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Abstract
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This work considers the effects of changes in distance, centering and tilting of optical elements
on radiometric throughput. Analytical formulas for leading-order effects are compared to

numerical calculations for validation purposes.
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1. Introduction

Dimensional metrology can play an important role in optical
radiometric measurements, because of the configuration
factors or throughputs of optical systems. For instance,
whereas measurements (before the 2019 revision of the SI)
of the Stefan—Boltzmann constant by Quinn and Martin [1,
2] benefited from the use of electrical substitution radiomet-
ers (ESRs), the work also required accurate dimensional met-
rology. Obviously, ESRs continue to serve as longstanding,
primary standards in absolute radiometric power measure-
ments because of their intrinsically calibrated, native scales
[3-5]. Practical dissemination of ESR scales, though, often
relies on more practical transfer standards, such as trap detect-
ors. In this way, absolute measurements of irradiance, radi-
ance, radiance temperature and aperture area [6—10] have been
carried out, and all this requires use of precision apertures and
accurate distance measurements.

The following scenario arises in many radiometric meas-
urements related to the above-mentioned body of work: a cir-
cular, Lambertian source is presented to a circular detector,
such that the areas of these two optics and their separation
determine the throughput of a system. The ‘source’ may not be
the actual radiation source but might be, say, a view-limiting
aperture placed in from of a blackbody cavity or integrat-
ing sphere. Similarly, the ‘detector’ might be, say, a defin-
ing aperture placed in front of an underfilled photodiode or

active cavity radiometer. In the simplest—and typical—cases,
the two optics are centered on an optic axis that is an axis
of cylindrical symmetry, with both optics’ surface normals
parallel to the optic axis. This arrangement is illustrated in
figure 1. The figure also indicates three types of misalignments
or changes amounting to changes in the separation and tilt of
the optics. In some instances cited above, it was necessary
to deduce aperture areas radiometrically, and deviations of
aperture edge locations from ideal planarity also needed to be
considered.

It is the purpose of this work to provide simple formulas for
the sensitivity of the throughput to these and other changes.
One can use knowledge of such sensitivity to establish rela-
tionships between throughputs of similar optical systems relat-
able using Taylor-expansion concepts and in evaluating com-
ponents of uncertainty budgets owed to ambiguities about
geometrical aspects of optics. The small changes may be of
interest for a variety of reasons. For instance, apertures might
be slightly tilted on purpose to prevent different optics having
parallel surfaces that give rise to inter-reflections. Situations
also arise where apertures are mounted on mechanized filter
wheels or translation stages. Imperfect positioning prevents
an aperture being centered on the optic axis, thereby affect-
ing measurements. Furthermore, despite its conceptual sim-
plicity, the distance between optics—which lies at the heart of
the ‘inverse-square law’ impacting throughput—needs to be
measured accurately.
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Figure 1. Optical configuration discussed in the text (a), and several
changes thereto (b)—(d).

Section 2 derives a formula that streamlines the
determination of the effects of changes on throughput.
Section 3 applies the methodology derived in section 2 to
obtain analytical formulas for leading-order effects of mis-
alignments. In section 4, the effects of changes as found using
the formulas and numerical calculations are compared for
validation purposes.

2. General determination of throughput

Consider a Lambertian source with area A, and a detector with
area A,. The flux passing through A, is the radiance of the
source times the throughput. The throughput is found by sum-
ming (integrating) over rays from each projected area element
dA; into each solid angle element, d(2,, subtended by area ele-
ment, dA,. Such a solid angle element is the ratio of a projec-
ted area element dA, to the square of the distance between
dA; and dA,. In general, the throughput is given as T, sr,
with

consequence of the source’s Lambertian properties, as if flux
passing through dA; had been incident on the area element
equally from all directions from within a half-space on the
other side of the source surface plane.

When performing throughput calculations, one can often
use Green’s theorem to replace double integration on an area
with single integration along the perimeter of the area [12].
Here, a similarly helpful device can be implemented by dis-
torting the flat area of the detector into the surface of a semi-
infinite cylinder that is parallel to the optic axis and has the
same projection on the source plane as the detector area peri-
meter. In this sense, although the surface area of the detector is
thereby distorted, its perimeter remains unchanged. The sur-
face normal on the cylinder is parallel to the source plane
everywhere except for a cap at infinite distance from the source
plane. In the limit that the cylinder’s length approaches infin-
ity, the solid angle that the cap subtends anywhere on the
source vanishes. Figure 2 illustrates the distortion and sev-
eral variables that are relevant in what follows. The figure also
shows how elements of a line integral about the true perimeter
have a one-to-one correspondence with semi-infinite ribbons
running the length of the cylinder.

For rays radiating into each direction from each point
on the source, flux passing through the undistorted detector
area equals the flux passing out of the cylinder after passing
through its undistorted area. Moreover, one can count negat-
ive, improper flux because of rays passing info the cylinder’s
volume through the vertical surface if one also counts the pos-
itive flux when the rays subsequently pass out of the cylin-
der’s volume. Exploiting this cancellation simplifies through-
put calculations.

One may define the source area as a circular disk centered
at the origin. Ordinarily, the source area is normal to the optic
axis, which we choose to have along the z-axis, and which
passes through the center of the source. Integration over the
vertical area of the cylinder can be done using cylindrical polar
coordinates, z (distance from the source plane), p (distance
from the z-axis) and ¢ (azimuthal angular variable). A point
on the source is denoted s, a point on the detector perimeter
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Figure 2. Distortion of detector surface into a cylinder.

is given by 52 (¢) =z’ (¢)Z+ p(¢) p, and we have
s=s0—51=2(¢)z+¢, 2

with ¢ being the transverse part of s.
Integration over the distorted detector area can be replaced
by a line integral according to

o forf s
sy
ol )

ZIZ + t2 (3)

Dependences of p, z’ and ¢ on ¢ are suppressed. The angle
1 is given by cosy =n; ‘1, where n, points from the cylin-
der interior outward. Limits of ¢ integration are not specified,
because the integration range (or ranges) depend on the peri-
meter of the detector. Integration with respect to ¢ from 0 to
27 would normally suffice. However, exceptions to this rule
would include detectors with areas that are not simply connec-
ted, do not have convex perimeters, and/or do not intersect the
optic axis.

Integration over A; is equivalent to integration of ¢ over the
range [p—ri| <t<p+r and =¥ (r) <1 < ¥ (¢). Figure 3
illustrates this. (In a later section, a tilt of the source disk is
replaced by an equivalent off centering and tilt of the detector.
Thus, our analysis always involves a centered, source disk nor-
mal to the z-axis. In this way, the foregoing analysis using
plane geometry in the source plane retains validity.) The law
of cosines implies

7 =p* + 1 —2ptcos) 4)

This implies
ptri (1) /(/)
Ccos
:/dd)p / dttz/dz/z g
lo—n|
p+n

SOy —

lp—ri]
ptr 1/2
/dgb /l di? P+ —rP\ /
242 2pt
lp—ri]
| ptr d 12
1t
_§/d¢ / 241 {(Zpt) (0" +7=ri) } )
[p—ri]

One can factor the difference of squares of two quantit-
ies in the last result into the product of the sum and differ-
ence of the two quantities, factor that further, and regroup
differently:

oty = (P42 =) = |(p+n) 2| [P =(p=n)].

(6)

One can define r» =max(p,r), r< =min(p,ry), o=
r</r=,D=7z'/r-, and x, defined by

=(1+ox)rs. @)

Changing the inner variable of integration from ¢ to x
leads to
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Figure 3. Triangles constructed to illustrate the mapping of integration over the source onto polar coordinates centered at a detector

perimeter segment of length pd¢. In the case on the left, one has p < ry, so that ¢ increases from O to 7 as ¢t decreases from ri + p to
— p. In the case on the right, one has p > r|, so that » =0 when t = r; 4+ p and t = r| — p, but ) takes on non-zero values for

intermediate values of ¢. The dashed curves indicate hypothetical projections of the detector perimeter onto the source plane.

Tu:/d¢r<r> jldx(l—l-ax){[(1+0)2_(1+0x)2} [(1+ox)2—(1_g)2}}1/2. )

2 1 (14 0x)* + D2

Changing the inner variable of integration, from x to with

(1+0x)°—(1—0)

! 2 2 2)2 _ 4452
- 1 ) n= 20[14—0 +D" — \/(1—1—0 +D?)" —402|. (13)

y:

The inner integral in equation (11) is m /2. Applying

which gives dy = (1 +ox) dx, (1 + ox)> = 1 4+ 0% 4+ 20, and
& y = (1+0%) (1+0%) 7 oy equations (12) and (13) implies

(reor oo fosor-0-of] L e ]

:40'2 (1 7y2) (10) ) 1/2
s 2
LYY EIE I 2’27Mﬂ
one has [13] 4/¢{ 1otz {(1+p i ) i }
+1 (14)
T = [ dor? dyy/1-°
2= <) 14+024+D2+20y In the case of a centered, circular detector area that is nor-
-1 mal to the optic axis, one has p=r, and z' =R for all ¢.
+1 i
- /d¢ P ( 14 772 dy m . Introducing the shorthand,
B <\ 1+02+D? L+n2+2ny 2 1/2
AR Qo= {(R2+r%+r§) —446} s5)
The last substitution requires one obtains the classic result for the ideal throughput:
I+ \ _ 7 0
(1+02+D2>_U (12) Y == [R2+r2+r2 Q). (16)
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More generally, if the detector z'and p values vary with
¢, the throughput (given the source, which does not change)
is found using one integration over ¢ as indicated by
equation (14).

3. Effects of small changes on throughput

Consider small changes in the layout in the form of R*> —
R*+d(R?), r? = r?+d(r}), and the introduction of small
tilts of the optics. Regarding the tilts, the outward-pointing
normal of the element with radius r; could acquire transverse
direction cosines, whose leading terms are the tilt angles, u;
and v;. Similarly, the inward-pointing normal of the element
with radius r, could acquire transverse direction cosines with
leading terms u, and v,. These degrees of freedom form a com-
plete set for two such optics. The modified throughput would
be

T, = 7‘12) + AT (17)

with leading-order effects because of all small changes being
AT, = tpd (Rz) + lrld (l’%) + lrzd (r%) —+ 11 (I/t% + V%)
+ 1t (L{%—FV%)—|—I12(U1L{2—|—V1V2)—|—... (18)

The author and colleagues are not aware of other present-
ations of the formulas for such sensitivities having been pub-
lished elsewhere.

3.1 Change of source-detector separation

Differentiation and rearrangement give

oo 2 (1 - RZHH’%) RS
K=oR) ™~ 2 Qo Qo
3.2. Change of source or detector size
Differentiation and rearrangement give
T 2 R+r—n
= OT1 :W(l_m> (20)
2(7) " 2 0
and
T 2 R+r—r
trzza'2:7T<1— tr ') Q21
0(3) " 2 0

cosb =

cosuy cosc % [cos?ujcos’c — (1 — sin*u;sin®¢) (cos

3.3. Transverse offset of detector

Although it is not among the degrees of freedom mentioned
above, the effect of a transverse offset of the detector on
throughput may also be of interest, and knowing this effect can
simplify evaluation of ¢, if other coefficients in equation (18)

are known. If the displacement is by a small amount, a, one can
introduce 7, so that ATy, = t;a*+ ... From the law of cosines,

the ¢-dependent value of p is given through

P> +a> —2pacos ¢ = 13 (22)
implying
p=acos + /12 —asinp. (23)

Expanding equation (14) about p = r, and isolating terms
at second order in a give
ta=—21rR*Q,°. (24)
This is consistent with the ‘cosine to the fourth’ rule that
becomes exact in the limit when r; and r, are vanishingly
small compared to R. This formula is also independent of
which optic is transversely displaced, which is a consequence
of symmetry.

3.4. Tilt of either the source or detector

Having a small u; > 0 but v; = uy = v, =0 is equivalent to
having the source be centered and level but having the detector
be both off-center and tilted with ¢ = 7 at the detector center.
The center of the source is at the center of a sphere with the
detector perimeter on its surface. If the sphere’s radius is S, one
has §? = 2’2 + p? = R* 4+ r3, but z’ and p vary with ¢. We also
define the angles b and c, given by z’ = Scosb, p = Ssinb,
R =Scosc and r, = Ssinc. Thus, b is the angle subtended
between a point on the detector perimeter and optical axis
at the center of the source, and 2c is the angle subtended by
the detector at the center of the source. The spherical law
of cosines ensures cosc = cos u;cosb + sinu; sinbcos(¢p —
) = cosuy cosb — sinuy sinb cos¢, and therefore
— sinu; sinbcos¢ = cosc — cosuj cosb. (25)
Squaring both sides and using sin’h = 1 — cos2b
leads to a quadratic equation in cosb, yielding

2¢ —sinujcos’) | 12

1 —sin

26
2ulsin2¢ (26)
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Table 1. Sensitivity parameter values for a configuration discussed in the text.
Parameter
Ti2 (mm?) I® t tr,
Numerical 37.6121 —0.003 584 71 0.372 673 0.090 4798
Formula 37.6121 —0.003 584 71 0.372 673 0.090 4798
Equation 16 19 20 21
Parameter
tq 11 (mm2 rad_2) [5%) (mm2 rad_z) t2 (mm2 rad_z)
Numerical —0.006 835 46 —18.1294 —16.0787 1.70056
Formula —0.006 835 46 —18.1294 —16.0787 1.70056
Equation 24 29 30 33
One can rewrite the discriminant as sinzulcoszqﬁ(sinzc — Noting this equivalence, one has
sinu;sin*¢), which gives
ty = (tg—tg) R* — 11y — tay. 33
cosh — COS U CoSc + sinu cos @ \/sinzc—sinzulsinzqﬁ 2= (fa = tr) e (33)
1 — sin®u;sin®¢ ’
(27) 4. Validation of results

and the sign choice is now unambiguous. The quantity in
square brackets in equation (14) is

A5t = () —anp

=+ 58— \/(r% + 52)2 —4rirs —4rS? (sinzb — sinzc)

=rn+8 - \/(r% +82)° — 422 + 4128 (cos?b — cos2c).
(28)
Substituting equation (27) in equation (28), expanding in

powers of cos’b — cos’c, isolating leading effects in u; and
integrating over ¢ gives

= -mRRB(R+ 72— 1)’/ (203) (29)
and therefore also
1y = -2 PR (R 4+ 7 - 2)’/ 207) .- (30)

When r and r, are vanishingly small compared to R, these
results imply a throughput proportional to the cosine of the tilt
angle, a rule that becomes exact in such a limit.

3.5. Additional effects when simultaneously tilting both optics

To find t,, consider the situation where one has u; = u, = u
and v; = v, = 0. One has

ATy = (ty) +toy + 1) u* + ... (31

However, the situation just described is equivalent to having
the combination of a relative transverse displacement given
by a = uR and change in source-detector separation given by
d (R?) = —u?R?, but with no tilts. The second situation gives

ATy = (15— 1) R+ . . . (32)

To help validate the formulas, we chose R = 100 mm, r| =
10 mm and r, = 20 mm. We calculated T, and its derivat-
ives numerically using five-point finite-difference formulas
for required derivatives and (mixed) second derivatives by
applying equation (1). Integrations were performed as four-
dimensional integrals using well-converged cubature grids on
both optics. A two-dimensional polar grid was used on each
optic. The angular variable was regularly sampled, while the
radial grid was sampled using extended Gauss-Legendre quad-
rature. Table 1 shows results and those obtained from ana-
Iytic formulas. The numerical calculations can tolerate any
amount of change, in the sense that throughput can be calcu-
lated. However, the model formulas only address the leading-
order term in a series expansion of throughput versus changes
of geometry. The importance of higher-order terms can best
be assessed numerically and is admittedly beyond the scope
of this work.

Because this work derives the first terms in a series expan-
sion of throughput versus changes of geometry, and because
this work is a purely mathematical investigation, this work is
not suitable for an experimental proof-of-concept. In fact, it is
expected that other effects will tend to dominate uncertainty
budgets, but that bounding the effects considered in this work
is a sufficient treatment of estimating their role.

5. Conclusions

The formulas presented for sensitivities of throughput to vari-
ous small changes are summarized by equations indicated in
the Table. These can be helpful for propagating uncertain-
ties and estimating throughput in systems that are changed
in known and/or intentional ways. In all of this, readers
are reminded that this work only treats extended, uniform,
Lambertian sources and assumes that well-characterized, uni-
form detectors are used.
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