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ABSTRACT: This paper revisits previous numerical predictions and experimental measurements of tensile strain 
capacity (TSC) in curved wide plate (CWP) specimens. The work is motivated by the arguably surprising conclusion 
in (Liu, Wang, Horsley, et al. 2012) that better predictions can be made from toughness data extracted from Charpy 
V-notch (CVN) tests compared with fracture mechanics tests using single-edge-notched tensile (SE(T)) specimens.
The -integral is used to describe driving and resistance forces rather than the CTOD used previously (Liu, Wang,
Song, et al. 2012; Liu, Wang, Horsley, et al. 2012). Small-specimen toughness data is used to make numerical
predictions of full-scale CWP specimens based on instability and initiation limit state methods. Several important
factors that impact the utility of the -integral approach are addressed. These include applicability of -integral in gross
plasticity, consistency of the flaw constraint conditions in resistance curve measurements and CWP tests, the type of
stress-strain relationships used, shape of the flaw, and mechanical properties at the flaw tip. The -integral approach
is shown to yield predictions that agree better with experimental measurements than previous CTOD-based
calculations while avoiding the controversy over the definition of CTOD. Strain-based design using  is thus validated,
supporting first-principles estimation of initiation and instability strains using only small-scale SE(T) data and
calculations.

1. INTRODUCTION

This paper revisits previous numerical predictions and experimental measurements of tensile strain capacity in curved 
wide plate (CWP) specimens. The tests (Weeks, McColskey, and Richards 2011; Wang et al. 2011) were under a U.S. 
Department of Transportation (DOT) and Pipeline Research Council International (PRCI) co-sponsored project using 
specimens taken from American Petroleum Institute (API) 5L X100 pipes (API 2012) with outer diameter 36 in 
(914 mm) and wa
found in (Weeks, McColskey, and Richards 2011). Ductile instability and initiation limit state solution methods were 
presented in (Liu, Wang, Horsley, et al. 2012; Liu, Wang, Song, et al. 2012) to numerically predict the tensile strain 
capacity (TSC) of CWP specimens. The present study is motivated by the arguably surprising conclusion in (Liu, 
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Wang, Horsley, et al. 2012) that better predictions can be made from toughness data extracted from Charpy V-notch 
(CVN) tests compared with fracture mechanics tests using single-edge-notched tensile (SE(T)) specimens. In this 
work, the -integral is employed to describe driving and resistance forces rather than the crack-tip opening 
displacement (CTOD) used previously (Liu, Wang, Song, et al. 2012; Liu, Wang, Horsley, et al. 2012). Small-
specimen toughness data are used to make numerical predictions of full-scale CWP specimens, based on instability 
and initiation limit state methods. A review of TSC prediction methodologies has been presented in (Park and Gianetto 
2019) highlighting the merits of the -integral approach. By using the SE(T) resistance curves, this study sheds some 
light on the transferability of resistance curves obtained from small scale specimens to larger scales. In addition, 
several important factors that impact the utility of the -integral approach are addressed. These include applicability 
of -integral in gross plasticity, consistency of the flaw constraint conditions in resistance curve measurements and 
CWP tests, the type of stress-strain relationships used, shape of the flaw, and mechanical properties at the flaw tip.  
The present -integral approach is shown to yield predictions of TSC based on ductile instability and initiation limit 
state methods that agree better with experimental measurements than previous CTOD-based calculations. Strain-based 
design using is thus validated, supporting first-principles estimation of initiation and instability strains using only 
small-scale SE(T) data and calculations for CWP. Additionally, the -integral approach avoids controversy over the 
definition of CTOD and the empirical conversions of CVN-to-CTOD data. Other factors favouring over CTOD 
include simpler instrumentation and interpretation of small-scale tests (single-gauge versus dual-gauge set-up) and 
general applicability with no limitation of steel grade.

2. STRUCTURE OF THE TSC PREDICTION APPROACH

In the ductile instability solution method (Liu, Wang, Horsley, et al. 2012; Wang et al. 2011), the TSC is defined by 
the tangency point of the crack driving force curve and the fracture toughness (resistance) curve. Different measures 

-integral. The -
integral driving force ( , where is the remote strain and is the length of the crack) is dependent on the
geometry, material properties, and loading conditions of the particular application at hand. The -integral resistance 
curve ( , where is the length of crack growth) is dependent on material and test conditions (temperature,
strain rate, and geometry). The ductile instability limit state (i.e., the tensile strain capacity (TSC) and corresponding 
crack growth at unstable failure) is obtained by solving the following system of equations for and 

[1]

where is the initial length of the crack.

The initiation limit state is intended to give a conservative estimate of the strain capacity of the plate. It is given by 
the strain at which the driving force of the initial (stationary) flaw reaches the initiation fracture toughness defined
to be the value at a small amount of crack growth (Liu, Wang, Horsley, et al. 2012; Wang et al. 2011). The
following equation is solved for :

[2]

In practice, the specific value of is chosen based on engineering judgment. Potential candidates often used in
the literature are 0.5 mm (Liu, Wang, Horsley, et al. 2012) or 0.2 mm (Liu, Wang, and Long 2010). This choice will 
be further discussed later in Section 4.
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The constraint conditions of the flaw in the small-scale specimen used to obtain should be the same as those in the
large-scale application (the CWP in this case). Shen et al. (Shen et al. 2008) concluded that the constraint in a SE(T) 
specimen with ratio of span between load points to width ( equal to 10 provides a reasonable match to that for 
a circumferential crack in a pipe of the same thickness subject to tensile loading. Resistance curves previously
reported in (D. Y. Park et al. 2011) for X100 pipe girth welds using SE(T) specimens with =17.2 mm and =10 
have been used in the present study. They include results with flaws in base metal (BM), heat affected zone (HAZ) 
and weld metal (WM) of the pipe girth welds. A power law equation of the form was used for curve
fitting the experimentally measured curves. For more details regarding the material, specimen preparation and
testing performed, the reader is referred to (D. Y. Park et al. 2011). The initial flaw depths in SE(T) and CWP 
specimens are not necessarily equal to the targeted values (in some cases, they show more than 100% difference). In 
addition, the width of SE(T) and CWP specimens are not equal. Thus, the following procedure was applied to enhance 
consistency of flaw-tip constraint conditions in SE(T) and CWP specimens. The curve-fitting coefficients and

were first made functions of the initial flaw depth by applying a linear best fit to measured SE(T) data. For each

CWP test, an equivalent SE(T) flaw-depth was then obtained by requiring that . Given , the

coefficients and required to construct the curve were obtained using an equivalent SE(T) flaw-depth of

.

3. DEVELOPMENT OF CWP DRIVING FORCE CURVES

3.1  Material model and properties 

The material model used was the same as in the development of SE(T) curves by CANMET (Shen, Gianetto, and
Tyson 2008):

[3]

where  and  are the true strain and true stress, respectively,  is the yield strength, and

is the strain-hardening exponent. In all cases, elastic properties were 206.7 GPa and . Table 1 
summarizes the CANMET model tensile properties considered for the pipe BM (X100), HAZ, and WM at room 
temperature. It should be noted that, in addition to pipe-to-pipe strength variation, there is a considerable range of 
yield stress values associated with circumferential location even on a single pipe (Gianetto et al. 2011). Hence, the 
properties given in Table 1 should only be regarded as representative properties of the X100 steel. The constitutive 
equation proposed in (Xu and Tyson 2015; Xu, Bouchard, and Tyson 2004) was used to adjust the material properties 
at different temperatures by adding the thermal component of the flow stress to the yield strength at room

temperature. At , the thermal stress is only about .

Table 1. Tensile properties (longitudinal) of different regions of X100 pipe in CWPs 

Tensile Properties
(MPa)

Base Metal & HAZ 781 17.32

Weld metal
Round 1 835 16.10
Round 2 827 19.61



3.2  Calculation of -integrals in CWP specimens

To obtain path independent -integrals in incremental plasticity, it is advised to ensure that the contour-integral used 
is large enough to surround the plastic zone (i.e.,
is reached (Brocks and Scheider 2001). In the CWP specimens used in this work, this is not possible since gross 
plasticity is encountered for the loading levels of interest. In that case, path dependence increases strongly and a 
saturated value of cannot be reached. An example of this situation is shown in Figure 1 using one of the FE models 
considered in the present study. 

To circumvent the issue of strong path dependence of at high plastic strains the following approach is employed. 
The plastic component of is evaluated as a function of area under the load versus plastic CMOD curve and added to 
the well-established elastic component (see Equation 4 below) based on the method in ASTM E1820 (ASTM 2015).
Parameters are obtained using the procedure described in (Zhang et al. 2012) for small scale, contained plasticity in 
which -integral values obtained from direct contour integral calculations are valid. At larger strains where gross 
plasticity is encountered, values are calculated from the developed relationship rather than direct contour integral 
calculations. This method of calculating integrals is similar to that used in calculating curves and ensures that
the same definitions of , whatever they mean, are being calculated in constructing and curves throughout the
course of loading. Given that the constraint conditions in SE(T) and CWP specimens (i.e., and , respectively) 
have been designed to be similar (see also Section 2), the calculated values provide a parameter that describes the 
same crack-tip conditions in the small-scale test and the CWP application. 

Figure 1. An example of loss of path dependence of  owing to reaching gross plasticity. Only a quarter of the 
plate is shown. The yellow circles in the top figure mark the boundary of the largest contour integral domain 

(contour number 25). Note that the contour integral cannot touch the free surface, otherwise calculations are not 
valid (Brocks and Scheider 2001). Flaw size: =8/19.1 (i.e., 0.42), =50/19.1 (i.e., 2.62). BM properties 

were used (see Table 1) 

The formula for determining from load versus plastic CMOD data for a stationary crack in a CWP is (ASTM 2015)

[4]

in which is the stress intensity factor in the elastic regime which may be found in (Wang et al. 2011) for 
semielliptical flaws, and are the specimen arc-width and thickness, respectively, is the flaw depth and is

the area under the load versus plastic CMOD curve as described in (ASTM 2015). With obtained from
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FEA, may be taken to be the slope of the best linear fit to  versus data points obtained at various

load levels. Because the flaws in the CWP specimens are extended in fatigue to sharpen the tip (Weeks, McColskey, 
and Richards 2011), the geometry of the flaws produced in practice vary in shape somewhat as opposed to being 
strictly semielliptical or canoe-shape. Semielliptical flaw geometries have been employed in most works in the 
literature (see e.g., (Liu, Wang, Song, et al. 2012; Nourpanah and Taheri 2010)) and are assumed to represent the 
actual flaw geometry in the remainder of this study.

The matrix of FE simulations considered for this purpose is defined by mm,
mm and . A typical finite element (FE) model of

a CWP specimen along with a schematic of the flaw shape is shown in Figure 2. Only a quarter of the plate is 
considered exploiting symmetry of the boundary conditions. The total displacement applied in each case was large 

-
conditions in view of the was reached by 

verifying that the values obtained from the three largest contour integrals differed by no more than 5 % (see Figure 
1). Having for all combinations of and , a curve fitting approach similar to the one in (Zhang et al. 2012)
was conducted leading to 

[5]

2c

at

(a) (b)

Figure 2. a) Typical Finite Element model of a CWP (only a quarter of the plate is modelled to take advantage of 
symmetry), and b) schematic of semielliptical flaw  

3.3 Obtaining curves for CWP specimens

-integrals used in the construction of curves were calculated from Equations 4-5 (and not the contour integral
calculations) in which the plastic load versus CMOD data were obtained from FEA. The curves are derived by
interpolating values obtained for stationary cracks of different sizes. Applying standard dimensional analysis, and 
given that is constant in the present application, the general form of the curve is written as

[6]

Note that in general varies quadratically with the applied strain (which is taken to be equal to the remote strain )
when the pipe deformation is elastic with confined plasticity at the flaw tip, and linearly when plasticity develops 
through the net section prior the occurrence of ligament instability. The latter is relevant to strain based design 
(Nourpanah and Taheri 2010). With that consideration in mind, the general form of is taken to be (Nourpanah and
Taheri 2010)

L
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[7]

where and are functions of and given by

[8]

In the above, are functions of  given by

[9]

where , 1:8, are interpolation coefficients. The matrix of FE simulations considered to calibrate

these coefficients was the same as that used in determining  (see Section 2.3). In each case, the applied strain was 
increased high enough to induce significant plastic strain in the ligament. Only the post-elastic data points (i.e., points 
where  varies linearly with applied strain) were considered in calibrating the coefficients. The results are summarized 
in Table 2. Caution should be taken when using approximate Equations 6-9 for calculations outside the ranges 
considered in the FE matrix. 

Table 2. Curve fitting coefficients for approximate  curves

-0.0001 0.0093 -0.0099
-0.0005 -0.056 0.0504
0.0046 -0.0275 0.0287
-0.0001 0.001 -0.0011
-0.0713 0.4193 -0.3749
0.0021 -0.0192 0.0221
0.2204 -1.2751 1.3577
-0.0068 0.0781 0.0887

4. CWP MEASUREMENTS

Table 3 includes the details of the geometries and the remote strains measured below and above the flaw in 29 CWP 
experiments performed by NIST in the DOT/PRCI sponsored project (Weeks, McColskey, and Richards 2011; Wang 
et al. 2011). Figure 3 shows the data of CWP-09 (after some post-
through the origin) as a representative case. The last two columns of the Table show the numerical predictions obtained 
based on the ductile instability and initiation limit state methods. Further discussion on the numerical predictions will 
be presented in Section 5.

The maximum remote strains measured below and above the flaw are different in almost all tests. On average, there 
is a discrepancy of ~50 % between measurements above and below the flaw. This non-symmetric behaviour has been 
attributed to differences in the yield strengths and work hardening behaviours above and below the flaw (Liu, Wang, 
Horsley, et al. 2012). Due to flatness (large values) of the stress-strain curves, the strains would be significantly 
different at same stress. 
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Table 3. Summary of CWP specifications and measured strains (in percent). All dimensions in mm. 

CWP-0 3×50 -20 BM - 3.11 19.00 3.9 4.34 [3.23 4.40] [1.49 1.59]
CWP-00 3×50 25 BM - 3.00 19.13 3.65 4.79 [3.01 4.04] [1.44 1.53]
CWP-1 6×30 25 WM 1 6.36 18.97 1.32 2.34 [1.09 1.30] [0.81 0.81]
CWP-2 3×50 -20 HAZ-BW 1 2.98 18.97 3.07 3.81 [2.87 3.71] [1.67 1.73]
CWP-5 3×50 -20 HAZ-BW 1 2.91 19.00 2.89 1.74 [2.98 3.85] [1.75 1.81]
CWP-6 2×75 25 WM 1 2.12 19.03 2.66 1.92 [2.54 2.86] [2.13 2.08]
CWP-7 2×75 -20 WM 1 2.23 19.10 2.31 4.23 [2.26 2.59] [1.33 1.39]
CWP-8 2×75 25 HAZ-BW 1 2.17 18.93 2.78 5.56 [3.98 4.74] [3.10 3.19]
CWP-9 2×75 -20 HAZ-AW 1 1.97 19.01 4.81 2.09 [4.35 5.20] [3.06 3.23]

CWP-10 6×30 -20 HAZ-AW 1 6.06 18.98 1.77 1.76 [1.90 2.77] [0.76 0.78]
CWP-11 3×50 -20 WM 1 3.14 18.96 2.44 2.62 [1.96 2.33] [1.27 1.30]
CWP-12 6×30 -20 HAZ-BW 1 6.14 18.90 3.22 3.71 [1.85 2.69] [0.75 0.76]
CWP-13 3×50 -40 WM 1 2.95 18.77 2.05 2.47 [1.45 1.61] [1.40 1.33]
CWP-14 3×50 -40 WM 1 3.21 18.99 2.55 2.35 [1.60 1.84] [1.23 1.22]
CWP-16 3×50 25 WM 1 3.39 18.97 2.31 2.23 [1.88 2.17] [1.45 1.45]
CWP-17 3×50 -40 HAZ-AW 1 3.09 18.98 2.70 2.89 [2.83 3.72] [1.51 1.58]
CWP-18 3×50 -40 WM 1 2.81 18.84 3.97 3.15 [1.39 1.54] [1.48 1.37]
CWP-19 3×50 -20 WM 1 3.27 18.96 2.33 2.26 [1.89 2.26] [1.24 1.26]
CWP-20 3×50 25 WM 2 2.88 18.92 1.86 1.45 [1.97 2.27] [1.54 1.55]
CWP-21 3×50 25 HAZ-AW 2 3.09 18.81 1.80 1.89 [2.54 3.44] [1.17 1.25]
CWP-22 3×50 -20 WM 2 2.96 18.98 1.92 1.79 [1.75 2.12] [1.00 1.05]
CWP-23 3×50 -20 HAZ-AW 2 2.94 18.93 2.18 2.26 [2.65 3.53] [1.32 1.39]
CWP-24 6×30 25 WM 2 6.36 19.23 1.50 1.63 [1.80 2.40] [0.91 0.93]
CWP-25 6×30 25 HAZ-BW 2 6.29 19.20 1.84 1.28 [1.56 2.11] [0.84 0.83]
CWP-26 6×30 -20 WM 2 6.15 19.22 1.41 1.85 [1.83 2.41] [0.94 0.96]
CWP-27 6×30 -20 HAZ-AW 2 6.19 19.23 2.14 2.14 [2.17 3.43] [0.65 0.68]
CWP-28 3×50 -40 WM 2 3.08 19.17 2.21 1.93 [1.46 1.62] [1.30 1.27]
CWP-29 3×50 -40 HAZ-AW 2 3.35 19.14 2.53 2.58 [2.59 3.36] [1.50 1.54]

* BW: Below the Weld
**AW: Above the Weld

(a) (b)
Figure 3. Post-processed data of CWP-09

The difference in the LVDT measurements above and below the weld raises the question, what should be taken as the 
TSC of the plate? In this work, the WM always overmatches the BM and so at a constant stress the strain is lower in 



the WM. In the case of a H
weld from the flaw. It may be assumed that the flaw behaves as if it were located in a homogeneous plate with 
properties the same as those of the plate next to the flaw. In that case, the TSC of the plate is taken to be the strain 
measured in the half-plate on the flaw side of the weld. In the case of a WM flaw, it is assumed that the flaw-tip 
deformations are controlled by the WM tensile properties. For constant stresses, the strain in the BM half-plates on 
the two sides of the weld are different depending on whether the half-plate is weaker or stronger than average plate 
properties. The average of the strains measured above and below the flaw should give a value close to that expected 
for a plate of average tensile properties and is taken to be the TSC of the plate. To account for the difference in the 
tensile properties of the remote regions, the TSC obtained based on WM properties is transformed to the equivalent 
BM strain using Equation 3 (Hirmand, Tyson, Xu, et al. 2021).

5. RESULTS AND DISCUSSION

The ductile instability and initiation limit state methods presented in Section 2 were applied to each CWP test. For the 
ductile instability solution, the system of equations defined by Equation 1 was solved numerically using a Newton-
Raphson scheme. In each case, the TSCs were estimate by assuming a % variation in the coefficients and 
of the curves to account for experimental uncertainties in values due to interpolation for flaw depths, variations
of the properties etc. The predicted TSCs obtained are compared with the measured remote strains in Figure 4(a). The 
vertical error bars show the remote strains measured below and above the flaw. The horizontal error bars show the 
uncertainty in predicted TSC arising from the assumed % uncertainty in the curve coefficients. The data
corresponding to Figure 4(a) are included in Table 3. An interesting observation is that the slight uncertainties 
introduced can lead to relatively large differences (~25 % on average, and up to 60 % in some cases e.g., CWP-27) in 
predicted TSC values. Furthermore, Figure 4(b) shows the predicted ductile instability limit strains (without 
considering the variations in and ) versus the measured TSCs. Note that, as discussed above, for the HAZ tests
the measured TSC is the remote strain measured in the half-plate next to the flaw. For WM tests the TSC is the average 
of remote strain on both sides of the weld.

CWP-08

CWP-09CWP-11

CWP-16

HAZ 

WM

round 1

round 1
round 2

round 2

BM

HAZ Below the weld
Above the weld

CWP-08

CWP-09

CWP-11

CWP-16

BM
WM Average

Average

(a) (b)
Figure 4. a) Measured remote strains versus predicted TSCs and, b) measured TSCs versus predicted TSCs of 

CWP specimens 

The significance of the four tests CWP-08, CWP-09, CWP-11, and CWP-16 marked in Figure 4(a)-(b) is as follows. 
The tests CWP-08 and CWP-09 both have HAZ flaws and show the largest discrepancy between the strains measured 
above and below the flaw, see Figure 4(a). In addition, the measured termination strains are much below the predicted 
instability strains in these tests, see Figure 4(b). On the other hand, in CWP-11 and CWP-16, which both have WM 
flaws, the two measured strains are nearly equal. The CMOD versus applied strain (i.e., end displacement divided by 
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and load versus applied strain of these two groups of tests are shown in Figure 5 and Figure 6. As
explained in (Weeks, McColskey, and Richards 2011), these curves were monitored during the tests to control test 
termination: at the TSC, the load curve should become flat whereas the CMOD curves should reach a vertical
asymptote. These two groups appear to identify two extreme conditions in CWP specimens. In the first group, namely, 
CWP-08 and CWP-09, the half-plates have significantly different tensile properties leading to different strains above 
and below the flaw. This seems to have in turn led to premature termination of the test given that the CMOD curves 
have not reached their vertical asymptotes at termination in spite of the fact that load versus applied strain curve has 
become nearly flat. This aligns well with the observation that the predicted TSCs are relatively larger than the 
measured TSCs for these two test as can be seen in Figure 4(b). In contrast, the CMOD curves corresponding to the 
second group of tests (CWP-11 and CWP-16; these tests had in fact an unexpected failure (Weeks, McColskey, and 
Richards 2011)) have reached an asymptotic region at termination. The predicted and measured TSCs are in excellent 
agreement in these two tests. This is also the case for the BM-only tests where the plate inhomogeneity is presumably 
minimized.

Figure 5. a) CMOD versus applied strain and b) load versus applied strain for CWP-08 and CWP-09

Figure 6. a) CMOD versus applied strain and b) load versus applied strain for CWP-11 and CWP-16

The scatter in Figure 4(a)-(b) may be attributed to the inevitable and non-quantified scatter in various test conditions 
(e.g., tensile properties of the X100 steel, flaw shape etc.). A similar type of behaviour has been reported in [1, Figure 
19 and 20] for CTOD-based ductile instability limit state solutions using values of CTOD obtained from  curves

measured in SE(T) tests. To determine which of the two approaches ( -based or CTOD-based) gives a better 
 between the measured and predicted TSC

data points in Figure 4(b) and in Table 9 of (Liu, Wang, Horsley, et al. 2012) as

This definition of error gives a measure of the agreement between the numerical predictions and
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experimental measurements; the better the agreement, the smaller the error. Excluding CWP-08 and CWP-09 which 
were identified as outliers, the normalized error is 0.23 for the present -based approach and 0.36 for the CTOD-based 
approach. Hence, it is concluded that ductile instability TSC deduced from is more predictive than that deduced from 
CTOD.

Next, the TSCs obtained using the initiation limit state method are presented. The choice of the initiation crack growth 
has a significant impact. Results using =0.2 mm and =0.5 mm are shown in Figure 7. For

completeness, the average and range of measured remote strains are used in these figures (as in Figure 4(a)). Note that 
the measured strains are at failure while the predicted initiation strains are at initiation, hence the former should be 
larger than the latter. As opposed to =0.5 mm (which has been suggested in (Liu, Wang, Horsley, et al. 2012;
Wang et al. 2011)),  =0.2 mm yields initiation strain predictions that are conservatively lower than the measured
remote strains. Thus, =0.5 mm appears to be too large to conservatively predict the instability strain in the
present application. The predicted initiation strains are nearly insensitive to uncertainties in the resistance curves so 
that the horizontal error bars in Figure 7 are negligible. This is because a small change in the critical does not entail 
a significant change in the corresponding strain on the curve of the initial flaw.

HAZ 

WM

round 1

round 1
round 2

round 2
CWP-08

CWP-09

BM

HAZ 

WM

round 1

round 1
round 2

round 2

CWP-08

CWP-09

BM

(a) (b)
Figure 7. Comparison of predicted initiation strains with measured strains using a) =0.2 and b) =0.5

5. CONCLUSIONS

The present re-analysis of available CWP data demonstrates that
and allows CWP tensile strain limits to be estimated with reasonable accuracy. Thus, strain based design using is 
validated, supporting first-principles estimation of initiation and instability using only small-scale SE(T) data and 
calculations for CWP. Application of the present methodology to pipelines requires further analysis for pipe 
geometries to obtain robust driving-force estimates and investigate the practical methodology to predict instability 
strains. 
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