations for showing deviations from nominal

resistances, examples of other device designs, and QHARS devices used in experiments.
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