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Abstract
	Bottlebrush polymers are an important class of materials which consist of sidechains grafted along a linear backbone. There has been a significant effort to understand structure-property relationships of bottlebrush polymers in solution, with experiments and simulations mapping the impact of parameters such as sidechain length, backbone length and concentration. Improvements in the ability to synthetically control the graft density have resulted in greater interest in understanding how the sidechain density influences polymer conformation. However, the impact of graft density on bottlebrush polymers with polynorbornene backbones, which are now ubiquitous, remains relatively unexplored. Here we examine two sets of polynorbonene-based bottlebrush polymers with polystyrene sidechains where the graft density varies between 0.4 and 1.0 side chains per norbornene repeat (i.e., 40 % to 100% grafted). The solution conformation of these materials in a good solvent, toluene, is probed through small angle neutron scattering measurements. Fitting these data with a shape-based model allows for the extraction of parameters such as the radius of gyration and persistence length. Scaling the radius of gyration based on Flory theory for grafted chains shows that the sidechain-sidechain interactions have a greater contribution to the polymer conformation compared to the sidechain-backbone interactions, in agreement with results from other backbone chemistries. Additionally, there now exists a literature rich with dilute solution studies of other chemistries, which are used to develop general scaling relationships for both the radius of gyration and the persistence length as a function of the crowding parameter (product of the sidechain degree of polymerization and graft density). Several different representations of the crowding parameter are studied to emphasize the importance of the backbone chemistry to the scaling relationships and solution conformation. 
Introduction
	Bottlebrush polymers are a class of polymer architecture defined by grafted sidechains along a linear backbone with potential applications in photonics,1–3 sensors,4 surface modification,5 and mimicking the mechanical properties of human tissue.6–8 Bottlebrush polymers have also drawn interest due to their resemblance to certain biological polymers such as aggrecan. Aggrecan is a critical component of cartilage and is responsible for both lubrication and providing mechanical strength under compressive forces. While aggrecan has more structural complexity (being effectively a bottlebrush with bottlebrush sidechains), many of the degradation mechanisms seen in aggrecan can be mapped onto variations in the structure of simple bottlebrush polymers, e.g. changes in the sidechain length and graft density.9 Therefore, it is useful to study the relationship between bottlebrush architecture and conformation in order to understand how changes in architecture might impact mechanical properties and to guide the development of synthetic replacements.10 There have been a large number of  studies interrogating relationships between parameters such as backbone and sidechain length,11–22 but only recently has the impact of graft density come into focus, and its influence on systems with a polynorbornene backbone prepared by ring-opening polymerization (ROMP) of a norbornene-terminated macromonomer (side chain) have yet to be examined. This grafting-through ROMP approach has become ubiquitous for its ability to generate controlled bottlebrush architectures.23–27 There is now sufficient data on the influence of graft density on the dilute solution conformation of other chemistries that universal scaling relationships can be probed and a comparison among them could yield useful information on how to tune properties through tailoring both architecture and chemistry. 
[bookmark: _Hlk135913222]	The architecture of the most basic bottlebrush polymers can be defined by the degree of polymerization of the backbone (NBB), sidechains (NSC) and by the grafting density (z, defined here as the number of sidechains per chemical repeat unit). The presence of the sidechains imparts additional rigidity, as quantified through the persistence length (lp), to the polymer backbone, with longer chains resulting in a greater increase. More structural variations such as block copolymers,23,28,29 bottlebrushes with random sidechains,30 or bottlebrushes with tapered sidechains,24 are also possible, enabling the design of extremely complex molecules.31 The structure of a bottlebrush polymer in solution is often characterized by lp, contour length (Lc, which in many studies is interpreted to include grafted sidechains at the terminals of the linear backbone), cylinder radius (R), and the radius of gyration (Rg). Previous studies have shown that  lp scales with NSC, where the scaling exponent depends on the solvent quality. 17,21 In solution the conformations of these materials are highly sensitive to concentration, with increasing concentration resulting in the screening of excluded volume effects and the gradual reduction in Rg. In addition to the reduction in the overall Rg, shifts towards higher concentrations were seen to result in a more isotropic conformation. At low concentrations the strong excluded volume effects lead to conformations that are ellipsoidal, with the long axis being much larger than the short axis. With increasing concentration this ratio shifts until the long and short axes are nearly equal. Additionally, when mapping concentration effects on Rg both simulations and experiments have observed a greater number of scaling regimes compared to linear polymers, likely due to the screening of excluded volume effects at different length scales.32–34 
	There have been several previous investigations into the influence of graft density, and more generally sidechain crowding, on the structure of bottlebrush polymers. When discussing experimental studies, it is important to recognize that the commonly used definitions of the molecular parameters (NSC, NBB, and z) are defined with respect to the backbone and sidechain chemistry, making it difficult to compare across different experimental systems and to theory. Here, and in most other experimental studies, NSC and NBB correspond to the number of chemical repeat units, or degree of polymerization, (i.e., N = M/m0, where M is the molar mass of the chain and m0 is the molar mass of the chemical repeat), whereas in theoretical treatments, N = M l0/(m0 ak) is the number of statistical segments, where l0 is the projected backbone length of the chemical repeat unit and ak is the statistical segment or Kuhn length. The degree of polymerization and the number of statistical segments are proportional, but the proportionality constant is a function of the chemistry. The challenge is that ak is known for some, but not all, of the polymers used in the literature as sidechains and backbones. Similarly, z is commonly defined as the fraction of potential grafting sites on the backbone that are functionalized with a sidechain. Thus, the physical distance between sidechains can differ significantly for chemistries with nominally equivalent z. In the case of vinyl backbones, z = 1 is commonly defined as one sidechain per chemical repeat unit, i.e., two backbone carbon atoms. Applying this definition of z = 1 to polynorbornene backbones, which will be examined in this study, corresponds to one side chain per five backbone carbons. Note that it is possible to synthesize polynorbornene bottlebrushes with more than one side chain per norbornene repeat, corresponding to z > 1 in this convention.35 Additionally, the polynorbornene backbones are more conformationally restricted compared to a vinyl backbone, and these factors are also likely to influence the true packing density. Therefore, specifying the chemistry and distance between attachment points is important for accurately comparing graft densities among different sets of materials. In theoretical treatments, grafting density is computed as the inverse of the average number of statistical segments between grafts.
Morozova and Lodge studied the influence of graft density in methylcellulose (MC) grafted with poly(ethylene glycol) (PEG) side chains using a combination of light and X-ray scattering.36 Grafting density was varied among 0-0.33, where z = 0.33 corresponds to an average of one side chain per MC repeat. In this system, lp was found to increase linearly from lp ≈ 7 nm at z = 0 to lp ≈ 30 nm at z = 0.33. Employing a framework based on the Flory theory for the free energy scaling of a brush it was determined that within the range of graft densities explored the excluded volume interactions between the backbone and sidechains are primarily responsible for the increase in Rg, and the sidechain-sidechain interactions were negligible. A similar approach was used to study a compendious catalog of bottlebrushes with a poly(propargyl acrylate) (PPA) backbone (a vinyl backbone with attachment points every 2 carbons) which was modified with PS sidechains, resulting in a series of materials which effectively covered the full range of grafting densities (z = 0-0.97).37  A subsequent analysis of this sample set examined scaling relationships as a function of the crowding parameter, NSCz, which represents the degree of overlap of the sidechains.38 It was determined that Rg ~ (NSCz)0.37±0.01 and that lp ~ zλ, where values for λ ranged among 0.78 and 0.94, with longer sidechains leading to larger values of the scaling exponent. These results were complemented with a simulation study, where a library of materials were examined by systematically varying z and NSC.39 Using the Flory framework the results demonstrated that sidechain-sidechain interactions were negligible until NSCz > 3.5.  Rg was found to scale with (Rg/Rg0 – 1) ~ (NSCz)0.66±0.11, where Rg0 represents the radius of gyration of the ungrafted linear backbone with the same degree of polymerization. The same free energy framework as the MC-PEG study was utilized to gauge the relative importance of excluded volume contributions of the backbone-sidechain interactions compared to the sidechain-sidechain interactions. Their analysis concluded that for this system the sidechain-sidechain interactions were significant throughout the entire range of graft densities.
Studies on bottlebrush BCPs in the solid state have also shed light on the relationship between graft density and structure. A set of polynorbornene-based BCPs was prepared while maintaining similar graft densities in both blocks and the scaling of the periodicity with respect to backbone degree of polymerization was measured.40 The scaling exponent for the BCP periodicity, which is typically 2/3 for linear BCPs, was found to be a strong function of the graft density, increasing to ≈ 0.85 for fully grafted systems. This is direct evidence that the graft density influences the backbone rigidity in the melt as well as in solution, a result that has potentially significant implications for the self-assembly of bottlebrush polymers in thin films.41 
	The structure of a polymer in solution is typically investigated via light, neutron or x-ray scattering (or a combination of those techniques).  Neutron scattering has a few advantages: (1) the contrast is easily manipulated, and indeed enhanced, by deuterium labeling of the solvent or macromolecule and (2) the wavelengths of cold neutrons can yield information on the internal structure of individual chains. Due to the loss of the phase information during the scattering measurement an inverse approach is needed to determine the structure of the sample. In the inverse approach simulated scattering patterns from a chosen model are compared to the experimental data, and the model is iterated until a satisfactory agreement between the experimental and simulated data is achieved. As a result, the choice of the model and the approach to optimizing the fit with the data can have a significant impact on the interpretation of the scattering data. Historically the scattering from a bottlebrush polymer is analyzed using one of several variations on the flexible cylinder model.21,42 This is an intuitive choice, as one would reasonably expect a flexible cylinder to approximate the structure of a bottlebrush polymer with a sufficiently large ratio of backbone length to sidechain length. The flexible cylinder model also provides direct access to lp or the Kuhn length, which are often the parameters of interest used to characterize the rigidity of the polymer. Unfortunately, this model can have significant correlations between key parameters, making inter-study comparisons of the results particularly difficult if those correlations are not fully understood and investigated.43 Understanding and fully mapping these correlations requires the use of modern data analysis approaches such as Monte-Carlo Markov Chain (MCMC) algorithms, which have become readily available in open-source software.  Rather than assign the molecular geometry a priori, an alternative approach is to characterized the system with a shape-agnostic model such as the General Guinier-Porod (GGP) model, which yields Rg and shape parameters.44 lp can then be estimated using Rg and Lc through known relationships.43,45 Our recent results have shown that this approach is less prone to strong parameter correlations during fitting, providing a route towards more robust comparisons between results in different studies. 
Materials and Methods
Bottlebrush polymers with norbornene backbones, PS sidechains and well-controlled graft densities were prepared according to existing methods outlined briefly here. Norbornene macromonomers of PS23 and norbornene diluents46 were prepared according to literature procedures. The two components were mixed at the desired ratio and copolymerized in order to achieve the targeted z.40 Previous studies have shown that the reaction between these two monomers yields nearly random copolymers with reactivity ratio’s close to 1. The molecular parameters, NBB, NSC, and z were characterized by size exclusion chromatography (SEC) and 1H nuclear magnetic resonance spectroscopy, as described in prior work. Small angle neutron scattering (SANS) measurements were conducted at the National Institute of Standards and Technology (NIST) Center for Neutron Research (NCNR) on either the NG7-30m SANS or the NGB-30m SANS beamlines.47 The samples were dissolved in toluene-d8 (Sigma Aldrich, used as received)48 and measured at 25 °C, conditions under which toluene is known to be a good solvent for both the backbone and the side chains.  Data were reduced to absolute intensity using the protocol in the NCNR Igor reduction Macro.49 The analysis was conducted using the SasView platform.50 The data were simulated using the General Guinier-Porod (GGP) model43,44 and the model was optimized with the directed evolution Monte Carlo algorithm (DREAM). This algorithm produces a population of model parameters which can be analyzed to provide uncertainties.51 Additional discussion of the fitting approach is provided in the SI. The model does not include parameters to capture the high-q slope above q > 0.1 Å-1. This region of the scattering patterns theoretically contains information about local density fluctuations below the scale of a single sidechain (referred to as “blob” scattering), but is difficult to reliably fit due to the low intensity of the blob scattering relative to the incoherent background.13  The GGP model (equations 1-3) consists of two Guinier regions and a Porod region, which are interconnected by internally computing the cross over points q2 and q1 and two of the three scaling factors, G2, G1, and D, to ensure that the resulting model (equations 1-3) is continuously differentiable. The low-q Guinier region (q < q2, fit parameters are denoted by the subscript “2”) describes the long axis of the bottlebrush polymer, and the higher-q Guinier region (q2 < q < q1, denoted by subscript “1”) describes the short axis, as shown in the schematic in Figure 1.  Shape parameters (s1, s2) are used to describe the dimensionality of the structure captured by each Guinier region, where values near 0 represent a more spherical shape, values near 1 represent rods and values near 2 represent lamellae. The persistence length (lp) can be estimated from Rg,2 and the contour length of the polymer (which is calculated from NBB and the estimated length of each monomer unit in the backbone, ~ 0.62 nm) according to Equation 4.45 The isotropic radius of gyration can be calculated from the anisotropic components according to Equation 5. Further discussion around the interpretation of the Rgs calculated from the GGP model is included in the SI. 
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Figure 1: A) Schematic of a bottlebrush polymer with a z of 0.5. The long (Rg,2) and short (Rg,1) axes of the radius of gyration, which are determined from the GGP model are labeled, along with the persistence length (lp). B) Chemical structure of the polymerized macromonomer and diluent the ratio’s between the two are varied to control the grafting density during the polymerization.

Results and Discussion
	In order to study how the graft density influences the solution conformation of bottlebrush polymers with polynorbornene backbones two sample series were prepared with different sidechain lengths (NSC = 39 and NSC = 63) where the graft density varied from ≈ 0.4 to 1 for each series. The backbone lengths of each sample in the series are of similar magnitudes, although there is enough variation to lead to some systematic effects in the data which will be noted during the discussion of the fit results. The details of the molecular structure for each sample are outlined in Table 1. Measurements were conducted in toluene-d8, which is a good solvent for both the polynorbornene backbone and PS sidechains. Measurements at several concentrations were conducted in order demonstrate that the lowest measured concentrations were either in the dilute regime or were close enough that the concentration effects on the conformation would be minimal, the results of these measurements are shown in Figure 2. The conformation is either unchanged between the two lowest concentrations measured, or the change in Rg,2 is less than 5% between those two concentrations, indicating that the system is in the dilute regime (scaling the data by concentration as shown in Figure S1 offers further evidence the system in dilute). Several common features are observed in the scattering patterns throughout the sample set. At the highest concentration there are two distinct slopes for q < 0.01. This is consistent with previous measurements of bottlebrush polymers where multiple slopes were observed, originating from the ellipsoidal shape of the polymers in solution. The appearance of features at multiple length scales is one of the motivations for the use of the GGP model, rather than a Guinier analysis. Utilization of this model allows for determination of more information about the structure and a more complete picture of the behavior of bottlebrush polymers in dilute solutions. As the concentration decreases, the decrease in the overall intensity results in difficulty distinguishing the second power law slope.  
Table 1: Material parameters for the bottlebrush polymers
	Label
	NSC
	NBB
	Molecular mass (kg/mol)
	z
	Dispersity

	PNB482-g100-PS63
	63
	482
	3130
	1
	1.07

	PNB342-g79-PS63
	63
	342
	1800
	0.79
	1.21

	PNB412-g60-PS63
	63
	412
	1656
	0.60
	1.08

	PNB414-g42-PS63
	63
	414
	1150
	0.42
	1.07

	PNB356-g100-PS39
	39
	356
	1420
	1
	1.08

	PNB338-g77-PS39
	39
	338
	1100
	0.77
	1.17

	PNB371-g58-PS39
	39
	371
	932
	0.58
	1.14

	PNB389-g39-PS39
	39
	389
	690
	0.39
	1.06
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Figure 2: Absolute intensity vs q plots for SANS measurements of each sample as a function of volume fraction. Colored circles (●) indicate the data with the colors corresponding to the bottlebrush volume fraction listed in the legend, solid lines show the fit to the data from the GGP model. Parameters for fits at each concentration are shown in Table S1 in the SI. The reduced q range for the lowest concentrations are due to differences between the beamlines used for those measurements and the higher concentrations. 
Rg,1 and Rg,2 for each sample were determined by fitting the data to the GGP model as described in the methods section. Rg,1 and Rg,2 can be converted to an overall Rg by assuming an elliptical shape according to Equation 5. All three Rg values for the bottlebrush in the dilute regime (lowest concentration) are shown in Figure 3A for the NSC = 39 series and 3B for the NSC = 63 series (fit values for all parameters at each concentration are shown in Table S1 in the SI). Both sidechain series show similar trends in the conformation with respect to graft density. The short axis Rg,1 shows a small increase between graft densities of 0.4 and 1, from 32 ± 1 Å to 39 ± 1 Å for NSC = 63 and from 20 ± 1 Å to 24 ± 1 Å for NSC = 39. This short axis Rg,1 should not be confused with the cross-sectional radius from the flexible cylinder model, rather it is a change in the short axis of an ellipsoid that describes the overall shape of the bottlebrush in solution. As a result, Rg,1 should not necessarily be expected to follow the established scaling trends for the cylinder radius. A much larger change is seen in Rg,2, which expands from 159 ± 13 Å to 269 ± 27 Å for NSC = 63 and from 130 ± 6 Å to 185 ± 11 Å for NSC = 39. This increase is consistent with greater axial expansion due to an increased backbone lp, which results in stretching of the polymer into a more elongated elliptical shape at these backbone lengths. As the grafted chains pack more densely the increase in excluded volume increases the backbone rigidity, and the anisotropy in dilute solution shape increases, characterized by the increase in the ratio between the long and short axes of Rg. There is a slight deviation in this trend in the NSC = 63 series for PNB342-g79-PS63, which can be attributed to the shorter backbone compared to the other samples in the set, resulting in a smaller Rg. The shape parameters (s1, s2) also give insight into the shape of the bottlebrushes at different length scales; s1 and s2 values are shown in Figure 4. These are of similar magnitude to previously reported values when analyzing bottlebrush polymers using this model.34,43 Values of s2 approach 0, indicating that the overall size of the scattering object—individual bottlebrush molecules—is captured by the accessible q-range, i.e., qRg ≲ 1. (Note that s1 = 0 recovers the standard Guinier equation.) Values of s1 range from 1.2 to 1.4, which is between the shape parameters for rigid rods (s = 1) and lamellae (s = 2), and decrease slightly with increasing z. We interpret these results as a rod-like shape with an elliptical cross-section that becomes more circular as the side chains become more crowded (z increases).
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Figure 3: Radii of gyration from fits to the GGP model for bottlebrush polymers in the dilute regime (volume fractions < 0.001) as a function of graft density (z) for A) NSC =39 and B) NSC = 63. The long axis Rg,2  is calculated from Rg and Rg,1 (short axis) assuming an ellipsoidal shape as shown in Equation 5. Uncertainties represent the 95% confidence intervals calculated by the DREAM algorithm in SASView.50 
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Figure 4: Shape parameter(s) from fits to the GGP model for bottlebrush polymers in the dilute regime (volume fractions < 0.001) as a function of z. 
	
Several previous studies have addressed the question of whether the conformational change arises from excluded volume interactions between the backbone and sidechain or whether sidechain-sidechain interactions are stronger contributions.36–38 In the Flory model the free energy of a grafted chain can be calculated by taking the sum of the excluded volume arising from backbone-backbone, sidechain-sidechain, and backbone-sidechain interactions.36,52 This relationship is shown in equation 6, where Nk is the number of Kuhn segments of size ak, b is the number of backbone monomer units per statistical segment length, v1 ak2 represents the excluded volume of the backbone, v2V2 is the sidechain-backbone excluded volume and v3Rm3 is the sidechain excluded volume (Rm is the volume of the sidechain). The first term consists of contributions from elastic stretching of the backbone, the second, third, and fourth terms represent excluded volume contributions from the backbone-backbone, backbone-sidechain and sidechains-sidechain interactions, respectively. Minimization of Equation 6 with respect to Rg results in Equation 7, where  and  B1 represents the relative strength of the sidechain-backbone excluded volume interactions and B2 represents the relative strength of the sidechain-sidechain interactions. B1 and B2 can be determined by fitting Equation 6 to (Rg/Rg0)5 (where Rg0 is the radius of gyration of the bare backbone and is calculated assuming good solvent conditions with statistical segment length of 0.6 nm) as a function of graft density, the results of this fit are shown in Figure 5. For the NSC = 63 series B1 = 6.3 and B2 = 32.2 and for NSC = 39 B1=2.2 and B2 = 10.5 In both series the contributions from the sidechain-sidechain excluded volume interactions are larger than the contributions sidechain-backbone interactions. The ratio B2/B1 is also slightly larger for the longer sidechain (5.1) compared to the shorter sidechain (4.7), indicating that the sidechain-sidechain contributions to the excluded volume become more important for longer sidechains, consistent with the larger Rg and lp values shown for that series. In a separate study, this same analysis was conducted on light scattering data from a series of PPA-g-PS bottlebrushes.37 They observed that B2/B1 was a decreasing function of backbone length, but NBB = 620 (the most similar backbone length to the ones used in this study) resulted in B2/B1 = 8.3. Indicating that in this system the excluded volume effects from sidechain-sidechain interactions were even stronger. A similar analysis was performed on MC-g-PEG bottlebrushes, however their study utilized relatively short side chains (NSC = 18) and a polydisperse backbone (Đ = 3.6) and the B2 term was excluded in their analysis.36 The key difference between the study on the PPA-g-PS and our PNB-g-PS is the nature of the backbone. As mentioned above, because grafting density is defined based on the chemistry of the backbone z = 1 corresponds to two backbone carbons per sidechain for a vinyl backbone and five backbone carbons per sidechain for a norbornene backbone. Hence, for a given value of z, the sidechains of vinyl-based bottlebrushes will experience greater crowding due to the reduced spacing between attachment points along the backbone. This is further complicated by the difference in the intrinsic flexibility between the two backbone chemistries—the polynorbornene backbone being much less intrinsically flexible given the carbon-carbon double bonds and cyclopentylene rings.
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Figure 5: Reduced Rg as a function of z, with fits to Equation 6 for both sidechain series (dashed lines).  For the longer side chains B1=6.3 and B2 = 32.1 (B2/B1 = 5.08), and for the shorter side chains B1 =2.2 and B2 = 10.5 (B2/B1 = 4.7).
	While in principle the scaling should be independent of chemistry (particularly when L/lp > 1) in practice proper normalization can be challenging and it is useful to examine the systems in terms of readily determinable structural parameters. The crowding parameter (NSCz) quantifies the degree of overlap between adjacent sidechains and therefore should be correlated with changes in backbone rigidity. As described above, the common experimental definitions of NSC and z would not be expected to collapse data from different chemistries. We attempt to ameliorate this issue in two ways. First, z is normalized by the average number of backbone bonds per graft, this will be denoted as z’. Alternatively, the crowding parameter as a ratio of characteristic lengths. First, NSC is used to calculate (or estimate) the equilibrium Rg of the sidechain in a good solvent (Rg0,SC) using established correlations.53 Then, z is converted to the average contour length between grafting sites (zs) using the projected contour length of the monomer, l0 (note that zs has dimensions of length whereas z and z’ are dimensionless). In this representation the crowding parameter is defined as Rg0,SC/zs. Figure 6 shows the reduced Rg as a function of the rescaled crowding parameter NSCz’ for the data collected in this study, as well as the PPA-g-PS,38 MC-g-PEG,36,54 MC-g-poly(n-isopropylacrylamide) (MC-g-PNIPAM)55, and poly(α-olefins) (effectively polyethylene-g-polyethylene, PE-g-PE)56 systems from the literature. Scaling data as a function of Rg0,SC/zs and NSCz are shown in Figure S3 of the SI. Broadly, both representations result in two scaling regimes where there is a marked increase in the scaling parameter above a crowding parameter of about unity. Below NSCz’ = 1, Rg/Rg0 ~ (NSCz’)0.13, while above NSCz’ = 1 the scaling exponent increases to Rg/Rg0 ~ (NSCz’)0.36. Though the trends hold, the scaling values of the individual material systems do vary, suggesting that this definition of the crowding parameter may still be too crude to account for all of the differences among the chemistries. In the case of the PNB-g-PS system examined in this study Rg/Rg0 ~ (NSCz’)0.51 in the crowded regime. The division into two separate scaling regimes is consistent with the idea that below a certain threshold the grafted chains can adopt nearly equilibrium configurations, with only minor contributions to the overall conformation occurring through backbone-sidechain excluded volume interactions. Above a crowding parameter of approximately 1, the sidechain-sidechain excluded volume interactions become more significant and exert more influence on the overall polymer size. This scaling as a function of the conventional representation of the crowding exponent, NSCz, is shown in Figure S3 in the SI, it is worth mentioning that in this representation the crossover occurs near NSCz ≈ 2-3, close to the transition identified by Tang et al. where the sidechain-sidechain interactions become significant above NSCz = 3.5.39 
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Figure 6: Reduced Rg as a function of the rescaled crowding parameters (NSCz’) for the data measured in this paper, along with data from the literature on PPA-g-PS,38 MC-g-PEG,36,54 MC-g-PNIPAM,55 and PE-g-PE.56 All samples were characterized in good solvents, although different methods were used including dynamic light scattering and SANS. Below (NSCz’) sidechain-sidechain interactions are weak and the chains grow with a smaller scaling exponent, whereas above 1 sidechain-sidechain interactions become significant and a much larger growth exponent is observed (exponents are given in the text). Reproduced from Morozova, S.; Lodge, T. P. Conformation of Methylcellulose as a Function of Poly(Ethylene Glycol) Graft Density. ACS Macro Lett. 2017, 1274–1279. Copyright 2017 American Chemical Society, Pan, X.; Ding, M.; Li, L. Experimental Validation on Average Conformation of a Comblike Polystyrene Library in Dilute Solutions: Universal Scaling Laws and Abnormal SEC Elution Behavior. Macromolecules 2021, 54 (23), 11019–11031. Copyright 2021 American Chemical Society, Morozova, S.; Schmidt, P. W.; Bates, F. S.; Lodge, T. P. Effect of Poly(Ethylene Glycol) Grafting Density on Methylcellulose Fibril Formation. Macromolecules 2018, 51 (23), 9413–9421. Copyright 2018 American Chemical Society, Coughlin, M. L.; Edmund, J.; Bates, F. S.; Lodge, T. P. Temperature Dependence of Chain Conformations and Fibril Formation in Solutions of Poly( N -Isopropylacrylamide)-Grafted Methylcellulose. Macromolecules 2022, 55 (2), 550–558. Copyright 2022 American Chemical Society. López-Barrón, C. R.; Vargas-Lara, F.; Kang, S. Single-Chain Conformation of Poly(α-Olefins) in Dilute Solutions at the Crossover between Linear and Bottlebrush Architectures. Macromolecules 2021, 54 (14), 6854–6866. Copyright 2021 American Chemical Society. 
Next, we examine the mass scaling Rg ~ Mν in order to understand how bottlebrush polymers grow in a good solvent with changing graft density and compare these scaling exponents to predicted values for other polymer architectures. For reference, linear chains in a good solvent result in v =0.588, wormlike chains scale with v =0.535, randomly branched polymers scale with v = 0.5, dendrimers v = 0.3.57 The scaling for the PNB-g-PS is shown in Figure 7, again with the addition of data from the PPA-g-PS,38 MC-g-PEG,36,54 MC-g-PNIPAM,55 and PE-g-PE56 studies. Both side chain length series for the PNB-g-PS bottlebrushes collapse onto a single curve which can be fit with by Rg ~ Mwv, resulting in v = 0.48. This is very close to the prediction for randomly branched polymers, however the PPA-g-PS and PE-g-PE series show values between 0.40 and 0.42, halfway between a randomly branched system and a dendrimer. The sample sets with MC backbones fall between these two systems, with v = 0.44. The observed scaling exponents may seem lower than expected, but they can be understood by considering which direction the growth occurs in. Bottlebrushes can grow in two ways, along the backbone axis (changes in NBB) and along the radial axis (which can be due to changes in either NSC or z). During the original analysis of the PE-g-PE system the long axis growth was examined for each sidechain length with the aid of SEC, and v was found to be among 0.53-0.58, depending on the sidechain length. However, in the present work all of the changes occur along the radial axis, and as a result the growth more closely resembles a star or dendrimer in spite of the elongated structure of the bottlebrush. This is consistent with simulations by Chremos and Douglas which suggest that v will depend on the growth mechanism of the bottlebrush, with predictions for axial growth falling between 0.5 -0.8, and predictions for radial growth falling between 0.3-0.5.58 This difference is also clearly manifest in the PPA-g-PS data.
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Figure 7: Scaling of Rg with respect to molecular mass for the data in this study and additional literature data for PPA-g-PS,38 MC-g-PEG,36,54 MC-g-PNIPAM,55 and PE-g-PE.56 Scaling for the experimental data is indicated by the dashed lines. All samples were characterized in good solvents. Reproduced from Morozova, S.; Lodge, T. P. Conformation of Methylcellulose as a Function of Poly(Ethylene Glycol) Graft Density. ACS Macro Lett. 2017, 1274–1279. Copyright 2017 American Chemical Society, Pan, X.; Ding, M.; Li, L. Experimental Validation on Average Conformation of a Comblike Polystyrene Library in Dilute Solutions: Universal Scaling Laws and Abnormal SEC Elution Behavior. Macromolecules 2021, 54 (23), 11019–11031. Copyright 2021 American Chemical Society, Morozova, S.; Schmidt, P. W.; Bates, F. S.; Lodge, T. P. Effect of Poly(Ethylene Glycol) Grafting Density on Methylcellulose Fibril Formation. Macromolecules 2018, 51 (23), 9413–9421. Copyright 2018 American Chemical Society, Coughlin, M. L.; Edmund, J.; Bates, F. S.; Lodge, T. P. Temperature Dependence of Chain Conformations and Fibril Formation in Solutions of Poly(N-Isopropylacrylamide)-Grafted Methylcellulose. Macromolecules 2022, 55 (2), 550–558. Copyright 2022 American Chemical Society. López-Barrón, C. R.; Vargas-Lara, F.; Kang, S. Single-Chain Conformation of Poly(α-Olefins) in Dilute Solutions at the Crossover between Linear and Bottlebrush Architectures. Macromolecules 2021, 54 (14), 6854–6866. Copyright 2021 American Chemical Society. 

The persistence length, lp, is a key parameter in describing bottlebrush structure, as it quantifies the change in rigidity of the backbone induced by the sidechains. lp can be estimated from equation 4, while this value is not fully independent of the chain length59 it should be less sensitive to variations in backbone length compared to Rg,2. It is important to note that equation 4 is derived from the worm-like chain or Kratky-Porod (KP) model, which describes semi-flexible chains with Lc ≫ lp in the unperturbed state, i.e., in the absence of excluded volume. In this case the polymers are in a good solvent for both the sidechain and backbone  and Lc/lp is of order 20. The alternative is the quasi-two parameter model (QTP)60–62 which was developed to account for excluded volume interactions under good solvent condition, however there are challenges to analyzing real data with this model. QTP calculates an expansion factor which is applied to the Rg calculated from the KP model, this expansion factor is primarily dependent on two parameters, lp and B (which serves as a measure for the strength of excluded volume interactions). In a simulation or theory study calculation of B is straightforward, however determination of the correct value for an experimental system is not a simple issue. The best estimates in the literature are derived from a set of PS-g-PS, however this was only determined for z = 1. As a result, when we used these values to estimate lp from QTP we returned a wide range of lp with no discernable trend (see Figure S2), likely due to the strong correlations between B and lp in QTP. This is a critical issue as a thorough simulation study illustrated that both NSC and z play a role in determining B. Furthermore, they illustrated that for many systems with moderate to high graft densities QTP was not needed and the unmodified KP model returned accurate results. As a result, we report the values of lp as determined via the KP model, while the values determined in the manner may not be quantitative, the scaling relationships fall in line with other studies. The scaling of lp as a function of z is shown in Figure 8, demonstrating a monotonic increase in lp with increasing z. For reference lp of ungrafted polynorbornene in a good solvent has been estimated to be ≈7 Å.63 The longer sidechains result in larger lp, again consistent with previous experiments that show larger sidechains occupy a larger excluded volume, effectively stiffening the backbone. Fitting each of these curves to a power law (lp ~ zλ) allows extraction of a scaling relationship where for NSC = 39 λ = 0.94 and NSC = 63 λ = 1.01. In a similar manner to the Rg data, these data can be plotted in a reduced form against the crowding parameter (lp/lp0) ~ (Nscz’)μ alongside other chemistries, as shown in Figure 9. Plotting the results for PNB-g-PS in this form results in the collapse of both series onto a single curve, and a power law fit produces a scaling exponent of μ = 0.94. 
The behavior of the reduced lp plots is similar to the reduced Rg shown in Figure 6, where there appear to be two separate scaling regions. For Nscz’ < 1, μ = 0.19, and above this value μ ranges among 0.70-0.94 depending on the chemistry. The PPA-g-PS shows a scaling value of μ = 0.86, lower than the PNB-g-PS system. In the original study Pan et. al. examined the scaling of the unreduced form as a function of the crowding parameter and showed that the scaling exponent ranged from λ = 0.78–0.94, depending on the sidechain molar mass. When plotted in the reduced form, the data collapse nicely across the entire range. The PE-g-PE has a lower exponent, but in this case the sidechains are very short, ranging from NSC = 1–16. Only NSC > 5 were included in the scaling analysis, but it is possible that even the polymers with longer sidechains are not yet in the well-developed bottlebrush regime. In addition to the previously discussed chemistries, data from PS-g-poly(n-hexyl isocyanate) (PS-g-PHIC) is included in this analysis, where both z and NSC were varied in the dataset.17 This dataset is particularly useful to examine as it spans a very wide range of the crowding parameter and clearly shows the shift in scaling values near Nscz’ ≈ 1. For PS-g-PHIC the scaling exponent for Nscz’ > 1 is μ = 0.76, lower than either of the PS-grafted systems examined in the crowded regime. The PHIC sidechains are themselves quite stiff, and therefore take on more extended, rod-like conformations than PS sidechains at equivalent degree of polymerization, NSC. Thus, when grafted, PHIC would be expected to occupy less lateral area and extend further from the backbone as they grow compared to a more flexible sidechain (e.g., PS), and at equivalent values of the crowding parameter the sidechain-sidechain excluded volume would be weaker. It is therefore unsurprising that PS-g-PHIC exhibits weaker scaling than PNB-g-PS and PPA-g-PS in the crowded regime. One might expect that the reduced lp would be closer in magnitude between the different chemistries, but this can be explained by several factors: (1) the data was collected by different methods, including light scattering and SANS and (2) different approaches were used to calculate the lp values. Regardless of the different magnitude of the reduced lp the scaling values highlight the strong influence of chemistry on the change in lp with z.
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Figure 8: Ip as a function of z for both series of sidechain lengths. Values were calculated using Eqn 4. 
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Figure 9: Reduced lp scaling as a function of rescaled crowding parameters (NSCz’) for several different chemistries, including PPA-g-PS,38 MC-g-PEG,36,54 MC-g-PNIPAM,55 PE-g-PE, and PS-g-PHIC.17 Scaling exponents are shown in part A according to (lp/lp0) ~ (Nscz’)μ All samples were characterized in good solvents. Reproduced from Morozova, S.; Lodge, T. P. Conformation of Methylcellulose as a Function of Poly(Ethylene Glycol) Graft Density. ACS Macro Lett. 2017, 1274–1279. Copyright 2017 American Chemical Society, Pan, X.; Ding, M.; Li, L. Experimental Validation on Average Conformation of a Comblike Polystyrene Library in Dilute Solutions: Universal Scaling Laws and Abnormal SEC Elution Behavior. Macromolecules 2021, 54 (23), 11019–11031. 2021 American Chemical Society, Morozova, S.; Schmidt, P. W.; Bates, F. S.; Lodge, T. P. Effect of Poly(Ethylene Glycol) Grafting Density on Methylcellulose Fibril Formation. Macromolecules 2018, 51 (23), 9413–9421.  Copyright 2018 American Chemical Society, Coughlin, M. L.; Edmund, J.; Bates, F. S.; Lodge, T. P. Temperature Dependence of Chain Conformations and Fibril Formation in Solutions of Poly(N-Isopropylacrylamide)-Grafted Methylcellulose. Macromolecules 2022, 55 (2), 550–558. Copyright 2022 American Chemical Society. López-Barrón, C. R.; Vargas-Lara, F.; Kang, S. Single-Chain Conformation of Poly(α-Olefins) in Dilute Solutions at the Crossover between Linear and Bottlebrush Architectures. Macromolecules 2021, 54 (14), 6854–6866. Copyright 2021 American Chemical Society. 

[bookmark: _Hlk135916928]Finally, we turn towards examining the second virial coefficient (A2), which can provide another measure of a polymers excluded volume. A2 can be estimated from Zimm plots based on Equation 8 (which was developed based on the random phase approximation), where K = Δ(SLD)2/(ρp2Av), Δ(SLD)2 is the square of the difference in scattering length density between the polymer and solution, ρp is the polymer density, Av is Avogadro’s number, c is the concentration (in units of g/cm3) and  is the intercept of I(q) at q=0.64 This form is valid for qRg << 1 and for our systems qRg is on the order of 0.1-0.3 at the smallest q values measured, suggesting that these material are near the upper limit of where this approximation is applicable. Utilizing the bulk density of polystyrene as the bottlebrush density K = 2.31 x 10-5 mol*cm2/g2. The two lowest concentrations in each series were extrapolated to obtain  , from which the virial coefficients are calculated. The resulting values for each series are shown as a function of graft density in Figure 10A. As the graft density increases so does A2, another signature of the increased excluded volume effects that occur as the z increases. The relationship is likely more complex than a simple function of graft density, as the different interactions between the backbone-solvent and sidechain-solvent interactions will all contribute to A2. These results are compared to literature data for linear PS and for a PS bottlebrush with a vinyl backbone in Figure 6B. The linear PS series shows the predicted dependence on Mw with a power law of -0.29, near the theoretical value of -0.2.53 The PS bottlebrush series also shows a weak inverse dependence on molar mass.65 By increasing the total molar mass primarily through changes in graft density we instead observe an increase in A2. This emphasizes the previously mentioned importance of the structural contributions to A2, indicating that differences in the solvent quality for the backbone and sidechains, along with the ability of the more densely grafted backbones to screen the backbone-solvent interactions, likely play an important role in determining A2. This results also suggests that changing the graft density offers an intriguing route towards tuning A2 somewhat independently of molar mass. 
 			(8)
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Figure 10: (A) A2 as a function of graft density for the two sidechain series. A2 was determined using Equation 8, using the two lowest concentrations in each sample series. (B) A2 as a function of molar mass, including representative literature data for linear PS in toluene(--)53 and fully grafted PS bottlebrushes with a vinyl backbone in toluene (--)65 which were both determined using light scattering. Reprinted from Fetters, L. J.; Hadjichristidis, N.; Lindner, J. S.; Mays, J. W. Molecular Weight Dependence of Hydrodynamic and Thermodynamic Properties for Well‐Defined Linear Polymers in Solution. J. Phys. Chem. Ref. Data 1994, 23 (4), 619–640. with the permission of AIP Publishing. Reprinted with permission from Hokajo, T.; Terao, K.; Nakamura, Y.; Norisuye, T. Solution Properties of Polymacromonomers Consisting of Polystyrene V. Effect of Side Chain Length on Chain Stiffness. Polym. J. 2001, 33 (6), 481–485. with the permission of Springer Nature publishing.  

Conclusions
In this work the relationship between graft density and the conformation of a bottlebrush polymer with a polynorbornene backbone in a good solvent was examined through SANS. These results are compared to other systems in the literature where the influence of graft density, and more generally sidechain crowding, on the dilute solution conformation was examined for different backbone and sidechain chemistries. Both molar mass series observed the expected monotonic increase in Rg and lp with graft density. Based on a scaling framework from Flory’s theory of polymer brushes weaker sidechain-sidechain interactions are observed in the norbornene system compared to polymers with vinyl backbones, likely due to the greater distance between grafting points. When the reduced Rg is plotted against the crowding parameter two clear regimes are observed, one where contributions of the sidechain-sidechain excluded volume are minimal and a regime of stronger growth where the sidechain-sidechain interactions are much more significant contributors to the polymers size and rigidity. Similar trends are observed when plotting reduced lp against the crowding parameter, where two clear scaling regimes emerge, with the exponent appearing to depend on the specific backbone and sidechain chemistry. An analysis of the mass scaling shows that bottlebrush polymers grow with exponents among 0.4-0.5, between the limits of dendrimers and randomly branched polymers. An intriguing result that comes out of this analysis is that the systems with the polynorbornene backbones generally have larger scaling exponents than the other vinyl backbones for both reduced Rg and lp, indicating that conformational restrictions around the norbornene backbone likely plays a role in the dilute solution conformation of the polymer. These results highlight how the choice of backbone and sidechain chemistry could be used to tune the polymer conformation and tailor these scaling relationships to achieve desired properties. 
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