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ABSTRACT: Despite the ubiquity of three-dimensional (3D) anisotropic materials, their 3D molecular alignment cannot be measured using conventional two-dimensional (2D) polarization imaging. Here, we present images of the 3D angles of molecular orientations with sub-micrometer spatial resolution acquired through polarization-controlled coherent anti-Stokes Raman scattering microscopy. The hyperspectral Raman data of a polyethylene (PE) film were converted into images showing the polymer chains’ 3D angles and order parameters. The 3D orientation images of PE chains in ring-banded spherulites show that the azimuthal angles of the chains are perpendicular to the crystal growth direction, while the out-of-plane angles display limited-range oscillations synchronous with ring banding. The prevailing crystal growth model of fully twisting lamellae is inconsistent with the observed restricted oscillations of the out-of-plane direction, which weare unobservable through conventional 2D- projected imaging. This high-resolution, label-free, quantitative imaging of 3D molecular orientations can become a standard measurement tool for the microscopic structures of complex synthetic and biological materials.

INTRODUCTION
Three-dimensional (3D) anisotropic molecular alignment and the associated anisotropy occur commonly in natural and synthesized materials at several structural levels, defining the physical, chemical, and biological properties. Accurate measurements of molecular orientation measurements havingwith a sufficiently high spatial resolution are critical for understanding the relationship between the microscopic structure and macroscopic properties and for controlling and improving material performances. However, there is no quantitative measurement technique of 3D molecular orientation for continuously distributed organic materials with sub-micrometer spatial resolution. For example, when polymers become crystallized, they form a hierarchical and anisotropic structure, including unit cells, lamellar stacks, and spherulitic domains, where a pattern of concentric rings is often observed. The mechanisms of the ring banding phenomenon have been extensively studied, and a fully twisting lamellar model has been considered as the prevailing mechanism.1-3 However, fully twisting lamellae have beenwere observed only in isolated forms,4,5 but full 360° twisting has never been directly measured from intact polymer films due to the absence of appropriate quantitative imaging methods for 3D orientations.
Various imaging methods have been developed to map the molecular orientation in spatially heterogeneous materials. The 3D orientation of single crystals can be determined by X-ray diffraction (XRD). Various X-ray diffraction-based microscopy techniques hasve been used to determinemap the orientations of separate crystallite domains in polycrystalline materials.6,7 However, X-ray tomographic imaging is limited to studying highly crystalline samples with a thickness of at least tens of micrometers, and its spatial resolution is limited to several micrometers. Due to weak scattering cross section, X-ray based orientational imaging of organic materials requires a synchrotron source, which is not readily available. Electron diffraction imaging can be used to map the crystallographic orientation with a higher spatial resolution either by the backscatter diffraction in a scanning electron microscope or the selected-area diffraction in a transmission electron microscope.8,9  However, due to the limited penetration depth of electrons, only the shallow surfaces or thin foils (<100 nm) can be investigated by electron diffraction microscopy. Charge accumulation and beam damage are still challenging problems for high-resolution imaging of organic materials, including polymers.10
Alternatively, optical imaging techniques have been widely used to noninvasively nondestructively map the anisotropy of the samples and determine the molecular orientation. Optical imaging of the anisotropy is typically based on linearly polarized optical systems, such as fluorescence,11,12 second harmonic generation,13 infrared (IR) absorption,14-16 and Raman scattering.17-21 However, polarization optical microscopy methods can only measure the 2D projection of molecular orientation onto the polarization plane but cannot determine the out-of-plane angle of molecules in 3D. Due to the inability to measure the out-of-plane angle, the 2D- projected orientation measurement can characterize the orientational distribution function properly only when the sample symmetry axis can be assumed to lie in the polarization plane, such as fibers and highly- stretched films.22,23 Different imaging approaches based on radially- polarized excitation were reported to detect the signal difference between longitudinally- and transversely- aligned molecules in spontaneous and coherent Raman microscopiesy.24,25 However, the simple ratio of radial and transverse Raman intensities could not be converted into the out-of-plane angle without knowing the molecular twisting angle and the orientational broadening.26
Other high-resolution optical imaging methods have been demonstrated to measure the 3D orientation angles of isolated molecules by analyzing finely z-scanned defocused images,27 comparing with point spread functions,28 or detecting emissions from 2D-degenerate fluorophores.29 However, those exquisite methods are inappropriate for continuously distributed materials, such as polymers and tissues.
Recently, a spectral analysis method, called the orthogonal-pair polarization IR (OPPIR), was proposed to determine 3D angles of molecular orientation by concurrently analyzing two orthogonal IR modes.30 The new method was experimentally demonstrated with a semicrystalline polymer film and the structural change induced by shear deformation.31,32 However, the diffraction limit of IR microscopy is several micrometers, which is often not sufficient to resolve microscopic orientational variations.
Compared to IR microscopy, Raman imaging can provide an order of magnitude higher spatial resolution with sectioning capability. Earlier, polarization Raman microscopy was used to determine the 3D orientation of single crystals, polycrystals, and nanowires.33-35 These materials were characterized by a small number of Raman peaks and their large Raman cross sections. More importantly, the polarization analysis was focused on a single Raman peaks whose triple-degenerated polarizability tensors were exploited with respect to the 3D angles of crystal orientation. In contrast to inorganic crystals with high crystallinity, Raman spectra of organic materials are not only more crowded but also more readily affected by orientational broadening and amorphous contributions. Thus, analyzing a single Raman peak (e.g., the amide I peak) cannot yield the 3D orientation angles without a priori knowledge of the Raman tensor elements and the orientational broadening,36,37 which are not trivial to measure independently at the exact location of the sample. As opposed to those single Raman peak analyses, an algorithm based on two Raman peaks was theoretically proposed to determine the 3D orientation angles,38 which is similar to the OPPIR method for in IR imaging in principle.31,32 However, the proposed algorithm was based on the assumption that the polarizability tensors must have a single non-zero diagonal elements, which is impractical for typical organic molecules, unfortunately.
This paper introduces a new algorithm to determine the 3D orientation angles of molecular orientation using hyperspectral Raman images obtained bywith polarization-controlled broadband coherent anti-Stokes Raman scattering (BCARS) microscopy. In principle, equivalent polarization Raman information can be collected by BCARS and spontaneous Raman. However, BCARS can provide a faster imaging speed than spontaneous confocal Raman,[Ref] which can be more advantageous in thesise multi-dimensional hyperspectral images repeated at multiple polarization angles. We investigated a semicrystalline high-density polyethylene (HDPE) film, one of the most produced commodity polymer materials. A multiple-annealed, slowly- cooled, thin PE film sandwiched between coverslips was imaged with a BCARS microscope at various polarization angles of the excitation lights. Thanks to the earlier extensive studies of the Raman polarizabilities of PE,39-42 we were able to determine the 3D orientation angle and the order parameter of polymer chains with sub-micrometer spatial resolution. We identified a Raman peak with degenerate symmetries that can be used to determine the axial angle of the orientation by assuming an analytical relation between the second- and fourth-order parameters. In this paper, we determined the azimuthal angle, the axial angle, and the order parameters at each image pixel and mapped the orientations on two lines across a nucleation center and a spherulite boundary. We discussed the observed orientation maps of PE chains with respect to ring banding periods and the related lamellar twisting mechanisms.
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Figure 1. Polarization-controlled broadband coherent anti-Stokes Raman scattering (BCARS) imaging of an HDPE film. (a) A sSchematic illustration of the polarization-controlled BCARS system. See the text for details. (b) A bBright-field image and (c) a polarization optical microscopy (POM) image of the identical region of an HDPE film. (d) An eEnlarged confocal scattering image of the rectangular area in panels (b,c). (e,f) The Im{c(3)} spectra retrieved by the Kramers-–Kronig method from raw BCARS spectra acquired by two polarization excitation angles at the (+) marked location in panel (d).




EXPERIMENTAL METHODS
Sample Preparation. A thin HDPE film was prepared for imaging. A stock HDPE (NIST SRM1475, mass-average molar mass = 53 000 g/mol, dispersity = 2.9) strip was first melted at 170 °C for 5 min under pressure. The film was sandwiched between two glass coverslips and pressed with two aluminum blocks by a spring clamp. Then, the sandwiched film was re-heated at 170 °C for 1 h, annealed at 124 °C for 18 h, and cooled to room temperature slowly overnight in a vacuum. The HDPE film was imaged as the intact sandwiched form between the two glass coverslips. From an XZ-scanned confocal image of the film cross section (see Figure S1), the film thickness was estimated to be 2.1 m. Based on DSC reports of slow-melt crystalized HDPE films made from NIST SRM 1475, the crystallinity of the sample was estimated to be (74%  88%).43,44
Polarization-Controlled BCARS Microscopy. The imaging system, illustrated in Figure 1a, was based on the polarization-controlled beam -scanning BCARS microscopy setup.45,46 Briefly, a fundamental laser beam from a Ti:Sapphire femtosecond oscillator (MaiTai, Spectra-Physics), centered at 830 nm, was split into two beams. One beam was spectrally narrowed to 1 nm bandwidth by a 4-f dispersionless filter. The other beam was converted to a continuum light ranging from 850 nm to 1150 nm by a photonic crystal fiber (PCF, Femtowhite, NKT Photonics). The two beams were combined and directed collinearly toward the sample. The polarization of the two beams was linear and parallel by passing through a polarizer (Pol1). The polarization angle was rotated by an achromatic half-wave plate (HWP1, AHWP05M-980, Thorlabs) mounted in a motorized rotation stage. The excitation beams were subsequently focused onto a sample through an objective lens (40×X, numerical aperture (NA) 0.95, Olympus). The laser powers measured at the sample location were approximately 17 mW and 11 mW for the narrowband and the continuum, respectively. CARS signals were collected by an objective lens (60×X, NA 0.7, Olympus) in the forward direction. The polarization angle of the signals was rotated back by another set of an achromatic half-wave plate (HWP2, AHWP05M-600, Thorlabs) and a polarizer (Pol2). Pol2 was aligned parallel to Pol1, and HWP2 was rotated synchronously to HWP1 so that only the signals became parallel to Pol2. The CARS signal was analyzed by a monochromator (SCT-320, Princeton Instruments) equipped with a charge-coupled device (CCD, 1024 ×x 256 pixels, DU920-BRDD, Andor). BCARS hyperspectral data were collected in two imaging modes. For imaging a large area of fixed polarization excitation, the sample-scanning mode was used, where the full vertical binned CCD signals were recorded per image pixel while the sample was moved. For collecting polarization-resolved analysis, the beam scanning mode was used, where the BCARS spectra of a line segment illuminated by a scanning mirror (SM) were recorded while the polarization angle was rotated.
The signal wavelength detected by the CCD ranged from 850 nm to 700 nm, corresponding to the Raman shift from –500 cm-1 to +4000 cm-1. The short pass filter in front of the monochromator reduced the excitation light significantly, but the intense narrowband beam was still detectable. The narrowband beam intensity was used for the alignment of Pol1, Pol2, HWP1, and HWP2. At a blank location without HDPE, the narrowband intensity was monitored while HWP1 and HWP2 were synchronously rotated. Figure S2 shows that the polarization-dependent intensity varied only by a 1.1% standard deviation. A separate measurement with an isotropic liquid sample (glycerol) in the place of the polymer film shows 1.0% standard deviation, indicating that most of the polarization dependence is not due to the system’s polarization dependence andnot due to the film’s birefringence and diattenuation.
Spectral Image Processing. A raw BCARS spectrum, ICARS, was converted to the imaginary component of the third-order nonlinear susceptibility, Im{c(3)}, by the Kramer-–Kronig (KK) phase retrieval.47,48 The spectrum of Im{c(3)}, equivalent to the spontaneous Raman spectrum, was further analyzed for various polarization angles. Each KK-retrieved spectrum was fitted with multiple Gaussian functions. While the center frequency and the bandwidth were fixed for each underlying peak, the amplitude was adjusted for the best fit.

RESULTS AND DISCUSSION
Polarization-dependent Dependent BCARS and retrieval Retrieval of Im{c(3)}. Figure 1b,c show bright-field and polarization optical microscopy (POM) images, respectively, of the identical region of an HDPE film. While the bright-field image looks featureless, the POM image of the identical area shows well-defined spherulites featured by concentric rings and the Maltese cross. The high-resolution confocal scattering image in Figure 1d shows that the rings consist of lathlike sub-features that are cooperatively banded.
The microscopic optical anisotropy was also observable in polarization-controlled CARS spectra. The generated CARS signal, ICARS, is proportional to |c(3)|2 = | +  |2, where  is the vibrationally resonant susceptibility, and  is the nonresonant background (NRB) susceptibility. Because of the interference between  and  , the spectral shape of ICARS looks dispersion-like, and the spectral analysis becomes complicated. We used the KK phase retrieval method to eliminate the  contribution and retrieve the imaginary component of c(3), or Im{c(3)}.47 Because Im{c(3)} is proportional to the spontaneous Raman cross section,49 the symmetry and tensor of a Raman mode can be referenced from studies by spontaneous Raman spectroscopy. Figure 1e,f shows the Im{c(3)} spectra measured at a single pixel, excited by different polarization angles. Raman peaks in the Im{c(3)} spectra show different polarization dependence from each other.
Polarization-dDependent BCARS iImages of HDPE sSpherulites. Figure 2 shows the Im{c(3)} images of the HDPE film at four different frequencies by X- and Y-polarized excitations. In Figure 2c,d, the Im{c(3)} images of the ns(C–C) mode at 1126 cm-1 are featured by a bow- tie shape perpendicular to the polarization direction. Concentric undulations due to ring banding are unambiguously observable. In contrast, the Im{c(3)} images of the ns(CH2) mode at 2846 cm-1 in Figure 2g,h show that a bow tie is aligned parallel to the polarization direction. The ring banding pattern becomes unclear in the bright area but weakly observable in the dark area. The images of d(CH2) at 1440 cm-1 in Figure 2e,f show different patterns from the other two images. A diagonal cross shape appears brighter with well-defined ring banding patterns in the cross arms. In Figure 2i,j, the composite of the three Im{c(3)} images shows that the three Raman modes complement each other. For example, the ring banding patterns of the ns(CH2) mode (red) and the of d(CH2) mode (green) are out-of-phase with each other.
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Figure 2. Im{c(3)} images of the HDPE film constructed by different Raman modes and their composite images. (lLeft column:) Y-polarized excitation (h = 90°). (rRight column:) X-polarized excitation (h = 0°). Line N and line B cross a nucleation center and a spherulite boundary, respectively. The two lines were analyzed further by polarization profile measurements followed by a detailed 3D orientational angle analysis.

All images in Figure 2 show a mirror symmetry with respect to the polarization direction for both polarization directions, indicating that the overall molecular alignment in the spherulite is radially symmetrical. Earlier, Lee et al. observed similar bow- tie and diagonal- cross patterns from polarization BCARS images of an HDPE/LLDPE homopolymer blend.19 They described the unique polarization-dependent features of PE spherulites using a collective twisting lamellar model by focusing on the two Raman modes. For example, let u’s consider full and smooth lamellae twisting per ring banding period only along the X- axis from the nucleation center. Then, the direction of PE chains, perpendicular to lamellae, will alternate between the film’s normal direction (the Z- axis) to the tangential direction of the ring banding (the Y- axis). Then, the ns(C–C) mode, which dominantly represents the PE main chains direction, will become bright and dark alternatively by the Y-polarized excitation (Figure 2c) but will remain dark by the X-polarized excitation (Figure 2d). In contrast, the ns(CH2) mode plane, which is assumed to be perpendicular to the main chains, will alternate between the XY- and XZ- planes. Then, the ns(CH2) mode will become constantly bright by the X-polarized excitation (Figure 2h) and alternate between medium and dark by the Y-polarized excitation (Figure 2g). However, these qualitative discussions were based on assumptions that the polarizability tensor of the ns(C–C) mode has only one non-zero element on the chain axis and that the polarizability tensor of the ns(CH2) mode contains only two identical non-zero elements on the CH2 plane axes. In the following sections, we will analyze the polarization angle dependence of Im{c(3)} signals using Raman tensors for multiple Raman symmetries. We will focus on two line scans to demonstrate the determination of the 3D orientation angles of the PE chain direction. As shown in Figure 2i,j, one line (labeled as N) crosses a nucleation center, while the other line (labeled as B) crosses a boundary between spherulites. Both lines cross multiple banded rings; thus, we will see how the 3D chain orientation varies with ring banding.

Polarization Pprofiles of vVarious Raman pPeaks. Figure 3 shows contour images of Im{c(3)} at eight representative frequencies as a function of polarization angle and distance along line N (the top panel) and line B (the bottom panel). All contour images show periodic polarization dependence at all X locations. Most peaks show an angular period of 180° while peaks at 1461 cm-1 and 1440 cm-1 (in Figure S3) show a period of 90°. Interestingly, the polarization dependence of the different Raman modes shows close symmetry angles to each other. In Figure S3i–l and Figure S3u–x, the polarization profiles from a single image pixel show more clearly the periodicities and the proximity of the symmetry angles among the Raman modes.


Figure 3. Contour map of Im{c(3)} for various Raman modes as a function of polarization angle and distance on line N and line B. The intensity of each contour plot was scaled from zero to its maximum.


More specifically, the 1060 cm-1 and 1294 cm-1 peaks are similar in shape, showing a doughnut-like feature per ring banding. In contrast, the 1126 cm-1 and 1416 cm-1 peaks show no doughnut-like features. The 1126 cm-1 peak shows a wide band with a period of 180°, while the 1416 cm-1 peak shows the main band and a weaker out-of-phase band. The 2846 cm-1 and 2878 cm-1 peaks appear at an angle shifted by 90° from the 1126 cm-1 and 1416 cm-1 peaks. The 2846 cm-1 peak shows a wide band, while the 2878 cm-1 peak shows the main band and an additional weaker band. Also, the 2846 cm-1 and 2878 cm-1 peaks look more continuous along with ring banding than the other peaks. Overall, the polarization-dependent features, such as the doughnut-like pattern, appear repeatedly per ring banding, indicating that chain orientation changes within a ring banding period and repeats over multiple periods. Also, the similarity in the polarization dependence between line N and line B suggests that the molecular alignment is similar between the central and distal areas of a spherulite.

Nonlinear susceptibility tensors and Raman polarizability tensors. In general, CARS intensity can be expressed as
	(1)
where P(3) is the generated nonlinear polarization of the anti-Stokes signal; c(3) is the fourth-rank tensor of the third-order nonlinear susceptibility; and Epu, ES, and Epr are the electric field vectors of the pump, Stokes, and probe transitions, respectively. In this study, the excitation electric fields are defined by a specific polarization angle, and the CARS signal of the same polarization component is detected. Then, the polarization-resolved ICARS can be expressed as , where the effective nonlinear polarization is defined as , where; h is the polarization angle; and  is the unit vector representing the polarization direction. If the electric fields are expressed in a form that separates the amplitude, E, and the direction, as , the effective nonlinear polarization can be expressed with the effective third-order nonlinear susceptibility, , as
 
	(2)
where (I, J, K, L) ∈ (X, Y, Z) in the laboratory frame.
The macroscopic third-order nonlinear susceptibility fourth-rank tensor,  , is independent of h but dependent on the orientation angles of probed molecules. The macroscopic value defined in the laboratory frame needs a coordinate rotation to be connected to its microscopic third-order nonlinear susceptibility fourth-rank tensor,  , where (i, j, k, l) ∈ (a, b, c) in the molecule or lattice frame. The Euler rotation matrix, R(y,f,), can be used to represent the coordinate rotation. y, f, and  are the azimuthal angle, rotational angle, and axial angle, respectively. Then,
 	(3)
where RXx are the (X, x) element of R(y,f,), and all N molecules are assumed to be oriented parallel to each other (the oriented- gas model). More accurately, the orientational distribution function of the molecules must be used. We will discuss the broadening effect qualitatively later in this paper.


Figure 4. A sSchematic illustration of Raman polarizabilities at different frames. The molecular Raman polarizability (a) is defined in the molecule frame of (x,y,z). The molecular plane of the C-–C chain is in the xz- plane. The lattice Raman polarizability (a’) is defined in the lattice frame of (a,b,c). The molecular plane is tilted by the setting angle t from the b -axis in the unit cell. The third-order nonlinear susceptibility (c(3)) is defined in the laboratory frame of (X,Y,Z). The lattice orientation in the laboratory frame can be described by the 3D Euler angles: the azimuthal angle (y), the rotational angle (f), and the axial angle ().

Because the CARS signal generation is a four-wave mixing process, its nonlinear susceptibility can be expressed as a product of two second-rank tensors corresponding to two Raman polarizabilities for the pump/Stokes and the probe/anti-Stokes transitions. In the molecular frame,  can be expressed as a product of molecular Raman tensors, a. However, because a majority of HDPE chains exist in the crystalline phase, we consider a unit-cell Raman tensor, a’, and its orientation in the laboratory frame, as illustrated in Figure 4. Then, eq 3 can be re-written as
	(4)
For a given Raman mode, the observed Im{c(3)}(h) will correspond to , and eqs 2 and 4 will yield
	(5)
If relative values of tensor elements  are known priorly, Im{c(3)}(h) will provide information on the orientation angles from (RIi RJj RKk RLl). On the other hand, if the molecular orientation angles are known by any other techniques, the tensor elements  of the probed Raman mode can be determined.
Table 1 shows the Raman symmetries of the representative Raman peaks of a PE unit cell based on the orthorhombic crystal phase.39,41 Ag, B1g, B2g, and B3g are the four Raman symmetries allowed for the unit cell point group D2h. Most Raman peaks are observed in the degenerate form of two symmetries, such as (Ag + B3g) and (B1g + B2g), except the d(CH2) peak for Ag. Some high-resolution studies of low-temperature samples showed that the peaks were separated by a few wavenumbers.39 However, the room-temperature measurement with the limited spectral resolution (≈10 cm-1) could not resolve the overlapping peaks. Then, the observed Im{c(3)} can be considered as the   sum of the degenerate peaks.

Table 1. Peak aAssignment, the cCorresponding gGroup sSymmetry, and the Raman tTensor eElements of oOrthorhombic PE.39-42,50
	Frequency (cm-1)
	Mode
	Symmetry a

	1060
	nas(C–C)
	B1g + B2g

	1126
	ns(C–C)
	Ag + B3g

	1169
	r(CH2)
	Ag + B3g

	1294
	t(CH2)
	B1g + B2g

	1416
	d(CH2)
	Ag

	1440
	d(CH2)
	B3g (+ Ag)b

	1461
	d(CH2)
	B3g (+ Ag)b

	2846
	ns(CH2)
	Ag + B3g

	2878
	nas(CH2)
	Ag + B3g


a nas, asymmetric stretching; ns, symmetric stretching; r, rocking; d, scissoring; and t, twisting. b Possible Fermi resonance.40

The Raman polarizability tensor, a’, for all four symmetries can be expressed in the 3×3 matrix form with respect to the (a, b, c) coordinate. The a’ for the Ag symmetry has three non-zero diagonal elements: , , and . The other tensors for B1g, B2g, and B3g symmetries have only one pair of non-zero off-diagonal elements, and the element pairs can be further simplified by , , and , respectively. Based on the simplified tensors,  can be analytically expressed as a function of polarization angle and orientation angle. Table 2 shows the Raman polarizability in the matrix form of the four symmetry modes and their analytical expressions of .
(B1g + B2g) mMode. As shown in Table 2, the expression of a (B1g + B2g) peak requires only two elements, e and f. Even the two elements are associated by the setting angle of PE chain planes with respect to the a- axis (or b- axis) in the unit cell.39 The reported setting angles for orthorhombic PE are within a narrow range of (45° ± 4°).51,52 Thus, we assume that e = f for the Raman polarizabilities of the degenerate B1g and B2g modes. Then, the polarization dependence of a (B1g + B2g) peak can be expressed with only one independent tensor element: e (= f), and the expression of  can be simplified as
 
	(6)



Table 2. Raman tTensor eElements cCorresponding to the fFour sSymmetries, which exist for the unit cell in the oOrthorhombic phase of PE crystals.39, The effective nonlinear susceptibility, a
	Symmetry
	
	

	Ag
	
	

	B1g
	
	

	B2g
	
	

	B3g
	
	


a The effective nonlinear susceptibility, 


where k is a proportional coefficient. It is noted that (B1g + B2g) in eq 6 is not affected by f, as shown in Figure S4. In the absence of orientational broadening, (B1g + B2g) contains only two cosine terms with the same phase. The common phase of the two terms will yield y. The coefficient ratio of the two terms will lead to q. This separate usage of the phase and the coefficients to determine y and q will be similar to a system in the presence of orientational broadening, which will be explained in the following section.
Ag modeMode. We consider the peak at 1416 cm-1 because the non-degenerated Ag mode is expressible with a fewer number of tensor elements than the degenerated (Ag + B3g) modes for other peaks. Similar to the derivation of eq 6, we assumed that the setting angle is 45° (p = q, in Table 2). Then, the expression of  for an Ag mode can be simplified as
 
                 	(7)
where k’ is a proportional coefficient. The parameter, s’ = p/(r–p), is independent of chain orientation. Because the Raman peak at 1416 cm-1 is observed only with the crystalline PE and alkanes, the intensity ratio of 1416 cm-1 relative to 1294 cm-1 has often been used for quantifying the crystallinity of PE.53 However, eqs 6 and 7 clearly show that the Raman intensities of both peaks can vary with polarization angle and chain orientation. Thus, the Raman spectroscopic method for determining the crystallinity must be used with great care. Back to eq 7, the amplitude contains three parameters sin2q, k’, and s’, making it complicated. It becomes extremely challenging to solve the equations analytically from an observed polarization profile. In addition to the computational complexity, the proximity of the 1416 cm-1 peak to the neighboring peaks at 1440 cm-1 and 1461 cm-1 makes quantitative analysis practically challenging.
Orientational broadeningBroadening. When molecular orientation is broadened uniaxially around the mean orientation direction, eq 6 for a (B1g + B2g) peak will be modified as an integral form defined by an orientational distribution function (r) with broadening angles (b and g) as 
 
                             		(8)
where y’ and q’ are the azimuthal and axial angles of an orientationally broadened chain; r(b,g) is the orientational distribution function; and b and g are the axial and the azimuthal angles from the mean orientational axis. If we assume that the orientational distribution function is uniaxially symmetrical, r(b,g) can be reduced to r(b). Then, eq 8 can be integrated by g and yield cos2b and cos4b terms. The integrals of cos2b and cos4b can be simplified by using the second and fourth-order parameters, áP2ñ and áP4ñ,42
 
	(9)

Then, eq 8 can be expressed without integrals as

   	(10)
The basic form of eq 10 is similar to eq 6. The differences are the reduced coefficients of the cos2(h – y) and cos4(h – y) terms and the offset. It is noted that the phases of the two cosine terms are not changed by broadening; thus, the azimuthal angle can be determined by y = hmin + 90°, similar to eq 6. However, q cannot be determined directly from the ratio of the coefficients of the cos2(h – y) and cos4(h – y) terms without knowing áP2ñ and áP4ñ values. Then, eq 10 can be re-expressed using three simplified coefficients as
	(11)


Figure 5. Determination of y. (a) The Im{c(3)} image near line N from Figure 2i. (b) The pPolarization dependent Im{c(3)} of line N, composed of (red) 1416 cm-1, (blue) 2878 cm-1, (green) 1294 cm-1, and (magenta) 1461 cm-1. (c) The pPolar plots of Im{c(3)} of the (red) 1294 cm-1 and (blue) 1126 cm-1 peaks at three marked locations. The y angle was denoted by the angle of the common symmetry axis of the polar plots. (d) The Pplot of y for line N. (e) The cCorresponding chain orientations projected to the XY -plane of line N. (f–j) The sSame analysis of polarization-dependent Im{c(3)} and y determination for line B.


where the coefficients are 
 	(12)
 	(13)
 	(14)
The phase angle and the three coefficients (m, n, and l) can be determined by fitting an experimentally observed polarization profile of the  peak. Using the fitting results, we determine y from the phase angle and then, q, áP2ñ, and áP4ñ from the other fitting coefficients. It must be noted that the expressions with áP2ñ and áP4ñ in eqs 10–14 are based on a uniaxial symmetry for r(b). It is also noted that r(b) is defined within an image pixel and can vary with the probed volume or the spatial resolution of the imaging system.
Combining eqs 12 and 13 eliminates k as

	(15)
Then, rearranging eqs 12–14 yields 

	(16)
Because this single equation still contains two unknowns, áP2ñ and áP4ñ, solving eq 16 requires an additional constraint between the two unknown variables.
Determination of y. Figure 5c,h shows the polarization profiles of Im{c(3)} at 1294 cm-1 and 1126 cm-1 acquired at several locations marked in Figure 5a,b and Figure 5f,g, respectively. At all locations, the polarization profiles of both Raman modes show two-fold mirror symmetry and share their symmetry axes between the two Raman modes. Since the polarization profile of (B1g + B2g) peaks can be expressed in a relatively simple analytical form even with an orientational broadening (eqs 10 and 11). Also, the peak at 1294 cm-1 is farther separated from its neighboring peaks than other Raman peaks; thus, we used the 1294 cm-1 peak to determine y. The phase angle of the cos2(h – y) and cos4(h – y) terms can yield y. In Figure 5d, the y plot along line N shows that y values remain close to 90° without any significant change. The relatively constant y at 90° indicates that the projection of PE chains in Figure 5e is tangential to the banded rings and perpendicular to the crystal growth direction. In contrast, in Figure 5i, the y values change with the position on line B and show different slopes on the two sides across the boundary. However, the projected chain orientation in Figure 5j still perpendicular to the crystal growth directions of two colliding spherulites.
Determination of f. From eqs 6 and 8,  of a (B1g + B2g) peak is not affected by f. On the other hand, the polarization profile of a (Ag + B3g) peak can vary with f according to Table 2. Figure 6a–f shows the  polar plots of six (Ag + B3g) peaks simulated using the Raman tensor elements of orthorhombic n-alkane.39 The tensor elements used for the simulation are listed in Table S1. The simulated polarization profiles of some Raman modes (1126 cm-1, 1416 cm-1, 2846 cm-1) are less sensitive to f than the other modes (1169 cm-1, 1440 cm-1, 2878 cm-1). Thus, the phase (hmax) of the sensitive Raman modes can be used to determine f. Figure 6g,i shows the plots of f vs.  (hmax – y) for the 1169 cm-1 and 2878 cm-1 peaks, respectively, without consideration of any orientational broadening. The wrapped (hmax – y) value can vary between 45° and 135° when f changes from 0° to 180°. The actual value of each tensor element can be different between the interrogated HDPE film and the reported orthorhombic n-alkane. However, the overall relation between (hmax – y) and f can be used to estimate the range of f from the observed values of (hmax – y). Figure 6h shows the histograms of experimentally observed (hmax – y) values at 1169 cm-1 from all pixels on line N and line B. Similarly, the histograms of the experimentally observed (hmax – y) values at 2878 cm-1 are presented in Figure 6j. Interestingly, the histograms of the two frequencies exhibit a narrow distribution of (hmax – y) near 90°. The universal narrow distributions of (hmax – y) near 90° are represented as the red vertical lines in Figure 6g,j. The crossing points of the vertical lines and the curves of f vs. (hmax – y) indicate that the f values of the unit cells in the HDPE film are either 0° (= 180°) or 90°, depending on how f is defined.
Determination of áP2ñ and |q|. From eqs 12–14, three variables (m, n, l) are observable, while four variables (k, q, áP2ñ, and áP4ñ) are to be determined. Solving this underdetermined problem requires an additional constraint. Thus, we assume an analytical relation between áP2ñ and áP4ñ. Figure 7 shows a few representative models for the relation of áP2ñ and áP4ñ.54 The von Mises–Fisher model is used to describe the orientation distribution function of electric dipoles in a parallel electric field. áP2ñ and áP4ñ are calculated by varying k in , but the relation between áP2ñ and áP4ñ cannot be expressed in a simple analytical form. The maximum entropy model provides the most probable áP4ñ for each áP2ñ, but is only presentable in complex parametric relations. The Faber model uses an empirical relation of  to describe the fluctuation of the nematic director field. However, the log term makes it challenging to find an analytical solution with eqs 12–14. Interestingly, the three models (von Mises-Fisher, maximum entropy, and Faber) in Figure 7 are relatively close to each other. We find that a single cubic term, áP4ñ = áP2ñ3, can represent the three popular models for the relation between áP2ñ and áP4ñ. Replacing áP4ñ with áP2ñ3 in eq 16 yields
 	(17)
where W = (15nl/7m2). eq 17 is a quartic equation for áP2ñ and analytically solvable. Having áP2ñ solved, áP4ñ and sin2q can also be easily determined from eq 15.
At each image pixel, the coefficients (m, n, l) are determined by fitting the polarization profile of Im{c(3)} at 1294 cm-1 with eq 11. First, áP2ñ was calculated with eq 17, and then, áP4ñ and sin2q were calculated with the cubic relation and eq 15, respectively. Unfortunately, the calculated sin2q yields only the absolute value of q with the sign undeterminable. This degeneracy in q is an inherent limitation of 2D projected optical measurements without tilting the sample.


Figure 6. Determination of f. (a–f) The pPolarization-dependent  simulated for six Raman modes for various f values for y = 0° and q = 65°. The  was calculated using the tensor elements in Table S1, and normalized by the maximum value. hmax was defined as the h value corresponding to the maximum . Thus, hmax was calculated for f. (g) The pPlot of f vs. hmax from the simulated  for the r(CH2) mode. (h) The hHistogram of (hmax – y) for the experimental Im{c(3)} peak at 1169 cm-1 from the image pixels of line N and line B, where y is from Figure 5d,i. (i) The pPlot of f vs. hmax from the simulated  for the nas(CH2) mode. (j) The hHistogram of (hmax – y) for the experimental Im{c(3)} peak at 2878 cm-1.
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Figure 7. Determination of |q|, áP2ñ, and áP4ñ. (a) Relations between áP2ñ and áP4ñ from various models. The black dashed lines indicate the upper and the lower boundaries limited by the Schwartz inequality.42 The von Mises–Fisher model assumes that .55 The maximum entropy model provides the most probable áP4ñ for each áP2ñ.42,56 The Faber model assumes .57 The cubic model assumes áP4ñ = áP2ñ3. (b) The rRatios of the coefficients (m, n, l) determined by fitting the observed polarization-dependent Im{c(3)} at 1294 cm-1 from line N using eq 11. (c–e) |q|, áP2ñ, and áP4ñ calculated using the coefficient ratios in (b) with eqs 15 and 16 assuming the cubic model for the áP2ñ–áP4ñ relation. (f–i) Determination of |q|, áP2ñ, and áP4ñ for line B.


Figure 7c shows the plot of |q| of line N. Interestingly, |q| oscillates between 56° and 80° synchronously with ring banding. Similarly, |q| along line B in Figure 7g shows a restricted oscillation between 58° and 80°. The similar |q| values of line N and line B indicate that the ourt-of-plane orientation angles are maintained from the nucleation center to the boundary of a PE spherulite. Figure 7d,e show the plots of áP2ñ and áP4ñ of line N. Similar to the |q| plots, the áP2ñ and áP4ñ plots show undulation between 0.7 and 0.9, but their phases are not coherent with that of |q|. The áP2ñ and áP4ñ values of line B in Figure 7d,e, respectively, exhibit undulation similar to those of line N. The average áP2ñ value of 0.80 from line B is slightly lower than that of 0.84 from line N, indicating increased orientational broadening due to the narrower ring banding gaps farther from the nucleation center. It is noted that |q| and áP2ñ remain relatively steady near the nucleation center in line N, while |q| and áP2ñ are undeterminable at the boundary position in line B.
We evaluate the effect of the analytical model used for áP2ñ and áP4ñ by calculating |q| and áP2ñ with a different analytical model. Figure S5 shows the results calculated by the cubic model and a quadratic model. As shown in Figure S5a, the quadratic model, áP4ñ = áP2ñ2, is distant from the other representative models compared to the cubic model. Still, the calculated |q| and áP2ñ plots in Figure S5b–e are not significantly different between the cubic and the quadratic models, suggesting that accurate selection of an analytical model for áP2ñ and áP4ñ is not critical for the output |q| and áP2ñ values. For example, on average, the quadratic model yields lower  |q| values than the cubic model by 2° and 5° for line N and line B, respectively.
The nas(C–C) mode at 1060 cm-1 also has the same (B1g + B2g) symmetry as the t(CH2) mode at 1294 cm-1, as shown in Table 1. The polarization profiles of the 1060 cm-1 peak are analyzed by the identical method used to analyze the 1294 cm-1 peak. In Figure S6, the polarization profiles observed at several locations on line N show very similar behaviors between the two peaks, and the calculated |q| values also show consistent results. The |q| plot from the 1060 cm-1 peak ishows a slightly lower than that from the 1294 cm-1 peak, which may be due to the difference in signal intensity and proximity to neighboring peaks. As shown in Figure 1e,f, the 1060 cm-1 peak is weak compared to the neighboring 1126 cm-1 peak, while the 1294 cm-1 peak is strong and isolated from neighboring peaks. Therefore, the 1294 cm-1 peak between the two (B1g + B2g) peaks was used for the 3D orientation angle measurement of PE.
Polarization mixing by tight focusing by a high  NA lens can cause a polarization profile to deviate from the analytical model based on all linearly polarized lights. It is extremely challenging to consider the tight focusing effect in the analytical derivation of polarization Raman profiles to express 3D orientation angles and orientational broadening. Instead, we examine focus-induced electric fields associated with a nonlinear susceptibility. As we discussed earlier, nonlinear susceptibility is a fourth-rank tensor for four electric fields (pump, Stokes, probe, and anti-Stokes). Thus, the polarization mixing on an effective nonlinear susceptibility can be estimated by the volume integral of Ey2Ex2 (and Ez2Ex2) compared with that of Ex4 over the focal volume (see the details in the caption of Figure S7). Using the analytical expressions of a focused beam,58 we calculated the three electric fields near a focus. Figure S7 shows that the ratios of the volume integrals of Ey2Ex2 and Ez2Ex2 are 0.00034 and 0.043 to that of Ex4 when an x-polarized beam is focused by a lens with NA = 0.95. We deem the tight- focusing effect relatively small compared to the uncertainties from other sources, such as spectral noise and the oversimplification of the áP2ñ–áP4ñ model. However, the tight focusing effect must be considered for more accurate measurements, particularly when a higher- NA objective lens is used.



Figure 8. Illustration of 3D chain orientations. A section corresponding to two banded rings wasere highlighted from line N. In the back, a part of the polarization-dependent Im{c(3)} image was extracted from Figure 5b. In the front, 3D directions of PE chains were illustrated using y values from Figure 5d and the |q| values from Figure 7c. The color of a rod indicates |q|, and the symbol size represents áP2ñ, as indicated. For illustration, restricted oscillating for q > 0 was assumed.


3D orientation of PE chains on line N and line B. Figure 8 illustrates the 3D orientation direction of PE chains on a section of line N by combining the y values (Figure 5d) and the q values (Figure 7c). The illustrated section covers two banded rings. Because we cannot determine the q sign, we arbitrarily choose only positive q for the illustrations. The 3D illustration reconfirms that the out-of-plane angle of chain directions oscillates smoothly up and down within a narrow range across ring bandings. This smooth oscillation with the unchanged sign of q can be interpreted as a restricted oscillating lamellar model, as opposed to the prevailing scheme of a full twisting lamellar model, where lamellae twist fully and flip 360° per ring banding. This full twisting lamellar model was supported by SEM images of isolated single lamellar ribbons,4,5 but full twisting has never been observed directly from lamellar stacks or polymer chains embedded in an intact spherulite.
It needs to be reiterated that, due to the degeneracy in the sign of q, we cannot directly prove which mechanism of lamellar twisting is correct simply based on the experimental results of polarization-controlled CARS microscopy. However, we can test the full twisting lamellar model by simulating the observed |q| near flipping locations. The full twisting lamellar model is supposed to accompany q sign alternation as ring banding repeats. Figure S8 compares the chain orientations illustrated by the restricted oscillating lamellar model and the full twisting lamellar model. In the full twisting lamellar model (Figure S8c,f), the q sign of chain directions can be supposed to flip between positive and negative when |q| hits the maximum angle (the nearest to the XY plane) per ring banding period. Based on the full twisting lamellar model, the change in q at the supposed flipping locations is found to be as large as 30° from Figure S8c,f. One can argue that the observed limited |q| range might be due to insufficient spatial resolution for fast-flipping chain orientations across the XY- plane. We tested the hypothesis using simulation data with various spatial resolutions. Figure S9 shows synthesized |q| from the out-of-plane angle ranging from –50° to 50° as a function of distance over two full twists. The slope of |q| vs. distance was assumed to be 5 deg/mm from the observed value in Figure 5c for line N. Then, a simple Savitsky–Golay filter was used to smooth the synthesized |q| with a window corresponding to the system spatial resolution of 0.5 mm. Figure S9c shows that the smoothed or deconvoluted |q| at the supposed flipping location is 89.4°, only 0.6° smaller than the undeconvoluted value. To meet the observed maximum |q| of 75° to 80°, we have to increase the smoothing window to 12 mm or 8 mm, respectively, which is twenty 20 times larger than the spatial resolution. Also, the observed range of |q| is similar between line N and line B, although their ring-to-ring distances (15 mm – 20 mm in line N; and 5 mm – 10 mm in line B) are different. Thus, the full twisting lamellar model cannot explain the observed smooth oscillations of |q| undulations with a large gap from the film plane (|q| = 90°).
We emphasize that the observed 3D orientation of polymer chains may not be applicable to differently prepared PE spherulites. The film examined in this study was prepared under pressure between glass coverslips during the annealing and cooling processes. In contrast, most polymer samples studied by AFM, SEM, X-ray, and electron diffraction have at least one side of the sample exposed to air. The pressure may have caused a strong perturbation during crystal growth. Also, the thickness of the film (2.1 m) compared to the spherulite domain size (≈100 m) and the ring banding periods (5 mm – 20 mm) may have affected the resulting chain orientations. Further studies of chain orientations in differently prepared polymer samples will be needed for a better understanding of these complex polymer crystallization phenomena, including lamellar formation, growth, branching, twisting, etc.

CONCLUSION
We have presented the first experimental demonstration of imaging the 3D angles of polymer chain orientation with sub-micrometer spatial resolution using polarization-controlled BCARS microscopy. We found that a single Raman peak with the (B1g + B2g) symmetry could be used to determine the axial angle, |q|, and the order parameter, áP2ñ. The 3D orientation results from two line scans crossing a nucleation center and a boundary of PE spherulites strongly suggest that the observed ring banding is more consistent with the restricted oscillating lamellar model than the prevailing model of fully twisting lamellae. In addition to newly available orientation images, BCARS- based imaging provides concentration distribution images maintaining the advantages of BCARS microscopy, such as rapid imaging speed, label-free, fluorescence background-free, versatile polarization control, 3D sectioning, etc. We also emphasize that, in principle, the identical analysis method can be used for spontaneous Raman or stimulated Raman scattering data.
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