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Harmonizing serology measurements (i.e. rendering them interchangeable) is critical for comparing
results across different diagnostics platforms, developing associated reference materials, and thereby
informing medical decisions. However, the theoretical foundations of such tasks have yet to be fully
explored in terms of antibody thermodynamics and uncertainty quantification (UQ). In the context
of SARS-CoV-2, for example, this has restricted the usefulness of standards currently deployed,
limited the scope of materials considered as viable standards, and ultimately decreased confidence
in serology. To address these problems, we develop rigorous theories of antibody normalization and
harmonization. We begin by proposing a mathematical definition of harmonization equipped with
structure needed to quantify uncertainty associated with the choice of standard, assay, etc. We then
show how a thermodynamic description of serology measurements (i) relates this structure to the
Gibbs free-energy of antibody binding, and thereby (ii) induces a regression analysis that directly
harmonizes measurements. We supplement this with a novel, optimization-based normalization (not
harmonization!) method that validates consistency between the behavior of a reference material
and biological samples. A key result of these analyses is that under physically reasonable conditions,
the choice of reference material does not increase uncertainty associated with harmonization. We
validate main ideas via an interlab study that considers monoclonal antibodies as a reference for

SARS-CoV-2 serology measurements and discuss connections to correlates of protection.
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I. PREFACE

This manuscript arose from the confused and some-
times murky world of SARS-CoV-2 antibody testing as
it existed in late 2021 and 2022 [1, 2]. While it is hard
to estimate the total number — hundreds? — of blood and
saliva assays that were developed during the pandemic,
one thing is clear: the community never agreed upon
a scale for comparing the resulting measurements [3-7].
Thus, it was impossible to say, for example, how many
anti-SARS-CoV-2 antibodies anyone had, much less de-
termine if someone was immune from infection. The is-
sue, it turns out, was not lack of standards. Rather,
we argue in this work that the community required new
methods for interpreting measurements of those stan-
dards. In other words, the problem was one of physics
and math, not medicine and biology.

In the exposition that follows, we frame this argument
in the context of two questions: (i) what are the physi-
cal processes that cause antibody measurements to differ;
and (ii) how do we account for this physics to harmonize
(i.e. render interchangeable) serology measurements? In
answering these questions, we decided to follow the se-
ries of steps that a data analyst would need to achieve
harmonization in practice. In part, this is to facilitate re-
producibility and promote the perspective that validation
steps can (and in our opinion, should) be incorporated
into all aspects of the data flow. But it also highlights
an important difference between harmonization and the
concept of normalization, which we feel has been a point
of confusion. However, this exposition necessarily makes
the manuscript highly interdisciplinary, leveraging ideas

from not only statistical mechanics and thermodynamics,
but also applied math, optimization, biology, and im-
munology. We anticipate that readers will have a typical
background in physics and/or applied mathematics, but
not necessarily any of the other fields. If needed, readers
can consult Appendix A for more information and con-
text on serology before proceeding to Sec. II, which serves
as a formal introduction for this manuscript. Where pos-
sible, we have also put technical math details in the ap-
pendices.

II. INTRODUCTION

The COVID-19 pandemic highlighted the importance
of antibody tests as a means to characterize humoral re-
sponse, e.g. in high-risk populations such as cancer pa-
tients [8]. However, the rapid development of many dif-
ferent SARS-CoV-2 assays led to questions regarding the
degree to which such measurements quantify immunity
[9-12]. In response, public health and research institu-
tions established reference materials to harmonize an-
tibody scales [8, 13-15]. While these efforts improved
correlation between measurements, they did not conclu-
sively achieve harmonization [3-6]. They also led to new
questions: how do we compare reference materials, and
how do we select the “best” one for a given clinical or re-
search setting?! Moreover, the development of antibody

I Certain commercial products are referenced (directly or indi-
rectly) in this manuscript to clarify our theoretical analysis. Such



standards did not suggest an obvious definition for corre-
lates of protection, which remains an elusive concept to
this day [9-12, 16].

The difficulty of addressing these questions arises from
a fundamental ambiguity in the information extracted
from serology measurements [2, 7]. In theory, the goal is
to quantify titers or “concentrations” of antibodies that
target a given antigen. Binding assays address this by
quantifying the relative number of antibodies in a sample
that attach to a substrate. However, the corresponding
binding kinetics depend on the assay itself, e.g. through
the details of this substrate [17]. Thus, it is more appro-
priate to assert that such assays characterize the prop-
erties of a chemical reaction, for which there is no con-
cept of an absolute and independent “bound antibody
number” absent information about the other reactants.?
This ambiguity becomes worse when we recognize that
all reference materials suffer the same problem, which
leads to the possibility of expressing an ill-defined sam-
ple concentration in terms similarly ill-defined standard.
Typical single-point reference calibrations, e.g. based on
end-point titers [18], also suffer from extrapolation er-
ror [19] and thereby further complicate harmonization.
Thus, meaningful comparison of antibody measurements
and standards cannot be realized without accounting for
the physical processes and sources of uncertainty that
affect their use.

The present work addresses these problems via a hier-
archy of data analyses that marry concepts from statis-
tical mechanics with uncertainty quantification to estab-
lish a physics-based foundation for harmonization. We
first motivate this hierarchy through a Gibbs free-energy
description of antibody binding, which (surprisingly) im-
plies that only the assays, not the reference, control the
degree to which harmonization is possible. Importantly,
this theory induces a probabilistic model that can be used
to validate the thermodynamic assumptions by quantify-
ing — and in some cases removing — measurement vari-
ability due to: (i) choice of reference material; (ii) assay;
(iii) instrument and operator effects; (iv) uncertainty in-
herent in samples; and (v) interactions between these
elements. This analysis can also be used to determine if
and by how much a specific reference material increases
uncertainty in harmonization, which becomes a metric
for comparing standards. Throughout, we validate these
ideas in the context of an interlab study that consid-
ers synthetic, monoclonal antibodies (mAbs) as serology
standards [20].

A key theme that permeates this work is the need to
incorporate uncertainty quantification (UQ) into all as-
pects of the data analysis. While this entails obvious
tasks such as statistical modeling and uncertainty prop-
agation [21], we adopt the broader definition of UQ as

reference does not imply endorsement or approval of any kind by
NIST.

2 This mirrors the challenge of estimating binding kinetics for
emerging SARS-CoV-2 variants.

encompassing verification and validation exercises that
assess and increase confidence in models and measure-
ment processes per se. For example, synthetic mAbs are
viewed as being fundamentally different from human an-
tibodies, and thus unsuitable for the purposes of harmo-
nization. To address this stigma, our workflow includes a
novel normalization procedure to determine if both types
of antibodies exhibit the same behavior in a measurement
system. This validation step can thereby indirectly as-
sess whether mAbs are governed by the same physical
processes as human antibodies, which is a prerequisite
for using the former as a standard for the latter.

A main challenge in this work is the need to revisit and
clarify seemingly elementary and resolved ideas in serol-
ogy. For example, the concept of harmonization has been
used in a variety of contexts [22-24], but to the best of
our knowledge, it has not been defined with the precision
needed to fully ground it in metrology. Thus, a prelimi-
nary task in our analysis is to mathematically define this
concept and equip it with the structure needed to per-
mit later UQ. The implications of this exercise are not
trivial. It uncovers hidden structure in the definition of
harmonization that has yet to be exploited and provides
a direct connection to the physics of antibody measure-
ments. Moreover, it illustrates why harmonization and
normalization are not the same task.

A secondary motivation for this work is the fact that
current methods to assess fitness of purpose for serology
standards are insufficiently grounded in the physics of
harmonization and focus primarily on their technical per-
formance, sometimes ignoring issues such as ease of man-
ufacturing, distribution times, etc. For example, there
is widespread belief that harmonization via SARS-CoV-
2 standards can only be achieved using human-derived,
pooled references, although to the best of our knowledge
there are no studies validating this conjecture. As a re-
sult, the development of current SARS-CoV-2 standards
(which are all human derived) took nearly a year [14, 15]
despite being needed much sooner. Moreover, such stan-
dards are inherently limited stock and must contend with
changes between lots [25]. These issues suggest the need
to better understand the impacts of using alternatives
such as mAbs, which permit better scale-up and quicker
development. Indeed our companion manuscript finds —
and the present work justifies — that mAbs and human-
derived standards are identical from a performance stand-
point when using our physically derived definition of har-
monization [26].

A limitation of our work is that we do not define or
fully connect our work with a real-world definitions of
immunity. This is due primarily to lack of available data
[27, 28]. Studies that address this problem would need to
connect information about neutralization measurements
to notions of risk and clinical outcomes. To the best of
our knowledge, the these latter tasks remain open chal-
lenges in the SARS-CoV-2 testing community and thus
fall beyond the scope of our work [27, 28]. However, we
point to extensions of our basic definitions and theory to



neutralization assays, a more direct but complicated tool
for characterizing immunity.

The rest of the manuscript is organized as follows. In
Sec. III, we provide physical and mathematical defini-
tions of key concepts used throughout the manuscript.
Section IV gives a global overview of our analysis hi-
erarchy by considering normalization in the context of
signal generation (IV A) and deriving a thermodynamic
theory of antibody binding that induces a probabilistic
perspective needed for harmonization (IVB). Section V
fully develops the remaining elements of this hierarchy in
terms of a regression analysis. Section VI provides histor-
ical context for our work, discusses limitations, and con-
siders future directions. Appendices provide additional
background on serology testing and summarize technical
mathematical arguments.

III. NOTATION AND TERMINOLOGY

Given the interdisciplinary nature of this work, we be-
gin by considering definitions and conventions that in-
form our mathematical analysis.

A. Definitions

I. A concentration ¢ is normalized if it is given in
units of antibodies per volume.

II. The word sample always refers a specimen taken
from a human and to which an assay (i.e. a serol-
ogy test) is applied.

ITI. The words reference and standard always refer
to a measurand, which can be synthetic or human-
derived, used to normalize measurements taken on
samples.

IV. In physical terms, we interpret harmonization as
the process of determining a mathematical rule that
tells one how to modify the numerical value of nor-
malized antibody concentrations for each assay so
that their corresponding measurements all agree
and can be used interchangeably. This rule is only
considered meaningful if it does not depend on the
sample, but only the assay, reference, and concen-
tration values. In more mathematical terms, let
s=1,2,...,5and n =1,2,..., N index samples and
assays for some maximum values S and N. Also let
r denote a fixed reference. We say that the assays
are harmonized by reference r if for any normal-
ized concentrations és ,, , and & 7, (corresponding
to sample s measured with assays n and n’ and nor-
malized by r), we can find a function T'(n, ¢, ) such
that

T(n, és,n,ra 7“) = T(nlv és,n’,ra ’I“) = Xs,r» (1)

where x,, is an assay-independent consensus
value associated with sample s. Consistent with
the above physical intuition, this function does not
depend directly on the sample index s, only its nor-
malized concentrations és . See Refs. [22, 23] and
the references therein for related ideas. We always
assume that x, , has the same units as ¢, i.e. anti-
bodies per unit volume.

. If we identify parameters €;,, (which could be ran-

dom) such that

T(n, s, )1+ €sn) = T(n', st ) (L + €s,nr)

= Xs,rs (2)

we say that the assays can be approximately
harmonized with a relative uncertainty quanti-
fied by the e. In principle we could let €, also
depend on 7, but in later sections we find this as-
sumption unnecessary. In a slight abuse of termi-
nology, we sometimes refer to the concentrations
T(n,ésn,r,r) as harmonized (without the modifier
“approximately”) when the meaning is clear from
context.

B. Notation and Conventions

For clarity, we reserve certain indices for special
purposes. Lowercase m refers to either a sample or
a reference. Lowercase s and r refer exclusively to
samples and references. Lowercase n always refers
to an assay. Lowercase k is used generically as an
integer index except in any of the previously men-
tioned cases. We caution the reader that throughout
the manuscript, indices are often the primary (and
sometimes only) way we indicate functional depen-
dence between variables. For example, we use Fs to
denote a fluorescence value that changes with the
discrete sample index s, whereas c; ,, is a concen-
tration depending on both the discrete sample and
assay indices s and n.

In certain cases, we need to non-dimensionalize the
arguments of transcendental functions by dividing
through by the units. In such cases, we use the
symbol U, to indicate a quantity whose value is 1
multiplied by the units associated with *.

We treat Gibbs free-energies G (and differences AG
thereof) as dimensionless, having been divided by
the temperature expressed in units of energy.

We denote a normal random variable with mean p
and variance o2 via 4 (p, 0?).



IV. PHYSICAL PRINCIPLES OF OUR
ANALYSIS

The task of harmonizing measurements necessarily re-
quires that they first be put on some scale, i.e. via nor-
malization. Thus, it stands to reason that harmonization
can be impacted in a detrimental way if we do not first
consider normalization per se.

In the subsections that follow, we consider both tasks
from a physics-based perspective, as this suggests valida-
tion exercises and uncertainty models that can be used
to interrogate the quality of data. Subsection IV A ana-
lyzes normalization in the generic context of signal gener-
ation and yields a test for answering the question, “when
does a reference material behave like a typical sample?”
Subsection IV B unravels the underlying thermodynamic
processes and answers the question, “what causes mea-
surements to differ between instruments?”

The reader should keep in mind that for both normal-
ization and harmonization, the technical exposition is al-
ways as follows. We first solve the “forward problem”
by formulating and analyzing a model of the measure-
ment (whose output values are known) as a function of
physical parameters, which are often unknown in prac-
tice. This model then motivates a regression analysis that
solves the “reverse problem” by extracting the unknown
parameters from the data.

A. Generic Aspects of Signal Generation:
Implications for Antibody Normalization and Units

Normalization aims to quantify the concentration c
of antibodies that bind to a substrate. However, this
concentration is never measured directly; neither is it
possible to measure the total concentration of antibod-
ies except as part of the manufacturing process for cer-
tain reference materials. Instead, the instrument outputs
some numerical value such as median fluorescence inten-
sity (MFI) F expressed, for example, in units of voltage.
This F is typically assumed to be proportional to the
bound concentration. The constant of proportionality,
which we denote T', has units such as voltage (i.e. some
proxy for MFT) times volume per number of bound anti-
bodies; viz.

F=Tec. (3)

In turn, c is assumed to be proportional to the total con-
centration y of antibodies of a fixed type via the theory
described in Sec. IV B; see also Refs. [18, 19]. We denote
the corresponding proportionality constant by K, which
is dimensionless but should be thought of as having units
of bound antibody number per total antibody number.
Thus, one trivially finds

c=Ky = F=TIKy, (4)

where the product 'K has units of voltage per concen-
tration of total antibodies.

Normalization is typically performed by computing a
ratio of the form

F
Qs,r = FT (5&)
S KS S
L (5b)
Cr K.y,

where subscripts s and r denote corresponding quanti-
ties for a sample and reference [18, 29]. While this ¢, is
ostensibly a normalized antibody value, it is dimension-
less; i.e. it is the number of bound sample antibodies per
bound reference antibody. To make g, consistent with
Definition I, we multiply by ¥,., which is assumed to be
known, yielding

és,r = gs,ryr~ (6)

The left-hand side (LHS) of Equation (6) has units of
total antibodies per volume.

Four comments are in order.

First, recognize that many of the above quantities (¢ ,,
Us.ry Cry Cs, €tc.) depend on the choice of assay. In sub-
sequent sections we make this explicit by including the
subscript n. Here, we have suppressed the assay depen-
dence since it is not central to a discussion of units.

Second, a more appropriate definition of ¢é5, would
be g5 rcr, since this has the biologically relevant units
of bound antibodies per volume [14, 15, 24].> However,
K, is generally unknown, which implies the same for c,.
Thus, one can only normalize bound antibody concentra-
tion up to an unknown scale factor associated with the
K., which turns out to be an equilibrium constant; see
Sec. IVB.

Third, while g5 , and é;, are nominally different, they
are interchangeable from a theoretical standpoint be-
cause of Eq. (6). The quantity §s, is mathematically
more convenient because it is dimensionless, and we of-
ten use this form of the normalized measurement. We
refer to 9, as a scaled antibody concentration and take
Ysr = Xs,r/Yr to be the corresponding consensus value;
see Definition IV.

Fourth, normalization is typically accomplished by
computing the ratio given by Eq. (5a), i.e. directly in
terms of the measurement outputs at a single concen-
tration. However, nothing restricts us from iteratively
diluting a sample and measuring the associated range of
fluorescence values.* Mathematically, this amounts to
multiplying y,, by a dilution factor d, which can take
any positive value less than one (0 < d < 1). Equation

3 When y, is unknown, as is the case for human-derived, pooled
samples, its value is assigned arbitrarily [14, 15, 24]. In this case,
it is equally valid to fix ¢, instead. This is purely a semantic
choice that does not play a role in our analysis.

4 In fact, serology measurements are often performed on such a
dilution series, although often only one dilution is used for data
analysis.
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FIG. 1. Plots of synthetic data motivating Eqs. (7) and (8).
Note that colors are matched to axes and do not have in-
terchangeable interpretations. Our normalization algorithm
prescribes a mathematical method for reconciling their differ-
ences. In both plots, d corresponds to a dilution factor. In
the top plot, the left-most blue curves correspond to ¢ = 5
and ¢ = 2 from left to right. In all plots, the black dilu-
tion curve corresponds to a reference material. Changing the
concentration of antibodies in the reference traces out the di-
lution curve. Equivalently, if we fix the concentration (say to
¢ = 1), diluting (d < 1) or concentrating (d > 1) the reference
yields the same curve. Importantly, this dual interpretation
only applies to the reference. Taking a sample for which ¢ > 1
implies that the sample must be diluted more relative to the
reference to generate the same fluorescence signal. In order
to collapse the blue curve onto the reference, we must scale
the dilution by a factor of ¢ (i.e. ¢s/c¢r for ¢, = 1 and ¢s = ¢),
which corresponds to a horizontal shift on a log scale (bottom
plot). A similar interpretation applies to the case ¢ < 1.

(5b) then implies that the scaled antibody concentration
is in fact an invariant quantity if both the reference and
sample are diluted by the same amount.

This simple observation leads to a mnormalization
method that estimates ¢, , and validates whether a ref-
erence material exhibits the same behavior as a typical
sample.

To realize this in practice, we solve the forward mod-
eling problem via a few simple observations. First let

x = cd be a diluted bound concentration, and define F'(z)
be the fluorescence as a function of z. It is reasonable
to assume that F(z) is strictly monotone increasing in
x; i.e. more bound antibodies increase the measurement
signal. Moreover, even when ¢, and cs are unknown, we
can always measure the associated fluorescence curves
F.(d) and Fy(d) by varying the dilution factor. It is not
necessary that F'(z), F.(d), or Fy(d) be linear, as pho-
todetectors may saturate if there is too much measurand
in an instrument. But we do always assume that concen-
trations c are linear in d.

In this context, the fundamental assumption of serol-
ogy measurements can be stated as the joint requirements

Fy(d) = F(cd), Fy(d) = F(csd), (7)
and

F(z,) = F(z,) < Ts = T, (8)

where the latter is guaranteed by the monotonocity of
F(z). To make use of this, assume that we find a quantity
a such that F,.(d) = Fs(asd). Then Egs. (7) and (8)
imply that this «y is in fact the inverse of the scaled
concentration; viz.

Cs 1 R
_— = — = s 9
o X 9)
Moreover, we may define
¢
b = — (10)

S

to be the normalized concentration.

These observations imply that the reverse problem,
i.e. normalization, is tantamount of finding a per-sample
scale factor o, that, when applied to the argument of
F,(d), collapses this dilution curve onto the reference di-
lution curve F,(d); see Fig. 1.> This has several benefits
over normalization via Eq. (5a): by leveraging more data
one reduces susceptability to noise, and it is not neces-
sary to identify a linear regime for the function F(z). In
practice, however, finding scale factors a is more com-
putationally challenging. For example, typical dilutions
series only sample a few points from F,.(d) and Fi(d),
which can make it difficult to test for data collapse.
Moreover, the underlying F'(z) is generally not known
a priori. In Appendix B, we discuss a constrained opti-
mization approach that overcomes both issues, leveraging
only generic information about the structure of F(x).

Figure 2 shows an example of this analysis applied to
34 SARS-CoV-2 positive samples that were normalized
on the scale of the mAb reference material. We empha-
size that while the reference material is a synthetic anti-
body, the points sampled from its dilution curve fall on

5 Throughout we use the phrase data collapse to refer to a trans-
formation that maps a function or dataset onto another function
or dataset.
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FIG. 2. Raw data and data collapse associated with 34 SARS-
CoV-2 positives samples and a mAb reference material, all
measured via a ligand binding assay. See Ref. [20] for ex-
perimental details. Top: Raw data associated with the sam-
ples. The reference is labeled with the black circles. Lines are
guides for the eye, whereas the overlaid discrete data points
are the dilution-fluorescence pairs measured by the instru-
ment. The axes are flipped relative to Fig. 1. By eye, it is
plausible that a vertical shift applied to each dilution curve is
sufficient to collapse them. Bottom: Data collapse associated
with minimizing Eq. (B8). The reference material is assumed
to have a dimensionless concentration of 1. The solid black
curve is a reconstruction of the function f(z); see Eq. (B1)
and surrounding text. Note that the reference material has
the average (weakly) non-linear behavior of the sample data
after transformation. The inset shows the residuals defined
here as the difference between the transformed raw data and
the estimated dilution curve in black.

the composite function F(x) constructed from all of the
data. The degree of data collapse serves as validation
that the mAb is not inherently different from a human
sample in regards to its behavior under dilution. While
beyond the scope of this manuscript, one could establish
a cutoff criterion so that a reference is only considered vi-
able if data collapse relative to F'(z) can only be achieved
to within a certain level.

B. Thermodynamics of Antibody Measurements

Having analyzed serology at the level of signal gen-
eration, we now turn to thermodynamic considerations
that (i) explain why different measurement systems yield
distinct normalized concentrations and (ii) clarify the as-
sumptions underlying Eq. (4). In this section, we focus
primarily on the physics of harmonization per se. In Sec.
V we consider the forward and reverse modeling problems
associated with this task.

A binding antibody assay can be viewed as a chem-
ical reaction [17, 30]. A free antibody Y attaches to a
substrate B to create a bound pair YB; viz.

Y+B+—YB=C, (11)

where C stands for the antibody-substrate complex. This
reaction is assumed to be reversible, so that the system
reaches an equilibrium described by detailed balance [30,
31]. For a fixed antibody type Y,, (associated with the
mth sample or reference) and substrate B, associated
with an the nth assay or antigen epitope, the equilibrium
constant K can depend on both the antibody and the
substrate. That is,

= Ko, (12)

Cm,n

(ym - Cm,n)(bn - Cm,n)

where ¢y, 5, Ym, and b, are the concentrations of C,, ,,,
all antibodies (free and bound), and all substrates B,,.
The n-dependence of IA{myn reflects the fact that chang-
ing the substrate can alter the equilibrium concentration,
and hence number of bound antibodies. The physical in-
tuition for this dependence arises from the definition

e B2 5 AGpp = —In(Kmn/Ug), (13)
where AG,,  is the Gibbs free-energy change associ-
ated with Eq. (11) [32]. That is, changing the substrate
and/or antibody alters the free-energy landscape, and
thus the equilibrium constant. Note that Eq. (12) only
models antibody affinity, but not avidity (i.e. capacity for
multivalent binding); see Ref. [33] for justification in the
context of the examples considered herein.

From a measurement standpoint, it is desirable for
Cm,n to be independent of the substrate concentration;
doing so ensures that the former increases linearly with
the total antibody concentration [7, 29]. A straightfor-
ward Tayor expansion of Eq. (12) reveals that this condi-
tion is approximately satisfied if either (i) b, > vy, and
IA(m,n 2 0(1) unit volume, or (ii) IA(mm < 1 unit volume
for b,, and y,, order one concentrations. We henceforth
assume that either (i) or (ii) is true,® which yields the

6 Tt is necessary to distinguish nonlinearity in the measurement due
to Eq. (12) from nonlinear effects due to detection equipment
such as photodetectors. This distinction is important for the
analysis in Sec. IV A.



approximate model

m,nyma (14)

Cm,n =

where K, ,, is an appropriately rescaled equilibrium con-
stant.”

An interesting question that motivates our harmoniza-
tion analysis is whether the equilibrium constant is sep-
arable, meaning it can be expressed in the form

KnL,n = RKY,, KB, (15)

for some constants ky,, and kg, depending only on the
sample or assay, but not both [34].8 Physically, Eq. (15)
is interpreted as the condition in which the antibodies’
contribution to the equilibrium constant is independent
of the substrate contribution.? In the context of Eq. (13),
this implies that the change in free energy can be ex-
pressed as a sum

AGpn = AG,, + AG,, (16)

where AG,, and AG,, are distinct quantities depending
on either the sample or substrate, but not both. Heuris-
tically Eq. (16) is plausible if any antibody that binds
to a fixed antigen (corresponding to constant n) always
changes the latter’s conformation in the same way, so
that AG,, ,, only varies with the internal energy and en-
tropy differences between the antibodies themselves.

To understand the usefulness of separability, recall that
antibody normalization amounts to determining the ratio
Csn/Crn for sample s, reference r, and a fixed assay n.
Separability then amounts to the condition that

Csn Ry Ys

= 5¥.Ys 17
Cr.n Ry, Yr ( )

which is equivalent to

In (”) —In (y> ~AG, + AG,. (18)

Crn Yr

In other words, relative concentrations of bound anti-
bodies are independent of the assay being used for the
measurement, since the right-hand side (RHS) has no
dependence on n. Separability therefore implies that
normalization automatically harmonizes assays in the
sense of Definition I, and we can simply set the function
T(n,c) =c.

7 When Km,n < 1 unit volume, Kp,n = IA(m,nbn. When b, >
Ym, one finds Ky n = 1.

8 This property is also called rank factorization, since it amounts
to representing a matrix in terms of objects with lower rank.

9 Note that the xy_, and kp,, are not determined uniquely by Eq.
(15). We can always define new constants Avy,, = Ky,,/a and
RB, = KB, « for any positive constant o such that the product
Kmn = Ry,,RB,, = KY,, KB, is unchanged.

If we relax the separability assumption, harmonization
is no longer guaranteed.!® To see this, assume that

Km,n = RY,, KB, exp(_Agm,n)7 (19)

where Ag,, , is a relative free-energy deviation from sep-
arability. We require that Agy,, , depend non-trivially
on both of its indices. More precisely, when viewed as a
matrix with elements s, n, we require K, ,, to have rank
greater than one. Taking the logarithm of ¢ ,, /¢, yields

In (CWI) =In (KYS%) — Agsn + Agpn. (20)

Crn Ry, Yr

The term Ags ,, is problematic; it implies that the nor-
malized concentration depends on the free-energy of the
specific sample-assay pair, which is nominally inconsis-
tent with harmonization.

In practice, we expect that Eq. (20) is a more realistic
description of antibody measurements; biological varia-
tion between human samples and differences in substrate
epitopes will cause some antibodies to bind differently to
some assays, invalidating the heuristic picture described
below Eq. (16). Thus it is not clear that exact harmoniza-
tion is possible. However, we can still recover the weaker
notion of approximate harmonization given by Def. V. In
particular, were it possible to determine the Ag, ., one
could define a transformation

T(n,é,r) = c¢exp(—Agrn), (21)

where we now reveal the explicit dependence of T on the
reference material. Combined with Eq. (20), this would
imply that

T(’I’L, és,n,m 7")(1+€s,n) = T(?’l/, és,n’,ra T)(1+68,n/)
= Xs,r = Ys,rYr (22)
€s,n = exp(Ags,) — 1 (23)

yields a consensus value.

A notable conclusion of Eq. (20) is that lack of harmo-
nization has nothing to do with the choice of reference
material. It is due solely sample-assay dependent effects
€s,n, since negating these implies that Eq. (21) is an ex-
act harmonization rule according to Definition V. Phys-
ically, this conclusion arises from the simple fact that
all samples are normalized by the same reference mate-
rial, so they share a common bias associated with Ag,.,,.
Our companion manuscript validates this result for a col-
lection of several monoclonal antibodies [20]. The next
section motivates an analysis to test the validity of Eq.
(22).

10 We do not explore the theoretical question of whether separabil-
ity is mecessary for harmonization.



V. INDUCED PROBABILISTIC PERSPECTIVE

Equation (22) begs two questions: (i) how do we vali-
date the underlying model; (ii) how do we use it to har-
monize assays? Our main goal in Sec. V A is to show how
Eq. (22) induces a probabilistic model that describes the
serology measurements. In Sec. VB, we show how to
perform a regression analysis on this model that answers
questions (i) and (ii).

A. The Forward Problem: Modeling Harmonized
Measurements

Observe that the quantities Ags p, Agr.n, and thus g, ,
are in general unknown, since it is unreasonable to per-
form detailed measurements characterizing equilibrium
constants for all samples and assays. For a fixed assay,
however, Ag,,, is common to all samples, whereas Ags ,,
is sample dependent. Rearranging Eq. (20) implies that

ln(gs,n,r) - Agr,n + Ags,n == ln(ys,r) (24)

which suggests interpreting Ag,, as a constant,
reference-dependent bias and Ags, as a sample-assay-
dependent realization of a random variable.

Because the Ags, correspond to Gibbs Free-Energy
changes associated with sample antibodies, we treat this
quantity as an s-dependent realization of a mean-zero
normal random variable with variance ¢2. That is, we
assume

Ags,n =N (07 gi) . (25)
where ¢2 is an unknown constant, and ./ are inde-
pendent and identically distributed normal random vari-
ables; i.e. the expectation E[Ag, ,Ags n/] = 0if s # &
or n # n'. If we also treat Ag,, and y,, as unknown
scalars, Eq. (24) yields a model of the normalized data
Usn,r that nominally solves the forward problem. More-
over, determining the unknowns in Eq. (25) provides all
of the information needed to construct 7" and e in Eq.
(22), thereby harmonizing the assays according to Def.
VI.

In order for such an analysis to be meaningful, how-
ever, it is necessary to account for uncertainty inherent
in the measurement process. The true ¢s ., are never
known exactly due to effects such as pipetting error, in-
strument artifacts, etc. Thus, it is important to ensure
that the associated measurement variability is not con-
fused with the Ag,, and Ags, . We therefore postulate
that the quantity ¥s ,, one measures is related to s r
via the equation

ln(gs,n,r) = ln(gs,n,r) + 63,%,7" (26)

where 65, is a “within-lab” uncertainty that models
the effects described immediately above; see Ref. [35].
The dependence of § on s, n, and r is largely incidental,

since this quantity should be estimated separately for
each such triple. The § does not account for assay and
reference-specific effects. Combining Egs. (24) and (26)
then yields

ln(ys,n,r) - Agr,n + Ags,n + 63,71,7' = 1ﬂ(ys,7-)~ (27)

In practice, the values of ys,, and ds, , are given by
direct measurement outputs, while the remaining quan-
tities must be determined from the data via regression;
such details are postponed until Sec. V B.

We end this section with two small technical issues.

First, Eq. (27) nominally complicates our ability to
determine whether the Ag, , are reference independent,
since it re-introduces reference-dependence into residuals
of the data. However, we always find that d; ., exhibits
separability of the form

5s,n,r = 5s,n + 57“,77,- (28)

Under this condition, 6, , can be absorbed into Ag; ,,
and we again deduce that the residuals of bias-corrected
antibody measurements (relative to the consensus value)
should be reference independent. As a result, Eq. (28)
restores our ability to validate the model.

In the context of single-point normalization having the
form of Eq. (5a), it is straightforward to prove that Eq.
(28) is exact. In particular, we can assume that F, and
F,, are measured up to some relative uncertainty, e.g.
Fy, = Fsyn(l + €5,n), where Fsm is a true or expected
fluorescence, and ¢ 5, is measurement uncertainty. Then
ratios of the form In(F; ,/F, ) can be expressed directly
in the form of Eq. (28). For the analysis discussed in Sec.
IV A, it is more difficult to prove that Eq. (28) holds, but
in practice, we find that it is valid. See Figs. 3 and 4, for
example.

Second, we can validate the Eq. (27) by testing the
degree to which the Ag; ,, empirically depend on the ref-
erence. Despite the assumption that these quantities are
random, Eq. (24) indicates that remain they point-wise
constant with changing r, provided the Ag,, are cor-
rectly determined. This restrictive criterion implies that
the residuals between the bias-corrected and consensus
antibody estimates should be invariant to the reference,
which can be directly checked. We pursue this and re-
lated ideas in Sec. V B.

B. The Reverse Problem: Harmonization via
Regression

We now address the task of estimating the quantities
Agr,vu Ags,na and 6s,n,r-

While there are a variety of methods for estimating
ds.nr (.. [36, 37]), we consider the common situation
wherein measurements are repeated. Extensions and al-
ternatives are discussed in Sec. VI. Assume therefore
that we are given S samples, A assays, and one refer-
ence material. Each sample and reference are measured
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FIG. 3. Example of the analysis leading to the solution given by Eq. (34). Symbols have the same meanings in all figures and

are defined in the top plots.

Top left: Normalized data for 38 positive samples measured via 6 different assays.

Top right:

Normalized data with consensus estimates given by Eq. (34). Bottom left: Harmonized data, i.e. normalized data corrected
for the assay-dependent biases Agy, so that all samples are distributed about the consensus values. Bottom right: Difference
between the harmonized data and consensus values. In all figures, the vertical red bars centered at each datapoint are one-sigma
confidence intervals. For the lab-specific datapoints, these confidence intervals are given by ds,,,-. For the consensus values,
the confidence intervals are computed from the distribution of values arising from the jackknife analysis, as described in the

main text.

7 times for each assay, where t € {1,2,...,7} indexes
these time-points. We use the analysis of Appendix. B
to normalize all antibody measurements relative to the
reference dilution curve measured at the same time. De-
note the corresponding antibody levels ¥ p ¢ Assuming
that these measurements are independent in the ¢ index,
we construct the arithmetic mean estimator

_ 1, e
ln(ysm,r) = = Z ln(ys,n,nt) (29)
t=1

and sample standard uncertainty [38]

T

Z [ln(gs,n,r) - ln(gs,n,r,t)]z ’ (30)

t=1

2 b
ST (= 1)
where we approximate the variance Var[ds,,,] = 02, .
Note that the estimate for ¥ , » corresponds to a geomet-
ric mean of antibody concentrations. See Egs. (26) and
(27).11 Given a few replicates T per sample, we make the

I Recall that the logarithm of concentration is linear in the Gibbs
free energy. Thus Eq. (29) can also be viewed as an estimate of
the average AG.

additional minimal assumption that ds ,, , is a mean-zero
normal random variable with variance af’nyr.
Returning to Eq. (27),

ln(gs,n,r) - Agr,n + Ags,n + 5s,n,r = ln(ys,r)a

assume that r is fixed and observe that the scaled and
consensus values ¢, » and s, depend on the reference
material r. Provisionally assume that the assay-sample
dependent effects Ags ,, are independent of r, which we
check after-the-fact by varying the reference.

In light of Eq. (27), the In(gs,,, ) distributed as

ln(gsm,r) = '/V(ln(ysa"")7Ag7“7n71n(g57n77’)7§T2L+O-§,TL,T‘) s

which has the corresponding probability density

P( ln(gs,n,r) |Agr,na Ys,ry §727,)

_ (n(gs,r)=Agr,n—1n(Fs,n,r))>
2(s2 402 )
e n s,n,r
= . (31)
2 2
27r(§n + Us,n,r)

In the event that s, , falls below a detection threshold
Yo (corresponding to dilution curves for which no mea-
surement is above the signal-to-noise of 1/10 in the ex-
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FIG. 4. The difference of residuals Agsn,wr0 — Ags,n,mab
computed from the WHO standard and the 3 other mAbs
used in the interlab study associated with Ref. [20]. Symbols
and colors have the same meaning as in Fig. 3. Each point
with a fixed color and symbol is associated with a different
mAb. The difference in residuals is typically less than 0.05,
which corresponds to a relative variation in antibody number
of 5 %. This demonstrates that the quantity Ags,,, which
is associated with the sample-assay dependent randomness
about the consensus value, does not depend on the reference
material. The black dots are the distributions of values ob-
tained from the jackknife analysis as described in the main
text. Note that only 0.43% of the values in the plot have a
magnitude greater than 0.1. Also, for the three samples with
the lowest consensus values, only one lab was able to yield
uncensored concentrations. As a result, the jackknife analysis
yields a total of eight datapoints that fall outside the scale of
the plot. These datapoints have characteristic values of 2 in
the units of these axes.

amples above), we can at most define the censored prob-
ability

In(yo)

P(Ysnr < Yo) = / P(z|Agrns ysrrsn)dz  (32)

— 00

in terms of Eq. (31), where we take yy to be the smallest
measured value of In(gs, ) > —oo, and Z is a dummy
integration variable representing In(gs ».); see also Refs.
[39, 40]. [For simplicity of notation, we have suppressed
the dependence of P(Ys nr < yg) on (Agrn, ¥srys2).]
Given these quantities, we define a regularized, negative
log-likelihood objective function to be

Fi=— > W[P(I(fsnr)Agrm ¢srs2)]

s
Ys,n,r>Yo

ZAgr,n] - Z In [‘gj(ys,n,r < y@)} (33)

Ys,n,r<Yo

+ €3

by summing Eq. (31) over all samples and assays. Ob-
serve that Z; is a function of the consensus values ys .,
reference-dependent free energy bias Ag, ,, and assay-
dependent free-energy variances 2. The value of 3 can
be set to any positive value (we set €3 = 1), as the reg-
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ularization only serves to remove a connected set asso-
ciated with ambiguity in the value of Ag,,. (That is,
we can only determine the Ag, , up to an additive con-
stant, necessitating the regularization.) Minimizing Eq.
(33) yields estimates of these parameters via

{Agr ) Aws b A = argmin - &
{Agr,n}ys,r}As2}

(34)

While Eq. (34) is ultimately a choice of how to de-
fine consensus values, it admits an interpretation that is
consistent with physical intuition. In particular, recog-
nize that Ags , (i.e. the sample-assay component of free
energy) is treated as random because in general, we do
not know a priori how a sample will interact with an
assay. In minimizing &, we therefore seek the consen-
sus values (up to a constant offset fixed by the regular-
ization) and assay-dependent variability that maximizes
the probability of the measured data. Thus, we interpret
Eq. (34) as the most likely probabilistic representation
of the data [41]. Moreover, including 02, ,. in the defini-
tion of & accounts for the fact that measurements with
high uncertainty contribute less to our knowledge of the
corresponding consensus values and assay-dependent un-
certainties. See Sec. VI for further analysis of this model.

To characterize uncertainties associated with the pa-
rameters Ag,, »%,, and ¢2*, one can perform, for ex-
ample, a jackknife style analysis [42, 43]. In the examples
that follow, we perform this analysis for fixed reference
r by omitting from the optimization each ¥, one time
[44].12 We then take the standard deviations from the
distributions of parameter estimates as the correspond-
ing confidence intervals.

Figure 3 shows the results of this analysis applied to
mADb 1 considered in Ref. [20]. The top plots show the
normalized log-concentrations In(gs ,, ) with and with-
out the consensus values for six different labs and 38
positive samples, where B = 1.2 x 10° is the number
of ng/mL of antibody in the undiluted reference. The
bottom plots show bias-corrected (i.e. harmonized) es-
timates In(RBYs n,r) — Agrn. The remaining variation is
quantified by Ags 405, [recall Eq. (28)]. Figure 4 shows
the differences in residuals between harmonized concen-
trations and consensus values according to Eq. (34) using

12 In principle, jackknife methods can be used to quantify and re-
move a bias associated with an estimator. In the experiments
accompanying this manuscript, however, the measurements for
some samples fell below the detection threshold for all but one
lab. Leaving out the single uncensored concentration for that
sample therefore couples the corresponding consensus value to
only the terms Ag,, and ¢2. In practice, we find that this
yields jackknife bias correction terms that are unphysically large,
so that we do not consider them further. Moreover, censoring is
known to cause problems for resampling-based techniques [44].
As a result, we only consider the standard deviations from the
jackknife distributions, which we treat as reasonable proxies for
the true parameter uncertainties. A further analysis of this situ-
ation is beyond the scope of the present manuscript.
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FIG. 5. Further confirmation that approximate harmonization via Eq. (34) is reference independent. Left: Square root of the
average of (§;)2 over all n assays. Note that the standard deviation is approximately constant across all standards. Right:
Maximum likelihood estimate of ¢} as a function of assay. On the right plot, the vertical red bars for each datapoint are one
standard deviation confidence intervals associated with the jackknife analysis described in the main text. These confidence
intervals are generally the same size as or smaller than the corresponding symbols and in some cases, are not visible.

the WHO standard and three different mAbs described
in Ref. [20]. The bottom plot in particular shows that the
residuals change by less than roughly 0.05 on a log scale
when switching reference material, which corresponds to
roughly 5% relative variation in antibody concentration.
This validates that to within good approximation, the
residuals can be expressed only in terms of s and n via
Ags n + 95, as predicted by our thermodynamic model.
In other words, the lack of exact harmonization is due
almost entirely to coordinated assay-sample effects.

To further illustrate this last point independently from
the noise terms d, ,, and s », ., recognize that the variance
(¢X)? is an estimate of the statistical properties of the
Ags ., via Eq. (25). Figure 5 shows the both the average
of these variances over all n, as well as their assay-specific
values. All estimates are independent of the reference
material used.

VI. DISCUSSION: BROADER IMPLICATIONS
FOR SEROLOGY

A. Deeper Comparison with Past Works

Several studies have considered the impacts of normal-
ization and harmonization, both from the standpoint of
establishing reference materials [14, 15, 24] and deploying
them in real-world settings [3—6]. However, none of these
works formally defined the relationship between normal-

ization and harmonization, implicitly taking these tasks
to be identical. More specifically, the authors tended
to use manufacturer-specified scaling values (relative to
a pooled standard) to harmonize measurements with-
out the bias-correction term corresponding to Ag, . In
terms of our analysis, this amounts to the assumption
that T'(n,¢) = ¢ i.e. the equilibrium constants are sepa-
rable.

This lack of distinction between the concepts of harmo-
nization and normalization may therefore be responsible
for significant confusion within the serology community.
For example, a universal conclusion of Refs. [3-6] has
been that “harmonized” (i.e. normalized) measurements
are not interchangeable, even when using human-derived
standards. Interestingly, the authors also observed at
least two common trends: (i) normalized antibody mea-
surements are correlated between different assays; and
(ii) for a fixed sample, variability of normalized concen-
trations between assays increases with increasing anti-
body titers.

Our analysis provides a likely explanation for both
observed results. Considering (i), the implicit choice
T(n,¢) = ¢ ignores the reference-dependent bias term
exp(—Ag,,) appearing in Egs. (21) and (22). Thus, it
is not surprising that the harmonized values are propor-
tional but not identical on average. We predict this miss-
ing constant of proportionality should be exp(Ag,, —
Ag,. ) for two different assays n and n’. Concerning (ii),
the increasing uncertainty with antibody concentrations



is a direct manifestation of the uncertainty e, , appearing
in Eq. (22), which we have already shown yields the rel-
ative uncertainty T'(n, és p r,T)€s,n about consensus val-
ues. We anticipate that a post-hoc analysis of the results
in Refs. [3-6] would lead to consistent predictions of the
aforementioned physical quantities. A potentially insur-
mountable, and thus disconcerting corollary is that the
sample-assay dependent effects may be so large in real-
world settings as to induce significant uncertainty, even
using the harmonization techniques that we propose.

Another notable point of comparison is the calibration
study performed in Ref. [24]. The authors determined
that in establishing the reference material, normaliza-
tion via a human-derived, pooled standard harmonized
samples to within a factor of two or better on average.'?
This contrasts with Ref. [20], wherein we found that af-
ter correcting for reference-induced biases (i.e. Agyp),
harmonization could only be achieved to within a fac-
tor of approximately 2.5 (exp(0.9)) on average; see Fig.
5. Without the bias correction, harmonization was only
achieved to within a factor of roughly 12 on average [20].
The result of Ref. [24] is especially surprising because the
study therein included IgG measurements from SARS-
CoV-2 spike, receptor binding domain (RBD), and nu-
cleocapsid (N) assays, whereas we only considered the
first two. In the former study, one might expect that the
corresponding set of Ag, , and Ags, would be larger,
considering that more types of assays were used.

A deeper analysis of the experimental design in Ref.
[24] suggests a resolution to this disparity. It is note-
worthy that the corresponding validation study only at-
tempted to harmonize 5 samples (compared to our 38),
four of which were also used to develop the standard.
In the context of Eq. (24), it is likely that this choice of
validation samples causes cancellation between the terms
Agyr.n and Agg . Ultimately, this would lead one to un-
derestimate the true uncertainties associated with har-
monization via normalization alone (i.e. without using
our bias-correction). Thus, we predict that a different
validation study not using samples also found in the stan-
dard would yield results comparable to ours. This pre-
diction is consistent with Refs. [3—6].

B. On the Mathematical Interpretation of a
Consensus Value and Antibody Standard

It is notable that in Figs. 3 and 4, the measurements
from Lab 2 are nearly identical to the consensus values.

13 In contrast, using different study designs and analyses, Refs. [3—
6] found that normalization still yielded up to 20-fold systematic
discrepancies between assays . Comparing these results to Ref.
[24] is challenging due to differences in the way results were re-
ported. Reference [24] provided aggregate coefficients of varia-
tion across assays, whereas the other studies explicitly correlated
normalized results between assays head-to-head.
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This begs the obvious question of why the analysis yields
such a result, and more generally, what is the interpreta-
tion of our consensus value?

In this instance, we note that the inter-day variation
s n,r for Lab 2 is nearly a decade smaller than the corre-
sponding uncertainties for the next closest lab. Thus, it
stands to reason that estimation of the consensus value
is dominated by those measurements having the smallest
uncertainties. Ostensibly this is problematic: a precise
measurement is not necessarily accurate. However, we re-
call that antibody concentrations can only be estimated
up to an unknown multiplicative factor, since the equi-
librium constants are rarely, if ever determined; see Secs.
IV A and IVB.

These observations suggest that a reasonable definition
of consensus is one that minimizes disagreement between
the results of different labs. The maximum likelihood es-
timate given by Eq. (34) interprets disagreement as cor-
responding to low probability of the observed measure-
ments under the assumption that the joint sample-assay
component Ag, , of the free energy is random. [This
modeling choice is justified by the fact that Ags,, char-
acterizes the immune response of an individual who is
arbitrarily selected from a large population.] In this con-
text it is reasonable that a measurement with high un-
certainty contributes less to the consensus estimate; its
underlying true value may be closer to the remaining
measurements than is reflected by its nominal value.

The subjectivity of this decision highlights the fact
that from a purely performance standpoint, there may
not exist a universal, best reference material for anti-
bodies without further knowledge of equilibrium con-
stants. This stands in contrast to hardened metrologi-
cal standards based on fundamental physical constants,
e.g. as established by the connection between mass and
Planck’s constant [45, 46]. Absent such relationships, we
are forced to choose definitions for “harmonization” and
“consensus antibody value,” and these necessarily control
what we mean by a best standard. In our analysis, the
concept of “best” is associated with the reference that
induces the least additional uncertainty (again a choice)
into harmonization, which is in turn fixed by Def. V, Eq.
(34), and the supporting modeling assumptions. How-
ever, our choices are not unique, and others may lead to
distinct notions of a best standard.

A key challenge for the serology community is there-
fore to agree on a harmonization convention, which is
necessary before standards can even be fully established.
The difficulty of addressing this problem is seen in Defs.
IV and V. They provide a generic structure of what har-
monization entails, but critically, do not propose a func-
tional form of the mapping T'(¢,n) or noise €5,. This
latter task is complicated by virtue of being a task in
mathematical modeling, although historically it has not
be viewed as such.

Here we propose that the modeling paradigm should be
dictated by its usefulness. In this respect, our approach
has certain benefits grounded in its connection to physics.



Because the underlying statistical model is induced by a
thermodynamic description of antibody kinetics, it pro-
vides an intuitive justification for various choices. For
example, Eq. (29), which is a geometric mean over anti-
body number, is revealed to be an arithmetic mean over
Gibbs free-energies, a quantity for which this type of av-
eraging may be appropriate. Perhaps more importantly,
the thermodynamics reveals how the reference-dependent
bias can be removed as a source of uncertainty. Critically,
the resulting equivalence of all standards for purposes of
harmonization enables one to consider a broader defini-
tion of fitness of purpose. Issues such as development
times, manufacturing and distribution constraints, and
traceability can become deciding factors in what consti-
tutes a best serology standard.

Ultimately the generality of Def. V permits multiple
interpretations of harmonization, and it is plausible that
other approaches may further reduce uncertainty. While
we believe that our underlying approach is useful, our pri-
mary goal in this section and the previous is to highlight
the importance of rigorously defining and distinguishing
the concepts of harmonization and normalization. These
definitions and their realizations (e.g. via mathematical
models) play a fundamental metrological role in ensuring
reproducibility of measurements and developing reference
materials.

C. On the Physical Interpretations of Gibbs
Free-Energies and Consensus Values

Antibodies in serology samples are typically poly-
clonal, as evidenced by the fact that distinct SARS-CoV-
2 antigens (for example) can be detected in the same
blood [20, 24]. Thus, the reaction process described by
Eq. (11) is a simplification of the true chemistry under-
lying serology assays. A more accurate representation
would consider a collection of simultaneous reactions for
each type of antibody with associated reaction kinetics.
From a mathematical standpoint, however, this is prob-
lematic since one does not know a priori how many reac-
tions to model. Moreover, it is reasonable to assume that
one type of antibody (or perhaps a small subset thereof)
dominates the chemistry of a single assay, which justifies
Eq. (11).

This suggests a need to re-interpret Ags . In Sec. IV,
this quantity represents the sample-assay specific contri-
butions to the free-energy under the assumption that a
single antibody interacts with the assay. For a human-
derived sample, we must add at a minimum that the
specific type of antibody interacting with the assay can
vary with the latter. While this seems obvious — e.g.
some SARS-CoV-2 assays distinguish anti-nucleocapsid
from anti-spike antibodies — it weakens the concept of a
consensus value. That is, x; - is not the total or even av-
erage concentration of antibodies of a specific type (e.g.
anti-spike) in a sample. At best, we can say that it is a
characteristic concentration conditioned on the number
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and types of assays used to construct it. In the context
of Fig. 3, for example, we might say that the consensus is
the typical concentration of anti-SARS-CoV-2 antibodies
across all types considered in Ref. [20].

It is important to note that these observations do not
change the underlying structure of our analysis, only its
interpretation. Likewise, these conclusions do not mean-
ingfully change if we take the reference material to be a
human-derived, pooled standard. In such cases, we must
re-interpret Ag, , in the same way as we have done for
Ags . For human-derived standards, it is also reason-
able that the raw, normalized antibody concentrations
might exhibit less variation relative to the consensus as
compared to mAbs, since the reference may have a col-
lection of antibodies that will respond to each assay as
might a test sample. Indeed, this effect is evident in Ref.
[20]. However, as Figs. 4 and 5 illustrate, this decrease
in variance of the raw data does not impact the final
uncertainty estimates of Ag;s,, or reference-induced un-
certainty, which we find to be constant. Nor does it in
any way change our harmonization method.

D. Probabilistic Connection to Neutralization

Neutralizing assays (cf. Appendix A) are often seen
as a better (yet still imperfect) measurement for assess-
ing immunity against a pathogen. Such assays are also
significantly more expensive than the binding assays con-
sidered in this work. This begs the question of the extent
to which we can use binding assays as a proxy for neu-
tralization assays.

To better understand this issue, observe that Eq. (27)
yields a probability density for a consensus value given
a sample measurement from a specific assay normal-
ized to reference r. We can denote this function by
P(ys r|Ys,n,r, T, ), meaning that the probability of a spe-
cific g5 is conditioned on the triple (¥snr,r,n). If we
likewise construct a probability density P(v|y) of a neu-
tralizing value v (e.g. expressed as a 50 % neutralizing
titer or NT50) conditioned on the consensus value, then
the probability density of a neutralizing value given a
scaled binding value is [41]

P(|gsmpsrin) = / dy POvlg)P(@lfemrrin).  (35)

Equation (35) provides actionable information. Defin-
ing 14 as a lower neutralizing threshold that guarantees
a degree of immunity, one can quantify the probability
P (v > 1) that a person is protected by computing the
integral

oo

@(V > Vt@s,n,r»r» n) :/

Vi

dv P(V|§snr,mn)  (36)

One can then find the minimum measured binding level
Ymin that guarantees the corresponding v is above v; with
confidence (v > 1) > 95%, for example. In this case,



Jmin could be interpreted as the 95% “correlate level” for
Vg.

This suggests that the following may be a useful defi-
nition for correlates of protection. Let X and Z denote
the outputs of two distinct types of measurements (e.g. a
binding and neutralizing assay), and let p be a percentage
satisfying 0 < p < 1. We say that X* is the p-correlate
level for Z* if it is the smallest value such that X > X*
implies that the probability of Z > Z* is greater than p.
Mathematically,

X*:m:}n{ﬁl" X>2X = P(Z=>7%)=>py, (37)

where P(Z > Z*) is the probability that Z > Z*. While
seemingly abstract, this definition enables statements of
the form, “A binding level of at least X* implies that a
neutralization level is at least Z* with a probability of
95% or greater.” Note that X* is a function of Z* and
the probability p.

To realize this type of analysis in practice, however,
it is advisable to quantify uncertainties associated with
the parameters appearing in Eq. (27). In addition to
the variance associated with ds ,, -, which can estimated
from repeat measurements, one should also estimate the
uncertainty in the Ag,,, and ¢2. This latter task can be
accomplished, e.g. via a jackknife type estimator as we
have done.

E. Additional Limitations and Extensions

The primary limitation of this work is the thermody-
namic model inducing the probabilistic analysis. Where
the underlying physical assumptions are violated, our
analysis may not be valid. Examples are discussed in
the previous section. Other assays that may invalidate
our analysis are those in which antibody avidity plays
an important role, since the chemical reactions may be
dominated by more complicated binding interactions not
described by the Gibbs free-energy of Eq. (13) [31, 47].
However, the invariance of the residuals Ags , + 05, with
respect to the reference provides a powerful tool that can
be used to check the appropriateness of the assumptions,
and thus our analysis.

Despite this limitation, our analyses provides several
routes for generalization and/or incorporation of new
physical information. For example, the normalization
procedure discussed in Sec. IV A can be augmented with
constraints to test for the degree of collapse among di-
lution curves or different assumptions about the struc-
ture of the underlying curve. In the event that the
residuals are too large, for example, one could hold out
such samples for further investigation. See Ref. [48]
for related methods. The probabilistic modeling of the
within-lab uncertainties §s, n, r can also be estimated via
more sophisticated techniques, e.g. bootstrap-type meth-
ods [36, 37]

Finally, we observe that probabilistic modeling of the
individual terms 05, and 6, , appearing in Eq. (28) may
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be useful in applications that seek to estimate corre-
lates of protection in terms of P(gs,r|sn.r» DG, (55)%).
While not needed to validate the analysis herein, the sep-
arability of d; ., implies that the Ag, ,, have additional
uncertainty associated the contribution from 6, ,. Thus,
it may be desirable to treat Ag;,, as a random variable
whose mean is given by our MLE analysis and distri-
bution by the d,,. Propagating the latter uncertainty
into P(gs,r|Js,n.r Agy s (54)?) would then provide more
realistic estimates of this distribution.

F. Concluding Thoughts

The main objective of this work is to provide a theo-
retical foundation for tasks such as antibody normaliza-
tion, harmonization, and estimating correlates of protec-
tion. As exercises in metrology, however, these tasks are
challenging because their uncertainties are dominated by
significant epistemic effects, e.g. lack of knowledge as to
which antibodies are being detected, how they interact
with the measurement system, and even what we mean
by an antibody concentration. This is not a criticism so
much as an observation: serology testing and immunity
are difficult to understand due to complicated thermody-
namic effects and inherent multiscale phenomena. Our
approach has therefore been to identify those aspects that
cannot be made precise and leverage UQ as a means to
quantify our lack of understanding. This approach is en-
ticing because it allows one to make informed decisions
based on imperfect knowledge. It also suggests routes for
optimizing — both informally and more mathematically —
aspects of serology testing, as well as diagnostics in gen-
eral. Looking forward then, our hope is that this work
motivates a wider adoption of UQ within the biomedical
community as a route to establishing rigorous principles
of biometrology.
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Appendix A: Introduction to Serology

To understand our motivations for studying serology, it
is useful to have basic knowledge of the properties of anti-
bodies, the processes that create them, and the methods
by which they are measured.

Antibodies are a key part of the humoral immune sys-
tem, which is mediated by macromolecules in extracellu-
lar fluid (i.e. “humors” or body-fluids). Humoral immu-
nity is itself part of a larger adaptive immune response
associated with those biological phenomena that change



in response to pathogens in order to better fight infec-
tions. A key process of this adative immunity is so-called
“affinity maturation” wherein certain T-cells force B-cells
to undergo a process of hyper-evolution. As a result, the
latter create antibodies that strongly bind to a specific
chemical target (epitope), e.g. part of a virus. Physically,
this process tailors the Gibbs-free energy of reaction be-
tween the antibody and target such that binding of the
two is heavily favored over the reverse reaction. The B-
cells themselves act as a sort of “memory” of the disease,
and antibodies act as long-term (months or longer) de-
fenses that disable their target antigen upon re-exposure.
In this way, the body can more quickly respond to re-
infection, and hopefully one experiences less symptoms,
if any at all.

This overall picture explains why antibodies are ob-
jects of interest in diagnostic and public-health settings:
they indicate when someone has been infected by a spe-
cific pathogen, especially after the disease has run its
course. To a lesser extent, detecting antibodies also pro-
vides a degree of confidence that an individual has de-
veloped adaptive immunity to a disease, although such
inferences are nuanced.

In fact, our description of humoral immunity is as over-
simplified as it is intuitive. To highlight just a few rele-
vant issues: (i) the human body produces not one, but
at least five major types of antibodies, each with differ-
ent structures and purposes; and (ii) any given antibody
type will have a panoply of subtypes, each of which is
specific to (i.e. binds with high affinity to) a different
epitope, sometimes from the same pathogen. Antibody
types are often called immunoglobulins, and convention
dictates that they are denoted by the acronym “IgX” fol-
lowed by the target epitope, where “X” stands for G, M,
A, D, and E. IgG corresponds to the type best described
by our picture above: they tend to have high-specificity
and be long-lasting. IgM antibodies often appear within
days to weeks of infection, are less specific, and do not
last as long. IgA antibodies are often found in external
fluid secretions and are often a relevant measurand when
doing saliva testing. In the context of serology testing,
the other two types of antibodies do not concern us.

Issues (i) and (ii) both lead to serious challenges when
considering serology testing from a metrology standpoint,
but to understand these, one must know how antibody
measurements are performed. In an ideal biological set-
ting, binding is described by a chemical reaction associ-
ated with Eq. (11). The goal of measuring antibody titers
or “levels” is to estimate the concentration of bound com-
plexes under limiting cases, i.e. when antibodies are the
limiting reagent. Thus, the measurement process mirrors
biology. In a binding assay, a blood or saliva sample is
exposed to a substrate, i.e. a material containing copies
of the target epitope of interest. After antibodies are
bound, they are labeled with fluorescent tags, and the
total fluorescence is measured as a proxy for number of
bound complexes. Neutralizing assays are more compli-
cated and involve a series of steps to determine what
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concentration of a sample is sufficient to inhibit growth
of a target pathogen. This is a more direct (albeit in-
complete) measure of “immunity.”

In this context, the presence of many different antibody
types complicates process of measuring the reaction as-
sociated with Eq. (11), especially when they target the
same or similar antigens. In a binding assay, this leads to
multiple reactions competing for the same epitope. Ex-
perimentalists have means of distinguishing signals from
different antibody types, but the thermodynamics is not
described by a simple reaction. One might hazard that
the true chemical equation looks something like

D aiYi+B+— Y (YiB), (A1)

where Y; is the ith antibody type binding to substrate
B, (Y;B) is the corresponding bound complex, and the
a; and ¢; are unknown coefficients describing the detailed
balance associated with this system. The thermodynam-
ics of this situation are full of unknowns, so that it is
not entirely clear what one means by the concentration
of a bound complex. We take a somewhat vague defini-
tion: the measurand is any bound complex reacting like
a given antibody type (e.g. IgG) in a competitive bind-
ing environment. This may also be the most biologically
relevant definition, since it corresponds to competitive
reactions that happen in vivo. But then we cannot say
that we are quantifying concetration of IgG antibodies,
but rather only IgG-like molecules.

This problem is compounded by two other conventions
in serology. First, it was normal during the SARS-CoV-
2 pandemic to develop standards based on individual or
pooled blood samples (i.e. drawn from multiple individu-
als and mixed together) having large but finite volumes.
Second, common practice dictated defining concentration
of antibodies for IgG, IgM, and IgA assays on the same
scale relative to such standards. From the above discus-
sion, it should be clear that this further confuses what we
mean by concentration of antibodies. Pooled standards
increase competitive binding, and combining multiple Ig
types onto one scale means that we are abstracting to
some generic notion of “concentration count.” On the
surface this would seem to simplify the situation, since
number can be understood easily in metrological terms.
But as the main manuscript shows, this notion of “count-
ing” is neither absolute nor even unambiguously relative.
The issue comes back to the concept of Gibbs free ener-
gies, and the fact that only energy differences are mean-
ingful.

For the purposes of this overview, our main takeaway is
this: concentration measurements in serology use the lan-
guage of counting in metrology, but fundamentally they
are context-dependent. One does not measure the num-
ber of bound antibodies in isolation, but rather as im-
pacted by effects such as competitive binding of other
antibodies. A main goal of this manuscript is to show
that the assay being used to perform the measurements
is also a key part of that context.



To directly compare concentration measurements on
a scale that permits quantitative comparison, it is nec-
essary to account for this context and the uncertainty
it induces. This leads to the concept of harmoniza-
tion, i.e. the process of making measurements from dif-
ferent instruments interchangeable. In serology, this is
often confused with normalization, i.e. the process of
putting a measurement from a given instrument on a
scale. This alone may be insufficient for harmonization
if the context-dependent scales associated with each in-
struments are themselves different. In practice, this is in
fact the case, since each assay contributes differently to
a free-energy of reaction.

A proposed solution to some of these problems has
been to use monoclonal antibodies (or mAbs) as reference
materials. Monoclonals are synthetic (laboratory-made)
antibodies whose properties can be tailored for different
applications. A key feature of mAbs is the fact that they
can be manufactured to have little, if any, variability be-
tween realizations of the same molecule. From a measure-
ment standpoint this is desirable, since it eliminates the
competitive binding problem for the reference material.
Monoclonal antibodies also clarify interpretation of the
measurements: harmonized results can be interpreted as
quantifying the effective number of mAbs of a given type
in a sample.

Appendix B: Affine Transformations for Dilutions
Series: Global Method for Antibody Normalization

In this section, we address the numerical issues asso-
ciated with estimating the scaled antibody level gs y »
in terms of the invariant quantity «, defined in Sec.
IV A. The analysis herein generalizes the methods of
Refs. [18, 29].

Without loss of generality, we assume that the mea-
surement value F' corresponds to MFI. Let x = cd de-
note the concentration of bound antibodies in a sample
with concentration ¢ and dilution factor d, and assume
that there exists a range [Tmin, Tmax] over which F(z) is
strictly monotone increasing function of x. The phys-
ical interpretation is straightforward: more antibodies
yield more fluorescence. We supplement this with this
assumption that F'(x) approaches lower and upper limits
Foin and Fax (which we can always take to be positive)
as x — 0 or x — oo. Physically Fii, and Fhax can
be interpreted as a noise-floor and detector saturation
threshold. It is important to distinguish these sources of
nonlinearity, which are instrument artifacts, from effects
associated with nonlinear dependence of c; ,, on ys as ex-
pressed by Eq. (12). We always assume that ¢ (and thus
x) is linear in y, even when fluorescence F' is nonlinear
in c.

In practice, estimating the o via data collapse is com-
plicated by three issues.

First, measurements are often taken at a few serial
dilutions d; (i = 1,2,...,D) spanning several decades.
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Thus F(z) tends to be given on a sparse grid whose
characteristic spacing grows exponentially. To make the
spacing more uniform, we take a logarithm of F' and ex-
press the resulting function in terms of = In(z), which
transforms the measurement domain to —oo < 2 < oo.
This transformation also preserves strict monotonicity of
f(z) = In(F(e?)/Ur). As an added benefit, we find
that f(«) is typically sigmoidal. That is, for some inflec-
tion point zy, f(z) is convex (concave) when z < z
(z > @1). While not strictly necessary, this assumption
is so convenient that we leverage it throughout. Section
VI proposes generalizations and limitations of this choice.

Second, the sparsity of the d; means that f(«) is only
known at a few points, which makes it challenging to de-
termine whether two dilution series coincide. We address
this problem by determining multiple a; simultaneously
by requiring that they all fall on the same curve. Here
the sigmoid structure of f(2) plays an important role
by ensuring that this curve has a physically reasonable
structure.

Third, we anticipate that the o, are to be determined
by some numerical method that iteratively varies these
parameters to find their optimal values. However, doing
so makes the grid of # values dependent on the as. This
motivates us to treat the fluorescence values of each mea-
surement as the independent variables, since these always
define a fixed grid. By the strict monotonicity of f(z),
we may then write = z(f) as a function of the fluo-
rescence values, which effectively “flips” our perspective
about the line # = f. Recalling that 2 = In(z) = In(cd),
we now see that the equality

z = In(és p, rd) = In(c, nd/as)

= In(¢; d) — In(a) (B1)
reinterprets In(a,) as a constant vertical offset account-
ing for the difference between a reference and sample di-
lution series.

To realize these ideas mathematically, let f;, be the
fluorescence measurements associated with the reference
material at dilution d;. Assume S samples indexed by
s having unknown normalized concentrations ¢é; .. For
each of these samples, we assume corresponding measure-
ments f; ; for dilutions d;. In practice, the dilutions can
be different for each sample, although for simplicity we
assume the same set for each sample. Generalizations are
trivial and left for the reader.

From this data, we create a single vector of elements
f; comprised of the f; s and f;, in ascending order and
without regard to their sample number or status as a ref-
erence. It is not problematic if values of f; are repeated.
Also let ay; and d;; denote the corresponding value of
a and d for the jth fluorescence value, where s; can be
a specific value of s or denote the reference r. To find
the s, we postulate the existence of true log-antibody
numbers Z;, which should be sufficiently close to the val-
ues predicted by the ¢, ,d;; / ag;. In fact, under noiseless



conditions, one expects

zj —In(crnds;) +In(as,) = 0. (B2)
In practice, there will be noise, which suggests the objec-
tive

P = Z [2) — In(cpndi,) + In(as,)]” (B3)

Assuming a value for ¢, ,,, which we can take to be 1 for
convenience, we minimize Eq. (B3) as a function of the
2 and the ay;, subject to the constraints that

@ =& it fi=fy

as; =1 if 8j=T.

(B4)
(B5)

Note that setting ¢, ,, = 1 amounts to an arbitrary rescal-
ing of the reference concentration, which can be un-
done by multiplying all concentrations by the appropriate
units and scale factor at the end of all calculations; see
Ref. [26].

By itself, Eq. (B3) does not define a well-posed opti-
mization problem. For example, if the f; all correspond
to distinct samples, then any values of the a,, will yield
Z; that yield & = 0. In such cases, we require that
our analysis reduce to single-point normalizations based
on Eq. (5a), which enforces theoretical consistency with
past work, e.g. Refs. [18, 19]. We therefore add two con-
straints and a small regularization. First, letting ji de-
note indices associated with unique values of f; in as-
cending order, we require that

‘ijk+1 2 xA]’k' (BG)
That is, the antibody levels must be increasing with in-
creasing fluorescence. Second, we require that z(f) be
concave for f;, up to some inflection point f; and con-
vex for all f;, > fr. This is equivalent to the sigmoid
assumption transformed about the line z = f. To en-
force this constraint, we construct a second-order, finite
difference matrix A, ;, (p) in terms of an undetermined
inflection index p using the procedure in the appendix of
Ref. [49], where

Y Amgewi <0 m<p (B7a)
Jk
Z Anl,jk gy, >0 m > p. (B?b)
Jk

Third, we modify the objective function to be

Knigh - . 2
SF=F+a Yy, (J’““ Tkt 1)

oo fjk+1 - fjk—l

N.ik-
+a > | Y Anj,
m=1 Jk

2

(B8)
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where €; and é; are small regularization parameters, and
Klow, knigh are user-defined lower and upper limits be-
tween which we expect the fluorescence signals to be ap-
proximately linear with antibody number. Thus, the reg-
ularization term associated with €; ensures that the re-
constructed dilution curve has a linear region when there
is only one measurement per sample. The regularization
associated with €5 penalizes excessive curvature. These
parameters are chosen to have values that are roughly
three decades smaller than the characteristic value of &
near its minimum, or, if & = 0 is in the feasible set, we
define € = & = 1073.

To determine the remaining parameters, we minimize
Eq. (B8) with respect to the 2;, as,, and p, subject
to Egs. (B4)—(B5) and the inequality constraints (B6)—
(B7b). It is straightforward to show that when the data
is noiseless and the dilution curve is linear, the minimum
of Eq. (B8) is unique and yields the true values of g
and . Thus, our normalization procedure generalizes
the techniques in Refs. [18, 19] and reduces to these ap-
proaches when only analyzing a single dilution associated
with each sample and reference.

Figure 2 illustrates the results of this analysis applied
to a collection of 38 SARS-CoV-2 positives samples and
a mAb reference material, all measured using a ligand
binding assay. For this analysis we set &, = & = 1073
and kiow = knigh to be the index associated with the mea-
surement closest to the median fluorescence. By eye, it
is clear that the raw dilution curves all have the same
approximate shape (top subplot). After collapse, we
find that with the exception of a few low-fluorescence
data points, the characteristic deviation from the esti-
mated dilution curve z is less than 5 %, which is well
within characteristic uncertainties associated with pipet-
ting and sample preparation. We speculate that the few
data points showing significant deviation are exhibiting
noise associated with being near the instrument noise
floor. Note also that we do not need to specify either a
linear range or functional form of the dilution curve. See
Ref. [20] for more examples of this analysis applied to an
interlab study with multiple distinct reference materials
and assays.

As a cautionary remark, the low-fluorescence data of
Fig. 2 reveals the challenges of dealing with data fully at
the noise-floor or upper saturation threshold. In such
cases, the amount of relevant physical information is
dwarfed by instrument artifacts, which violates the as-
sumptions underlying the optimization. Thus, while our
analysis does not need a linear fluorescence region per se,
it does require the signal-to-noise ratio of the data to be
suitably large. To ensure this is the case, we remove from
our analysis all data-points for which the signal-to-noise
is less than roughly 1/10. While this choice is subjective,
we find for the examples herein that it yields reasonable
results.
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