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The extremely low temperatures have limited the availability and accuracy of experimental thermophysical
property measurements for cryogens, particularly transport properties. Traditional scaling techniques such
as corresponding states theory have long been known to be inaccurate for fluids with strong quantum effects.
To address this need, this paper investigates how quantum effects impact thermodynamics and momentum
transfer (shear viscosity) in the fluid phases of hydrogen, deuterium, and neon. We utilize experimental
viscosity measurements and reference empirical equations of state to show that conventional entropy scaling
is inadequate for quantum-dominated systems. We then provide a simple empirical correction to entropy
scaling based on the ratio of quantum to packing length scale that accounts for the deviations.

The International Energy Agency (IEA) estimates that
demand for green hydrogen will increase from 94 mega-
tonnes annually in 2021 to 179.9 megatonnes in 20301.
Engineering systems to meet this need requires accu-
rate knowledge of thermophysical property information,
including transport properties like the shear viscosity.
Few reference-quality measurements of cryogenic hydro-
gen shear viscosities are available, particularly for liquid-
like states2. Moreover, other cryogens (4He, 3He, HD,
D2, HT, DT, T2, and Ne) generally lack sufficient trans-
port property information needed for reference quality
transport property correlations. The very low shear vis-
cosity of deep cryogens combined with the quantum na-
ture of these fluids limits future prospects for robustly
addressing this need via traditional empirical techniques.
A better theoretical understanding of the transport prop-
erties of such systems is required. To avoid the extreme
quantum effects present in 4He, 3He, this study limits its
scope to H2 and heavier species.

In a classical two-parameter corresponding-states ap-
proach, thermodynamic properties can be expressed in
terms of temperature and specific volume reduced by
their critical-point values. Once quantum effects become
relevant, a third parameter is needed, the thermal de
Broglie wavelength defined by λth = h/

√
2πmkBT where

h is Planck’s constant, m is the mass of one particle,
kB is Boltzmann’s constant, and T is the temperature.
Hydrogen has the lowest mass and therefore the largest
de Broglie wavelength at any given temperature, so is in
a sense the “most quantum” molecular species. de Boer
and Michels3 highlights that the parameter of interest
in dense phases is the thermal length scale relative to
the packing length scale: L ≡ λth/ρ

−1/3
N , where ρN is

the number density. This length-scale ratio quantifies
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the quantum effects; if L ≪ 1, the physics are classically
dominated. By this metric, liquid 4He is “more quantum”
than liquid hydrogen because while their liquid densities
are similar, the de Broglie wavelength of liquid 4He is
larger because its temperature is significantly lower (see
Table I). In dilute gases, the relevant length scale is the de
Broglie wavelength relative to the molecular size, which
was considered by Ref. 3.

Isomorph theory4–8 explains how the macroscopically
scaled transport properties should be a monovariate func-
tion of the excess entropy over much of the phase dia-
gram for many classical fluids9, especially in the liquid
phase. The macroscopically scaled viscosity is defined by
η̃ = η/(ρ

2/3
N

√
mkBT ) where η is the shear viscosity. The

excess entropy per particle is defined as the entropy of a
fluid minus that of the non-interacting ideal gas at the
same temperature and density: sex ≡ s(T, ρ)−s(ig)(T, ρ).
For convenience and conceptual understanding, the non-
dimensional quantity s+ is defined by s+ ≡ −sex/kB, a
quantity which must always be positive in general, and
increases as the fluid becomes more “structured” (mi-
crostates of the system are made inaccessible relative
to the non-interacting reference system). The values of
s+ are obtained from equations of state (EOS), as de-
tailed in §I in the SI. The excess entropy coming from
an EOS captures all the quantum and classical physics
- experimental measurements used to develop the EOS
do not allow for the two to be disentangled. The value
of L quantifies the relative influence of quantum effects
at a state point and motivates the investigation of how
quantum effects alter s+ from its classical value. The
ideal-gas contribution for a monatomic classical species
is s(ig,cl,mono) = 5/2− ln(L3), and a power series in terms
of L represents the corrections to the classical formula-
tion (see §II in the SI)

The existence of a monovariate relationship of un-
known form between η̃ and s+ is an exact solution for
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TABLE I. Selected values for the cryogens studied here ac-
cording to the reference EOS indicated in the reference.

name M / g/mol Ttrip / K s+tripL LtripL = λth/ρ
−1/3
N

4He 4.003 2.18 0.208 1.656=0.591/0.357
pH2

23 2.016 13.80 1.493 0.941=0.331/0.352
H2

23 2.016 13.96 1.504 0.936=0.329/0.352
D2

24 4.028 18.72 2.256 0.596=0.201/0.337
Ne 20.179 24.56 3.151 0.262=0.078/0.299
Ar25 39.948 83.81 3.553 0.084=0.030/0.360
Kr26 83.798 115.78 3.547 0.046=0.018/0.385
Xe26 131.293 161.41 3.575 0.029=0.012/0.419

†: At the lambda temperature

classical inverse-power-law pair potential fluids over the
entire fluid phase diagram (the hard sphere being the
limiting case of this family)10. The transport proper-
ties of the Lennard-Jones fluid (the most studied model
system for a fluid with both attraction and repulsion)
can be represented within their simulation uncertainty by
a simple entropy scaling approach11 and other simple12

and not so simple fluids13–16 can be modeled by a sim-
ilar approach. The review of Ref. 9 covers many of the
applications of this approach up to the year 2018. The
only study considering entropy scaling in quantum fluids
uses an incomplete experimental database for hydrogen17

and arrives at incorrect conclusions about the validity of
entropy scaling in cryogens.

The experimental data for the cryogens were largely
captured in the 1960s and 1970s during the Space Race.
The study of Refs. 18,19 includes the literature sources
for normal hydrogen (H2) and parahydrogen (pH2) avail-
able at the time, and they built an empirical correla-
tion for the viscosity that reproduced the liquid-phase
viscosity generally within 4%. The collected experi-
mental data for hydrogen and other cryogens are plot-
ted in Fig. 1 in macroscopically scaled form, colored
according to the length-scale ratio. Further discussion
of the selected datasets is available in §III in the SI.
The primary datasets selected by Ref. 18 were used
for hydrogen, and the datasets used in developing the
model in NIST REFPROP20 were used for neon. For
neon and deuterium, the only reasonable experimen-
tal data in the liquid phase at cryogenic temperatures
are for saturated liquid states. To highlight the wildly
different nature of helium, the data for saturated liq-
uid 4He were plotted with the default models in NIST
REFPROP21. The conventional quantum corresponding-
states approach of Ref. 22 yields a similar result. While
the data for s+ < 0.5 mostly follow a single master curve,
the liquid phase (s+ > 0.6) data for H2 and pH2 do
not. The deviations from monovariability are linked to
L, an observation exploited in this work to develop a
modified version of entropy scaling accounting for quan-
tum effects. The curve plotted for Lennard-Jones is
η̃ = 0.2163 exp(1.068s+)/(s+)2/3 and comes from Ref.
11; this curve can be taken as a reasonable classical limit.
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FIG. 1. Conventional entropy scaling applied to the experi-
mental shear viscosity data of cryogens. Each marker corre-
sponds to an experimental data point and the values of ρN
and s+ are obtained from the respective reference EOS. Val-
ues calculated for saturated liquid helium from the empirical
models in REFPROP 10.027 are also plotted.

Ref. 28 proposed a universal value of η̃ = 5.47 at the
normal melting point; while the heavy noble gases do
not have the same value in the liquid phase at the triple
point (hereafter we drop the liquid phase modifier but it
remains implied if not stated), their value is quite consis-
tent at 4.35± 0.4 (see §V in the SI), even hydrogen is in
the same range. The expression for η̃ can be re-written
in an evocative form:

η̃ =
η

ρN
L
√
2π

h
(1)

in terms of a kinematic-viscosity-like term (η/ρN), the
length-scale ratio L, and a proportionality constant.
From the values at the respective triple point, η/ρN is
very nearly inversely proportional to L and thus their
product is nearly constant.

The results at the triple point suggest that the scatter
in Fig. 1 does not appear to be caused by deviations
in the vertical (η̃) direction caused by quantum effects.
Rather, the dominant effect is that quantum effects shift
the data in the s+ direction. To investigate how the
values of s+ are influenced by quantum effects, the values
of s+ of the liquid phase at the solid-liquid-vapor triple
point are considered. In a classical corresponding-states
approach we would expect the value to be the same for all
species that have conformal pairwise potentials. Figure 2
shows the s+ values for the cryogens, as well as values
calculated along the co-existence curve and at the vapor-
liquid critical point. The heavy noble gases (Ar, Kr, Xe)
are clustered together at 3.55 and the lighter species have
values below those of the heavy noble gases.

The conventional understanding of quantum effects is
based upon “quantum swelling”29 (page 322) caused by
the spatial delocalization of the centers of mass of the
atoms, as appears in a number of thermodynamic mod-
eling approaches accounting for quantum effects30–35.



3

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

5
s+

Xe, 
Kr, 

Ar

Ne
Ne(cl)

D2

H2, pH2

H2(cl)

4He (T )

classical

FIG. 2. Values of s+ for orthobaric densities (thin curves), in
the liquid phase at the liquid-vapor-solid triple point (open
circle) and the critical point (filled X) for cryogens as a func-
tion of L according to the respective reference EOS. For he-
lium, the “triple point” value pertains to the liquid phase at
the lambda temperature of 2.1768 K. The thick red curve is
the quantum correction from Eq. (2). The stars correspond to
the values obtained from classical calculations including two-
and three-body interactions.

In this approach, a larger co-volume of the atom or
molecule caused by quantum effects results in a larger
value of s+ (the phase is more structured). As an illustra-
tion, the venerable yet simple van der Waals EOS yields
s+vdW = − ln(1− bρN), thus an increase in the co-volume
b due to quantum swelling increases s+ at constant den-
sity. Similar empirical approaches are outlined in §VI in
the SI. On the contrary (see Fig. 2), triple-point values
of s+ for quantum fluids are smaller than their classical
limit so quantum swelling alone cannot account for the
shift.

A rigorous mechanism for the reduction in s+ in con-
densed phases is out of reach at present (a post hoc ratio-
nalization is below). With a few assumptions, the impact
of quantum effects can be straightforwardly quantified,
allowing for a powerful predictive model and hints that
a new theoretical understanding is possible. The first
assumption is that the triple point value of s+ should
be 3.55 for classical neon, deuterium, and hydrogen, in
agreement with the heavy noble gases (Ar, Kr, Xe). Then
in a second step we assume that the same relationship
between quantum and classical values of s+ and L that
holds at the triple point also holds everywhere in the
phase diagram.

Values of the ratio of 3.55 to the value of s+ at the
triple point are shown in Fig. 3 as a function of L3. While
based upon very limited data, the observed power-law
relationship is highly suggestive of a simple underlying
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FIG. 3. Ratio of hypothesized classical value of s+ at liquid
phase of SLV triple point to quantum value as a function of
L3 for cryogens with meaningful quantum effects and a solid-
vapor-liquid triple point

physical explanation. With this curve, the first assump-
tion allows for an empirical relationship linking the ratio
to L3 of the form

s+cl = s+qu(1 + a(L3)b) (2)

with a = 1.5232 and b = 0.6198. The values of s+qu
are reproduced within ±0.12, which is likely within the
uncertainty of the EOS, and the curve from Eq. (2) is
plotted in Fig. 2, with the value of s+cl taken to be 3.55.

To test the hypothesis that the liquid triple-point value
of classical monatomic species should be s+ = 3.55, cal-
culations for classical Ne and H2 (without quantum cor-
rections) with two-body and three-body interactions in-
cluded were carried out following the approach in Refs.
36,37. The method yields values for Ne and H2 of 3.59
and 3.70 at the respective classical triple point (which
is not the same as the quantum one). Considering the
accuracy of the pair potential, the accuracy of the three-
body interactions, the neglect of more than three-body
interactions, and other sources of uncertainty, these sim-
ulation results appear to confirm the hypothesis. In a
classical calculation, there is no distinction between pH2,
H2, and D2. The method is described in §IV of the SI,
including a detailed description of pre-publication results
from Ref. 38.

Further evidence of the success of this empirical ap-
proach is presented in Fig. 4. The experimental vis-
cosity data are plotted with their values of s+ re-
scaled according to Eq. (2) to yield a quantum corrected
pseudo-classical value; the curve for Lennard-Jones is not
rescaled. After the correction for quantum effects, the
data fall very close to the curve for the Lennard-Jones
fluid11 in the liquid phase (for s+ > 1). There is a sys-
tematic bias for neon agreeing with the offset in η̃ at
the triple point (other experimental viscosity data for
neon show significant scatter39) as shown in §V in the
SI. Overall the collapse of the data after applying the en-
tropy correction is surprisingly good, indicating that the
simple correction is capturing much of the right physics.



4

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
s +

cl = s +
qu(1 + a( 3)b)

1

2

3

4

5

D2

H2

Ne
pH2

L-J
0.9L-J
1.1L-J

0.0

0.2

0.4

0.6

0.8

=
th

/
1/

3
N

; 
th

=
h/

2
m
k B
T

FIG. 4. Macroscopic scaling applied to the shear viscosity
of cryogens as a function of quantum-corrected values of s+.
The dashed curves indicate ±10% relative to the correlation
for Lennard-Jones.
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FIG. 5. Deviations of shear viscosity points from the correla-
tion for Lennard-Jones in Ref. 11. The vertical dashed curve
indicates the classical value of 3.55.

To quantify the success of this method, deviations be-
tween the scaled data points and the correlation for the
Lennard-Jones fluid are shown in Fig. 5. Even if the
Lennard-Jones model is not a perfect analogy for noble
gases40, it captures many of the correct qualitative fea-
tures. Most rescaled points agree with the Lennard-Jones
empirical correlation to within ±10%. Neon demon-
strates a systematic offset of -10%, and the limited deu-
terium data agree well with the Lennard-Jones curve.
Other quantum fluids (especially technically relevant iso-
mers of hydrogen) are expected to fit within the same
scaling framework. In light of the significant scatter in
the experimental liquid viscosity data of liquid cryogens,
this simple approach is remarkably successful.

To understand the physics of the correction, to a good
approximation, the value of s+ at the triple point (see
§VII in the SI for the derivation) can be given by

s+tripL ≈ 1− uex
L

kBT
− ln

(
ρL
ρV

)
(3)

highlighting two contributions, one from the potential en-
ergy of the ensemble of molecules (uex

L is a measure of all
intermolecular interactions), and another from the den-
sity ratio (see §VII in the SI). The first term uex

L /(kBT )
has a functional dependence on L3 similar to s+, though
not following a perfect power-law, while ln (ρL/ρV) has
a more uneven behavior. It is only when the terms are
combined in s+ that the power law relationship occurs,
highlighting the power of thinking in terms of s+ rather
than other related thermodynamic quantities.

Ref. 41 observed that the quantum effects have two
competing impacts: they simultaneously increase the
particle diameter and decrease the effective depth of the
attractive well of the potential. The relative impact of
these two effects is state-point dependent, and our re-
sults suggest that in the dense liquid phase of cryogens,
the reduction in the interaction well depth is the dom-
inant effect. This has been quantified also in Ref. 33
where they note a very similar reduction in the depth of
the attractive well as the relative quantumness increases
(see §VIIC in the SI). At the triple point, hydrogen has
a reduction in s+ of approximately 2 from the classical
value, of which 1.5 comes from the internal energy, and
0.5 from the density ratio.

The origins of this work were an attempt to apply the
insights of isomorph theory to the transport properties
of quantum-influenced fluids. Progress in that problem
largely rests on the question of how quantum effects im-
pact the entropy of the fluid, and correcting back to
a pseudo-classical excess entropy recovers the classical
behavior of the transport properties to a good approxi-
mation. The best equations of state in existence today
suggest that a novel and simple understanding of how
quantum effects influence the thermodynamic properties
of molecular systems is within reach. This new knowl-
edge offers a means of probing the fundamental nature of
interactions and structure in liquid systems. We invite
readers intrigued by these questions to search for a more
rigorous explanation.

I. SUPPLEMENTARY MATERIAL

To ensure reproducibility of our results, the supple-
mentary material includes: extended derivations and dis-
cussions, additional figures, tables of experimental data
sources, and the classical simulation information.

II. DATA AVAILABILITY

Readers are invited to contact the corresponding au-
thor for further information about the thermodynamic
models and experimental data.
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