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ABSTRACT The torsion pendulum at the heart of the apparatus to measure the gravitational constant,
G at the Bureau International des Poids et Mesures (BIPM) is used to measure the gravitational torque
between source and test-mass assemblies with two methods. In the Cavendish method, the pendulum moves
freely. In the electrostatic-servo method, the pendulum is maintained at a constant angle by applying an
electrostatic torque equal and opposite to any gravitational torque on the pendulum. The electrostatic
torque is generated by a servo. This article describes the design and implementation of this servo at
the National Institute of Standards and Technology. We use a digital servo loop with a Kalman filter to
achieve measurement performance comparable to the one in an open loop. We show that it is possible to
achieve small measurement uncertainty with an experiment that uses three electrodes for feedback control.

INDEX TERMS Control system, electrostatic forces, gravitational constant, precision measurement,

fundamental constant, metrology.

I. INTRODUCTION

INCE Cavendish’s famous measurement, which

appeared in print in 1798 [1], numerous researchers
have attempted to measure the Newtonian constant of
gravitation, G. The adjustment of the fundamental con-
stants performed under the auspices of the CODATA
(Committee on Data of the International Science Council)
task group on fundamental constants [2] gives the value
of G with a relative 1-o uncertainty of 2.2 x 1075, In
this article, 1-o refers to the standard uncertainty, i.e.,
a 68 % confidence interval. The present knowledge is a
significant improvement compared to a century ago when
the consensus value of G could only be given with a
relative uncertainty of 4.4 x 107* (again 1-0). Yet, the
present uncertainty of G is still embarrassingly large,
especially compared to other fundamental constants. It is
not that the experimenters lack the ingenuity to tackle
this measurement task. Many clever ideas (e.g., [3], [4])
have been applied to the experimental determination of
Newton’s constant. While individual experiments have
reported relative uncertainties that are almost below 107>,
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FIGURE 1. Measurements of G over the past four decades with the most recent
results on top. The two data points on the right, inside the dashed circle, were
obtained by researchers at the Bureau International des Poids et Mesures (BIPM). The
torsion balance that was used in the latest result has been shipped to NIST in 2015 and
is the topic of this article. All error bars are 1-¢. The vertical line is the recommended
value by CODATA (Committee on Data of the International Science Council).

the ensemble of measurements does not warrant such an
optimistic view.

Figure 1 shows the results of precision measurements of G
that were published in the last 40 years. Clearly, the scatter
between recent results is quite large compared to the individ-
ual uncertainties. While the best experiments have measured
G with relative uncertainties close to 1 x 1072, the relative
difference between experiments can be as large as 5 x 1074,
The reasons for such an inconsistent data set are unclear.
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Three possible explanations are widely discussed [5], [6]:
(1) We don’t completely understand the law of gravitation,
e.g., [7], and there is a fundamental difference in these dif-
ferent experiments that causes their results to deviate from
each other. (2) Some or all of the experiments have at least
one subtle technical issue that is not understood completely,
e.g., [8], and generates a bias in the result reported by the
corresponding experiment. (3) The experiments measure cor-
rectly, but some or all of the assigned uncertainties are too
small. If the uncertainties were assigned correctly, the results
would be consistent with the uncertainties [9], [10].

Of course, any combination of these three reasons can
be the cause for the observed discrepancy. Clearly, the first
possibility is the most exciting one. But, as metrologists, we
have to do due diligence and investigate possibilities two and
three. To gain more insight into either one of these possibili-
ties, we decided to take one of the past experiments [11]-[13]
and remeasure the gravitational constant using a different
group of researchers and conduct the experiment at a sep-
arate laboratory. The principal investigators of the Bureau
International des Poids et Mesures (BIPM) experiment have
graciously loaned the BIPM torsion balance to researchers
at NIST.

At the National Institute of Standards and Technology
(NIST), the experiment was originally reconstructed with
the original mechanical parts of the BIPM apparatus. Later
on, a few hardware pieces were changed, but, the experiment
is the same in function and idea. Unlike the mechanics, the
electronics and software were built almost entirely at NIST.
This article describes the development and performance of
the feedback system in detail. In the next section, we describe
the physical system and introduce the theory of the electro-
static transducer. We then, describe the feedback and show
the Bode plot of the closed loop digital controller. Section IV
explains the Kalman filter that will provide an accurate
estimate of the angular velocity of the pendulum. The last
section shows the circuit and block diagrams of the complete
system. Furthermore, a comparison of the achieved standard
deviation of a measurement with the loop open and closed
is given.

Il. DESCRIPTION OF THE SYSTEM

The BIPM torsion balance differs from most other torsion
balances to measure G in three key points. (1) The torsion
pendulum is suspended from a ribbon, not a circular torsion
fiber. Hence, the torsion spring is comparably stiff (k =
0.207 mN m) has a high quality factor (Q ~ 25 000), and can
carry a large load with a breaking strength of 10kg. (2) The
masses are arranged in a hexadecapole configuration. The
test masses and source masses are arranged with four-fold
symmetry, see Fig. 2. For such a mass arrangement, the
gravitational torque is proportional to N oc #*/R3, where r
and R denote the radii of the pitch circle of the test and source
masses, respectively. The pitch circle is the circle that goes
through the geometric center of the respective masses. Most
importantly, the torque on the pendulum depends inversely
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on the fifth power of the radius of the pitch circle of the
source masses and other external masses. The dependence
on such a high power reduces the parasitic gravitational
coupling of other (moving) masses in the laboratory to the
torsion pendulum. (3) One experimental apparatus can be
used to measure G with two different methods, also called
modes: Cavendish and electrostatic servo mode.

In both cases, the torque produced by the source masses
on the torsion pendulum is modulated by alternating the
azimuthal orientation of the source mass assembly between
two states. In one state, a clockwise (cw), and in the other, a
counterclockwise (ccw) torque is produced on the test mass
assembly. The two methods differ on how the torque, or
more precisely, the torque difference, is measured.

In the Cavendish mode, the torque is inferred from the
equilibrium angle of the freely moving torsion pendulum.
If an external, torque N acts in the counter clockwise
direction on the pendulum, the equilibrium position @¢cy is
given by k (Pcew —Po) = Necw, With ¢, denoting the unknown
equilibrium position in the absence of any torque. Hence, the
torque difference is given by Necw — New = K (Pcew — Pew)-
Here, Ncw and ¢y denote the torque and equilibrium angle
in the clockwise direction. The only unknown quantity is
the torsional stiffness «. It is obtained using k = 4712f021Z
from the measurement of the torsional frequency f, and the
calculated value of the moment of inertia /.

In the electrostatic servo mode, the pendulum does not
move. Instead, a servo loop produces an electrostatic torque
that holds the pendulum at a user-defined set point, ¢.
The index t refers to target. Hence, the clockwise and
counterclockwise gravitational torques are compensated by
electrostatic torques, for example, Nejcw = —Ncw, such
that the sum of all torques on the pendulum is zero. The
gravitational torque difference is equal and opposite to the
electrostatic torque difference. The formalism to calculate
the electrostatic torque is explained in greater detail below.

Employing two methods in a single instrument provides
a decisive advantage. If the torque differences measured
in both ways are consistent within the combined measure-
ment uncertainty, then the probability of a mistake in either
(torque) measurement is small. The physics and calculations
used to obtain the two results are different, so it is implau-
sible, but not impossible, to get an identical bias in each
method. Likewise, the chance of introducing two canceling
biases in a single method is small. For example, for the
Cavendish method, the calculated moment of inertia of the
pendulum is used; for the electrostatic method, it is not.
Hence, agreement in the results inspires confidence in the
calculation of I,.

Another interesting detail is the sensitivity of the result
to the angle measurement. The result produced by the
Cavendish method is proportional to the measured angle.
For the servo method, as is explained below, the calibration
factor is inverse proportional to the angle reading. Hence
the average of both measured torque differences is first-
order independent of a gain error in the angle readout and
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the difference in the measured torque difference from each
method would indicate such a gain error.

Nevertheless, caution must be exercised. It is still possible
that, even when both methods produce consistent results, the
results are in error. In case of agreement, the result should
not be blindly trusted. A thorough investigation of possible
two canceling systematic errors must be conducted.

The measured torque difference must be divided by a
mass integration constant, I', to obtain the gravitational
constant from the measurement. We numerically calcu-
late from the measured geometry the expected torque
difference ANcqc using a reference value for G;. We
use Gy = 6.6743 x 107" m3kg~! s72, although the chosen
value is irrelevant. The measured value is then obtained using

A1\7[1163.8 _ A]\III'ICB.S
ANcalc B r ’
The mass integration is the linchpin of this and other G
experiments. A relative error in the calculation of ANgyc

will relatively affect the result Gpeas by the same amount
independent of the employed measurement method.

Gmeas = Gy (1)

A. OVERVIEW OF THE APPARATUS

Figure 2 shows two drawings of the torsion balance and the
source-mass assembly; one is a three-dimensional view, and
the other is a top view. Two sets of electrodes labeled 1 and
2 are visible. Each set consists of four electrodes. During
the feedback operation, the torsion disk and test masses are
connected via the torsion strip to the vacuum enclosure,
which is itself grounded. Applying a potential on the elec-
trodes labeled 1, with everything else grounded, produces
an electrostatic counterclockwise torque on the suspended
disk. Torque with the opposite sign is produced when the
potential is applied to the electrodes labeled 2. The autocol-
limator reports a positive value when the pendulum rotates
clockwise, as seen from the top.

In this article, we use the mathematical convention for
all angles. A positive angle means a counter-clockwise rota-
tion. For example, the angle of the torsion balance ¢ is the
negative of the autocollimator reading.

B. ELECTROSTATIC ACTUATOR
The energy of an enclosed electrostatic system is given by

1
W= 5VTCV, )

where V is a column vector of the applied potentials and
C is a matrix of self and mutual capacitance, see e.g., [14],
[15]. In our case, the shape of the capacitance matrix is
3 x 3 and that of the potential vector 3 x 1 with Vi, V5, and
V3. The first row corresponds to electrode 1, the second to
electrode 2, and the third to the pendulum plus the vacuum
enclosure (electrode 3). The pendulum and vacuum enclosure
are connected to ground. While their potential is nominally
0, we allow for a contact or surface potential to exist. This
unknown potential is captured in the third row of V.
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FIGURE 2. Top: Three-dimensional model of the torsion balance’s critical
components. Bottom: Bird’s eye view of the system. Four cylindrical test masses on a
disk suspended by a thin torsion strip inside a vacuum chamber (omitted for clarity)
form a torsion balance. Outside the chamber are four cylindrical source masses on a
carousel that can rotate about the strip center. The gravitational torque depends on
the relative azimuthal angle between the two mass assemblies. The vacuum enclosure
is electrically connected via the torsion strip to the disk and the test masses. These
parts together from electrode 3. Two sets of four electrodes (labeled 1 and 2) can be
used to counteract the gravitational torque. Applying a voltage to electrode 1 with
respect to electrode 3 produces a counter-clockwise torque.

The symmetric matrix C, C;j = Cj;, contains the self
Ci; and mutual capacitances C;;. Hence, one would have to
perform a total of six measurements to construct C. For a
closed system, only three measurements are required because
the sums of each row and column are zero. The reason is
that the total charge in the system must add to zero. The
last statement is only valid if the system under consideration
is entirely electrostatically enclosed. The vacuum system in
use has one window that allows the autocollimator beam to
pass through. The system is, hence, not entirely closed. The
deviation from a completely closed system is very small
and we proceed with the assumption of a closed system.
Assuming vanishing row and column sums, the diagonal
components can be obtained using

Ci=—) Cy 3)
i#]
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Now, the capacitance matrix can be constructed from three
mutual capacitances C12,C13, and C»3. We use a capacitance
bridge to measure the cross-capacitance between two elec-
trodes. The cross capacitance is the negative of the mutual
capacitance [14],

Ceij=—Cj %)
Hence, C is given by,
Cc,12 + Cc,13 - Cc,12 - Cc,13
C= —Cec.12 Ce12 +Ce 23 — Ce23 )
—Ce 13 —Ce23 Ce13+ Ce 23

It is easy to see that the entries in each row and column
add to zero. Replacing C in eq. (2) with above’s expression
yields

W—1@7 Vi — V)2 + Co13(V) — V3)?
=5 e, 12(V1 2)"+ Ce13(Vh 3)

+ Ce23(V2 —-V%)2> (6)

The electrostatic torque is the negative derivative of the
energy with respect to the angle of the torsion pendulum,

dw 1 /dCc 12 5 dCe 13 2
N = — = | ——=(V; = V. —— (Vi =V
el i 2( ) Vi=V2)"+ b (Vi —=V3)
dC. 23 B
= (V, =V 7
+ ) (V2 —V3) > (7N

Note the equations we define

_ dCey
=3
The voltages applied to both control electrodes are ac volt-
ages with a frequency of 1 kHz. Signals with a frequency of
1kHz are used for the feedback to avoid systematic effects
that could arise from a frequency mismatch between the con-
trol signals and the capacitance measurement. In this way,
the control and the capacitance measurements are carried out
with electrical signals of the same frequency. A frequency-
dependent capacitance in the circuit would not bias the
measurement result. The potential of the pendulum and the
vacuum envelope is assumed to be a dc surface/contact
potential V3. In summary,

kij : (8)

Vi = Vi msV/2 sin (wac?) 9)
Va = Va.msV/2 sin (wact + o) (10)

Here, Vi ms and Vo ¢ denote the root-mean-square (rms)
amplitudes of the voltages and « denotes the phase angle
that V; lags behind V,. The two voltage values Vi s and
Vo,ms are measured experimentally. The dc voltage V3 is
unknown.

The frequency of the ac voltage (1 kHz) is not quite
six orders of magnitude larger than the resonance frequency
of the pendulum (1.25 mHz). Hence, the dynamic behav-
ior of the torsion pendulum at 1 kHz does not play any
significant role, see Fig. 3, and the average torque on the
pendulum is determined by the mean squared voltages.
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FIGURE 3. The continuous response function of the torsion pendulum. The top
graph shows the magnitude of the response (angle divided by torque), and the bottom
graph the phase of the response. The electrostatic potential varies sinusoidally with a
frequency of 1 kHz indicated by the dashed line. At this frequency, the magnitude of
the response is 2 x 1010 times smaller than the response at frequencies below the
resonance, as indicated by the arrow.

The squared potential differences are integrated over one
ac-period, Tac = 1 ms. We define for i,j € {1, 2, 3}:

(V3 = 1 e (Vi— V~)2 dr (11)
VT Tac Jo !
For the three cases, the above definition yields
(V12) = Vitms + V3 g = 2VimmsVa,ms cos@, (12)
(Vi3) = Vims + V3, and (13)
(V3s) = V3 ms + V3. (14)

With the above mean squared voltage differences the average
torque on the pendulum is simply given by

v = =2 {Vis) = V) = 5 (v2)

The measurand is the difference in torque produced by the
source masses in two different positions, labeled cw and ccw.
For the former, the gravitational torque on the pendulum
is clockwise and for the latter, it is counterclockwise. The
electrostatic torques are opposite the gravitational torques.
We use the direction of the gravitational torque as subscripts
to label the corresponding voltages. In the torque difference,
A(Nel) = (Ngrav,cew) — (Ngrav,cw)» the dc voltage V3 cancels
as long as it remains constant for both measurements.

15)

ki3 (o 2
A(Net) = 7(Vlcw,rms - Vlccw,rms)

ka3 2 2
+ 7 <V20w,rms - VZch,rms)

K
+2(v3

2 lcw,rms

—v?

—v?
lcecw,rms 2ccw,rms

2
+ Vzcw’rmg — 2View,rms V2cw,rms COS o

(16)

+ 2Vicew,mms Vacew, rms €OS 05)

Equations (15) and (16) are useful to calculate the torque
on the pendulum based on measured values of Vi ms and
Va,mms. Since the torque is a function of these quantities
squared, they introduce a non-linearity to the servo system.

A solution is to generate the voltage amplitudes accord-
ing to

A7)
(18)

Vl,rms = Vo, rms + VA,rms and

V2,rms — VYo,rms — VA,rms~
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The voltage amplitudes are symmetric around V, yps. One,
Vi ms is larger by Va s, and the other is smaller by the
same amount. We further assume that ko3 = —ki3 and we
make a choice of @ = 0. Since the geometry of the experi-
ment is symmetric, the assumption is reasonable. In reality,
their absolute values differ by less than 1 %. With the choice
of the voltages above, the produced torque is almost linear
in VA rms. Then, Eq. (15) becomes,

(Nel> = _2k13vo,rmsVA,rms - 2](]2‘/2, (19)

rms

Note the absence of V3 in (19). The contact potential cancels
if kp3 = —k13. Due to the symmetric design of the experi-
ment, this is a reasonable assumption. The non-linearity, i.e.,
the second term in equation (19), contributes about 0.2 % to
the total torque. Altogether, the assumptions and simplifi-
cations made in this paragraph are of the order percent or
below. Such a small non-linearity is easily compensated in
the closed-loop and does not affect the closed-loop system
dynamics. To obtain a metrologically traceable result for G,
these simplifications cannot be made. In other words, all
three k; must be measured. The digital feedback system
calculates the necessary electrostatic torque that needs to
be applied to the pendulum. Solving equation 19 for VA rms
allows the calculation of the voltages from the desired torque.

C. THE ANGLE MEASUREMENT AND ITS NOISE

The angular position of the pendulum is read with an
Elcomat HR! autocollimator. The autocollimator reports a
digital angle in the unit seconds of arc every 7y = 40ms to
the host computer via a serial interface.

An important quantity for the servo design is the noise
in the system. We distinguish between two different noises,
read-out noise and process noise. To establish a value for
both types of noises, we observed the torsion pendulum in
open loop for an extended period (8000s). The pendulum
oscillation amplitude was 240 yrad. From the measurement,
an amplitude spectral density was calculated, see Figure 4.

As is indicated in the figure, at frequencies above the
resonance, the noise floor is about S;/ 2_ 57 nrad/Hz!/2. The
level of the noise floor is constant from the resonance to high
frequencies, except of course, excess power in the harmonics.
The data is consistent with white read-out noise. Digitally
sampled white noise produces a spectral amplitude of §'/? =
/2Tso. Hence, the uncertainty of a single autocollimator
reading iS oaytoc = 200 nrad.

The level of the spectral amplitude to the left side of the
resonance is a consequence of at least two sources that must
be added in quadrature, ie., 02 = 02, + o with on =
kog, where k is the torsional spring constant. Hence, we
obtain on = 0.0521 nN m for the process noise. This value is

1. Certain commercial equipment, instruments, or materials (or suppli-
ers, or software, ...) are identified in this paper to foster understanding.
Such identification does not imply recommendation or endorsement by
the National Institute of Standards and Technology, nor does it imply that
the materials or equipment identified are necessarily the best available for
the purpose.
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FIGURE 4. Amplitude spectral density of the angle. The pendulum amplitude was
240 prad. The part of the spectrum that is plotted in blue determines the readout
noise. The fraction of the plot shown in red is the root sum squared of the process
noise and the readout noise. Due to the relatively large amplitude and nonlinearities in
the autocollimator higher harmonics are visible.
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FIGURE 5. Block diagram of the control loop. The three inputs are: R = reference
input, W = external torques on pendulum (including the gravitational torque), and V =
angular noise in the readout. The output node is the angular position of the pendulum.
U denotes the control torque that acts on the pendulum. It will be a measure of W. The
big boxes denote the controller (D) and the torsion pendulum(G). Two constants are
used. One, ka, converts the pendulum position in radians into seconds of arc and kg
converts the torque from nNm to nM.

about 3.34 x 1073 x yg, where yg is the gravitational torque
produced by the source masses in the clockwise position.
For frequencies below 1 mHz the spectral amplitude rises
proportionally to 1/f. Relaxation processes in the fiber cause
this rise. It is unnecessary to include the 1/f-noise in the
model because it is like a slowly changing external torque,
and the integral control of the loop will compensate for it.

lll. THE CONTROL LOOP
Figure 5 shows a simplified block diagram of the system. The
digital controller is given by D and the torsional oscillator by
G. Two multiplicative constants are included in the loop. The
constant k, = 20626 converts the output of the pendulum Y
from radians to seconds of arc. The autocollimator reports in
these units. The output of the digital controller is in nN m.
The constant kg = 1 x 10~ converts that into N m.

The system has a total of three inputs. The desired angle
set-point (reference) in seconds of arc is given by R. The
input W is the sum of the external torques. These include
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the gravity signal, residual fiber torque, and torque noise.
The input V is the readout noise of the autocollimator in
seconds of arc.

The response functions of the angle Y and control signal
U with respect to the three inputs of reference R, external
torque W, and angle noise V are

G k
- Gy kg, (20)
1+¢ 1+g¢g

koD
U=——9 w_ 2% g_v. Q1)

1+¢g 1+gqg
We abbreviate the open loop transfer function. with ¢, i.e.,
q = kok,DG, (22)

where D and G abbreviate the transfer function of the
controller and the pendulum, respectively.

The electrostatic torque U is only equal and opposite to
the gravitational torque W when ¢ is very high, which is the
case at low frequencies. Ideally, ¢ > 10°.

The pendulum is a continuous system. Its response
function is given by

1
L(02+5%)
Here, I, denotes the moment of inertia, w, the angular
frequency of the resonance (w, = 2nf,). Numerical val-
ues for these and other technical data are given in Table 1
in Appendix B. The damping of the pendulum is so small
that it can be neglected without consequences.

The pendulum’s angular excursion is sampled for every
n-th autocollimator reading, i.e., with a loop time of nTj.
Hence, the Z-transform of this angle is

1 z(1 —cos (wonTy)) + 1 — cos (w,nTy)

L.w? 72 —2zc0s (wonTy) + 1

G(s) = (23)

G(z) = (24)

Using n = 15, the known parameters of the system yield
2.388z +2.388
2 —1.999z7+1°

For the controller we assume a sum of three parts, a
proportional-derivative (pd), integral (i), and double integral
(ii), i.e., D(z) = Dpg + Di + Dji. In the z-plane, the three
terms are

G(z) = (25)

(kp + ka)z — ka

Dpa(2) = (26)
Di(2) = ki— 27)
z—1
Z2
Dji(z) = kiim (28)

The equation for D;ij(z) may be unfamiliar to the reader.
Appendix B shows how it can be obtained. It can also be
obtained by squaring Dj. A stable feedback is obtained with
kp =1, ka = 51, ki = 0.03, ki = 0.0002. Figure 6 shows
the Bode plot of the open loop transfer function. At high
frequencies, above twice the resonant frequency, there is still
too much gain in the transfer function. At these frequencies,
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FIGURE 6. Bode plot of the open loop transfer function, g. The red trace shows
ko kaGD. For the blue trace and additional output filter, F¢(2) is implemented at the
output of G yielding kg ka GDF¢ for the open loop transfer function.

there is no useful information for the G measurement, but
the excess voltage on the electrodes can lead to excess noise
in the voltmeters that are used to read the voltage back
for the precise calculation of the electrostatic torque. This
problem can be solved by filtering the output of D. We use
a second-order filter with the transfer function
ap? +aiz+ a
2+biz+by
The numerical values of the coefficients are given in the
appendix. The filter has a 3dB frequency of 0.0314 Hz.
Finally, the reference input is also filtered with a second-

order digital filter to avoid overshoot while changing the set
point. This filter has a 3dB frequency of 0.0023 Hz.

Fof(z) = (29)

IV. THE KALMAN OBSERVER

The autocollimator reports a new angle reading every T.
The controller outputs a new torque value every n - T, with
n = 15. The reason for the lower loop frequency is so there is
enough time to precisely measure V4 and Vp. The lower loop
frequency extends the integration time of the voltmeters and
ensures that the voltage on the electrodes is not changed in
the middle of the measurement. The slower update rate can
be accomplished by filtering and subsequent down-sampling
of the autocollimator readings.

A Kalman observer [16] offers superior performance over
other filters because it includes the physics of the pendulum.
The Kalman filter yields an estimate of the state, denoted
by the row vector Xi, of the system at the time ¢ = k - Tj.
We follow the description and notation given by Brown and
Hwag [17].

The state vector evolves according to
x; = Fxp—1 + Gug—1 + w. 30)

Here, F is the state transition matrix without input. The
matrix G describes how the control torque u influences the
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state. Lastly, the column vector w contains the process noise.
The readout of the state is according to

v = Hx +v. 31)

The row vector H converts the state to reading to which the
measurement noise v is added.

The state vector has three components, an unknown offset
¢o, the twist of the torsion fiber ¢y and its time derivative,
i.e., the angular velocity of the torsion pendulum. It is

%o
Pk
The state transition matrix is
1 0 0
F=|0 1-wjT? T2 (33)
0 —wilT, 1
The matrix G is given by
1 0
G= 7 12/2 (34)
Ty
Finally, the readout is determined by
H:(ka ko 0). (35)

Note, the autocollimator measures the sum of the offset and
the twist in seconds of arc, hence, k.

For the input of the control loop we use y; when k
mod n = 0. Note, the matrices given above are approxima-
tions using the fact that the sample time is much shorter than
the period of the pendulum, 75 << 27 /wq. The algorithm of
the Kalman filter can be found in the literature [16], [17]. A
succinct summary is given in the appendix for completeness.

V. THE COMPLETE SERVO LOOP AND ITS
PERFORMANCE

The complete servo loop consisting of two parts is schemat-
ically shown in Fig. 7. The part on the right, inside the
dotted box, is the Kalman filter. The measurements and cal-
culations are executed at a loop time of 7 which is given
by the readout speed of the autocollimator. The box on the
left is executed at a slower rate. Every 15th estimate of the
Kalman filter is passed to the controller D. The requirement
to downsample the autocollimator readings arises from the
need to precisely measure the ac voltage at both electrodes. In
order for the precision voltmeters to measure the amplitude
of the 1 kHz signal, the signal must be present with constant
amplitude for some time. Downsampling the autocollimator
rate by a factor of 15 is a good compromise between the
performance of the loop and the voltage measurements. The
controller uses the difference between the filtered reference
input and the Kalman estimate. The output of the controller
is passed to a digital output filter (Fr). The calculation and
filtering are performed in units nN m.
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T; = 600 ms

FIGURE 7. The complete servo loop consists of two parts. They are drawn in the
dashed box on the left and the dotted box on the right. The right box contains the
angle readout with the autocollimator, k3 and the Kalman filter, schematically shown
as M. The torsion pendulum is G. The components in the right box with the exception
of G, which is continuous, are executed every 40 ms, the readout cadence of the
autocollimator. Every 15th calculated value from the Kalman filter is passed to the left
box. It contains the controller D and the output filter Fo¢. The reference input R can be
chosen by the user. It is filtered with a set-point filter, Fsp.

3458A Zia

35500B

355008 H Cen2(9)

3458A Zy, —

FIGURE 8. The electrical circuit of the servo loop. On the left are the computer
controller voltages sources (signal generators 35500B from Keithley) and the
voltmeters (3458A from Agilent). On the right is the hardware in the vacuum enclosure,
schematically one electrode 1, one electrode 2, and one test mass is shown. In reality,
four of each exist. The capacitances CC’12,Cc’13, and Cc723 depend on the angular
position ¢ of the pendulum. The pendulum is grounded through the torsion strip,
resistor Ry. The other impedances reflect the cable resistance and the input
impedance of the voltmeter.

Figure 8 shows the electrical circuit that is used to con-
trol the pendulum and to measure the voltages on the control
electrodes. The ac voltages are generated by two signal gen-
erators (Keithley 35500B). They produce two phase coherent
sine signals with a frequency f = 1kHz and a relative phase
difference of o = 0, see Eq. (15).

The amplitude of each sine wave ranges from OV to 5V,
and is determined by the amplitude modulation input.

The input signal to the modulation input is generated by
a two-channel digital-to-analog converter in the control PC.
Each output of the signal generator is connected to a trans-
former that multiplies the voltage by 15. The output of one
transformer is connected to electrode A, and the output of
the other to electrode B.

A. MEASUREMENT OF THE AC VOLTAGE
In servo control, the torque on the pendulum can only be
determined by measuring the voltages on the electrodes in
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a metrologically traceable way. For that task, we employ
two Agilent 3458A voltmeters. The voltmeters are triggered
by the sync output of the signal generator and measured
simultaneously. To measure the RMS voltage of a 1 kHz
waveform, we use a technique similar to the one proposed
by Swerlein [18]. While Swerlein’s algorithm uses the math-
ematical functions of the digital voltmeter to calculate the
RMS voltage at its terminals, we transfer the digital readings
to the PC and fit sines to the data offline. The advantage of
our technique is that the offline data set contains the phase
angle o between Vi and V,. Other than that we find no
difference in the result to Swerlein’s algorithm.

B. MEASUREMENT OF THE CAPACITANCE GRADIENTS
As discussed in Section II, three capacitance gradients need
to be measured to infer the torque from the RMS voltage
readings. Before the capacitance measurement, the pendulum
is excited to a swing amplitude of about 730 prad. After that,
we use relays (Ross Engineering Coorp. Model RR-1C-05-
H12) to connect an Andeen-Hagerling 2700A capacitance
bridge to measure the capacitances to two of the three rele-
vant electrical components: the clockwise pulling electrode,
the counter-clockwise pulling electrodes, and the pendulum.
For each measurement, One electrode is connected to the
high terminal, another to the low terminal, and the third to
the ground. Each of the three cross capacitances is mea-
sured multiple times. We describe one measurement and its
analysis on the example of C¢ 13 below.

We assume the pendulum swings in a harmonic motion,
o) = ¢p + ¢4 cos(wt). A series expansion of C(¢p) around
¢, yields

1
C(@) ~ C(¢o) + k1(p — ¢o) + Ekz(fb —¢0)>,  (36)

where ki and k, denote the first and second derivative of
C with respect to ¢ at ¢ = ¢,. The capacitance gradient is
smooth and an analytic equation can be found in [13]. For
the small deflection angle of the torsion pendulum a second
order series expansion is sufficient. Hence, the measured
capacitance is given by

kap}

€y ~ C@o) + 2

+ k1¢a cos(wt) + /;_2(1)3‘ cos(2wt). (37)

By fitting C, + C4 cos(wt) + Cp cos(2wt) to the measured
values C(f), the capacitance gradient at ¢, can be obtained
by ki1 = Ca/¢a. The advantage of this method is that
it is independent of any phase delay between the angle
reading (autocollimator) and the capacitance measurement.
Regardless of what data analysis is used, the reading of the
AH bridge must be corrected for its integration time.
Figure 9 shows an example of a capacitance gradient mea-
surement. Data is taken for a length of 1.5 pendulum periods
(= 180s). The relative uncertainty of the angle amplitude
measurement is 5.8 x 10_6, that of the capacitance mea-
surement is 155 x 107%. These numbers are obtained by
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FIGURE 9. One data set that is used to determine the capacitance gradient kq5.
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FIGURE 10. Comparison of the measurements of the gravitational torque difference.
The top row shows the data obtained with the electrostatic-servo. The bottom row
shows the data obtained with the Cavendish method. This graph shows that the servo
does not signifciantly increase the noise in the measurement.

scaling the sums of the residuals squared such that they are
in agreement with the number of degrees of freedom. Hence,
about 100 measurements are required to average the relative
uncertainty of the mean down to 15.6 x 107°. The capac-
itance measurements are carried out periodically through
the servo data measurement. Typically 15 measurements are
taken every 20 hours. A complete G-data run is typically 6
days long.

C. THE PERFORMANCE OF THE LOOP

Figure 10 shows the measured torque difference for two
data sets, each 1.75 days long. The data shown in the upper
panel was measured with the electrostatic-servo method. The
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torque difference measured in the lower panel is obtained
from the Cavendish method. In this method, the pendulum
is allowed to swing freely. The torque is calculated from the
change in equilibrium position times the torsion constant.
The torsion constant is obtained from the calculated moment
of inertia and the measured resonance frequency.

The breaks in the electrostatic servo data were used to
measure the capacitance gradients, k12, k13, and kp3. These
gradients were also measured before and after the data run.
Overall the standard deviation in the measured torque values
are similar, 3.5 pN m for the electrostatic-servo method and
3.1 pNm for the Cavendish method.

The torque difference measured by the Cavendish method
is 1.4pNm larger than the difference measured with the
servo method. It is not clear why the signal is larger, but
this discrepancy could point to a small error in the moment
of inertia calculation.

Overall the comparison between the Cavendish and the
electrostatic-servo method shows that the servo developed
in this article does not introduce a significant amount of
excess noise.

VI. SUMMARY

We have given a description of the electrostatic servo system
for the BIPM G apparatus as it is implemented at NIST. The
actuator described is different from most other electrostatic
actuators used in precision measurements in two aspects.
First, a total of three electrodes are used. This geometry
allows the production of clockwise and counterclockwise
torques without storing elastic energy in the spring. Second,
two ac waveforms each with a frequency of 1 kHz are applied
to two electrodes while the third one is nominally at the
ground. The second section of this article describes the the-
ory of such an actuator. In the third section, the control loop
in the discrete realm is developed. The control loop uses a
Kalman filter as a state estimator to calculate its output. A
succinct description of the experiment-specific elements of
the Kalman filter is given in section four. Finally, the control
loop elements are added in the fifth chapter. There, descrip-
tions of all necessary measurements and the performance of
the control loop are given.

Controlling a harmonic oscillator is a common occurrence
in physics and engineering. We hope the description of the
control loop for the big G experiment can be easily trans-
ferred to other experiments, and the reader gains valuable
insight from our control loop design.

APPENDIX A
TECHNICAL DATA
Table 1 provides a summary of the most important technical
parameters of the system.

Two digital filters are used in the control loop. The filter
coefficients of the output filter are given in Table 2. Likewise,
the coefficients of the set point filter are given in Table 3.
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TABLE 1. Important technical data.

sample time Ts 0.04 s
spring constant K 0.207 mNm
moment of Inertia I, 0.075 kg m?
quality factor Q@ 25000
resonance frequency fo 8.28 mHz
gravitational torque I'e +15.586 nNm
cap. gradient el. 13 dC. 13/d0 —54.235 pFrad—!
cap. gradient el. 23 dC. 23/df 55.650 pFrad—!
cap. gradient 12 dCq,12/d0 1.296 pFrad—!
transformer ratio n 18.2
control factor kol 45.763 nNmV~—1!
autocollimator noise Oautoc 200 nrad
torque noise oN 0.0521 nNm
noise/signal on/Ta 3.341 x 1073
TABLE 2. Filter coefficients of the output filter.
ap 0.005 02
ai 0.01004
az 0.005 02
b1 —1.7497
ba 0.7698
TABLE 3. Filter coefficients of the set point filter.
ao 3.16544 x 1075
a 6.33088 x 1075
az 3.16544 x 1075
by —1.98047
b 0.98061

For both filters the equation is

ap? + a1z + az
22 +biz+ by
with the filter coefficients printed in the corresponding tables.

Fof(z) = (38)

APPENDIX B

CALCULATIONS FOR THE KALMAN FILTER

At the beginning of the process we calculate the prediction
of the state vector and its covariance matrix. The prediction
of the state vector is

Xp.k = Fxp—1 + Gug—y. (39)
The prediction of the covariance matrix is
Py =FPr1 +Q, (40)

where Q is the process noise covariance matrix. With that
the Kalman gain can be calculated. It is

-1
K; = P,,,kHT<HP,,,kHT + R) , A1)

where R is the measurement noise covariance, i.e., v2. The
Kalman gain Kj determines what linear combination of
the predicted internal state and observation is used for the

calculation of the new internal state. The new internal state is
Xp = Xp k + KO — Hxp 0). (42)

In the same way, the covariance matrix of the internal state
is propagated from the predicted covariance matrix using

Py = I - KH)P, ;. 43)
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APPENDIX C

DISCRETE DOUBLE INTEGRATOR

We are looking for y that is the double integral of x with
respect to time,

y(O) = kij / /0 IX(t/)dt/ (44)
Hence,
y' = cix. (45)
Discretizing the double differentiation yields
ylnl = 2y[n — 11+ yln — 2] = ciix[n] (46)
This equation can be written in the z domain as
Y =227V + 2727 = ¢iX. (47)
Hence,
Y Cii ciz?
X 1—22*111—1—72 2 —”2224—1' “9
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