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We present state-resolved cross sections for vibrational excitation via electronic excitation followed by
radiative decay (ERD), for electrons scattering on all bound vibrational levels of the ground electronic
state (X 1Σ+

g ) of molecular hydrogen and its isotopologues (H2, HD, HT, D2, DT and T2). We consider
excitation of the singlet n = 2–3 states (where n refers to the united-atoms-limit principle quantum
number) and account for all possible decay pathways back to the bound vibrational levels of the
ground electronic state (X 1Σ+

g ) to produce an estimate for the ERD cross sections. A selection of
the results are presented in graphical form and a full data set is provided as both numerical values
and analytic fit functions in supplementary data files. The uncertainty in the cross sections is estimated
to be 11%, except for scattering on the highest bound vibrational level of HD, HT, D2, and DT, where
the uncertainty is 21%. The data can be downloaded from the MCCC database at mccc-db.org.
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1. Introduction

Above the electronic inelastic threshold, vibrational excitation
f H2 and its isotopologues occurs predominantly via electronic
xcitation followed by radiative decay back to the ground elec-
ronic state. This process is commonly referred to as excitation-
adiative-decay (ERD), or alternatively the E–V process. The
rimary importance of ERD is as a mechanism for the production
f vibrationally-excited molecules, which can play a major role in
etermining the properties of many industrial and astrophysical
lasmas (see Ref. [1] for further discussion).
In the previous papers in this series [2,3], we have presented
complete set of vibrationally-resolved cross sections for ex-

itation of the n= 2–3 electronic states of H2 and its five iso-
opologues from the ground electronic state (n here refers to the
nited-atoms-limit principle quantum number). These calcula-
ions were performed using the ab-initio molecular convergent
lose-coupling (MCCC) method, with the adiabatic-nuclei approx-
mation applied to the treatment of nuclear motion [4,5]. Here we
pply these cross sections in the evaluation of ERD cross sections
or electrons scattering on the vibrationally-excited ground state
f H2, D2, T2, HD, HT, and DT, for incident energies from threshold

to 500 eV.
The first calculations of ERD cross sections for H2 were per-

ormed by Hiskes [6], who identified the initial excitation of the
1Σ+

u and C 1Πu states as the most important contributions to
the process. Later, ERD calculations for H2 and D2 were performed
using the semi-classical impact-parameter method (IP) consider-
ing initial excitation of the B 1Σ+

u and C 1Πu states by Celiberto
t al. [7], and the B′ 1Σ+

u and D 1Πu states by Laricchiuta et al.
[8]. More recent MCCC calculations [1] of the ERD cross sections
for H2 explicitly considered the contributions from excitation
of the B 1Σ+

u , C 1Πu, EF 1Σ+
g , B′ 1Σ+

u , and D 1Πu states, and
approximated the ERD contribution from higher singlet states.
These results were found to be up to a factor of two lower than
the IP calculations at low to intermediate incident energies. In
the present work, the MCCC ERD calculations for scattering on
H2 are improved, and extended to consider the isotopologues.
These cross sections will be useful for modeling low-collision-
rate plasmas, where radiative decay is the dominant de-excitation
mechanism. For plasmas where the collision rates are compa-
rable to the radiative decay rates, more sophisticated modeling
which accounts for collisions with excited electronic states is
required [9]. Atomic units are used throughout this work, unless
otherwise specified.

2. Theory

Within the non-relativistic approximation, radiative decays
must conserve the target spin, and hence the study of decays
2

to the singlet ground state of H2 only requires consideration of
excitations into the singlet system. We label the states involved
in the ERD process according to the following schematic:

ivi −→ f vf  
impact excitation

radiative
decays −→ iv′

i , (1)

where vi is the initial vibrational level in the ground electronic
state (denoted i), f and vf are the target electronic and vibra-
tional states following the initial electron-impact excitation, and
v′

i is the vibrational level back in the ground state following a
sequence of radiative decays.

The probability of radiative decay from state f vf to state iv′

i ,
accounting for all possible decay pathways, is denoted Piv′

i ,f vf
. The

ERD cross section is then given by

σ ERD
iv′
i ,f ,ivi

=

∑
vf

Piv′
i ,f vf

(1 − F PD
f vf ,ivi )σf vf ,ivi , (2)

where σf vf ,ivi is the ivi → f vf excitation cross section, and F PD
f vf ,ivi

is the fraction of the excitation cross section which leads to
predissociation (obtained from Ref. [10]). The total ERD cross
section for a given initial state ivi is found by summing Eq. (2)
over the excited electronic states f :

σ ERD
ivi =

∑
f

σ ERD
f ,ivi . (3)

In the present work the sum over electronic states includes all
n = 2–3 singlet states (where n is the united-atoms-limit princi-
ple quantum number). The vibrationally-resolved excitation cross
sections for each of these states were presented in the previous
papers in this series [2,3].

Transition probabilities were calculated as outlined by Glass-
Maujean [11]. The probability of radiative decay from a bound
vibrational level v of an electronic state p to the bound level v′ in
electronic state p′ is given by

Ap′v′,pv = GC(εp′v′ − εpv)3
⏐⏐⟨νp′v′ |Dp′,p(R)|νpv⟩

⏐⏐2 , (4)

where G is a degeneracy factor determined by the electronic
transition, C = 2.141 × 1010 sec−1, Dp′,p is the electronic dipole
moment curve between the two states, and νpv(R) are bound
vibrational wave functions with energies εpv . We have utilized
the dipole moment curves compiled by Fantz and Wünderlich
[12] from various sources in the literature [13–17]. The method
for obtaining νpv and a summary of the number of levels in
each electronic state was given in Refs. [2,3]. We note that Fantz
and Wünderlich [12] also calculated the vibrationally-resolved
radiative-decay probabilities for the states considered here, but
aside for transitions to the b 3Σ+

u state they do not consider
transitions into the dissociative continuum which we require to
properly normalize the probabilities.
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The probability for transitions into the vibrational continuum
f the electronic state p′ is given by
dAp′,pv

dϵ
= GC(εp′v′ − εpv)3

⏐⏐⟨νp′ϵ |Dp′,p(R)|νpv⟩
⏐⏐2 , (5)

here νp′ϵ is a suitably-normalized dissociative vibrational wave
unction with energy ϵ. The correct choice of vibrational-wave
ormalization was discussed previously in Ref. [18]. Normal-
zed transition probabilities (or branching ratios) are obtained by
ividing Eqs. (4)–(5) by

pv =

∑
p′v′

Ap′v′,pv +

∑
p′

∫
dAp′,pv

dϵ
dϵ, (6)

where the sum/integration is over all states with energy below
εpv . The total f vf → iv′

i transition probabilities Piv′
i ,f vf

were eval-
ated using a recursive algorithm which accounts for all possible
ecay pathways through an arbitrary number of intermediate
tates.

. Cross sections and analytic fits

We have performed ERD calculations firstly considering the
ontributions from initial excitation of the B 1Σ+

u , C 1Πu B′ 1Σ+
u

nd D 1Πu states, to allow comparison with the IP calculations Ce-
iberto et al. [19], Laricchiuta et al. [8], and secondly considering
he contributions from all n = 2 and 3 singlet states. The uncer-
ainty associated with neglecting the n > 3 states is discussed
n Section 4. In Fig. 1 we present a comparison with the IP
alculations of the vi = 0 → v′

i = 0 and vi = 0 → v′

i = 5
RD cross sections for H2. In the high-energy limit, the IP results
onverge to the MCCC cross sections (when the same sets of
ntermediate electronic states are used), while in the low- to
ntermediate-energy range the IP calculations overestimate the
ross section. Since the IP method is semiclassical in nature, it is
xpected to be accurate only in the high-energy limit. By contrast,
he MCCC method is expected to be accurate to within about 10%
cross the entire energy range. The MCCC calculations including
he contribution from all n = 2–3 singlet are between 5 and 15%
arger than those considering only the B 1Σ+

u , C 1Πu, B′ 1Σ+
u , and

1Πu states. Further examples of the MCCC ERD cross sections
or a number of different initial vibrational levels of H2 are given
in Graph 1.

In Fig. 2 the ERD cross sections for the vi = 0 → v′

i = 0 transi-
tion for H2 and its isotopologues are compared. The cross section
is largest for H2, and decreases with increasing nuclear reduced
mass. Further illustrations of the isotopic effect are presented in
Fig. 3. In the top panel, the ERD cross section for 60 eV electrons
incident on the vi = 0 level of each isotopologue is presented
as a function of the final vibrational level (v′

i ) energy. While the
heavier isotopologues have a smaller cross section for ERD ending
in a given vibrational level, they also have a larger number of
bound vibrational levels. The combined effect of these two facts
is shown in the bottom panel of Fig. 3, where the vi = 0 ERD
cross section is summed over final vibrational levels v′

i . Here,
there is only a small difference between the cross sections for the
different isotopologues.

Cross sections have been calculated for all possible ERD vi →

v′

i transitions in each isotopologue, and are available in text files
as outlined in Section 5. In addition to numerical cross sections,
we also provide analytic fits for each transition, employing the
following analytic fit function:

σ (x) =
x − 1
x

·

(
a20
x

ln x +
a1
x

+
a2
x2

+
a3
x3

+
a4
x4

+
a5
x5

)
. (7)

Here, x = Ein/E0, where E0 is the threshold energy. For the ERD
process the threshold energy is equivalent to the threshold for
3

Fig. 1. Excitation radiative decay (ERD) cross sections for electrons scattering
on the X 1Σ+

g (vi = 0) level of H2 , leading to radiative decays to the v′

i = 0
(left) and v′

i = 5 (right) vibrational levels of the X 1Σ+
g state. In the top row,

the MCCC calculations including contributions from the B 1Σ+
u and C 1Πu states

are compared with the impact-parameter (IP) calculations of Celiberto et al. [19],
and contributions from the B′ 1Σ+

u and D 1Πu states are compared with the IP
calculations of Laricchiuta et al. [8]. In the bottom row, the MCCC calculations
including all four of these states are compared with the MCCC results considering
all n = 2–3 excitations.

Fig. 2. Isotope effect in the vi = 0 → v′

i = 0 excitation radiative decay (ERD)
ross sections.

xcitation of the B 1Σ+
u (v = 0) state. The fitting parameters are

also provided in text files as outlined in Section 5.
Calculations of the ERD process can also be used to produce

cross sections for molecular dissociation via radiative decay into
the X 1Σ+

g state vibrational continuum. Such studies have been
performed for H2 and D2 in the IP calculations [8,19], and for
H2 in the previous MCCC calculations [1]. In the present work
we do not consider this process, instead deferring dissociation
studies for the isotopologues of H2 for a more detailed treatment
including all important dissociation pathways as was done for H2
in Refs. [20,21].

4. Uncertainty estimates

The two sources of uncertainty in the ERD calculations are
the uncertainty in the underlying MCCC excitation cross sections,
and the error introduced by neglecting the contributions from
initial excitations to n > 3 states. Previously [2,3], we estimated
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Fig. 3. Excitation radiative decay (ERD) cross sections for electrons scattering on
he vi = 0 level of H2 and its isotopologues. Top panel: Cross sections at 60 eV
incident energy presented as a function of the final vibrational level energy
(relative to the X 1Σ+

g equilibrium energy). Bottom panel: ERD cross sections
summed over final vibrational level presented as a function of incident energy.

the uncertainty in the MCCC cross sections to be 10%, except
for scattering on the HD(v = 17), HT(v = 18), D2(v = 21), and
T(v = 23) levels, for which the uncertainty is up to 20% due
o the less accurate target structure at the larger internuclear
eparations spanned by those states. In order to provide an upper
ound on the error due to neglecting the n > 3 excitations, Fig. 4
ompares the total bound singlet excitation cross section from the
CCC(210) model with the sum of the n = 2–3 singlet excitation

cross sections for scattering on the vi = 0–14 levels of H2 at
0 eV. The discrepancy between the two is roughly 5% for large
i, and less than 5% for smaller vi. We hence liberally apply an
dditional 5% uncertainty to the ERD calculations, resulting in a
otal uncertainty estimate of

√
102 + 52 ≈ 11%. For scattering on

he HD(v = 17), HT(v = 18), D2(v = 21), and DT(v = 23) levels,
the total uncertainty is 21%.

5. Accessing the data

The ERD cross sections are provided in supplementary data
files named in the format

MCCC-el-[mol]-X1Sg_vf=[vf].ERD.X1Sg_vi=[vi].txt

where [mol] is the molecule name (H2, HD, HT, D2, DT, or T2),
[vf] is the final vibrational level (v′), and [vi] is the initial
i

4

Fig. 4. Sum of 60 eV excitation cross sections as a function of initial vibrational
level for all singlet states of H2 in the MCCC(210) model, compared to the sum
of the n− 2–3 singlet excitation cross sections. The difference between the two
ndicates the upper bound on the error introduced in the ERD calculations by
eglecting the n > 3 excitations.

ibrational level (vi). The fitting parameters are provided in files
named in the format

MCCC-el-[mol]-X1Sg.ERD.X1Sg_vi=[vi]_ fit.txt

with each file containing parameters for transitions to all v′

i from
given vi. The format of the cross section and fitting parameter

iles is identical to the examples given in Ref. [2]. The present data
nd all other MCCC calculations can also be downloaded from the
CCC database at mccc-db.org.

. Conclusions

We have presented a complete set of excitation-radiative-
ecay (ERD) cross sections for electrons scattering on the
ibrationally-excited ground state of H2, HD, HT, D2, DT and T2.
nalytic fits have been provided for all transitions, and the uncer-
ainties in the cross sections have been estimated. For scattering
n H2 and D2, the present calculations represent a substantial
mprovement in accuracy over the previously available data,
hile for the remaining isotopologues the present results are, to
ur knowledge, the first such data presented.
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Explanation of Graphs

Graph 1. Excitation radiative decay cross sections for electron collisions with H2(X 1Σ+
g ).

Each panel represents a different initial vibrational level in the X 1Σ+
g state, while each line represents a different final vibrational level in

the X 1Σ+
g after electronic excitation and subsequent radiative decay.

vi Initial vibrational level in the X 1Σ+
g state

v′

i Final vibrational level in the X 1Σ+
g state

Graph 1. Excitation radiative decay (ERD) cross sections for electron collisions with H2(X 1Σ+
g ). See explanation of graphs.
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