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Abstract: We review recent determinations of the Boltzmann constant ks and the
differences 7—T7vo that used cylindrical acoustic gas thermometry (c-AGT). These
determinations measured the acoustic resonance frequencies of argon gas enclosed by
metal-walled, cylindrical cavities. (Here, 7 is the thermodynamic temperature and 790
is the temperature measured on the International Temperature Scale ITS-90.) In the
range 234 K to 303 K, the standard uncertainty of c-AGT ranges from 1.9x10°° T to
2.6x107% T This uncertainty is much smaller than the errors in ITS-90; therefore, c-
AGT can help improve ITS-90. Moreover, we are extending c-AGT up to 1358 K. With
increasing temperatures, c-AGT becomes advantageous relative to AGT based on
quasi-spherical cavities because long cylindrical cavities: (1) naturally fit into
cylindrical heat pipes or multi-shelled thermostats, (2) provide the immersion required
by transfer temperature standards such as long-stemmed platinum resistance
thermometers, and (3) have more useful, low-frequency acoustic resonances. In
preparation for high-temperature c-AGT, we identified suitable materials for fabricating
cylindrical cavities and we developed techniques for measuring acoustic resonance
frequencies using sources and detectors outside the high-temperature thermostat. We

also considered alternative test gases and optimal dimensions of cavities.
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1. Introduction

During the last 100+ years, the international thermometry community has
repeatedly refined consensus temperature scales to approximate the thermodynamic
temperature T as accurately as possible. The most recent consensus scale is the
International Temperature Scale of 1990 (abbreviated ITS-90)[. Temperatures on ITS-
90 are denoted Too; they are disseminated by many National Metrology Institutes
(NMIs), such as China's National Metrology Institute (NIM) and the USA’s National
Institute of Standards and Technology (NIST). Acoustic gas thermometry (AGT),
relating the squared speed of sound and the thermodynamic temperature of a gas
according to the fundamental state equation, is the state-of-the-art primary method for
the determination of the Boltzmann constant!>* and the differences T-Too!*>®l. Figure 1
displays the temperature differences T — Too between thermodynamic temperatures T
and the ITS-90, as deduced from post-1990 measurements of the speed of sound in
argon. The data from laboratories in five countries 1] fall outside the gray shaded area
that bounds the uncertainty of 1TS-90 (In this paper, uncertainties are one standard
uncertainty corresponding to a 68 % confidence level), as estimated by the developers
of ITS-90. Therefore, the speed-of-sound data imply ITS-90 has errors that can be
substantially reduced. Data from dielectric-constant gas thermometry below 273 K
confirm this implication*”8l. The speed-of-sound data imply the fractional errors in
Too are approximately —30 parts per million near 173 K and +30 parts per million near
473 K. Near 273 K, the slope dT/dTeo =~ 1.0001; this implies that a perfect measurement
of the specific heat of any material using thermometers calibrated on 1TS-90 will yield

a result that is 0.01 % larger than the true specific heat of that material near 273 K.
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Fig. 1 Fractional differences (x10°) between the thermodynamic temperature 7 and the
International Temperature Scale of 1990 (ITS-90) as deduced from measuring the speed of
sound since 1990. Arrows indicate the temperatures of four fixed points and the boiling point
of water. The c-AGT data are consistent with the other acoustic data acquired using quasi-
spherical cavities. Data sources: USA [9-11]; England [12,13]; Italy [14]; France [15]; China
[16].

The international thermometry community is actively working to reduce the errors
and uncertainties of ITS-90 at temperatures up to the copper point (1357.77 K), where
T — Too = 52 mKE9200 A significant part of this program is extending the techniques of
acoustic gas thermometry (AGT) to temperatures above 430 K with low uncertainties.
This review emphasizes the progress made in determining T from measurements of the
acoustic resonance frequencies of argon gas enclosed by cylindrical cavities (c-AGT).
With increasing temperatures, c-AGT becomes advantageous relative to q-AGT (quasi-
spherical-cavity based AGT) because long cylindrical cavities?!">1: (1) naturally fit into
cylindrical heat pipes or multi-shelled thermostats, (2) provide the immersion required
by transfer temperature standards such as long-stemmed platinum resistance
thermometers, and (3) have more useful, low-frequency acoustic resonances.

In Fig. 1, the scatter of the c-AGT data is larger than the scatter of the other speed
of sound data that were acquired using spherical or quasi-spherical argon-filled cavities.
Consistent with this observation, the c-AGT measurement of the Boltzmann constant
ks had a larger uncertainty than q-AGT measurements of ks 2%, The larger scatter in

the ¢c-AGT resulted from the inconsistent values of ks obtained from the various
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resonance modes of the argon in a given cylindrical cavity*”). As discussed below, such
inconsistent values could result from imperfect modeling of the cavity's shape
(including corners, ducts that admit gas, microwave cables, and so on) and/or imperfect
modeling of the elastic coupling of the cavity's walls (the shell of the cavity) to the

31331 Shape-generated inconsistencies will have

oscillations of the gas within the cavity!
a very weak temperature dependence; therefore, they will generate only small
uncertainties when measuring temperature ratios 7/7rr (Here 7 is a measured
temperature and Trer is a fixed, known reference temperature near ambient temperature).
In contrast, inconsistencies generated through elastic coupling will lead to large
uncertainties in 7/Trer because such couplings have a strong temperature dependence.
Because the frequencies of the gas resonances increase as 7% and the frequencies of
the shell's resonances decrease as the shell's elastic constants decrease, shell frequencies
and gas frequencies will couple strongly when the frequencies appear to cross. Recent
measurements at the National Physical Laboratory (NPL) in 2020} displayed the
mode-dependent, inconsistent values of 7/Tr.r determined from 27 c-AGT modes with
Trer= 323 K and 7= 429 K. For most of the 27 modes, the deviations at 7 and Trerare
nearly independent of temperature. For a few modes, a strong temperature dependence
is visible. The similar conclusion is also found in the measurement from NIM in 2016[%%,

In preparation for high-temperature c-AGT, we identified suitable materials for
fabricating cylindrical shells and we developed techniques for measuring acoustic

resonance frequencies using sources and detectors outside the high-temperature

thermostat. We also considered alternative test gases and optimal dimensions of cavities.

2. General Principle

2.1 Absolute primary ¢-AGT

Absolute primary thermometry is the procedure to determine the thermodynamic
temperature of a well-defined system by measuring some independent quantities using
a clearly stated equation and fundamental constants***>]. AGT is one of the absolute

thermometric methods, which operates to form specific acoustic resonances in a
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resonator. We have applied fixed-length cylindrical cavities as acoustic resonators, and
named such a procedure c-AGT.

Given a weak pressure wave in the longitudinal direction applied to a dilute gas
confined in the cylindrical cavity, the pressure creates a resonance at mode /, when the
half wavelengths 4/2 match the resonant condition, that is /-(4/2)=L,[=1,2, ..., n. The
integer / is defined as the mode number. The kinetic energy of ideal gas particles is
equal to the thermal energy according to the equipartition theorem!*”), which can be
expressed as

Lne23mioe :EkBT, (1)
2 2y,\0p)s 2

where v is the root-mean-square (RMS) velocity of an atom of mass m, p is the mass

density of the gas, p is the gas pressure, and T is the thermodynamic temperature of the
gas. n is the ideal gas heat-capacity ratio with = Cpo/Cvo, and the ratio is exactly 5/3
for a monatomic gas. The subscript ‘S’ labels the state at a constant entropy. Using a

thermodynamic relationship to rewrite the pressure derivative in terms of the squared

speed of sound, W, Eq. (1) is formulated into the principal equation for c-AGT,

Wg{g_pJ _ ZokeT @)
p)s M

The Boltzmann constant ks can be described by

(. - WM

- s (3)
TyoNg

where Na is the Avogadro constant*®! and M is the average molar mass of the gas. Real
monatomic gases deviate from the ideal gas by the existence of interatomic collisions.
The correction to Eq. (2) created by such a deviation is given by the acoustic virial

expansion for a dilute monatomic gas, that is
W =A+A(T)p+AMP +AP +A,T)p" +.., ©)
where w? is the squared speed of sound of the gas and A, =W, . 41 is closely related to

the second acoustic virial coefficient, which represents the deviation caused by atomic
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pair collisions. Moreover, 42 and 43 are related to the third and fourth acoustic virial
coefficients generated by collisions among three and four atoms, respectively. A-i
represents the imperfect energy and momentum accommodation between the gas and
cavity wallsP7l,

The speed of sound w can be derived from an unperturbed resonant frequency f°
at the non-degenerate longitudinal acoustic modes |, which are preferably used in c-

AGT, the length L of a cylindrical resonator at pressures p and a chosen isotherm T.

The relation to retrieve the speed of sound w is

(5)

2.2 Relative primary c-AGT

Relative primary AGT determines the ratio of two thermodynamic temperatures
from measurements of the ratios of sound speeds on the chosen and the reference
isotherms!*8). Compared to absolute primary AGT, the temperature-independent errors
are anticipated to be reduced by ratio calculations. Normally, if the triple point of water
temperature 7tpw is used as the reference, the unknown 7' is proportional to the

reference according to Eq. (4)!%,

ORGSR
A\) (TTF’W) ™ Lig;')[ f|O (TTPW’ p)' L(TTPW’ p):lz

(6)

= TTPW

2.3 Retrieval of unperturbed parameters
In practice, the acoustic resonances in a cylindrical resonator are perturbed by the
elastic response of the shell and endplates, the viscosity and thermal conductivity of the
sample gas, interactions between the transducers and the sample gas, and gas-filled
ducts. The imperfections appear as non-zero admittances and create perturbations on
acoustic resonances formed in the cylindrical cavity. The effects on the resonance
frequencies are approximated by first-order perturbation theory, and the higher order
effects are neglected. Thus, the unperturbed resonant frequency 7 at mode / is derived
from its measurement f; by
=f-2f, =12, (7)
where subscript i denotes the given imperfection effects, according to their different

6
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mechanisms forming non-zero admittances. They are generally catalogued into four
types caused by a) boundary layers, b) the motion of the shell, ¢) acoustic transducers,
and d) the gas fill ducts?3*4% In order to acquire accurate measurement results, the
calculation and correction of the perturbation effects are necessary.

The effects of boundary layers contribute the largest perturbation and are mainly
generated by dissipation during each acoustic cycle. Velocity gradients are formed by
viscous boundary layers near the cylindrical shell surface because of the viscosity of
sample gas. Similarly, a temperature gradient is formed through a thermal boundary
layer due to the finite thermal conductivity of the gas. These perturbations
simultaneously disperse and dissipate the acoustic energy. In addition, a thermal
boundary layer is formed near the endplates and imposes a similar perturbation effect.
The dispersion decreases resonance frequencies, while the dissipation broadens
resonance profiles.

According to first-order perturbation theory, the acoustic boundary layer alters the
resonance frequency and increases the energy dissipation. Viscous damping shifts the

resonance frequency for the longitudinal modes by the fractional amount(*?!

Af 1
(f—'o)v=—5(5v—2lv), ®)
|

where a is the radius of the cylindrical cavity. /v is the pressure-dependent viscous

accommodation length, and o, 1is the viscous penetration length, which can be

n [7RT 2-h,
l, =—1/— , ©)
p\2M h,
5\/ = %p, (10)
u |

where R=KkgN, is the molar gas constant, h, is the viscous accommodation

\

expressed by

coefficient, and 7 is the shear viscosity at the working pressure and temperature. The

half-width (g/)v of acoustic resonances caused by the viscous boundary layer is given

by



182 %—i 1 L (11)

f0 “2a 2a zfp
183 The effect of the thermal boundary layer on the resonance frequency can be

184  described by!*!

(Af,) -1 2a)  « 2a_ Kk
185 o= |:(5th_2|th)(1+_j__5th,shell - 5th,endplate - (12)

f° 2a

shell Kendplate

186  Here the subscripts “shell” and “endplate” represent the material properties, |, 1is the

187  thermal accommodation length, and ¢, is the thermal penetration length, given by

K /ﬂMT 2-h, 1
188 ly, =— , (13)
p\ 2R h, C,,/R+05

189 oy, = K (14)
! zfipCo

190  where A is the thermal accommodation coefficient, whose value is approximately 1.0,

191  C,,1s the molar specific heat at constant volume of the gas, and & is the thermal

192  conductivity of the gas. The half-widths (g,),, caused by the thermal boundary layer

193  are expressed by

(9), -1 ( Zaj K 2a K
194 =—| 0y | 1+— |[——9, -—— 9 . 15
f|0 23. th L el th,shell L Kendp|ate th,endplate ( )
195 The attenuation of acoustic oscillations includes dissipation in the whole cavity

196  because of the viscosity and the thermal conductivity of the gas, which contributes an

197  additional term (g,),,. to the half-width” given by

(gl )b Ik xt Y4 2 2
198 — == —| | =0, +(y-Do, |. 16
fIO W 3 Vv (7/ ) th ( )
199 The equations above, combined with experimental results, show the boundary

200 layer effects are the largest perturbations for c-AGTPY. According to Ref. [38],
201  dissipation of radial modes in a spherical cavity is mainly due to the thermo-acoustic

202  boundary layer in the gas; there is basically no effect of the viscous boundary layer. The

E] 203  frequency shift and the halfwidth due to thermal and viscous boundary layers (except
f:; 204  for the small accommodation correction) have the same magnitude but opposite sign:
Q
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(Af), =—(9,), and (Af), ~—(g,), To clarify the difference between cylindrical and

spherical cavities with the same volume, we computed the boundary layer effects for

n!741421 are applied in the

both geometries as shown in Fig. 2. The parameters of argo
calculation, and the temperature is set at 7tpw. The comparison results indicate that the
boundary layer effects for longitudinal modes of a cylindrical cavity are 2 to 3 times
larger than for the radial modes of a spherical cavity of equal volume, and the length of
the cylindrical cavity is equal to diameter of the spherical cavity. This is the main reason
that restricts the application of cylindrical cavity for AGT. Moreover, the frequency
shift and half-width decrease with the increase of gas pressure. When the pressure is
larger than ~300 kPa, the impact of boundary layers is small and has a weak pressure
dependence. The calculation results from boundary layers for different shell radii are
shown in Fig. 3 with the length L of the cylindrical cavity fixed at 13 cm, which affects
the value of the resonant frequency. The gas pressure is 505 kPa and the temperature is
Trew in the calculation. As the volume of the cavity increases, the effect of the boundary

layer is reduced, especially for the cylindrical cavities. When the volume is larger than

1000 cm?, the impact is almost minimized and unchanged in the calculation.

0 T A L L4
E
Qo -
S
=
-
[
v
§ ~
c-1000 &
2
w ]
----- Cylindrical cavity-mode 2
""" Spherical cavity-mode 2
s Cylindrical cavity-mode 7
——Spherical cavity-mode 7
1500 A A 1 B
100 200 300 400 500

Pressure of gas (kPa)

Fig. 2 Comparison of frequency shift from boundary layers between spherical and cylindrical
cavities with the same volume at about 400 cm® under different gas pressures (spherical

resonator a=4.57 cm, cylindrical cavity a=4 cm, L= 8 cm).
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Fig. 3 Comparison of frequency shift from boundary layers between spherical and cylindrical
cavities (L=13 cm) with the same volume under different shell radius.

3. Measurement of the Boltzmann Constant

3.1 Determinations of the Boltzmann constant

Since 2009, we have implemented absolute primary c-AGT for the determination
of the Boltzmann constant. Our work is an independent complement to measurements
by others using AGT with spherical and quasi-spherical resonators. We alternatively
implemented absolute primary c-AGT with single cylindrical resonators***"! and two

cylindrical cavities creating a virtual c-AGT*,

Seven independent cases were
performed using argon as the sample gas. Except for the difference between procedures
of single cavity and virtual cavity, the seven studies further differed from each other by
the length of cylindrical cavities, the materials forming cylindrical shells and endplates,
as well as the procedure measuring cylinder lengths. We summarize the determinations
of the constant in Table 1.

Table 1. Differences among seven determinations of kg with cylindrical acoustic resonators

Inner
Resultforks  Materials of shells ~ Filling gas  Method of measuring
Case  Year length

(X102 J/K) and endplates (argon) cylinder lengths
(mm)
Coordinate
2009- Bearing steel and measuring machine
1032 130 1.380650(11) BIP
2010 quartz endplates and two-color
interferometry
10



241

242

243

244

2010- Bearing steel and Two-color

2 65 1.3806470(90) BIP )
2011 quartz endplates interferometry
Bearing steel and Two-color
3 2011  65/130 1.3806478(33) BIP )
quartz endplates interferometry
Stainless steel and Two-color
481 2013 80 1.3806498(46) BIP-Plus )
quartz endplates interferometry
Stainless steeland  BIP, BIP- Two-color
531 2013 80 1.3806460(53) )
quartz endplates Plus interferometry
Stainless steel and Two-color
61 2015  80/160  1.3806486(29) BIP-Plus .
quartz endplates interferometry
Oxygen free .
7802017 80 1.3806483(58) BIP-Plus  Microwave resonance
copper

Among the determinations, the first six were performed on cylindrical cavities
made of bearing steel or stainless steel. The cavities shared the identical inner diameter
of 80 mm. The lengths varied from 65 mm to 160 mm. The endplates were made of
quartz glass for realization of the laser interferometry for measuring the resonator’s
lengths. The endplates between the resonators of Case 4 and Case 5 were interchanged,
so that the measurement results of ks were different. The seventh measurement used a
cylindrical cavity made of oxygen-free copper and used microwave resonances to
measure the resonator’s length and radius to determine the cavity's volume!*. Figure 4
compares the seven determinations with their uncertainties with the value of ks fixed
by CODATA 2017261 They agree within the measurement's uncertainty. The detailed
source of the measurement uncertainty can be found in Ref.[30]. For each resonator,
the largest uncertainty source is the inconsistency between modes with details given in
Sec. 3.5. Case 3 and Case 6 using the virtual cylindrical resonators, which are drawn
with dashed lines, have small uncertainties because the mode inconsistency is ignored

in our analysis.

11
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Fig. 4 Seven measurement results of ks from c-AGT compared with CODATA 2017(2¢]

3.2 Pressure dependence of the speed of sound in argon.

Our c-AGT measurements determine the pressure-dependent speed of sound
w?(p,T) in argon on isotherms. In this section, we compare our measured pressure
dependence with literature values determined using spherical cavity resonators. (See
Figs. 5 and 6.) As indicated by Eq. (4), we expressed w*(p, T) as a power series of the
pressure p. Others have expanded w? as power series of the molar density p or of the
scaled pressure p/(RT), which also has the units of density. Each of these expansions
has been called an "acoustic virial series" and the temperature-dependent expansion
coefficients have been called "acoustic virial coefficients" typically denoted as fu(7),

1a(T), o(T), etc. To minimize confusion, we define our expansion coefficients by

7. a,press

ﬂa,press =RT % and =RT % , an

where the subscript "press" identifies the expansion variable.

According to Eq. (17), Sapress and japress can be retrieved from measurements of Ao,
A1 and A>. However, compliance of the cylinder's walls perturbs the resonant
frequencies by a linear function of the pressure with a mode-dependent coefficient;
therefore, [fapress has an apparent mode dependence. We determined fapress and ja,press
from averages over all the measured modes. During several determinations of the

Boltzmann constant, we conducted c-AGT at T'rpw in its absolute mode. Our results for

12
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kB, Papress, and yapress at Ttpw are listed in Table 2. They are compared with results

obtained using spherical and quasi-spherical resonators in Figs. 5(a) and 5(b).

Table 2. Molar mass M and acoustic virial coefficients of argon at Trpw determined by AGT

B ﬂa,press 7/a,press
Case Year M (g mol™)
(cm® mol™?)  (cm® mol™ MPa™)
1 2009-2010 39.947 843+0.000 028° 5.339 1.244
2 2010-2011 39.947 843+0.000 028* 5.103 1.236
3 2011 39.947 843+0.000 028* 5.400 1.284
4 2013 39.947 843+0.000 005° 5.429 1.296
5 2013 39.947 810+0.000 010*° 5.500 1.270
6 2015 39.947 810+0.000 010° 5.333 1.249
7 2017 39.947 794+0.000 031° 5.290 1.213
gLl 1988 39.947 783+0.000 032 5.390 1.280
9P 1999 39.947 781+0.000 032 5.401 1.275
1043 2010 39.947 782+0.000 038 5.377 -
11122 2013 39.947 816+0.000 017 5.438 1.219
12461 2017 39.947 798+0.000 060 5.422 1.287
2 BIP grade argon.
® BIP plus grade argon.

Our seven independent values of [fapress from Table 2 (Cases 1 to 7) have the
average (Supress) = 5.342 cm® mol~! with a fractional standard deviation of 2.19%. They
agree well with the typical results from AGT of spherical or quasi-spherical resonators,
which are indicated in Table 2 as Cases 8 to 12. From the same seven independent
experiments, we obtained {Japress) = 1.256 cm?® mol~! MPa~! with the fractional standard
deviation of 2.13%. The average value of the spherical resonators for Cases 8 to 12 is
1.265 cm® mol~! MPa™! and the fractional standard deviation is 2.14%. In summary, the
c-AGT results for fapress and yapress presented in Fig. 5 are consistent with the g-AGT

results from the literature.

13
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Fig. 5 The values of the 2™ and 3™ acoustic virial coefficients (Supress and 7 press) Of argon
measured at Trpw using cylindrical and spherical resonators.

In addition to our c-AGT work at 7rpw, we performed c-AGT in the relative mode
at temperatures from 234 K to 303 K!¢l using argon as the thermometric gas; these
measurements also generated values of S, press and yapress. Figures 6(a) and 6(b) show that
these c-AGT values of fipress and japress are in good agreement with literature values

si%14471 Moreover, the

obtained during AGT measurements that used spherical resonator
theoretical calculations of B, press **!and 7 press, as well as their expanded uncertainty (k=2)
have been drawn in Figs. 6(a) and 6(b), respectively. The third acoustic virial coefficient
expressed by density is given as!*®

14
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where B and C are the second and third density virial coefficients, respectively, which
were calculated from Ref. [48]. The third acoustic virial coefficient can be transformed

into a pressure expansion by

_ (}/a,density - Bﬂa,press)
e a,press RT .

(19)
The uncertainty for the third acoustic virial coefficient in Fig. 6(b) was calculated from

the uncertainties of B, Ba, press, >t} and C, which was 40 cm® mol~2 roughly obtained from

the absolute deviations of Fig. 3 in Ref. [48§].
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3.3 Measurements of mechanical cross-talk of evacuated resonators

In order to select resonant modes of the gas that are less affected by the natural
vibration of the resonator's shell or by either electrical or mechanical cross-talk between
the acoustic source and acoustic detector, we scanned the acoustic source at frequencies
from 1 kHz to 10 kHz while the cavity was under vacuum at 7tpw. Both the acoustic
source and detector used in these works were piezoelectric transformer (PZT)
transducers, which were respectively built in the upper and lower endplates. The
acoustic transducer in endplates were designed with thin, well-machined diaphragms
and the transducers were bonded to the diaphragms with epoxy. Figure 7 shows the
detected signal for three cases:

(1) Case 4 (stainless steel shell, quartz endplates, L=80 mm),

(2) Case 7 (oxygen-free copper shell, oxygen-free copper endplates L=80 mm)

(3) Case 6 (stainless steel shell, quartz endplates, L=160 mm).
For these three cases, the detector's response was small at frequencies below 7 kHz.
Below 7 kHz, there was no overlap between the shell's natural vibrations and the gas's
resonances at pressures of 75 kPa and 150 kPa. Cases 4 and 6 both used resonators
made of stainless steel with quartz endplates, but they had different dimensions. The
detected signal was weaker in the longer resonator. Cases 4 and 7 both used resonators
with the same dimensions but made from different materials. Their different
performances were obvious above 8 kHz. The detected signal was much larger for the
oxygen-free copper resonator, whose endplates and bolts were also made of oxygen-
free copper. The vibration of transducers is more easily transmitted to the copper cavity
due to the different elastic moduli of copper and quartz endplates in Cases 4 and 6. In
summary, the natural vibration of resonators is mainly impacted by the materials of
shells and endplates; the resonator made of oxygen-free copper would transmit obvious
high-frequency vibration. The dimensions of the cylindrical resonator have little
influence on the variation of vibration. Moreover, we also measured the acoustic
spectrum of the resonator filled with argon. The measurements of acoustic resonance
of argon are easily affected by the resonator vibration in the high-frequency region. In
conclusion, the modes whose resonance frequencies are less than 7 kHz were suitable
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for acoustic measurement in our experiments. However, because the signal-to-noise
ratio of the acoustic resonance of the (1,0,0) mode is usually lower and the perturbation

is also larger, we didn’t use it in our determination.
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Fig. 7 Spectrum of different evacuated and gas-filled resonators.

3.4 Virtual cylindrical acoustic resonator

In order to minimize the perturbations of cavities’ endplates containing transducers
and/or ducts, we first proposed the concept of a virtual resonator through combining
the resonance frequencies of two cylindrical cavities!**). The working equations of the

speed of sound for virtual cylindrical resonator can be described as

o 2f6AL, (1_ SLy, J 0

- |1 fz - Iz fl A|-12

where f, and f, are the measured resonance frequencies of the two cavities in the
virtual resonator with modes /1=2/>. The length of virtual resonator is AL, =L —L,
and has no endplates. L, and L, are the length of the two cavities. The small

correction determined by the perturbations Af, and Af, can be expressed as

5"12 _ L1 Afl _ L2 AfZ
ALlZ ALlZ fl(O) ALlZ fZ(O) '

The lengths of the two resonators differ by a factor of two, and the cavities are

e2y)

operated at nearly identical longitudinal resonance frequencies for the non-degenerate
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longitudinal mode /=2 in the shorter cavity and for the mode /=4 in the longer cavity.
Thus, the frequency-dependent admittances of the endplates can be eliminated to first
order in Eqgs. (20) and (21), so that the virtual resonator has a higher effective quality
factor (Q) than the modes for either of the actual resonators. Moreover, the deviation of
the speed of sound in the virtual cylindrical resonator can be suppressed with increased
gas pressure. The comparison for the relative squared speed of sound deviations
between virtual and real resonators is shown in Fig. 8. The deviation is calculated from
the difference between the speed of sound obtained by our cylindrical cavity after
correcting the non-ideal factors and the results of Moldover et al. in 19887, The
absolute value of the deviation linearly increases with rising gas pressure in the real
resonator. However, the deviation is nearly insensitive to the pressure in the virtual
resonator. Thus, the virtual resonator suppresses the effect of the boundary layer and
shell vibration, so that the measurement error of speed of sound is reduced. We
measured ks using two virtual cylinders with the results listed in Table 1 and Fig. 4.
Both values have a good agreement with CODATA 2017!2, Because the effects from
shell motion at high frequency limited the acoustic modes combinations for the virtual
cylinder, we can only use one combination of acoustic modes. Nevertheless, the virtual
cavity is very effective for the speed of sound measurement using c-AGT with less

energy loss and frequency shift.
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Fig. 8 The comparison for measurement deviation of speed of sound between virtual resonator
and single resonators at 7tpw.
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3.5 Measurement Uncertainty

The sources of measurement uncertainty of ks mainly include measurements of
temperature, pressure, acoustic frequencies, cavity length, and molar mass, which have
been described in our published articles***}]. According to our uncertainty analysis for
the seven independent measurements, the main uncertainty sources for c-AGT are from
the temperature measurement, random error from fitting isotherm data in Ao, and
inconsistency among the measured modes. An assembly with a copper sleeve for the
standard capsule-type platinum resistance thermometer has been designed to promote
the stability of temperature measurement!®’]. The material of oxygen-free high
conductivity copper has been used to fabricate the resonator, which could improve the
temperature uniformity of the resonator. Therefore, the uncertainty of temperature
measurement has been effectively suppressed in Ref. [30], which was reduced from
0.96 ppm to 0.49 ppm. However, uncertainties of the other two sources, summarized in
Table 3, are higher than those of AGT using a spherical cavity. The random error in 4o
is mainly produced by the lower Qs of the cylindrical cavity, and the signal-to-noise
ratio of the measurements was lower than that of a spherical cavity, especially at low
pressures. At present, a PZT disc is used to detect the acoustic resonance signal, and the
response strength under low pressure can be improved by replacing it with a miniature
microphone in future work. Furthermore, the uncertainty of inconsistency among
modes is difficult to reduce because the shell motion affects the resonance signal of
high-frequency modes. In Ref. [30], we considered this uncertainty item as the
experimental standard deviation among the mean Ao obtained from different modes.
However, it is not calculated in Case 3 and Case 6 of this article because only one
combination of modes /1=4 and />=2 can actually be used in the virtual cylindrical cavity
to avoid the shell vibrations at high frequencies!*’!. In the future, we plan to use an
acoustic waveguide to drive the signal from the acoustic source to the cavity and reduce

the influence of resonator vibration on the inconsistency.
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Table 3. Measurement uncertainty and their correlations for different determinations of kg

ksl kg2 ks3 ksd kg5 ksb ka7
Main uncertainty source
108xur(ks)
Random error in Ag 0.67 2.29 1.94 1.19 1.37 1.48 2.67
Inconsistency among modes 7.64 5.94 -- 2.65 3.15 -- 2.96

4. Measurement of the Thermodynamic Temperature

4.1 Thermodynamic temperature measurement limit

When the Boltzmann constant is defined, AGT can be used for absolute

measurement of the thermodynamic temperature 7 based on kinetic theory of an ideal
gas and the squared speed of sound W , which can be expressed by

2
w;M

T= .
kB7oNA

(22)

On the other hand, AGT can also work in a relative way as defined in Eq. (6), that
is to measure the ratio of the squared speed of sound at 7" and that at a reference
temperature such as 7rpw.

The apparatus and transducers previously used for determinations of ks at the triple
point of water would suit thermodynamic temperature measurements below 400 K. The
lowest temperature of AGT is limited to the p-T region where the thermometric
substance is gaseous. In order to sustain high temperatures for the use of AGT, the
materials of the cavity and structure of the sensor are significantly important. Compared
with a spherical cavity, the cylindrical cavity is easier to machine and assemble, and the
resonant frequencies can be adjusted by varying the length of the cylinders rather than
the radius of the spherical cavities. Moreover, the dimension of the resonant cavity
determines the size of the pressure vessel and the inner space of the thermostatic system,
which is also important for high temperature AGT.

The material of the resonator is the first challenge for high temperature AGT. The
requirements for the material include good mechanical strength, non-magnetic,

chemical stability, easy to machine, and economical. At present, the types of high-
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temperature materials mainly include metals, ceramics, and alloys. Metals such as
tungsten can withstand temperatures up to 3000 °C and maintain stable chemical
properties in contact with pure inert gas. However, it is not easy to machine tungsten
into a cylindrical or spherical cavity due to its high hardness. The ceramics, such as
alumina and boron nitride, generally can endure temperatures up to 2000 °C, and they
have high hardness and oxidation resistance. Nevertheless, ceramics cannot withstand
high pressure, they have poor thermal conductivity, and they are electrical insulators.
Therefore, one cannot use microwave resonances to determine the volume of a ceramic
cavity in situ. Alloys that are suitable for manufacturing a high-temperature resonator
have high-temperature and high-pressure resistance, stable chemical properties, and
easy manufacturing. One c-AGT cavity applied to test the measurement of microwave
resonant frequencies up to the copper point was made of Ni-Fe-Cr alloy HR120
(Haynes International, Kokomo, IN, USAM1)2] which was capable of withstanding
high temperature up to 1360 K with acceptable deformation.

Both acoustic and microwave transducers need to be modified for measuring
temperature above 400 K. Acoustic waveguides (ducts) can be used to transfer the
acoustic signals from and to the cavity. The designs of ducts must trade off increasing
signal-to-noise ratios of resonance measurements against increasing frequency
perturbations from ducts. Ducts must be tens of centimeters long to connect a cavity in
a furnace with transducers at room temperature. However, sound attenuation in ducts
increases exponentially with length. In our setup'®!, we replaced the PZT disc used as
an acoustic receiver transducer in earlier work with a microphone to improve sensitivity
at high temperature and pressure. The microphone is placed in a miniaturized pressure
resistant container to ensure pressure balance on both sides of the microphone
diaphragm. Moreover, expanding the inner diameter of the duct is conducive to improve
signal to noise ratio (SNR) for the c-AGT, but it has a large perturbation to the resonator

sP% In order to overcome the conflict

and reduces the quality factor of the mode
between SNR and mode quality factor, the concept of stepped diameter acoustic ducts
has been proposed. We use a narrow diameter duct connected with the resonator, and
the other end of it is connected to a large diameter duct to extend the length®!l. The
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cavity length varies with the change of temperature due to the thermal expansion, so
that a microwave resonance method using home-made microwave cables can be used
to realize direct in-situ measurement of the length at high temperature. The center
conductor of coaxial cable is made from the Ni-Cr alloy (80% Ni, 20% Cr), whose
thermal expansion is close to that of the HR120 cavity and Inconel-625 outer conductor.
Furthermore, fused silica tubes and fused silica beads are used to electrically insulate
the center conductor from the outer shield, which satisfied the requirement of operating
at the copper point!?4),

Some other technical challenges for high-temperature AGT include an adequate
design of the thermostat system, the capability to preserve the gas purity, and the
suitable sealing of the pressure vessel. However, combined with the improvement for
the adaptability of c-AGT working at high temperature, the accurate measurement of
T—Too in the range of 400 K to 1358 K can be realized over an overlapping temperature
range with radiation thermometry.

4.2 Pressure measurement limit

By extrapolation of w?(p,T), measured at several pressures along an isotherm, to

zero pressure, we obtain w; (T ). According to Egs. (9) and (13), the boundary layer is

affected by mass density. When the temperature rises, the mass density decays with
constant gas pressure as shown in Fig. 9. Thus, the boundary layer effects would
increase with increasing temperature as shown in Fig. 9. In order to reduce the boundary
layer effects at high temperature, the gas pressure in the cavity should be increased to
avoid the decrease of density with increasing temperature. For a given density, when
temperature increases, the pressure increases correspondingly. It is difficult to maintain
the system at such a high pressure and high temperature, and the material used to
manufacture the resonator should have excellent pressure resistance without
deformation, and its bearing capacity of pressure mainly depends on the yield strength.
When the external force is greater than the yield strength, the material would undergo
permanent deformation. The yield strength of HR120 is about 45.6 KSI (375 MPa) at
room temperature, 25.79 KSI (177.84 MPa) at 1073 K and 9.1 KSI (62.7 MPa) at 1366
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K. Therefore, the pressure limit of a resonator comprised of HR120 can reach the order

of megapascals.
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Fig. 9 The calculation for frequency shift and mass density of argon variation with temperature
at 505 kPa. The frequency shift is caused by the boundary layer effects at mode /=2 and the
cavity dimension of =4 cm and L=13 cm.

4.3 Influence of Working Gas
The working gas of AGT should be a monatomic gas, which has exactly y,=5/3,

stable chemical properties and high purity, including helium (He), neon (Ne), argon
(Ar), krypton (Kr) and xenon (Xe). The variation of speed of sound, resonance
frequency at mode /=2, and quality factor with temperature for the monatomic gases
has been calculated and plotted in Fig. 10 to Fig. 12. The radius and length of the
cylindrical cavity used for calculation are 4 cm and 13 cm, respectively. The speed of
sound and other related thermophysical properties of He, Ar, Ne below 1050 K and K,
Xe below 1100 K used in the calculation of Fig. 10 and Fig. 12 are from Ref. [52], and
the thermophysical properties for Ne from 1050 to 1300 K and Kr, Xe from 1100 K to
1300 K were obtained by extrapolating the temperature dependence of their
thermodynamic properties beyond the lower temperature range in which they are
available. At present, only helium and argon have been widely used in AGT. However,
the resonance frequency of helium is about three times as large as that of argon for the
same mode. The resonance frequencies in argon are more widely separated from the
shell's natural vibrations, which is conducive to increasing measurement accuracy.
Compared with helium, the application of argon can improve the measurement

performance of thermodynamic temperature, especially for high-temperature
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519  measurement. Moreover, the velocity of acoustic wave and resonance frequency in Ar
520 1is larger than that in Kr and Xe. Thus, Xe may be another excellent choice at high

521  temperature.
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Fig. 12 The calculation of quality factors with temperature for different monatomic gases at 505
kPa for acoustic mode /=2 and the cavity dimension of ¢=4 cm and =13 cm.

We briefly consider the advantages and disadvantages of using xenon instead of
argon as the thermometric gas for AGT. The main advantage of replacing argon with
xenon is the reduction of the gas resonance frequencies by a factor of 1.8. For a given
mode, the gas resonance frequency varies as 7/M. Thus, increasing M from 40 g/mol
(argon) to 131 g/mol (xenon) can offset the gas frequency change resulting from a
temperature increase from 300 K to 982 K. This flexibility could be used to avoid
measurements at frequencies where particular gas modes cross particular shell modes.
The main disadvantages are the added complexities of recycling the xenon and
monitoring the average atomic mass of the xenon. High-temperature AGT systems
continuously flow the thermometric gas through the cavity to minimize the effects of
outgassing from the walls of the cavity and from the manifold and ducts that supply the
gas to the cavity™l, The cost of highly purified argon is low enough that the argon can
be discarded after it passes through the AGT cavity. The high cost of xenon requires
collection of the used gas and repurifying it for reuse. Xenon is comprised of 9 stable
isotopes spanning the range 124 g/mol to 136 g/mol. Accurate AGT cannot rely on a
handbook value for the average atomic mass of any particular supply of xenon. Instead,
the average mass can be monitored by flowing the xenon through a reference acoustic
resonator maintained at a convenient fixed temperature and pressure. Such a resonator
would be located just upstream of a duct that delivers xenon from a purifier to the AGT.

In contrast with helium, both xenon and argon are relatively insensitive to likely
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impurities such as the components of air, other noble gases, and gases such as Hz and
CO that emanate from high-temperature metals, which can be seen in Table 4. Accurate
values of the transport properties of xenon are available where needed for AGT.
Vogel measured the viscosity of low-density xenon with a relative standard uncertainty
of 0.2 % or less in the temperature range 295 K to 650 K4, At the lower temperature
range, Vogel's measurements are confirmed by accurate measurements made using
other techniques. Hellmann et al. developed an ab initio xenon-xenon, interatomic
potential that is consistent with Vogel's data®®!. Hellmann's potential predicts accurate
values of xenon's low-density viscosity, thermal conductivity, and second acoustic

virial coefficient throughout the range where xenon-based AGT might be implemented.

Table 4. Effect of mole fraction x of impuritieson W for He, Ar, Xe

1 dWwg)
Impurity 0w dx
(g/mol)

in He in Ar in Xe
H, 2 1.40 0.23 0.68 0.72
He 4 1.67 -- 0.90 0.97
H.O 18 1.32 -3.93 0.12 0.43
Ne 20 1.67 -4.00 0.50 0.85
N./CO 28 1.40 -6.27 0.03 0.52
0, 32 1.40 -1.27 -0.07 0.49
Ar 40 1.67 -9.0 - 0.69
CO, 44 1.40 -10 -0.4 0.40
Kr 84 1.67 -20 -1.1 0.36

Xe 131 1.67 -32 -2.3 -
Hg 201 1.67 -49 -4.0 -0.53

4.4 Inconsistent values of 7/ Tyt

Underwood's recent, preliminary measurements of c-AGT illustrated that c-AGT
could determine temperature ratios with significantly greater precision than absolute
temperatures!'”). Underwood measured the frequencies of many acoustic modes of
argon contained within a comparatively long, (length =220 mm; radius = 50 mm) quasi-
cylindrical cavity at 323 K and 429 K (Underwood's cavity was a cylinder with an
ellipsoidal cross-section. By changing the cavity's cross-section from circular to

ellipsoidal, he removed the degeneracies of certain microwave modes. This change is
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analogous to deforming a spherical cavity into a quasi-spherical cavity, also to remove
microwave degeneracies. Therefore, we call Underwood's cavity "quasi-cylindrical"
and his acoustic thermometer "qc-AGT".). The lowest frequency (1,0,0) mode at
0.76 kHz is far outside the span of Fig. 13. The (1,0,0) mode couples strongly to the
cavity's support and will not be discussed here. The upper panel of Fig. 13 displays a
determination of an absolute temperature near 323 K from 26 modes. The measured
zero-density speeds of sound #meas;323 k are compared with the theoretical value wtheory.
The 26 modes have the fractional standard deviation from their mean o(Aw/w) =
16x107°. The lower panel of Fig. 13 displays the speed of sound ratios measured using
the same cavity at 323 K and 429 K. The fractional standard deviation of the 26 speed
of sound ratios from their mean is o(wa29 k/w323x) = 6.8x1076. If the inconsistencies
among the modes were random, we would expect o(w429 K/w323 k) =2 o(Aw/w). In fact,
o(wa29 k/w323K) 1s less than 1/3 of this expectation. Thus, the inconsistencies at the two
temperatures are highly correlated. If o(w429 k/w323 k) dominated the uncertainty of a
determination of 429 K, the determination's uncertainty would be somewhat larger than
2x6.8x107°°x429 K = 5.8 mK. This uncertainty is much smaller than 10.1 mK of the

estimated error in ITS-90 at 429 K!2%1. We expect that the high correlation among these

modes persists to high temperatures, where the errors in ITS-90 are larger.
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Fig. 13 Top: Measurements of w made with 26 modes of a quasi-cylindrical cavity are compared
with theory at 323 K!"®). The fractional standard deviation from the mean of the 26 modes is
o(Aw/w) = 16x107°. Bottom: Speed of sound ratios determined separately for each mode of the
same resonator at 323 K and 429 K. For the 26 modes plotted, o(wazo k/W323x) = 6.8x107°. The
speed of sound ratios are more consistent than the values of (Wmeas/Wihcory—1).

4.5 Dimensions of the resonator

With increasing temperature, the resonance frequency of the cavity will increase
and meanwhile the quality factor will decrease at a stable pressure. The dimensions of
resonator can affect the boundary layer, so that the performance of high-temperature
measurement can be improved by optimizing the dimensions of resonator. The
dimensional optimization of the cylindrical resonator mainly involves optimizing the
ratio of length to radius. According to the equations in Ref. [32], the relationships of
resonance frequency and Q (only considered the boundary layers effects) to the ratio of
cavity length to radius at 1300 K and 505 kPa have been calculated for mode /=2 and
showed in Fig. 14(a) and Fig. 14(b), respectively. The resonance frequency decreases
with increasing ratio of cavity length to radius, and the attenuation is not obvious when
the ratio is greater than 4. The resonance frequency increases with rising temperature
and decreases with increasing radius because of the growth of length. However, the Q

factor will decrease with the increase of the ratio. A c-AGT with a large volume is
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difficult to maintain at a uniform temperature at high temperatures and it is difficult to
machine and install. We prefer to use the cylindrical resonator with the ratio of cavity

length to radius between 2 and 4.
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Fig. 14 The calculation results for properties of cylindrical cavity under different ratio of length
to radius. (a) Variation of resonance frequencies at mode /=2 under different radius. (b)
Variation of Q factors under different radius.

5. Conclusion

We illustrate the performance of c-AGT for measuring the Boltzmann constant and
thermodynamic temperature, respectively. From the present measurement, c-AGT
could determine thermodynamic temperature ratios with significantly greater precision
than that determined for absolute temperatures. The 7 uncertainty from c-AGT is lower
than the error of ITS-90. With high-temperature acoustic and microwave waveguides
and high temperature alloys, c-AGT can withstand high temperature up to the copper
point. For the realization of the definition of the kelvin, cylindrical acoustic gas
thermometry can play a more important role in thermodynamic temperature

measurement in the future.
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