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Abstract

Resistance thermometry, meticulously developed over the last century, pro-
vides a time-tested method for taking temperature measurements. How-
ever, fundamental limits to resistance-based approaches along with a desire
to reduce the cost of sensor ownership, increase sensor stability and meet
the growing needs of emerging economy has produced considerable inter-
est in developing photonic temperature sensors. In this study we utilize
Della-Corte-Varshni treatment for thermo-optic coefficient to derive mod-
els for temperature-wavelength relationships in silicon ring resonators and
Fiber Bragg gratings. Model evaluation is carried out using a Bayesian crite-
ria that selects models for superior out-of-sample predictive accuracy whilst
minimizing model complexity. Our work presents physics-based framework
for photonic thermometry reference functions, putting constraints on model
complexity and parameter bounds, pointing the way towards a reference func-
tion that can be utilized for future standardization and inter-comparison of
photonic thermometers.
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1. Introduction

The past two decades have witnessed tremendous advances in photonics
leading to the development of novel photonic devices such as Bragg mirrors,
ring resonators and photonic crystal cavities that are beginning to profoundly
impact sensing [1, 2, 3]. Fiber Bragg Bragg gratings (FBG), for example,
have been commercially available for decades and have found uses as sensors
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in niche areas such as infrastructure monitoring and temperature sensing
[4, 5, 6]. Photonic sensing differs from legacy-based resistance or voltage
sensors in that the former relies on changes in material’s refractive index
(as opposed to charge transport) to transduce physical or chemical changes
into frequency changes. In recent years, this dependence of photonic device’s
resonant wavelength on modal index has been exploited in a wide range
of sensing applications ranging from temperature and pressure to chemical
sensing in both the gas and liquid phase [2, 7, 8, 9]. Given the ability to
measure frequency changes with very low uncertainties and economies of scale
afforded by the telecom industry’s use of 1550 nm light, photonic sensors have
the potential to displace legacy sensors by providing superior or equivalent
metrology performance while outperforming legacy infrastructure in the C-
SWaP (Cost, Size, Weight and Power) metric [10, 2].

The potential impact of photonic sensors is most clearly visible in the
field of temperature sensing. Photonic temperature sensors exploit the tem-
perature dependent changes in a material’s properties — namely, thermo-
optic effect and thermal expansion to transduce temperature changes into
frequency changes (see ref 2 and references within). For example, FBG ex-
hibit temperature dependent shifts in resonance Bragg wavelength of <10
pm/K [5, 6, 4]. In dry, strain-free environments these can measure temper-
ature with uncertainties of few hundred mK over 80 K to 1700 K [5, 6, 4].
On the other hand, silicon-on-insulator devices such as Bragg waveguides,
ring resonators and photonic crystal cavities take advantage of silicon’s su-
perior thermo-optic coefficient (TOC) to deliver temperature sensitives of 60
pm/K-80 pm/K [11, 12, 13, 14]. These devices have been demonstrated to
measure temperature with sub-millikelvin resolution and are impervious to
humidity [15, 16].

The photonic thermometry community has largely focused on sensor and
instrumentation [2, 14, 13| development with detailed uncertainty quan-
tification of the device taking a backseat. For baseline benchmarking, re-
searchers have employed fitting to a linear function to estimate temperature-
wavelength sensitivity metric [15, 14, 11]. While such an approach is useful
in evaluating figures-of-merits e.g.sensitivity, limit of detection, linear range,
etc. it does not lend itself to a physics-based interpretation of the data from
a single device nor does it permit a physics-based explanation of variation in
the response curve from device to device. As such this approach has limited
utility when it comes to evaluating various measurement methodologies, de-
vices across fabrication campaigns, and different laboratories. In this letter



we build on previous work in modeling of TOC to derive bandgap based mod-
els of Bragg gratings and ring resonators and evaluate these models against
polynomials of degree 1 to 4.

2. Temperature-Wavelength Models
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Figure 1: a) schematic of a Fiber Bragg grating and its working principle is shown. b) a
scanning electron micrscope image of a representative ring resonator is shown.

Modelling the TOC in semi-conductor and glasses has long been the sub-
ject of interest in the photonics community. Basic experimental and theoret-
ical works have demonstrated the correlation between dielectric function of
material and its band structure [17, 18, 19, 20, 21]. Della Corte et. al. [20]
in their examination of TOC of silicon attributed the temperature depen-
dence of refractive index to variations of the inter-band transition energies at
critical points of silicon band structure. In this formulation, using the single
oscillator approximation the refractive index is given as:
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where E,, E,, and E are the electronic plasma energy, the average optical
band gap energy and the photon energy, respectively. The thermo-optic
coefficient is thus given by:
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where, «f, is the linear thermal expansion coefficient (LTE). The tem-
perature dependence of energy bandgap is described by Varshni’s empirical
formula [19]
B a,T? )
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where E,(0) is the bandgap energy at 0 K, oy is related to electron-phonon
interaction and f is the Debye temperature. The authors demonstrated that
for silicon a double oscillator model is necessary to capture its physics [20].
Here we use this methodology for modeling TOC to arrive at a temperature-
wavelength model for FBG and ring resonators. For the case of FBG ther-
mometer we note that the grating condition is given by Ag = 2n.gA, where
Ag is the Bragg wavelength, n.g is the effective refractive index and A is the
grating period. Taking a derivative of the grating equation with respect to
temperature and substituting the TOC formulation above for a single oscil-
lator approximation we arrive at:

Ey(T) = E4(0)
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perature (293.15K). Similarly for the case of silicon ring resonator, using a
double oscillator model[20], we derive':
T3 T3 T2
T+ AP R gEp T g
I T2 W T
————— + 2000 + 20—
R ) R R ) I )

+ 2Ny T?

o\ = —C11

+ e TR

: )
T+po T T 50
+ (27 neghy — €11 — 27Negb, T T

+ (CHTR — 27rneffboTR)

+ 2e90TH

Lwe model thermal linear expansion using a first order linear model
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perature and electron-phonon interaction terms denote the oscillator number
(1 or 2) and the parameter r is the radius of the ring. When fitting either
model the ¢;; parameters are treated as composite variables. We note that
the experimental temperature-wavelength data used here has previously been
reported upon [22, 23].

We systematically evaluate the bandgap-based models against polyno-
mial functions of order 1-4 by computing the leave-one-out cross validation
score (LOO) and widely applicable information criteria (WAIC) scores [24]
from the Markov Chain Monte Carlo trajectories of the fittings carried out
in PyMC3 [25]. The LOO score provides a measure of model’s ability to gen-
eralize by estimating its out-of-sample error. In contrast the WAIC scores
(waic score, standard error and effective number of parameters) in addition to
evaluating for model’s predictive performance, penalize the model for com-
plexity [24]. We use the LOO and WAIC scores to select for models that
miminize out-of-sample uncertainty (testing error) while penalizing model
complexity. As shown in Fig la, the LOO scores for a representative FBG
sensor shows that polynomial functions (n = 2, 3, 4) outperform the bandgap-
based model (eq. 4). Fixing the value of Debye temperature parameter fails
to improve the predictive performance of the model. The difference in LOO
score between the forth and third order polynomial (§LOO = 0.35) is sta-
tistically insignificant; the forth order polynomial model is further penalized
for increased complexity (lower WAIC score) and therefore eliminated from
further consideration. Over the entire dataset of 14 FBG sensors spanning
the temperature range of 233 K to 393 K2, the quadratic and cubic functions
outperform the bandgap-based model for FBG. On average the training error
for cubic functions (417 mK) is 21% lower than quadratic function (525 mK)
indicating that over the temperature range examined, a cubic fit is an ap-
propriate choice for modeling temperature-wavelength detunning behavior.

In the case of silicon ring resonator, over the limited temperature range
examined here (298 K to 413 K), the bandgap-based model (eq 5) struggles
to converge. The higher order terms containing the Debye temperature pa-

Zoriginal dataset contains two regenerate FBG sensors that span the temperature range
of 373 K to 1073 K; these sensors were not considered in this study



rameters exhibit relatively flat likelihood profiles with MCMC trajectories
exhibiting significant deviations past long burn-in times (50,000 to 100,000
steps) suggesting the bandgap model with its six free parameters is far too
complex for an observed data that shows only weak deviation from linear-
ity. If we simplify the model by assuming the § >>T, the model takes on a
quadratic form that easily converges. It is likely that the parameter space for
the model in equation 5 contains degenerate solutions that force the MCMC
trajectories in random walk between two (or more) basins resulting in un-
stable trajectories. As shown in Fig. 1d, the polynomial functions (n = 2
and 3) outperform other two models with cubic model holding a slight edge
over quadratic function (average training error for cubic 2.6 mK vs 4 mK for
quadratic function).

Even though the bandgap-based models under-performs for both FBG
and silicon ring resonators, it does provide a useful framework to interpret
the coefficients of polynomial models. The temperature sensitivity (first or-
der term) contains contributions from only the linear thermo-optic coeffi-
cient and linear thermal expansion coefficient, whilst the higher order terms
are sensitive to thermo-physical properties of the material (Debye tempera-
ture and electron-phonon interaction term) and shallow energy states that
can be formed during the fabrication process and are susceptible to changes
due to thermal cycling and strain engineering [26, 27]. Furthermore, the
bandgap model indicates the cubic term carries a negative coefficient and
in non-parameteric fitting it should not be constrained to positive values
only. Together the cubic and quadratic terms serve to flatten the wavelength-
temperature response at low temperatures. At high temperatures, the cubic
term counteracts the quadratic term, serving to linearize the thermometer
response at higher temperatures. The inflection point observed in the cali-
bration data therefore can be interpreted as arising due to the effects of the
higher order terms and as such is sensitive to material properties and fabrica-
tion processes that can introduce shallow states within the bandgap or alter
the energies of pre-existing states. This would indicate researchers interested
in engineering the response curve of photonic sensors should look beyond
TOC and LTE and carefully examine the impact of material impurities and
fabrication processes on the response curve. Fabrication processes may in-
troduce significant variations in response curves from device to device, due
to creation of shallow trap states or strain engineering, that unless accounted
for, may impair attempts at achieving 100 mK-level inter-changeability.
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Figure 2: LOO scores for different model an individual FBG (a) and silicon ring resonator
(b) are shown (dark circles; black error bars denote the standard deviation of LOO). For
each model, the grey triangles present the difference of WAIC score between that model
and the top model. Grey error bars indicates the standard error of the differences between
the top-ranked WAIC and WAIC for each model. The mean LOO score for all models
applied to FBG (c) and silicon ring resonator (d) sensor datasets show cubic functions
outperform bandgap-based model.
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