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Abstract 
 

This report summarizes recent technical work of the Applied and Computational Sciences Division of the 

Information Technology Laboratory at the National Institute of Standards and Technology (NIST). Part I 

(Overview) provides a high-level overview of the Divisionôs activities, including highlights of technical 

accomplishments during the previous year. Part II  (Features) provides further details on projects of partic-

ular note this year. This is followed in Part III  (Project Summaries) by brief synopses of all technical 

projects active during the past year. Part IV (Activity  Data) provides listings of publications, technical talks, 

and other professional activities in which Division staff members have participated. The reporting period 

covered by this document is October 2020 through December 2021. 

For further information, contact Ronald F. Boisvert, 100 Bureau Drive, Mail Stop 8910, NIST, 

Gaithersburg, MD 20899-8910, phone 301-975-3812, email boisvert@nist.gov, or see the Divisionôs Web 

site at https://www.nist.gov/itl/math/.  

Keywords: applied mathematics; computational science and engineering; high-performance computing; 

mathematics of metrology; mathematics of biotechnology; materials modeling and simulation; mathemati-

cal knowledge management; mathematical modeling; network science; scientific visualization; quantum 

information science. 

Cover Visualization:   A snapshot of a simulation of the NIST monoclonal antibody (mAb) Standard Ref-

erence Material (SRM 8671) in suspension. The individual spheres are the amino acids that make-up each 

mAb. See page 82. 

Section Visualizations: The ñword cloud,ò which is found at the start of each Part of this document was 

created using Wordle, and the text of this document as input.  
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Cloteaux and Jacob Collard who read the manuscript and offered corrections and suggestions for improve-

ment. 

Disclaimer: Certain commercial entities, equipment, and materials are identified in this document in order 

to describe an experimental procedure or concept adequately. Such identification is not intended to imply 
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to imply that the entities, materials, and equipment are necessarily the best available for the purpose.  
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Introduction 

Founded in 1901, the National Institute of Standards and Technology (NIST) is a non-regulatory federal 

agency within the U.S. Department of Commerce. Its mission is to promote U.S. innovation and industrial 

competitiveness by advancing measurement science, standards, and technology in ways that enhance eco-

nomic security and improve our quality of life. The technical disciplines represented in the NIST 

Laboratories include physics, electrical engineering, nanotechnology, materials science, chemistry, biotech-

nology, manufacturing and construction engineering, fire research, information technology, mathematics, 

and statistics. The NIST Labs operate in two locations: Gaithersburg, MD, (headquartersð234 hectare/578-

acre campus) and Boulder, CO (84 hectare/208-acre campus). NIST employs about 3 400 scientists, engi-

neers, technicians, and support personnel. NIST also hosts about 3 500 associates from academia, industry, 

and other government agencies, who collaborate with NIST staff and access its facilities.  

The Information Technology Laboratory (ITL) is one of six major organizational units that make up 

the NIST Labs. ITLôs singular purpose is to cultivate trust in information technology and metrology. This 

is done through the development of measurements, tests, and guidance to support innovation in and deploy-

ment of information technology by industry and government, as well as through the application of advanced 

mathematics, statistics, and computer science to help ensure the quality of measurement science. 

The Applied and Computational Mathematics Division (ACMD) is one of seven technical Divisions 

in ITL. At its core, ACMDôs purpose is to nurture trust in metrology and scientific computing. To do so, 

ACMD provides leadership within NIST in the use of applied and computational mathematics to solve 

technical problems arising in measurement science and related applications. In that role staff members  

¶ perform research in applied mathematics and computational science and engineering, including ana-

lytical and numerical methods, high-performance computing, and visualization, 

¶ perform applied research in computer science and engineering for future computing and communi-

cations technologies, 

¶ engage in peer-to-peer collaborations to apply mathematical and computational techniques and tools 

to NIST problems, 

¶ develop and disseminate mathematical reference data, software, and related tools, and  

¶ work with internal and external groups to develop standards, tests, reference implementations, and 

other measurement technologies for current and future scientific computing systems. 

Division staff is organized into four groups: 

¶ Mathematical Analysis and Modeling Group (Timothy Burns, Leader). Performs research and main-

tains expertise in applied mathematics, mathematical modeling, and numerical analysis for 

application to measurement science. 

¶ Mathematical Software Group (Michael Donahue, Leader). Performs research and maintains exper-

tise in the methodology and application of mathematical algorithms and software in support of 

computational science within NIST as well as in industry and academia. 

¶ High Performance Computing and Visualization Group (Judith Terrill,  Leader). Performs research 

and maintains expertise in the methodologies and tools of high-performance scientific computing and 

visualization for use in measurement science. 

¶ Computing and Communications Theory Group (Ronald Boisvert, Acting Leader; Oliver Slattery, 

Project Leader). Performs research and maintains expertise in the fundamental mathematics, physics, 

computer science, and measurement science necessary to enable the development and analysis of 

current and future computing and communications systems. 

The technical work of the Division is organized into seven thematic areas; these are described in the sidebar. 

Project descriptions in Part III  of this document are organized according to these broad themes.  



NIST Applied and Computational Mathematics Division 4 
T

h
is

 p
u

b
lic

a
tio

n
 is

 a
v
a

ila
b

le
 fre

e
 o

f c
h

a
rg

e
 fro

m
: h

ttp
s
://d

o
i.o

rg
/1

0
.6

0
2
8

/N
IS

T
.IR

.8
4
2
3

 
 

 

Division Thematic Areas  

Broad Areas  

Mathematics of Metrology.  Mathematics plays an im-

portant role in measurement science. Mathematical models 

are needed to understand how to design effective measure-

ment systems and to analyze the results they produce. 

Mathematical techniques are used to develop and analyze 

idealized models of physical phenomena to be measured, and 

mathematical algorithms are necessary to find optimal sys-

tem parameters. Mathematical and statistical techniques are 

needed to transform measured data into useful information. 

We develop fundamental mathematical methods and tools 

necessary for NIST to remain a world-class metrology insti-

tute, and to apply these to measurement science problems.  

High Performance Computing and Visualization. Com-

putational capability continues to advance rapidly, enabling 

modeling and simulation to be done with greatly increased 

fidelity. Doing so often requires computing resources well 

beyond what is available on the desktop. Developing soft-

ware that makes effective use of such high-performance 

computing platforms remains very challenging, requiring ex-

pertise that application scientists rarely have. We maintain 

such expertise for application to NIST problems. Such com-

putations, as well as modern experiments, typically produce 

large volumes of data, which cannot be readily compre-

hended. We are developing the infrastructure necessary for 

advanced interactive, quantitative visualization and analysis of 

scientific data, including the use of 3D immersive environ-

ments, and applying the resulting tools to NIST problems.  

Current Focus Areas  

Mathematics of Biotechnology.  As proof-of-concept aca-

demic work in engineering biology meets the market realities 

of bringing lab science to product initiation, there are needs 

to compare biological products, measure whether desired 

outcomes are realized, and optimize biological systems for 

desired behaviors. NIST is working to deliver tools and 

standards to measure such biological technologies, outputs, 
and processes from healthcare to manufacturing and beyond. 

We support this effort with the development and deploy-

ment of innovative mathematical modeling and data analysis 

techniques and tools. 

Materials Modeling.  Mathematical modeling, computa-

tional simulation, and data analytics are key enablers of 

emerging manufacturing technologies. The Materials Ge-

nome Initiative (MGI), an interagency program with the goal 

of significantly reducing the time from discovery to commer-

cial deployment of new materials using modeling, simulation, 

and informatics, is a case in point.  To support the NIST role 

in the MGI, we develop and assess modeling and simulation 

techniques and tools, with emphasis on uncertainty quantifi-

cation, and collaborate with other NIST Laboratories in their 

efforts to develop the measurement science infrastructure 

needed by the materials science and engineering community. 

 

Quantum Information  Science. An emerging discipline at 

the intersection of physics and computer science, quantum 

information science is likely to revolutionize 21st century sci-

ence and technology in the same way that lasers, electronics, 

and computers did in the 20th century. By encoding infor-

mation into quantum states of matter, one can, in theory, 

enable phenomenal increases in information storage and pro-

cessing capability. At the same time, such computers would 

threaten the public-key infrastructure that secures all of elec-

tronic commerce. Although many of the necessary physical 

manipulations of quantum states have been demonstrated 

experimentally, scaling these up to enable fully capable quan-

tum computers and networks remains a grand challenge. We 

engage in (a) theoretical studies to understand the power of 

quantum computing, (b) collaborative efforts with the multi-

laboratory experimental quantum science program at NIST 

to characterize and benchmark specific physical realizations 

of quantum information processing, and (c) demonstration 

and assessment of technologies for quantum networking.  

Foundations of Measurement Science for Information 

Systems. ITL assumes primary responsibility within NIST for 

the development of measurement science infrastructure and 

related standards for IT and its applications. ACMD develops 

the mathematical foundations for such work.  This can be 

very challenging. For example, many large-scale information-

centric systems can be characterized as an interconnection 

of many independently operating components (e.g., software 

systems, communication networks, the power grid, trans-

portation systems, financial systems). Exactly how the 

structure of such large-scale interconnected systems and the 

local dynamics of its components leads to system-level be-

havior is only weakly understood. This inability to predict the 

systemic risk inherent in system design leaves us open to un-

realized potential to improve systems or to avoid potentially 

devastating failures. A looming new example of importance 

to NIST is the Internet of Things. We are developing models 
to aid in the development of applications from individualized 

health IT devices to large-scale sensor networks. 

Mathematical Knowledge Management . We work with 

researchers in academia and industry to develop 

technologies, tools, and standards for representation, 

exchange, and use of mathematical data. Of particular 

concern are semantic-based representations which can 

provide the basis for interoperability of mathematical 

information processing systems. We apply these representa-

tions to the development and dissemination of reference 

data for applied mathematics. The centerpiece of this effort 

is the Digital Library of Mathematical Functions, a freely avail-

able interactive and richly linked online resource, providing 

essential information on the properties of the special func-

tions of applied mathematics, the foundation of mathematical 

modeling in all of science and engineering. 
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Highlights 

In this section we identify some of the major accomplishments of the 

Division during the past year. We also provide news related to 

ACMD staff.  For the second year in a row, the COVID-19 pandemic 

provided a wealth of challenges to overcome during 2021. The NIST 

campus remained closed to all Division staff except those whose 

work required laboratory facilities and equipment only accessible 

while on campus. The daily face-to-face interactions which are the 

lifeblood of a research organization moved online, which made them 

difficult  at best. The spontaneity that feeds collaboration continued 

to be largely lost. While staffing levels grew during the period, it 

continued to be difficult  to integrate new staff members into the life 

of the Division. We managed to cope with these challenges and de-

veloped new methods of interaction. In fact, routine virtual 

interactions enabled staff working in Gaithersburg to know their col-

leagues in Boulder better, and vice-versa. As I write this in early 

2022, most of our staff remain in full -time teleworking mode. We 

look forward to a return to normalcy later this calendar year. 

Recent Technical Highlights 

ACMD has made significant technical progress on many fronts dur-

ing the past year. Here we highlight a few notable technical 

accomplishments. Further details are provided in Part II  (Features) 

and Part III  (Project Summaries).  

¶ Division staff have had some remarkable success in the problem of identifying an initial state which 

evolves under the 2D viscous Burgersô equation into a close approximation of noisy data given at a 

future point in time. This data assimilation problem is ill -posed and hence extremely difficult. Using 

a direct non-iterative method based on marching backward in time with a stabilized explicit finite-

difference scheme, Division staff have demonstrated a large class of examples in which reasonable 

recovery is possible. As one might expect in such a challenging problem, there are also unsuccessful 

examples. See page 47. 

¶ ACMD staff members made a ground-breaking advance in techniques for identifying substances us-

ing DART-MS (Direct Analysis in Real Time Mass Spectrometry). One important application is 

screening for controlled substances in forensics for seized drug evidence. The teamôs insight was to 

utilize the statistical nature of the peaks in mass spectra in order to determine similarity. See page 19.  

¶ Capitalizing on their success last year in using machine learning to successfully predict the Kováts 

retention index of substances, an ITL/MML team led by ACMD turned their attention to the predic-

tion of normal boiling points of chemical compounds. Their machine-learning-based model was also 

successful here. See page 37. 

¶ By applying Chebyshev expansions adaptively, Division staff have enabled more efficient and pre-

cise representation of pure fluid phase equilibria, which will provide fundamental improvement in 

the modeling routines offered by the NIST Reference Fluid Thermodynamic and Transport Properties 

Database. See page 71. 

¶ The need for efficient and accurate antibody measurements has been an ongoing need during the 

COVID-19 crisis. This year, several staff members derived a series of new results showing that di-

agnostic classification associated with antibody assays can be recast as an optimization problem. 

Solutions to this problem result in improved classification accuracy over traditional methods, as has 

 

Figure 1. For the second year in a row, the 
COVID-19 pandemic kept most ACMD staff 

working from home, which made collaborations 

and the assimilation of new staff members very 
challenging. The corridor outside the Division 

office illustrates how lonely working on campus 

was during this period. 
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been demonstrated in collaboration with colleagues at the School of Public Health at Johns Hopkins 

University. See page 53. 

¶ We have been extending the capabilities of our dense-suspension simulator, QDPD, to match the 

physical experiments being performed at NISTôs NCNR on the flow of monoclonal antibody proteins 

in solution. An early application of this new simulation capability, in collaboration with researchers 

at the University of Illinois and the University of Delaware, has been published in the journal Struc-

tural Dynamics. See page 82. 

¶ Pulmonary edema is a medical condition caused by accumulation of excess fluid in the human lungs. 

It can occur due to heart problems, pneumonia, exposure to certain toxins, as well as viruses such as 

COVID-19. We have investigated the feasibility of a simple wearable system that can be used at 

home to detect or monitor excess fluid buildup in the lungs. The proposed wearable system is com-

posed of several small wearable antennas located on the chest and back area. Through simulation 

studies, we have demonstrated that the frequency and time responses of the communication channel 

between these antennas can potentially be exploited to predict the onset of pulmonary edema. See 

page 15. 
¶ Working with staff of the National Renewable Energy Laboratory (NREL), ACMD mathematicians 

have improved the search for optimal airfoil shapes, for, e.g., wind turbine blades, using a new, much 

richer set of data-driven deformations than designers had previously considered. See page 39.  

¶ ACMDôs High Performance Computing and Visualization Group has operated an immersive visual-

ization environment (IVE) for many years and have successfully used it to provide critical insights to 

a wide variety of NIST metrology projects. To take advantage of recent advances in visualization 

hardware, we are moving our IVE to ParaView, a fully open-source software environment. As part 

of this effort, we are partnering with Kitware to extend and enhance ParaViewôs capabilities for im-

mersive visualization. We have also joined the Khronos Group, which is working to develop 

standards for extended reality and for rendering scientific data. See page 93. 

¶ Modern engineered systems, such as information and communication systems and power systems, 

are actually comprised of many sub-systems. Due to this interdependence, it is possible for a local 

failure or infection of a system by malware to spread to other systems, potentially compromising the 

integrity of the overall system. With this in mind, we studied the problem of measuring the cyber 

risks to nodes (e.g., subsystems) and finding optimal cybersecurity investments for hardening vul-

nerable nodes in large systems, which will minimize the long-run average costs to a system operator. 

See page 117. 

¶ One difficulty with scaling-up trapped-ion quantum computers is the management of lasers used to 

apply logic gates. To overcome this difficulty, the NIST Ion Storage Group has developed techniques 

to apply all logic gates using only microwave fields. ACMD researchers designed a strategy for esti-

mating the fidelity with which such microwave gates could entangle qubits. The observed fidelity 

rivaled the best fidelities achieved with lasers. This advance was reported in Nature. See page 99. 

¶ In December 2021 Physics World, a publication of the Institute of Physics, announced their top 10 

physics breakthroughs for 2021. The number one breakthrough was a project with significant partic-

ipation by ACMD. A team led by John Teufel and Shlomi Kotler of  PML was cited for entangling 

two macroscopic vibrating drumheads, ñthereby advancing our understanding of the divide between 

quantum and classical systems.ò Ezad Shojaee, Alex Kwiatkowski, Shawn Geller, Scott Glancy, and 

Manny Knill  of ACMD developed the theory and wrote, analyzed, and tested the data analysis code 

that enabled this accomplishment. They were all co-authors on the paper reporting the results pub-

lished in Science in May1, where a news summary stated the following: 

 
1 https://www.science.org/doi/10.1126/science.abf2998 

https://www.science.org/doi/10.1126/science.abf2998
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ñQuantum entanglement occurs when two separate entities become strongly linked in 

a way that cannot be explained by classical physics; it is a powerful resource in quan-

tum communication protocols and advanced technologies that aim to exploit the 

enhanced capabilities of quantum systems. To date, entanglement has generally been 

limited to microscopic quantum units such as pairs or multiples of single ions, atoms, 

photons, and so on. Kotler et al. and Mercier de Lépinay et al. demonstrate the ability 

to extend quantum entanglement to massive macroscopic systems (see the Perspective 

by Lau and Clerk). Entanglement of two mechanical oscillators on such a large length 

and mass scale is expected to find widespread use in both applications and fundamental 

physics to probe the boundary between the classical and quantum worlds.ò 

See page 99. 

¶ Working with colleagues in PML and at the University of Maryland, an ACMD researcher examined 

the class of quantum adiabatic optimization algorithms through the lens of optimal control theory. In 

this algorithm, the system is initialized in the ground state of some initial Hamiltonian. If the Hamil-

tonian changes slowly enough, the quantum adiabatic theorem says that the system will stay in the 

ground state, allowing one to find the ground state of desired Hamiltonians that might encode some 

classical problem. In their study they were able to identify an optimal procedure for evolving such a 

Hamiltonian. See page 104. 

¶ For several years, ACMD staff have made remarkable progress in the automation of quantum dot 

control for quantum computing applications. (See page 24.) Recently, they turned their attention to 

the processing of data from cold atom experiments, whose data comes from images. In particular, 

they are working with colleagues in PML on detecting dark solitons in BoseïEinstein condensates 

(BEC). They have developed an automated classification and positioning system for identifying such 

structures using deep convolutional neural networks to eliminate the need for human image exami-

nation. Furthermore, they published a first-of-its kind labeled dataset of dark solitons for further 

machine learning research. See page 84. 

¶ This year our quantum communications experimental team began several new efforts in the area of 

quantum networking. For example, they (a) designed and built tools that will be deployed into quan-

tum networks for characterization of quantum network components and quantum network links, (b) 

began to build and synchronize nodes on a campus-wide quantum network testbed in collaboration 

with colleagues from ITL, PML and CTL, and (c) developed a plan for a regional quantum network 

testbed (called the DC Quantum Network testbed or DC-QNet) in collaboration with other NIST 

colleagues and in coordination with a number of local federal agencies. See page 109. 

¶ Finally, ACMD staff played a key role in the analysis of data for two important studies of gender, 

equity, and inclusion at NIST. See pages 134 and 135. 

Technology Transfer and Community Engagement- 

The volume of technical output of ACMD remains high. During the last 15 months, Division staff members 

were (co-)authors of 48 articles appearing in peer-reviewed journals, 28 papers in conference proceedings, 

and 13 published in other venues. Twenty-one additional papers were accepted for publication, while 38 

others are undergoing review. Division staff gave 59 invited technical talks and presented 34 others in 

conferences and workshops. Staff members were co-inventors on two newly awarded patents. Six new 

invention disclosures were filed, four of which have resulted in patent applications. 

ACMD continues to maintain an active website with a variety of information and services, most notably 

the Digital Library of Mathematical Functions, though legacy services that are no longer actively devel-

oped, like the Guide to Available Mathematical Software, the Matrix Market, and the SciMark Java 

benchmark still see significant use. During calendar year (CY) 2021, the division web server satisfied more 

than 6 million requests for pages during more than 793 000 user visits. Another indication of the successful 
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transfer of our technology is references to our software in refereed journal articles. For example, our soft-

ware system for nano-magnetic modeling (OOMMF) was cited in 203 such papers published in CY 2020 

alone.  

Members of the Division are also active in professional circles. Staff members hold a total of 14 edito-

rial positions in peer-reviewed journals. For example, Barry Schneider is an Associate Editor-in-Chief for 

IEEEôs Computing in Science and Engineering. Staff members are also active in conference organization, 

serving on 25 organizing/steering/program committees.  

Service within professional societies is also prevalent among our staff. For example, Bonita Saunders 

is a member of the Board of Trustees of the Society for Industrial and Applied Mathematics (SIAM). Staff 

members are also active in a variety of working groups. Ronald Boisvert and Andrew Dienstfrey serve as 

members of the International Federation for Information Processing (IFIP) Working Group 2.5 on Numer-

ical Software, Donald Porter is a member of the Tcl Core Team, Bruce Miller  is a member of W3Côs Math 

Working Group, and Sandy Ressler is a member of the W3C Advisory Committee. Barry Schneider repre-

sents NIST on the High-End Computing (HEC) Interagency Working Group of the Federal Networking 

and Information Technology Research and Development (NITRD) Program. Further details can be found 

in Part IV of this report. 

Staff News 

Once again, this year ACMD experienced an unusually large number of staffing changes. Three permanent 

staff members retired. At the same time, we welcomed four new permanent staff members and four new 

postdocs. All  of our new staff members were onboarded while the NIST campus was closed during the 

pandemic. This has made the assimilation of new staff into Division research efforts more difficult  than 

usual. Our senior staff members have been diligent in working to give our new staff members and postdocs 

the best experience possible under the circumstances. We once again provided remote internship opportu-

nities to a large number of students, including 16 graduate students, 10 undergraduate students, and 3 high 

school students. See Table 7 on page 139 for a list of our interns. 

Further details on our staff changes and awards are provided below. 

Arrivals  

William  Sherman joined ACMD as a Federal employee on July 7, 2021. He had been working under 

contract to NIST for the previous year. Bill  received a B.S. in Computer Engineering (1986) and an M.S. 

in Computer Science (1989) both from the University of Illinois. An expert on virtual reality (VR), Bill  is 

the author of four books on the topic. He has wide experience in scientific visualization having worked as 

a researcher at the National Center for Supercomputer Applications (15 years), the Desert Research Institute 

(5 years), and Indiana University (11 years). At NIST, Bill  will  work on the development and application 

of the NIST CAVE, as well as in standardization of VR software. 

Elsie (Meliza) Lane joined ACMD/Boulder as an Administrative Assistant on August 16, 2021. Meliza 

spent 25 years working for the Colorado Dept. of Transportation and Colorado Parks and Wildlife, and 16 

months at the Dept. of the Interior Bureau of Reclamation before joining NIST. She will  be providing admin 

services to our Boulder staff as well as providing backup for admin work in Gaithersburg. 

Lisa Ritter  began an NRC Postdoctoral Associateship appointment with ACMD on September 13, 2021. 

She received a Ph.D. in Mathematics from the University of Hawaii at Manoa last spring where she did a 

thesis on superintegrable systems, their algebraic structures, and how to use them to find solutions to 

Painlevé equations. At NIST she will  be working with her ACMD advisor Howard Cohl in the search for 

new solutions to the Painlevé equations. She will  also contribute to the Digital Repository of Mathematical 

Formulae effort. 
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In November 2021 Zachary Grey made the transition from NRC Postdoctoral Associate to a full -time 

permanent ACMD staff member in Boulder. Zach received a Ph.D. in Computational and Applied Mathe-

matics from the Colorado School of Mines in November 2019. His research interests focus on the use of 

differential geometry to solve real-world problems, including those requiring dimension reduction and un-

certainty quantification. At NIST he has worked with CTL staff on optimizing unlicensed band spectrum 

sharing with subspace-based pareto tracing. He also established a collaboration with the National Renewa-

ble Energy Laboratory on optimizing the shape of wind turbine blades. 

Simon Su joined ACMD as a permanent staff member on November 8, 2021. He comes to us from the 

Army Research Laboratory where he served as an expert in large-scale scientific data analytics and visual-

ization, including immersive virtual reality. He will  continue work on such topics in ACMDôs High 

Performance Computing and Visualization Group. Simon holds a Ph.D. in Computer Science from the 

University of Houston (2001). He also has experience working at a variety of academic labs, such as the 

Desert Research Institute, the University of Louisiana, and Princeton University, as well as in industrial 

labs, such as Ball Aerospace, and Lockheed Martin. 

Three new postdocs were welcomed via the NIST Guest Researcher Program. Prajakta Bedekar graduated 

from the University of Houston with a Ph.D. in Mathematics in 2020. A modeler of biological systems, she 

has joint appointments at NIST and at the Johns Hopkins University (JHU). At NIST she is working with 

Paul Patrone on applications of mathematical modeling in cytometry. Rayanne Luke received a Ph.D. in 

Mathematics from the University of Delaware in 2021 where she specialized in mathematical applications 

in biology and medicine. She is also a joint NIST-JHU postdoc who is working with Paul Patrone on data 

analysis in biometrology. Sesha Challa (Pavan Kumar) received a Ph.D. in Physics from Pusan National 

University (India) in 2021. At NIST he is working with Paulina Kuo on optical frequency conversion and 

electro-optic modulation. 

Departures 

Steven Satterfield, who served as technical manager of ACMDôs immersive scientific visualization lab 

(the CAVE), retired in December 2020. Steveôs work in visualization has enabled advances in a wide vari-

ety of NIST measurement science projects, from determining the underlying mechanism of shake gels, to 

measuring the critical dimensions of engineered polymer scaffolds used in tissue engineering, to revealing 

the internal interactions of particles in flowing cement. The latter work was honored with the 2020 NIST 

Judson French Award. The visualization tools he helped design and create have made ACMDôs CAVE an 

agile virtual measurement environment in which new interactive visualizations, and the insights they pro-

vide, can be spun up quickly. Steve continues to be affiliated with ACMD as a guest researcher. 

Geoffrey McFadden retired from NIST in January 2021 after some 40 years of Federal service. During his 

tenure at NIST Jeff made fundamental contributions of lasting importance to the mathematics of materials 

science. Understanding the mechanisms behind pattern formation in materials, which occurs, for example, 

during the solidification of metal alloys and the growth of crystals is crucial for the development of effective 

             

Figure 2.  ACMD welcomed five new Federal staff members during 2021. From left to right: Zachary Grey, Elsie (Meliza) Lane, Simon Su, 

William Sherman, and Lisa Ritter. 
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techniques for the manufacturing of new materials. Jeffôs significant accom-

plishments in this area include the understanding of three-dimensional cellular 

interface morphologies, thermo-solutal convection during alloy solidification, 

the effect of electrical currents on solidification processes, modification of den-

dritic growth due to fluid flow, the effect of shear flows and step motion on 

crystal growth, anisotropies of interface energies, kinetics in crystal growth, and 

order-disorder transformations. He has also made fundamental contributions to 

phase-field and diffuse-interface models for solidification which have become a 

powerful predictive tool for materials design. Jeffôs work was highly collabora-

tive, as evidenced by the 98 co-authors of his 146 research papers, both highly 

unusual numbers for a mathematician. Jeff has also been an extraordinary men-

tor of young researchers evidenced by his direct training of 12 postdocs. Jeff 

received numerous awards, including the Department of Commerce Gold Medal, 

the Arthur Flemming Award, and the Washington Academy of Sciences Award 

for work of Merit and Distinction in Mathematics and Computer Science. He was named a Fellow of the 

American Physical Society, the Society for Industrial and Applied Mathematics and the Washington Acad-

emy of Sciences. He was made a NIST Fellow in 2004. Jeff continues his association with ACMD as a 

guest researcher and a NIST Fellow Emeritus. 

Marjorie  McClain  retired from ACMD in September 2021 after more 

than 42 years of government service at NIST.  Marjorie was originally 

hired in the Operations Research Division of the former NBS Center for 

Applied Mathematics. Over the years she was involved in a wide variety 

of projects including an IRS post-of-duty location modeling system, 

specification languages for linear programs, algorithms and software for 

the calculation of envelope curves, surface approximation methods, in-

cluding non-oscillatory splines for modeling urban environments, and 

calculation of uncertainties in coordinate measuring machine measure-

ments. In more recent years, she worked closely with ACMD staff 

member Bill  Mitchell on a survey and experimental comparison of hp-

adaptive strategies for the solution of challenging elliptic partial differ-

ential equations. Marjorie played a largely behind-the-scenes, but critical 

role in the Digital Library of Mathematical Functions (DLMF) project 

performing such tasks as ensuring the uniform use of standardized mac-

ros in the LaTeX input and linking the extensive DLMF bibliography 

with online sources. She also worked with Howard Cohl on the development of the follow-on digital re-

pository of mathematical formula. 

Recognition  

ACMD staff members were recognized with a variety of awards this year, including the following.  

Anthony Kearsley received the Washington Academy of Science (WAS) Award for Excellence in 

Research in Applied Mathematics, an honor that was conferred at the annual WAS awards banquet held on 

September 9, 2021. The citation reads ñFor outstanding contributions in the application of mathematics 

with impact in a broad range of fields, including physics, chemistry, biotechnology, and engineering.ò He 

was also named a Fellow of the WAS. 

Six ACMD staff members were honored with four different 2020 DOC and NIST Awards which were 

commemorated in January 2021: 

¶ Bonita Saunders: NIST Diversity, Inclusion and EEO Award. First presented in 1977, this award is 

granted for exceptionally significant accomplishments and contributions to Equal Employment Op-

portunity/Diversity goals. The award consists of an engraved plaque and a $5000 honorarium. Bonita 

 

Figure 4. Marjorie McClain retired from 

NIST in September 2020. 

 

 

Figure 3. Geoffrey McFadden 

retired from NIST in January 

2021. 
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was honored for exemplary service 

as a role model, mentor, and tutor in 

support of STEM careers by women 

and minorities. 

¶ William  George and Steve Satter-

field : NIST Judson C. French 

Award. First presented in 2000, this 

award is granted for significant im-

provement in products delivered 

directly to industry, including new 

or improved NIST calibration ser-

vices, Standard Reference Materials 

(SRMs), and Standard Reference 

Databases. The award consists of an 

engraved plaque and a $5000 hono-

rarium. Bill  and Steve were honored 

along with Nicos Martys of the 

NIST Engineering Lab and Blaza 

Toman of the ITL Statistical Engi-

neering Division for development of a concrete rheology standard reference material (SRM), the first 

SRM certified through computer simulation. 

¶ Scott Glancy and Emanuel Knill:  DOC Gold Medal for their work on the team that accomplished 

the worldôs first demonstration of deterministic quantum gate teleportation between physically sepa-

rated trapped ions. 

¶ Barry  Schneider: DOC Bronze Medal for outstanding initiative as part of the team that developed 

and deployed Enki,  a new computational capability in support of NIST initiatives in big data and AI. 

In late 2021 NIST announced that three ACMD staff members would be recipients of the 2021 DOC Silver 

Medal. The second highest honorary award granted by the Secretary of Commerce, this recognizes excep-

tional performance characterized by noteworthy or superlative contributions which have a direct and lasting 

impact within the Department. These staff members are: 

¶ Thomas Gerrits  of ACMD, along with five colleagues in PML and one in CTL were recognized for 

exceptional scientific achievement culminating in the first demonstration of an array of superconduct-

ing nanowire single-photon detectors (SNSPDs) with more than one thousand pixels. The NIST array 

represents a 15X improvement in size and pixel count and over one hundred million times better noise 

properties than conventional arrays. Such arrays of SNSPDs are required for the most demanding 

applications of imaging at ultralow light levels for astronomy, deep space communications, and med-

ical imaging. The groupôs technology is already being adopted by industry. 

¶ Ryan Evans and Anthony Kearsley of ACMD and a team of seven research chemists in MML  were 

recognized for advancing the state-of-the-art in methods for determining the higher order protein struc-

ture of biotherapeutics. The group led two technically challenging international comparison studies, 

establishing the reproducibility and limitations of novel precision measurement methods. Addition-

ally, they developed new data acquisition and analysis tools and new hardware that have hastened 

broad industry adoption and provide a foundation for measurements that ensure quality and accelerate 

development of life saving biotherapeutics and biosimilars.  

A research paper whose lead author is Lucas Brady of ACMD (and a postdoctoral researcher at the 

NIST/UMD Joint Center for Quantum Information and Computer Science, QuICS) was selected as winner 

of the 2021 USRA Q2B Applied NISQ Computing Paper Award for 2021. The paper, entitled ñBehavior 

of Quantum Algorithms,ò was co-authored with Lucas Kocia (Sandia Labs, and a former ACMD NRC 

postdoc), Przemyslaw Bienias, Aniruddha Bapat, and Yaroslav Kharkov (UMD), and Alexey Gorshkov 

(NIST PML). The Universities Space Research Association (USRA) announced the award on December 9, 

 

Figure 5. Colleagues and mentees of Anthony Kearsley celebrate his recognition by 

the Washington Academy of Sciences. From left to right: Prajakta Bedekar, Ronald 
Boisvert, Arun Moorthy, Anthony Kearsley, Ryan Evans, Robert DeJaco, Chen Qu, 

Danielle Brager, and Matthew Roberts. 
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2021, at the Q2B conference in Santa Clara, CA. The award is presented to a paper that represents an 

outstanding advance in the field of applied noisy intermediate scale quantum (NISQ) computing. The paper 

of Brady et al. unifies the analysis of three major approaches to quantum optimization: adiabatic quantum 

computing, quantum annealing, and the quantum approximate optimization algorithm (QAOA), resulting 

in important new insights into their behavior. They also present a new algorithmic protocol that does a 

better job of approximating the optimal one obtained from optimal control theory. The paper has been 

posted to the arXiv here: https://arxiv.org/pdf/2107.01218.pdf. 

Daniel Lozier, retired staff member from ACMD (and now a guest researcher) was inducted into 

NISTôs ñwall of fameò in October 2020. The NIST Portrait Gallery of Distinguished Scientists, Engineers 

and Administrators honors NBS/NIST alumni for outstanding career contributions to the work of 

NBS/NIST. Portraits and biographies of those selected are displayed in the corridor adjacent to the NIST 

cafeteria at Gaithersburg, and in the Digital Portrait Gallery at NIST Gaithersburg and NIST Boulder sites. 

Dan was honored for his leadership of the NIST Digital Library of Mathematical Functions project as well 

as for his research contributions to the field of special functions. 
  

       

Figure 6. Recent award winners from ACMD: Left to right: Thomas Gerrits, Ryan Evans, Anthony Kearsley, and Lucas Brady 

https://arxiv.org/pdf/2107.01218.pdf
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Computational Modeling and Design of a Wearable Wireless 

Monitoring System for the Detection of Pulmonary Edema 

Pulmonary edema is a medical condition caused by ac-

cumulation of excess fluid in the human lungs. The fluid 

accumulation could occur because of heart problems, 

pneumonia, exposure to certain toxins, as well as vi-

ruses such as COVID-19. Pulmonary edema is a 

common condition in elderly experienced by 1 in 15 peo-

ple aged 75 to 84 and just over 1 in 7 people aged 85 

years and above. Detection and monitoring of pulmo-

nary edema require access to medical facilities that are 

equipped with appropriate imaging technologies. Fre-

quent access could be difficult for patients living in rural 

areas or during pandemics when resources are not 

readily available. The current pandemic climate has sig-

nificantly increased the importance of Internet-of-

Things (IoT) technologies that can enable remote or 

self-health monitoring. In this research, we have inves-

tigated the feasibility of a simple wearable system that 

can be used at home to detect or monitor excess fluid 

buildup in the lungs. To study this, a methodology has 

been developed to computationally emulate human 

lungs with various levels of fluid in the alveoli. The pro-

posed wearable system is composed of several small 

wearable antennas located on the chest and back area. 

The antennas will  operate at the MedRadio frequency 

band and will  be optimized for signal penetration 

through the body. The frequency and time responses of 

the communication channel between these antennas for 

the lung models with varying levels of fluid have been 

measured and analyzed. The results show a correlation 

between the channel response and the level of fluids in-

side the lungs. This correlation can potentially be 

exploited by a simple wearable system to predict the on-

set of pulmonary edema. 

Kamran Sayrafian 

There are numerous tiny air sacs (known as alveoli) in 

the human lungs where oxygen is exchanged with car-

bon dioxide during the breathing process. The addition 

of fluid in these air sacs will  make breathing difficult.  If  

this condition is not treated in time, shortness of breath 

sets in, leading to acute respiratory distress syndrome 

(ARDS) which is a form of lung failure. X-ray, CT scan, 

and Electrical Impedance Tomography are typical tech-

nologies that are used to detect and measure fluid build-

up in the lungs; however, physical presence and access 

of the patient to medical facilities having necessary 

equipment are required for accurate diagnosis. Frequent 

access to such facilities might not be easily feasible or 

convenient for patients living in remote areas or people 

who need to be continuously monitored. In addition, 

during pandemics, resources at the medical facilities are 

typically diverted to other critical tasks. Therefore, it is 

desirable to cut down the number of unnecessary visits 

by the patients during those times. Recent advances in 

IoT technology as well as proliferation and consumer 

adoption of wearable devices have created a fertile en-

vironment for new applications that enable health 

monitoring functions to take place at the patientôs home. 

To the best of our knowledge, there are currently no 

wearable or mobile devices in the market that can be 

used to detect fluid buildup in the human lungs.  

In this project, we first developed a methodology to 

computationally emulate human lungs with various lev-

els of fluid in the alveoli. The lung models will  be part 

of a full  3D computational human body model that has 

been used for a variety of research related to the appli-

cation of wearable, implant, and ingestible electronics 

[1]. A sequence of virtual experiments has also been de-

veloped to evaluate the performance of a wearable 

system designed to monitor pulmonary edema. The pro-

posed system is composed of several small wearable 

antennas located on the chest and back side of the body 

as shown in Figure 7. The antennas are designed to op-

erate at the MedRadio (Medical Device Radio-

communications Service) frequency band (401 MHz to 

406 MHz) and optimized for signal penetration through 

the body. The MedRadio spectrum can be used for diag-

nostic and therapeutic purposes in implanted and 

wearable wireless devices. 

There are 480 million alveoli in the human lungs on 

average. The mean size of a single alveolus is estimated 

to be around 4.2 × 106 ɛm3 [2]. Computational modeling 

of such small structures within the lung tissue is nearly 

impossible. However, such microscopic level of model-

ing might not be necessary for the purpose of our study. 

The net effect of fluid buildup in the alveoli is the 

    

Figure 7. Computational human body model with the antenna 
placements indicated. 
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change in the dielectric properties of the lungôs tissue 

(i.e., the medium where the electromagnetic waves 

travel through). However, as knowledge of these dielec-

tric properties for various levels of fluid is not available, 

we propose a macroscopic computational model in 

which a cluster of alveoli are considered as one macro-

alveolus. Using this approach, the following methodol-

ogy is used to construct a lung model incorporating the 

effect of fluid buildup. A periodic lattice of small cubes 

is created inside the volume of the lungs. Each cube (re-

ferred to as Lattice Element (LE)) represents the overall 

volume of fluid that has been accumulated in a macro-

alveolus. To remove the periodicity of the lattice, an al-

gorithm has been developed to randomize the spacing 

between the LEs. It should be noted that since the 

size/dimension of the lattice elements is small compared 

to the wavelength of the signal that we are using in this 

study the actual shape of the lattice elements (i.e., cubes) 

will  not have any impact on the final results and other 

shapes such as spheres may also be used.  

Figure 8 shows a sample of the lung model includ-

ing the randomized lattice structure. The two parameters 

in this lung model are the LE size and the average spac-

ing between two adjacent LEs. The average spacing will  

determine the total number of LEs that are contained 

within the volume of the lungs. The number of LEs 

along with their size will  also determine the total volume 

of the LEs that exist inside the lungs. This volume indi-

cates the total fluid buildup which impacts the overall 

mass density of the lungs representing pulmonary 

edema. This mass density can be calculated according to 

the formula 

”  ȟ     ” ȟ   ὠ ὠ  ȟ      

                                             ”
ὪὰόὭὨ

ὠὪὰόὭὨ
ὒὉ ίὭᾀὩȟ   ὒὉ ὲόάὦὩὶ

ὠὰόὲὫ 

where 

”  ȟ    
 is mass density of the lungs with ex-

cess fluid, ” ȟ   
 is the mass density of the normal lungs 

tissue (fully  inhaled), ”  is the mass density of the 

fluid inside the lungs, ὠ  ȟ    
 is the total 

volume of the fluid inside the lungs, and ὠ  is the to-

tal volume of the lungs. 

The substance of the fluid that builds up inside the 

alveoli is approximated to be 0.9 % saline solution. 

Therefore,  ”  = 1.0046 g/cm3. Electrical properties 

of lossy liquids such as sodium chloride (NaCl) are very 

much temperature dependent. Using the polynomial 

equations in [3], we can calculate conductivity and per-

mittivity  of sodium chloride solutions as a function of 

normality and temperature. The temperature range 

where the model in [3] was validated with actual data 

was 5 to 35 ЈC. However, assuming that the model is 

still valid for 37 ЈC (i.e., the normal human body tem-

perature) and using a concentration/molarity of 0.154 

mol/L for sodium chloride solutions, the dielectric prop-

erties of 0.9 % saline solution at body temperature 

(37ЈC) can be estimated to be 72.47 F/m in permittivity 

and 1.86 S/m in conductivity. 

The average mass density of the normal (fully  in-

haled) lung tissue (”  is known to be 0.2 g/cm3 [4]. 

Assuming a dimension of 6 mm for an individual cubic-

shaped macro-alveolus/LE (equivalent to a volume of 

216 × 109 ɛm3) and considering that the volume of the 

3D computational lung model in our simulation is ὠ  

= 2309760.59 mm3, Table 1 shows the resulting mass 

densities of the lungs for various concentration of LEs. 

This mass density is used as a parameter to study the 

impact of fluid accumulation on the forward transmis-

sion coefficient of the wireless channel between the two 

antennas shown in Figure 7. The possible range of this 

mass density parameter is from 0.2 g/cm3 (indicating 

healthy lung tissue at the fully  inhaled state) to an ex-

treme 1.0 g/cm3 where the whole lung volume is 

basically considered to be filled with 0.9 % saline solu-

tion. Table 1 only shows the relevant information up to 

0.45 g/cm3. It is assumed that the detection of variations 

in mass densities in the lower range (i.e., up to 0.45 

g/cm3) are more important and should be the main focus 

for home or remote monitoring applications. Beyond 

that the patient should most likely transfer to a hospital 

or clinic to receive proper examination and care. 

 

Figure 8.  Computational model of the lungs with a lattice of macro-
alveolus. 

 

Table 1. Mass density of lungs for various numbers of macro-alveo-

lus. 

Average 

LE 

Spacing 

(mm) 

 

No. of 

LEs 

 

ὠ  

(mm3) 

 

”
 ȟ    

 

(g/cm3) 

- 0 0 0.2 

9.5 604 105791.19 0.24 

5.5 1495 263640.72 0.29 

4 2284 400857.96 0.34 

3 3173 552898.45 0.39 

2.3 3895 678601.29 0.44 
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Using a pair of specially designed and 

optimized antennas and placing them across 

the right lung as shown in Figure 7, the for-

ward transmission coefficient of the wireless 

channel (Ὓ ) has been measured for various 

parameters of the model or mass densities of 

the lung shown in Table 1. It is observed that 

with increasing mass density, the Ὓ  param-

eter is gradually reduced. Fluid 

accumulation in the alveoli will  change the 

effective dielectric properties of the lung tis-

sue, which in turn impacts the scattering 

parameters of the wireless channel between 

the antennas. A noticeable 4.5 dB loss in Ὓ  

is observed when the mass density increases 

to 0.44 g/cm3. This change can be easily 

measured and can serve as a warning sign for 

the onset of pulmonary edema. We conjecture that the 

size of the macro-alveolus does not significantly impact 

the Ὓ  results. The validity of this conjecture has been 

verified for a few computationally feasible sizes of the 

macro-alveolus (i.e., 6 mm, 5 mm, and 4 mm).  

Time domain responses of the wireless channel can 

also be obtained using the Inverse Fourier Transform 

(IFT) after applying a Hann windowing on the Ὓ  re-

sults. Figure 9 shows these channel responses when an 

envelope detector is used to remove the mid-band carrier 

frequency of 403 MHz from the IFT output. The impact 

of the change in the lung mass density is also observed 

through the peak amplitude of the channel responses. 

The reduction of this amplitude indicates an increase in 

the lung mass density due to excess fluid accumulation. 

Therefore, through constant monitoring of the amplitude 

of the time domain channel response, the onset of fluid 

buildup in the lungs can be detected. It should be noted 

that only the relative reduction of the peak amplitude 

with respect to the baseline response of the channel (i.e., 

response of the healthy lung) is important. This is be-

cause the absolute numerical value of the baseline 

response could be different for people with different 

body sizes and shapes. Monitoring of the channel re-

sponse can be done by patients at their homes or 

remotely if  wireless Internet connectivity is provided. 

The results obtained in this project demonstrate the 

feasibility of a simple wireless wearable device for de-

tecting pulmonary edema [5]. The main concept used in 

this research could also serve as a starting point for fu-

ture research on wearables devices that can assist in 

detecting abnormalities inside the human organs or tis-

sues. It is envisioned that the wearable antennas used in 

this research along with their corresponding electronics 

could be integrated in the fabric of a wearable band or a 

vest. The band/vest can be worn at home by patients at 

risk or individuals in remote areas with no convenient 

access to a medical facility. The information provided 

by the wearable device can also be transmitted through 

a telemedicine network, therefore reducing the fre-

quency of unnecessary trips to medical facilities. This is 

especially important during a pandemic lockdown.  

This study has been conducted with a static compu-

tational model of the lungs. A dynamic simulation 

platform that can continuously measure the signal dur-

ing natural breathing cycle (inhalation and exhalation) 

could be quite challenging. The dielectric properties 

used for the model assumes fully  inhaled lungs. There-

fore, additional circuitry might be needed to ensure the 

measurements are taken at the right instances during the 

breathing process. More detailed computational models 

corresponding to fully  inhaled and exhaled human lungs 

are needed in order to study possible advantages of per-

forming measurement at each state. Array antennas may 

also be used to create a more directional propagation 

path through the lungs. This could further enhance the 

resolution of the channel responses. Ultimate verifica-

tion of the methodology presented in this project 

requires physical experiments involving patients that are 

susceptible to pulmonary edema. 
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Probability Distributions in Peak Matching for DART-MS

Direct Analysis in Real Time Mass Spectrometry 

(DART-MS) is a technology that can be used for chemi-

cal identification. One application is screening for 

controlled substances in forensic seized drug evidence. 

This rapid procedure produces complex mass spectra 

because the spectral signatures of all compounds in the 

sample are observed simultaneously. A major advantage 

of DART-MS over other methods is its ability to produce 

multiple measurements of mass spectra so quickly. As 

DART-MS has become more commonplace in drug 

screening, differentiating the mass spectra of structur-

ally similar compounds has become increasingly 

important. Unfortunately, it can be difficult to distin-

guish between structurally similar compounds using 

DART-MS. Even with high resolution mass spectra, ex-

isting measures of mass spectral similarity cannot 

always discriminate between structurally similar com-

pounds. One approach to solving this problem is to 

utilize the statistical nature of the peaks in mass spectra 

coming from DART-MS in order to determine similarity. 

Using this method, we have developed a similarity meas-

ure between spectra coming from DART-MS that 

accurately distinguishes structurally similar com-

pounds. 

Matthew Roberts 

Direct Analysis in Real Time Mass Spectrometry 

(DART-MS) is a technology that can be used for chem-

ical identification. One application is screening for 

controlled substances in forensic seized drug evidence. 

With DART-MS, heated gas metastables are used to 

both desorb and ionize an analyte. This rapid procedure 

produces complex mass spectra because the spectral sig-

natures of all compounds in the sample are observed 

simultaneously. Here we consider high resolution cen-

troided in source collision induced (is-CID) mass 

spectra coming from DART-MS, so for convenience, we 

will always be referring to this whenever we mention 

mass spectra. A major advantage of DART-MS over 

other methods is its ability to produce multiple measure-

ments of mass spectra so quickly. However, since 

DART-MS is not performed in a vacuum, resulting 

spectra have a greater tendency to vary due to contami-

nation [6]. As DART-MS has become more common-

place in drug screening, differentiating the mass spectra 

of structurally similar compounds has become increas-

ingly important. Figure 10 and Figure 11 show the mass 

spectra for Methamphetamine and Phentermine at 60V, 

two structurally similar compounds that can be difficult 

to distinguish using DART-MS. Even with high resolu-

tion mass spectra, existing measures of mass spectral 

similarity cannot always discriminate between structur-

ally similar compounds. Because of factors like mass 

defect in isotopic compounds in high resolution spectra, 

distinguishment of structurally similar compounds can 

be inaccurate without additional filtering [5]. 

One approach to solving this problem is to utilize 

the statistical nature of the peaks in mass spectra coming 

from DART-MS in order to determine similarity. Even 

though DART-MS has greater variation of spectra than 

other methods of mass spectrometry, the rapid process 

of DART-MS allows one to collect several measure-

ments of the same compound in very little time. Using 

these multiple measurements, one is able to quantify the 

uncertainty in each peak in the spectra. In this way, each 

 

Figure 10. Measured 60V spectra of Methamphetamine in red and 

Phentermine in blue. Intensities are scaled to the interval [0,1] with 

base peak at m/z 91.06 (representing the protonated molecule). 

 

Figure 11. Measured 60V spectra over the m/z interval [90,95], 

with Methamphetamine in red and Phentermine in blue. Intensities 
are scaled to the interval [0,1] with base peak at m/z 91.06 (repre-

senting the protonated molecule). 
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peak is identified as a probability distribution, and by 

comparing these probability distributions, one is able to 

match peaks between two mass spectra appropriately. 

Using this method, we have developed a similarity 

measure between spectra coming from DART-MS that 

accurately distinguishes structurally similar compounds. 

Additionally, since probability distributions are being 

used to model spectra, inaccurate similarity measure due 

to inappropriate binning does not occur like it does with 

traditional cosine similarity, or other methods of peak 

matching [4]. 

In this approach, the first challenge is to understand 

the statistical nature of each peak in the spectra for a par-

ticular compound. By matching peaks between replicate 

measurements of spectra according to Euclidean dis-

tance, groups of matched peaks are formed. Each group 

of matched peaks produces a sample mean and standard 

deviation that together form what we call a peak statis-

tic. This collection of peak statistics is then referred to 

as a mass spectrum statistic. 

Each peak statistic in a mass spectrum statistic is 

then naturally identified with a two-dimensional normal 

distribution. In this way, the similarity between two 

peak statistics can be determined by computing the sim-

ilarity between their associated normal distributions. 

Using this similarity measure, a peak matching scheme 

is then proposed to accurately match peak statistics be-

tween two mass spectrum statistics. A similarity score 

between two mass spectrum statistics can then be com-

puted according to this matching. 

Using this method of probability distributions, we 

have analyzed replicate measurements of 7 pairs of 

structurally similar compounds. Numerical results show 

that this method outperforms the traditional dot product 

method when discriminating these pairs of compounds. 

Peak and Spectrum Statistics. The major advantage of 

DART-MS over other techniques in mass spectrometry 

is its ability to produce multiple measurements of a sub-

stance in very little time. The idea is to utilize these 

multiple measurements to produce a statistic of the mass 

spectrum for that substance. Let ὥȟὥȟỄȟὥ be ὲ rep-

licate mass spectral measurements for a substance. In 

this case, ὥ is a collection of mass spectra points in ᴙ  

and may vary in size depending on the measurement. 

Here, for each point ὼȟώ in the spectrum, the first co-

ordinate ὼ is the mass-to-charge ratio άȾᾀ, and the sec-

ond coordinate ώ is the relative intensity, a number from 

0 to 1. For the compounds we consider, a spectral meas-

urement has usually between 15 and 40 points. 

Starting with the peak with greatest intensity of all 

the measurements, say peak ὴ from measurement ὥ, 

we determine the peak from each measurement ὥ that 

is closest to peak ὴ  in Euclidean distance. This will 

form the set of peaks Ὓ ὴȟȟὴȟȟỄȟὴȟ , where 

ὴȟ is the peak coming from ὥ for each Ὦ. From this it 

is clear that ὴȟ ὴ since ὴ  ɴὥ. The idea is that Ὓ 

consists of the replicate measurements for peak ὴ when 

grouped this way. 

Once the set Ὓ has been determined, these peaks 

are removed from the spectra ὥȟὥȟỄȟὥ. Starting 

with the remaining peak ὴ of greatest intensity of all 

the remaining spectra ὥȟὥȟỄȟὥ., the process is re-

peated to produce the set Ὓ ὴȟȟὴȟȟỄȟὴȟ , of 

replicate measurements of peak ὴ. In this way, the sets 

ὛȟὛȟỄȟὛ  can be generated. Here, 

Ὓ ὴȟȟὴȟȟỄȟὴȟ  

where ὴȟ is the peak in ὥ closest to peak ὴ in Euclid-

ean distance. Figure 12 and Figure 13 show the 60V is-

CID spectra of Methamphetamine and Phentermine to-

gether with the sets Ὓ of replicate peak measurements 

over the άȾᾀ interval [90, 95]. 

 

Figure 12. Measured 60V for Methamphetamine together with the 

sets Sj for the top 8 largest prominent peaks for Methamphetamine 

for m/z 90 to m/z 95. 

 

Figure 13. Measured 60V spectra over the m/z interval [90,95] with 

Methamphetamine in red and Phentermine in blue. This together 
with the sets Sj for each compound for the top 8 largest prominent 

peaks for m/z 90 to m/z 95. 
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It can be a challenge to determine what is the appro-

priate value of ά. In other words, how many peaks 

ὴȟὴȟỄȟὴ  should be considered when making the 

sets ὛȟὛȟỄȟὛ ? In our analysis, we have used 15 

peaks in general, but the largest ά is equal to the small-

est of the replicate spectra ὥȟὥȟỄȟὥ. The idea is to 

choose ά such that Ὓ does not contain artifact peaks for 

any Ὦ. We will refer to the peaks ὴȟὴȟỄȟὴ  as prom-

inent peaks. 

In essence, Ὓ is the set of replicate measurements 

of prominent peak ὴ. Therefore, the sample mean ὴӶ

ὴӶȟȟὴӶȟ  and the standard deviation ί ί
ȟ
ȟί

ȟ
 

of Ὓ gives information about the location and variance 

of prominent peak ὴ. The peak statistic ὖ is defined by 

the 4-tuple 

ὖ ὴӶȟȟὴӶȟȟί ȟ
ȟί

ȟ
 

and the collection of ά peak statistics  

ὃ ὖȟὖȟỄȟὖ  

is defined to be the spectrum statistic of ὥȟὥȟỄȟὥ us-

ing ά prominent peaks. 

The next step is to now utilize the spectra statistics 

of two compounds to accurately distinguish them from 

one another. This is done by interpreting each peak sta-

tistic as a probability distribution and then match peak 

statistics between spectra statistics according to their 

similarity. 

Peak Similarity and Peak Matching with Peak Sta-

tistics. One of the difficulties with peak matching 

between mass spectra is determining an appropriate met-

ric in which to compare the peaks [4]. With a peak 

statistic, additional information is available to explain 

how the peak may vary from measurement to measure-

ment. Therefore, a peak statistic explains the distribution 

of possible measurements for that given peak. In this 

way, a peak statistic ὖ ὴӶȟὴӶȟί ȟί  can be iden-

tified with the 2D normal probability distribution 

Ὢ ὼȟώ
ρ

ς“ί ί
 Ὡ

Ӷ Ӷ

 

Similarly for a peak statistic ὗ ήȟήȟίȟί ȟ we 

can identify it with the 2D normal probability distribu-

tion 

Ὢ ὼȟώ
ρ

ς“ίί
 Ὡ  

By comparing the distributions Ὢ and Ὢ, one has a nat-

ural way of determining the similarity between peak 

statistics ὖ and ὗ. This comparison is done by determin-

ing the cosine similarity between Ὢ and Ὢ in the space 

ὒ ᴙ . Just how a mass spectrum can be interpreted as 

a vector in ᴙ , the functions  Ὢ and Ὢ are vectors in the 

function space ὒ ᴙ  and their cosine similarity is de-

termined by the cosine of the angle between them. In the 

space ὒ ᴙ , the inner product  ộὪȟὪỚ ᴙ  is a gen-

eralization of the dot product between vectors in ᴙ  and 

is given by 

 ộὪȟὪỚ ᴙ Ὢ ὼȟώ Ὢ ὼȟώ Ὠώ Ὠὼ 

Therefore, the norm ᴁὪᴁ ᴙ  in ὒ ᴙ  generated by 

the inner product is given by 

ᴁὪᴁ ᴙ  ộὪȟὪỚ ᴙ Ὢ ὼȟώ  Ὠώ Ὠὼ 

In the same way the cosine of the angle between vectors 

in ᴙ   is computed using the dot product and norm in 

this space, the cosine of the angle between Ὢ and Ὢ  in 

ὒ ᴙ  is computed by 

 

Figure 14. Peak statistics P and Q with mean and 1 standard devi-

ation in x and y directions. 

 

Figure 15. Plot of probability distributions █╟●ȟ◐ and █╠●ȟ◐Ȣ 
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ÃÏÓ— ȟ  
 ộὪȟὪỚ ᴙ

ᴁὪᴁ ᴙ  Ὢ ᴙ

 

 
᷿ ᷿ Ὢ ὼȟώ Ὢ ὼȟώ Ὠώ Ὠὼ

᷿ Ὢ ὼȟώ  Ὠώ Ὠὼ ᷿ Ὢ ὼȟώ  Ὠώ Ὠὼ

 

Here — ȟ  is the angle between Ὢ and Ὢ, and 

ÃÏÓ— ȟ  is computed exactly by the formula 

   ÃÏÓ— ȟ   
τί ίί ί

ί ί  ί ί
 

 Ὡ ụ
Ụ
Ụ
Ụ
ợ

ở

ờ

Ợ

Ỡ  

ở

ờ

Ợ

Ỡ

Ứ
ủ
ủ
ủ
Ủ

 

Splitting this into ὼ and ώ components we have 

 ÃÏÓ— ȟ   

ở

ỞỞ
ờ ςίί

ί ί
  Ὡ ở

ờ

Ợ

Ỡ

Ợ

ỡỡ
Ỡ

 

                          

ở

ỞỞ
ờ ςί ί

ί ί
  Ὡ ở

ờ

Ợ

Ỡ

Ợ

ỡỡ
Ỡ

 

Identifying peak statistics with probability distributions 

is a natural way for determining how well two peak sta-

tistics match each other. The similarity measure between 

two peak statistics ὖ and ὗ is denoted by —ὖȟὗ  and is 

given by the formula 

—ὖȟὗ  ÃÏÓ— ȟ   

where all of the terms are defined as above. The similar-

ity measure —ὖȟὗ  is a value between 0 and 1, with 0 

if there is no similarity and 1 if the peak statistics are 

identical. 

Using the similarity measure —, we can now present 

a scheme for peak matching that accurately matches 

peaks between spectra statistics. Let ὃ

ὖȟὖȟỄȟὖ  and ὄ ὗȟὗȟỄȟὗ  be two spec-

tra statistics. To compare ὃ and ὄ, we consider at most 

ά  άὭὲάȟά  peak statistics, or prominent peaks. 

For our results, we have used a value of m = 15 unless 

άὭὲάȟά  was smaller. Peak matching is then per-

formed in which pairs of peaks are chosen such that they 

maximize similarity measure —. No peak statistic can be 

in two pairs, so optimal pairs of peaks are determined 

starting from peaks with largest relative intensities and 

moving to the smallest. 

To start, let ὖ ὴӶȟȟὴӶȟȟί ȟ
ȟί

ȟ
 be the 

peak statistic with greatest relative intensity out of both 

ὃ and ὄ. That is, ὖ  had the largest second coordinate 

value ὴӶȟof any of the peak statistics in either ὃ or ὄ. 

Next, the peak statistic ὗ  is selected from ὄ such that 

the similarity measure  —ὖ ,ὗ ) is maximized. Once 

the pair ὖ ,ὗ ) has been determined, these peak statis-

tics are set to the side, and the process repeats for the 

remaining peak statistics in ὃ and ὄ. In this way, the 

peak statistic pairs ὖȟὗ ȟὖ ,ὗ ),Ễȟὖ ,ὗ )  

are created from first to last. The similarity score 

‰ὃȟὄ  between ὃ and ὄ is then determined by 

‰ὃȟὄ
В ὴӶȟήȟ—ὖȟὗ

В ὴӶȟήȟ
 

Table 2. Seven pairs of structurally similar compounds. 

 Pairs of Similar Compounds Considered 

1 Cotinine, Serotonin 

2 Phenibut, MDA 

3 MMDPPA, Methylone 

4 5-methoxy MET, Norfentanyl 

5 Cocaine , Scopolamine 

6 HU-210 , Testosterone Isocaprionate 

7 Methamphetamine, Phentermine 

Table 3. Similarity scores ᶫ(A, B) where A and B are the spectra 

statistics for each pair of compounds at energy levels 30V, 60V, and 

90V. 

Similarity Score of 

ꜚ═ȟ║  
30V 60V 90V 

Cotinine , Serotonin 9.6E-8 0.0088 0.0019 

Phenibut, MDA 2.12e-6 3.17e-5 3.92e-13 

MMDPPA, Methylone 0.0192 0.0073 6e-4 

5-methoxy MET, 
Norfentanyl 

0.6457 4.5e-5 6.65e-24 

Cocaine, Scopolamine 0.0012 0.0439 0.0078 

HU-210, Testosterone 

Isocaprionate 
0.0630 2.68e-5 4.96e-6 

Methamphetamine, 

Phentermine 
0.0096 0.5485 0.6661 

Table 4. Maximum cosine similarity values for each of the 7 pairs 

of structurally similar compounds at each of the energy levels 30V, 

60V, and 90V. 

Max Cosine Similarity 

ᴙ▪ 
30V 60V 90V 

Cotinine, Serotonin 0.2007 0.0360 0.1355 

Phenibut , MDA 0.5725 0.0235 0.1014 

MMDPPA, Methylone 0.6551 0.0201 0.0456 

5-methoxy MET, 

Norfentanyl 
0.9852 0.0055 0.0095 

Cocaine, Scopolamine 0.6091 0.0559 0.1278 

HU-210, Testosterone 

Isocaprionate 
0.7843 0.3202 0.2066 

Methamphetamine, 

Phentermine 
0.7048 0.9922 0.9988 
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In this way, similarity measure between peak statistics 

is weighted by the product of their intensities. The sim-

ilarity score ‰ὃȟὄ   between ὃ and ὄ is a number 

between 0 and 1, where 0 means no similarity and 1 

means identical. 

Results. Using the method of probability distributions, 

we have considered 7 pairs of structurally similar com-

pounds with similar is-CID spectra. These compounds 

are listed in Table 2. For each of these compounds, 5 

measurements of is-CID spectra were collected at 30V, 

60V, and 90V. 

Using these replicate measurements of DART-MS, 

we were able to generate a spectra statistic for each com-

pound at each of the three fragmentation levels. For each 

pair of compounds, spectra statistics ὃ and ὄ are gener-

ated, and the similarity scores ‰ὃȟὄ  are recorded in 

Table 3 for each of the 3 fragmentation levels. 

We compare these results to the classical method of 

cosine similarity using the dot product. For a given pair 

of compounds from Table 2, we compare the similarity 

of replicate measurements ὥȟὥȟỄȟὥ of one com-

pound to replicate measurements ὦȟὦȟỄȟὦ of the 

other compound. Here, the spectra ὥ and ὦ are identi-

fied as vectors in ᴙ  using classical binning with a bin 

width of 0.1 and with the last bin at 899.9 άȾᾀ to 900 

άȾᾀ, which makes ὲ = 9000. We then consider the max-

imum cosine similarity score between any two ὥ and ὦ 

coming from the two sets of replicate measurements [3]. 

This similarity is determined by the formula 

ὧέί— ȟ   
ὥϽὦ

ᴁὥᴁ ὦ
 

Here, — ȟ  is the angle between ὥ and ὦ in ᴙ , and the 

norm ᴁϽᴁ is the Euclidean norm in ᴙ . The maximum 

cosine similarity values between any two replicate 

measurements ὥ and ὦ are recorded for each pair of 

compounds at energy levels of 30V, 60V, and 90V in 

Table 4. 

As can be observed, the method of peak matching 

with probability distributions outperforms the classical 

cosine similarity method for distinguishing every pair of 

compounds at every single fragmentation level. Because 

of the limited measurements, the similarity score 

method of ‰ could only be tested on one pair of spectra 

statistics for each pair of compounds in Table 2, but the 

results are convincing to look at further testing of this 

method. 
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Automation of Experimental Quantum Dot Control 

Electrons confined in arrays of semiconductor 

nanostructures, called quantum dots (QDs), are a prom-

ising quantum computing approach. Due to the ease of 

control of the relevant parameters, fast measurement of 

the spin and charge states, relatively long decoherence 

times, and their potential for scalability, QDs are gain-

ing popularity as candidate building blocks for solid-

state quantum devices. However, with an increasing 

number of QD qubits, the relevant parameter space 

grows sufficiently to make heuristic control unfeasible. 

In semiconductor quantum systems, devices now have 

tens of individual electrostatic and dynamical gate volt-

ages that must be carefully set to localize the system into 

the single-electron regime and to realize good qubit op-

erational performance. It is thus highly desirable to 

have an automated protocol to achieve a target elec-

tronic state. 

In recent years, there has been a considerable effort 

to automate every phase of device calibration and con-

trol, from taking a system from room temperature to 

quantum operation. This project is an effort to automate 

certain stages of device controlðnamely the coarse tun-

ning and setting the desired charge stateðby combining 

script-based algorithms with machine learning (ML) 

techniques. Our efforts rely on combining ML algo-

rithms trained using synthetic data from a physical 

model with classical optimization techniques to estab-

lish an automated closed-loop system for experimental 

control. Our work serves as a baseline for future inves-

tigation of fully automated device control system and to 

pave the way for similar approaches in a wide range of 

experiments in physics. 

Justyna P. Zwolak 

There are myriad quantum computing approaches, each 

having its own set of challenges to understand and ef-

fectively control their operation. Arrays of 

electrostatically defined quantum dots (QDs) present at 

the interface of semiconductor devices is one such ap-

proach [1]. Unfortunately, the difficulty of working with 

such systemsðwhere fabrication tolerances are tight, 

impurities punishing, and material considerations vastð

has meant that only a few groups around the world have 

succeeded in advancing the limit of QD performance. 

The current practice of tuning QDs manually or in 

a semi-automated fashion is a relatively time-consuming 

procedure, susceptible to random errors and inherently 

impractical for scaling up and other applications. Even 

tuning a double QD constitutes a nontrivial task, with 

each dot being controlled by at least three metallic gates, 

each of which influences the number of electrons in the 

dot, the tunnel coupling to the adjacent lead, and the in-

terdot tunnel coupling (see Figure 16). The presence of 

defects and variations in the local composition of the 

heterostructure disordering the background potential en-

ergy further impedes this process. At the same time, 

given the progress in the construction of multi-QD ar-

rays in both one and two dimensions (1D and 2D, 

respectively) [3, 4], it is imperative to replace the current 

practice of manual tuning to a desirable electronic con-

figuration with a standardized automated method.  

Realization of good qubit performance in QDs is 

achieved via electrostatic confinement of electrons in a 

two-dimensional electron gas (2DEG) present at the in-

terface of semiconductor heterostructures using 

dynamically adjusted voltages on multiple electrical 

gates patterned on top of the device (see Figure 16 for 

an example of a false-color scanning electron micro-

graph of Si/SiGe quadruple QD). Reservoir gates 

(shown in purple in Figure 16) accumulate electrons into 

leads with stable chemical potential; depletion ñscreen-

ingò gates (shown in red in Figure 16) are used to define 

1D transport channel in the 2DEG; barriers define the 

dot positions by locally depleting carriers within the 1D 

channel, thereby separating the electron density into dis-

joint regions while plungers shift the chemical potential 

in the dots relative to the chemical potentials of the con-

tacts. In other words, the choice of gate voltages 

determines the number of dots, their position, and their 

coupling, as well as the number of electrons present in 

each dot. 

The complete process of tuning an unknown QD de-

vice can be divided into a sequence of distinct phases 

shown in Figure 17. Over the past decade, there have 

been numerous attempts at automating each of them. 

Bootstrapping and ñsandboxingò: Bootstrapping (or 

initialization) is a pre-tuning process that involves cool-

ing the device down, making local sensing systems 

operational, and bringing the main device regime into an 

 

Figure 16. A false-color scanning electron micrograph of Si/SiGe 
quadruple QD device. The top gates (SB1, SB2, and SP) are used to 

form the sensing QD while the bottom gates (Bi for i=1,2,3 and Pj 

for j=1,2) are used to form and control the qubit QDs. The inset, 
showing a cross section through the device along the dashed white 

line (top) and a schematic of the electric potential of a tuned double 

dot (bottom). Adapted from [2].  
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appropriate parameter range for taking data (i.e., ñsand-

boxingò). The usual cooling techniques rely on using a 

Helium-3 cryostat known commonly as a dilution refrig-

erator. 

Once the device is cooled, the functionality testing 

can begin, where a series of 1D measurements 

(ñsweepsò) of individual gates and 2D measurements 

(ñscansò) is performed to check the gates and to ensure 

that two 1D transport channels are formed in the 2DEG: 

one where the qubit QDs will be formed and the other to 

host the charge sensing dots, see Figure 17(a-i, ii). Then, 

the quality assessment and characterization of finger 

gates takes place, see Figure 17(a-iii). During this stage, 

the acceptable (safe) ranges of voltages for coarse tuning 

are determined. The final step of bootstrapping is cali-

bration of the charge sensor, that is, finding a set of 

voltages applied to the sensing dot gates that maximizes 

sensitivity of the conductance through the dot to changes 

in the local electrostatic potential, Figure 17(a-iv). 

We are currently developing the bootstrapping tun-

ing protocol. In the first attempt, we developed a script 

that automates all the pre-calibration steps typically 

done by an experimentalist. At present, we are refining 

the protocol to address difficulties we encounter during 

the first experimental test of the tuner. 

Coarse tuning: Once the two 1D channels are formed 

and the charge sensor is ready, the next step in the tuning 

process is setting the QD device up in a stable global 

configuration of known topology in the state space with 

a known number of charge islands. The process of 

coarse tuning QD devices involves identifying the state 

of the device from a series of measurements, followed 

by adjustment of parameters (i.e., gate voltages) based 

on the observed outcomes. Figure 17(b) shows a sample 

2D scan in the plunger gates space. The parallel charge 

transition lines (visible in the top right corner of Figure 

17(b)) indicate that the device is in a single dot regime 

while the X-like features (visible in the center of Figure 

17 (b)) indicate a regime where two dots are formed. In 

general, the process of tuning heavily relies on a visual 

inspection and classification of image data by a human 

expert and, as such, does not scale well with the growing 

array sizes, is prone to random errors, and may result in 

only an acceptable rather than an optimal state. 

In recent years, convolutional neural networks 

(CNNs) ð a class of machine learning (ML) algorithms 

ð have emerged as a ñgo toò technique for automated 

image classification, giving reliable output when trained 

on a representative and comprehensive dataset [6]. Tak-

ing advantage of the potential of CNNs, we have 

proposed an autotuning framework that combines a 

CNN-based algorithm trained on simulated charge sen-

sor readout data with an optimization routine to 

eliminate the need for human intervention in tuning 

semiconductor QD devices [7]. Using a modified 

Thomas-Fermi approximation, we developed a model 

for electron transport in gate-defined QDs that mimics 

the transport characteristics and the charge sensor re-

sponse of an experimental device [8]. For training 

purposes, we generated an assembly of 10 010 random 

charge sensor measurement realizations, with charge 

sensor response stored as (30 × 30) pixel maps from the 

space of plunger gates. By varying between simulations 

physical parameters of the system (e.g., the device ge-

ometry, gate positions, lever arm, and screening length), 

samples in the training dataset are representative of 

qualitative features across a wide range of devices. The 

labels for each simulated measurement are assigned 

based on the fraction of pixels within given realization 

in each of the possible states.  

The coarse autotuning protocol has shown a lot of 

promise when tested in situ, with 85.7 % success rate 

over N=14 tuning runs [2]. However, since the training 

data was generated using idealized (i.e., noiseless) sim-

ulator, the experimental implementation required 

device-specific data processing to ensure compatibility 

with the CNN model. Still, when data was unusually 

noisy due to, e.g., instability of the charge sensor, the 

data processing was insufficient, resulting in the CNN 

 

Figure 17. The phases of the QD tuning flow. (a) Sample plots used in the bootstrapping and ñsandboxingò phase. (i) Sweeps (left) and the 
numerical derivative of the sweeps (right) for the gate used to divide the 2DEG into two half-planes. (ii) Example plot of the qubit dot channel. 

The large rectangular regions to the right and top represent current flow underneath two screening gates. (iii) A series of sweeps for finger gates 

showing Coulomb blockade oscillations. (iv) The 2D scan in the space of the two barriers defining the sensor. (b) Visualization of a state tuning 
run in the space of two plunger gates, with arrows and the intensity of the color indicating the progress of the autotuner. (c) A cartoon of a 

possible path (red line) connecting the (0,0) and the (3,2) charge state. (d) (top) Charge stability diagram in the space of virtual gates with a red 

dotted line indicating the inter-dot detuning axis. (bottom) Excess charge extracted from a fit to the sensing dot signal as a function of detuning 

along the dotted line for three different ◄ . Adapted from [5]. 
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returning an incorrect state vector and, ultimately, tun-

ing failure.  

To improve the autotuner performance, recently we 

incorporated several sources of physical noise into the 

training dataset. Moreover, to prevent failures due to un-

usually low data quality, we have extended the 

autotuning framework to include a data quality control 

(DQC) ñgatekeeperò system that ensures that only relia-

ble data is processed by the state classifier [9]. See page 

90 for details. Data assessed by DQC to be of lower 

quality triggers one of two alternative actions: additional 

data analysis followed by targeted device recalibration 

or tuning termination. We are currently preparing for an 

experimental validation of the revised framework. 

With the increasing number of dots, the number of 

gates that need to be controlledðand thus the number of 

2D scans required to assess the state of the deviceðalso 

grows. With the scalability to larger arrays in mind, we 

have recently proposed an alternative approach to as-

sessing the state of the device, called the ñray-based 

classificationò (RBC) [10]. Rather than using a full 2D 

scan capturing a small region of the voltage space, the 

RBC framework relies on a collection of evenly distrib-

uted 1D sweeps (called ñraysò) measured in multiple 

directions in the N-dimensional voltage space from a 

single point 

ὼ ὺ ȟὺ ȟὺ ȟὺ ȟȢȢȢȟὺ ȟὺ ȟὺ , 

to assess the relative position of transition lines sur-

rounding ὼ (see Figure 18 for an example of a sample 

point in double QD state with six evenly distributed 

rays). The qualitative information about the voltage 

space around ὼ is encoded in the vector of distances to 

the nearest transition lines (the so-called ñfingerprintò). 

The state of the device near point ὼ is determined using 

the point fingerprint and a simple deep neural network 

(DNN) trained using simulated fingerprints data. 

The RBC framework has been implemented exper-

imentally showing performance on par with the more-

data-demanding CNN-based classifi-

cation while requiring up to 70 % 

fewer measurement points. The RBC 

framework naturally extends to classi-

fying convex polytopes in higher 

dimensions [11] which makes it an ap-

pealing measurement-cost-effective 

solution for differentiating between 

states of multi-QD devices. See page 

86 for details. 

Charge state tuning: The coarse tun-

ing algorithm terminates once a target 

state, e.g., double-QD, is reached. 

However, the specific charge configu-

ration of the system remains at that 

point unknown. Yet, the various QD 

qubit realizations ð hybrid qubits, res-

onant exchange qubits, or quadrupolar exchange-only 

qubits ð require a specific number of electrons. The 

goal of the charge tuning phase is to set the devices into 

a specific charge configuration. 

Current charge sensor measurements provide only 

the overall direction of change of the number of charges 

sensed, but not the absolute number of charges. To date, 

all proposed algorithms aimed at setting a pre-defined 

charge configuration follow a two-step strategy. Starting 

within a voltage regime where a double QD is formed 

(i) empty the QD of all electrons and then (ii) load the 

desired number of electrons on each QD. Both steps rely 

on detecting and counting transition lines while elec-

trons are being shuffled, one at the time.  

Following the unloading / re-loading strategy, we 

are currently developing a ray-based approach to setting 

the desired charge state. In our implementation, the 2D 

scans are replaced by a series of ray-based measure-

ments to enable more efficient tuning. See page 92 for 

details. 

Establishing controllability : Ideally, changing volt-

ages on a single gate should affect only the parameter it 

is designed to control (e.g., the electrochemical potential 

of a specific QD or the tunnel barrier between two adja-

cent QDs). However, the capacitive crosstalk between 

the various gate electrodes, i.e., a situation in which a 

signal on one gate causes a smaller version of the same 

signal on an adjacent gate because of the capacitance be-

tween them, makes it difficult (if not impossible) to vary 

just a single parameter without affecting the others.  

One way to compensate for the capacitive crosstalk 

is to implement so-called ñvirtual gatesò, that is linear 

combinations of multiple QD gate voltages chosen to 

address only a single electrochemical potential or tunnel 

barrier. The utility of virtual gates has been shown in a 

number of multi-QD experiments, from showing con-

trolled filling of an array of eight QDs using the ñn+1 

methodò to demonstrating shuttling of a single charge 

through a 9-QDs charge stability space. 

 

Figure 18.  (a) The processed charge sensor (CS) signal for six evenly distributed rays orig-

inating from a fixed point ●▫ in a double QD state. (b) The distribution of rays overlaying a 

2D scan. (c) Visualization of the fingerprinting framework. 
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Fine tuning: Once the quantum dot system is in the de-

sired configuration in terms of the topology and 

arrangement of charges, and the targeted controllability 

is established, there remains a significant additional step 

before the system can be used as a collection of quantum 

bits. The final, fine-tuning phase of calibrating QD de-

vices focuses on adjusting the inter-dot tunnel coupling, 

which directly translates to control over the exchange 

coupling. As the tunneling rate becomes set, additional 

spin parameters must then be extracted, and in some 

cases, tuned. These include both the Zeeman splitting 

(Larmor precession frequency) and, where appropriate, 

estimates of the magnetic field gradient seen in each QD. 

There are two main aspects to fine-tuning: ensuring 

that the system is behaving close to the qubit regime and 

that qubit performance and controllability can be 

achieved. The output of the fine-tuning system should, 

ideally, be a range of parameters that enable high fidelity 

quantum gates on the quantum bits stored within each 

QD or multi-QD qubit. Recently, we have begun inves-

tigating to what extent ML techniques can automate this 

final phase of tuning QD devices to work as qubits. 

Summary: Working with experimental devices with 

high-dimensional parameter spaces poses many chal-

lenges, from performing reliable measurements to 

identifying the device state to tuning into a desirable 

configuration. By combining theoretical, computational, 

and experimental efforts, this interdisciplinary research 

sheds new light at how modern ML techniques can assist 

experiments. To use QD qubits in quantum computers, 

it is necessary to develop a reliable automated approach 

to control QD devices, independent of human heuristics 

and intervention. However, more work is needed to de-

velop a fully automated tuner for real-life applications. 
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Harpt, D. E. Savage, M. G. Lagally, M. A. Eriksson, J. 

M. Taylor, and J. P. Zwolak. Toward Robust Autotuning 

of Noisy Quantum Dot Devices. Preprint at: Physical Re-

view Applied, 17: 024069, 2022. 

[10] J. P. Zwolak, T. McJunkin, S. S. Kalantre, S. F. Neyens, 

E. R. MacQuarrie, M. A. Eriksson, and J. M. Taylor. Ray-

Based Framework for State Identification in Quantum 

Dot Devices. PRX Quantum 2 (2021), 020335. 

[11] B. J. Weber, S. S. Kalantre, T. McJunkin, J. M. Taylor, 

and J. P. Zwolak. Theoretical Bounds on Data Require-

ments for the Ray-Based Classification. SN Computer 

Science 3 (2022). 

Participants 

Justyna P. Zwolak (ACMD); Jacob M. Taylor, Thomas 

McJunkin (NIST PML); Sandesh S. Kalantre (Univer-

sity of Maryland); Mark A. Eriksson, Emily S. Joseph 

(University of Wisconsin ï Madison) 
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Combinatorial Testing for Software Based Systems

In 1997, the Mars Pathfinder began experiencing system 

resets at seemingly unpredictable times soon after it 

landed and began collecting data. Fortunately, engi-

neers were able to deduce and correct the problem, 

which occurred only when (1) a particular type of data 

was being collected, and (2) intermediate priority tasks 

exceeded a certain load, resulting in a blocking condi-

tion that eventually triggered a reset. Situations of this 

type are known as interaction faults. Many real-time 

failures of software-based systems have been traced to 

such faults. These are often insidious in that they may 

remain hidden until the unfortunate combination is en-

countered during system operation.   

Combinatorial testing (CT) is a versatile methodol-

ogy for detecting interaction faults. CT began as 

pairwise (2-way) testing in which all pairs of the test 

values for all pairs of test factors are checked. Thus, 

pairwise testing can detect faults involving single fac-

tors or interactions between two factors. CT is based on 

an empirical observation, referred to as the interaction 

rule, that while the behavior of a software system may 

be affected by many factors, only a few are involved in 

any given failure. NIST investigations of failures in ac-

tual systems have shown that while most faults involved 

a single factor or interaction between two factors, some 

faults involved three or more factors [1].  (A fault involv-

ing more than six factors has not yet been reported.) 

Thus, pairwise testing is useful, but it may not be ade-

quate for detecting interaction faults involving more 

than two test factors.  

More than a decade ago, NIST took the initiative to 

extend pairwise (2-way) CT to higher strength t-way CT 

for t > 2. NIST has helped make CT practical by devel-

oping research tools and techniques for generating 

combinatorial test suites. CT has now gained significant 

interest from the international software testing commu-

nity. Many successful results from the use of CT in 

aerospace, automotive, and financial service industries, 

as well as defense, security, and electronic medical sys-

tems have since been reported.   

Raghu Kacker 

A suite of test cases for combinatorial t-way testing 

includes (covers) at least once all possible t-tuples of the 

test values for every set (combination) of t factors out of 

the complete set of all k factors that are tested (k > t). 

Use of mathematical objects called covering arrays 

makes it possible to check all t-tuples of the test values 

with a small number of test cases. Table 5 shows a cov-

ering array of 13 rows and 10 columns each having two 

possible value 0 and 1. Columns correspond to the fac-

tors and the rows correspond to the test cases. The 

number of possible sets (combinations) of 3 out of 10 

test factors is (10 × 9 × 8)/(3 × 2 × 1) =120. When each 

factor has two possible values, each set of 3 factors can 

have 23 = 8 possible triples of test values ((0, 0, 0), (0, 0, 

1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (0, 0, 1), (1, 1, 0), (1, 1, 

1)). So, the total number of possible triples of values for 

all 10 factors is 120 × 8 = 960. A test suite based on 

Table 5 includes (ñcoversò) at least once all 960 distinct 

triples of the test values of ten factors.   

In practice, one wants a minimal covering array, 

that is an array which covers all possible t-tuples of the 

test values for every set of t out of all k factors with the 

least number of rows (test cases). In practice, many fac-

tors have dependencies and constraints, and hence not 

all combinations of the test values may be logically or 

physically valid. A combinatorial test suite must avoid 

such forbidden combinations. Generating minimal cov-

ering arrays that avoid forbidden combinations is a 

difficult  computational problem [2]. A great deal of re-

search has been done to develop mathematical and 

computational methods to generate minimal covering  

arrays of this type. NIST and its collaborators have de-

veloped several such algorithms.  

NIST-Developed Tools. NIST has developed several 

research tools to make CT practical. ACTS (for Auto-

mated Combinatorial Testing for Software), which was 

developed in cooperation with the University of Texas 

at Arlington, includes several algorithms to generate 

high strength test suites for CT. The ACTS algorithms 

Table 5. A covering array of 13 rows includes all eight triplets (000, 

001, 010, 011, 100, 101, 110, and 111) of the possible values (0 and 

1) for every one of the 120 possible sets of 3 out of 10 test factors 

represented by the columns (for example, see colored entries) 

  Columns 

Rows 1 2 3 4 5 6 7 8 9 10 

1 0 0 0 0 0 0 0 0 0 0 

2 1 1 1 1 1 1 1 1 1 1 

3 1 1 1 0 1 0 0 0 0 1 

4 1 0 1 1 0 1 0 1 0 0 

5 1 0 0 0 1 1 1 0 0 0 

6 0 1 1 0 0 1 0 0 1 0 

7 0 0 1 0 1 0 1 1 1 0 

8 1 1 0 1 0 0 1 0 1 0 

9 0 0 0 1 1 1 0 0 1 1 

10 0 0 1 1 0 0 1 0 0 1 

11 0 1 0 1 1 0 0 1 0 0 

12 1 0 0 0 0 0 0 1 1 1 

13 0 1 0 0 0 1 1 1 0 1 

 



Summary of Activities for Fiscal Year 2021  29 

 

T
h

is
 p

u
b

lic
a

tio
n
 is

 a
v
a

ila
b

le
 fre

e
 o

f c
h

a
rg

e
 fro

m
: h

ttp
s
://d

o
i.o

rg
/1

0
.6

0
2
8

/N
IS

T
.IR

.8
4
2
3

 
 

are optimized to efficiently avoid forbidden combina-

tions of test settings. More than 4265 have downloaded 

executable versions of the ACT algorithms from the 

NIST webpage for CT. (It is difficult  to ascertain the 

number of users because some users have redistributed 

to others, and some are students who may have used it 

only once for a single project.)  

A second research tool, CCM (for Combinatorial 

Coverage Measurement), developed jointly by NIST 

and a guest researcher from CENAM, the national me-

trology institute of Mexico, describes the 

incompleteness of a test suite that may not have been 

developed from a CT viewpoint. Basic combinatorial 

coverage measurements describe the incompleteness of 

a test suite relative to a test suite based on a covering 

array that includes all possible t-tuples of values for 

every t-factor combination for various values of t. The 

combinatorial deficiency of a test suite can be remedied 

by additional tests. Thus, CCM can help guide the ex-

pansion of a test suite to satisfy stated combinatorial 

requirements [3]. The latest version of CCM supports 

constraints which exclude forbidden combinations of 

values. A parallel processing version is also available.  

Impact of NIST Research. NIST efforts have sparked 

a surge of research and application of combinatorial test-

ing technology. A 2010 NIST Special Publication on CT 

was downloaded more than 30 000 times by the end 

2014 [4]. In 2013, we published a book with CRC Press 

on this topic [5]. One of the first large-scale users that 

we worked with is a group at the U.S. Air  Force Base in 

Eglin, Florida. The behavior of one of their systems de-

pended on the sequential order of certain events. This 

led to the problem of testing sequences of events, which 

required development of new mathematical objects 

called sequence covering arrays [6, 7, 8]. Lockheed-

Martin, a large U.S. defense contractor, reported (based 

on eight projects) that use of CT reduced cost of testing 

by about 20 % with 20 % to 50 % improvement in test 

coverage [9]. CT methods are now being used in diverse 

areas such as financial services, automotive, automation, 

avionics, video coding standards, and for security test-

ing. The NIST webpage for CT cites more than 40 

application papers. For testing a software-based system, 

no single approach is enough. Multiple approaches are 

generally needed at various stages development and in-

stallation. CT complements other approaches. It is now 

included in software engineering courses taught in more 

than 18 U.S. universities and 2 Austrian universities at 

least. NIST efforts on technology transfer of CT tools 

and techniques received the 2009 Excellence in Tech-

nology Transfer Award from the Federal Laboratory 

Consortium-Mid Atlantic Region.  

CT has also gained significant interest from the re-

search community. In 2012, NIST took lead in 

 
2 http://www.research.ibm.com/haifa/Workshops/ct2012/ 
3 https://gist.nju.edu.cn/iwct2021/ 

organizing a workshop on CT2 in conjunction with the 

2012 IEEE International Conference on Software Test-

ing, Verification, and Validation (ICST), a premier 

conference in this field. Since then, an International 

Workshop on Combinatorial Testing (IWCT) has be-

come an annual event for sharing advancements in CT 

tools and techniques, as well as results from practical in-

dustrial use of CT. The tenth such IWCT3 was held on 

April  12, 2021, in conjunction with ICST 20214. Four 

project participants (Kacker, Kuhn, Lei, and Simos) 

were among the co-organizers. The IWCT 2021 re-

ceived 12 submissions, from which the Program 

Committee selected 8 papers (5 full  papers and 3 short 

papers). The program contained research papers as well 

as on applications and use cases of CT. 

Recent accomplishments.  

Testing complex faults in digital devices in nuclear 

power applications. We investigated challenges in test-

ing digital devices (with embedded real-time software) 

in critical nuclear power applications [10]. New meth-

ods and novel techniques are needed to adequately test 

such systems. Advancements in understanding the na-

ture of complex faults, and applying this understanding 

in testing and verification, make it possible to build em-

bedded cyber-physical systems that are safe and secure 

[11]. Our experiments and preliminary results indicate 

that pseudo-exhaustive testing based on combinatorial 

methods at all levels of interaction (variable, function, 

and thread interactions) on an embedded device can de-

tect a diverse range of software flaws. We discovered 

several native defects in a code that were latent for some 

time. While the available research prototype tools are 

very capable, the main challenge is building the testbed 

architecture to conduct further investigations [12].   

From fault localization to explaining image classifiers. 

The core of Artificial  Intelligence (AI)  based systems is 

a machine learning (ML) model that is used to perform 

tasks such as classification and prediction. Often ML 

models come as a black box to the user, leading to the 

problem of interpretability. Explainable Artificial  Intel-

ligence (XAI)  is key to providing confidence and 

trustworthiness in ML based systems. We observe a fun-

damental connection between XAI  and fault localization 

in software testing. (Fault localization refers to detecting 

from the pass/fail results of testing an error (bug) that 

triggers a failure.) In fault localization, given a failing 

scenario, a software developer identifies which part of 

the input causes the failure. Similarly, in XAI,  given a 

decision made by an ML model, we identify which fea-

tures of the input causes the decision, in the sense that if  

these features are removed, then the decision would be 

different. We developed an approach that uses a CT-

based software fault localization approach, called BEN, 

4 https://icst2021.icmc.usp.br/ 

http://www.research.ibm.com/haifa/Workshops/ct2012/
https://gist.nju.edu.cn/iwct2021/
https://icst2021.icmc.usp.br/
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to produce explanations for decisions made by ML mod-

els in image classifiers [13]. We report a preliminary 

evaluation of our approach using a popular (open 

source) image classifier called VGG165 and 50 ran-

domly selected images from the ImageNet dataset. Our 

results indicate that for 44 (of 50) images, our approach 

can generate counterfactual explanations by removing a 

very small number of features in the input image.   

Combinatorial approach to testing Deep Neural Net-

work (DNN) used in Autonomous Driving Systems. In 

Autonomous Driving Systems (ADS), a Deep Neural 

Network (DNN) model is often used to perform tasks 

such as pedestrian detection, object detection, and steer-

ing control. These DNN models need to be rigorously 

tested with real-world driving scenarios to detect safety-

critical bugs before deployment. We used a combinato-

rial testing (CT) based approach to generate test images 

based on image transformations for testing DNNs used 

in ADS [14]. First, we identified a set of basic image 

transformations that do not essentially change the 

ñground truthò of the image being transformed. That is, 

the prediction result for a transformed image produced 

by such a transformation is the same (up to a certain 

threshold) as the original image. Then, we used Combi-

natorial Testing (CT) methods to generate a t-way test 

set that covers every t-way combination of these trans-

formations. Each test is a combination of 

transformations and can be used to create a test image. 

We consider inconsistent behaviors in two cases. In the 

first case, the ground truth of a test image remains the 

same as that of the original image. Thus, we consider 

that an inconsistent behavior is detected if  the prediction 

result of a test image differs from that of the original im-

age by an amount that is more than a threshold. In the 

second case, the ground truth of a test image may be dif-

ferent from that of the original image. In this case, we 

compare the prediction results of the same test image 

from different DNNs that perform the same prediction. 

An inconsistent behavior is detected if  the prediction re-

sults of a test image from different models do not agree 

with each other. We report an experimental evaluation 

of our approach using three of the top five models, 

namely Autumn, Chauffeur, and Rambo from the Udac-

ity self-driving challenge6.The results indicate that t-

way tests can help the practitioners to effectively test 

DNN models used in ADS.  

DNNs consist of ñneuronsò that relate to each other. 

Each neuron, if  activated, performs a small computation 

that contributes to the final decision/prediction made by 

a DNN. Covering a neuron means that we provide a test 

image that activates the neuron, which allows us to see 

the impact of the neuron (or more precisely, the compu-

tation performed by the neuron) on the final 

decision/prediction. To some extent, a neuron is like a 

 
5 https://arxiv.org/pdf/1409.1556.pdf 
6 https://github.com/udacity/self-driving-car 

statement in the code of software, and neuron coverage 

is like statement (code) coverage. Achieving more neu-

ron coverage allows us to cover more types of images, 

which in turn allows us to expose more potential faults 

in a DNN. DeepTest, is a state-of-the-art open-source 

tool7 that aims at generating test images that maximize 

neuron coverage. We compared the neuron coverage 

achieved using our combinatorial approach against that 

achieved with DeepTest. Our combinatorial testing ap-

proach typically generates more test images than 

DeepTest. To facilitate a fair comparison, we use a ran-

dom sampling approach to select a subset of t-way test 

images such that both approaches generate the same 

number of test images. The results suggest that our com-

binatorial approach performs better than DeepTest in 

terms of generating valid synthetic images and covering 

an additional number of neurons [15].  

Combinatorically cross-site scripting web application 

firewalls. Cross-site scripting (XSS) is a common class 

of vulnerabilities in web applications. So, site operators 

often seek to protect their assets using web application 

firewalls (WAFs). These systems employ filtering 

mechanisms to intercept and reject requests that may be 

suitable to exploit XSS flaws and related vulnerabilities 

such as SQL injections. However, they generally do not 

offer complete protection and can often be bypassed us-

ing specifically crafted exploits. We evaluated the 

effectiveness of WAFs to detect XSS exploits [16]. We 

developed an attack grammar and used a combinatorial 

testing approach to generate attack vectors. We com-

pared our vectors with conventional counterparts and 

their ability to bypass different WAFs. Our results show 

that the vectors generated with combinatorial testing 

perform equal or better in almost all cases. They further 

confirm that most of the rule sets evaluated in this work 

can be bypassed by at least one of these crafted inputs.  

Combination frequency differencing. Combinatorial 

coverage measures (CCM) are used in a wide range of 

problems, including fault localization and for evaluating 

the adequacy of test inputs and input space models. 

More recently, CCM have been used in applications of 

artificial intelligence (AI)  and machine learning (ML), 

for explainability and for analyzing aspects of transfer 

learning. These measures depend on the presence or ab-

sence of t-tuples of values in inputs test cases. We 

extended CCM to a new metric that we refer to as com-

bination frequency differencing to compare training sets 

used in AI  and ML algorithms [17].  

Current  projects.   

Combinatorial methods for explainable AI: We contin-

ued our work on explainable AI  and related 

7 https://arxiv.org/pdf/1708.08559.pdf 

https://gcc02.safelinks.protection.outlook.com/?url=https%3A%2F%2Farxiv.org%2Fpdf%2F1409.1556.pdf&data=04%7C01%7Craghu.kacker%40nist.gov%7Cb4b54e8243724463535208d9b9bde356%7C2ab5d82fd8fa4797a93e054655c61dec%7C1%7C0%7C637745047481688755%7CUnknown%7CTWFpbGZsb3d8eyJWIjoiMC4wLjAwMDAiLCJQIjoiV2luMzIiLCJBTiI6Ik1haWwiLCJXVCI6Mn0%3D%7C3000&sdata=5YtT%2BPcKMr8nghxUN88wh1rmEQEEOjaTrDaX1Vodzrs%3D&reserved=0
https://github.com/udacity/self-driving-car
https://gcc02.safelinks.protection.outlook.com/?url=https%3A%2F%2Farxiv.org%2Fpdf%2F1708.08559.pdf&data=04%7C01%7Craghu.kacker%40nist.gov%7Cb4b54e8243724463535208d9b9bde356%7C2ab5d82fd8fa4797a93e054655c61dec%7C1%7C0%7C637745047481688755%7CUnknown%7CTWFpbGZsb3d8eyJWIjoiMC4wLjAwMDAiLCJQIjoiV2luMzIiLCJBTiI6Ik1haWwiLCJXVCI6Mn0%3D%7C3000&sdata=N9USare7N2HAJb2uikpp4SxykKkoubEpjF1jOnypfsk%3D&reserved=0
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combinatorial methods by briefly reviewing recently in-

troduced principles for explainable AI , examining their 

feasibility, and extending them where appropriate. We 

further view the combinatorial methods for explainable 

AI  through the lens provided by these four principles, 

namely explanation, meaningful, explanation accuracy 

and knowledge limits. A paper has been submitted for a 

journal publication.  

Security Testing of Smart Contracts: A blockchain is a 

decentralized computer system that uses cryptographic 

technologies to record information in a verifiable man-

ner. A smart contract is a computer program that 

executes one or more transactions on a blockchain. 

When some conditions are met, the transactions are au-

tomatically executed, and their results are recorded on 

the blockchain in a way that cannot be changed. We in-

vestigated combinatorial fuzzing (a combination of CT 

and fuzzing) to improve code coverage and detection of 

vulnerabilities in testing smart contracts. Combinatorial 

Fuzzing requires testing tools. We developed a proto-

type research tool called MagicMirror for combinatorial 

fuzz testing of smart contracts. We used MagicMirror to 

test over two thousand real-world smart contracts. 

MagicMirror performs better than another academic re-

search tool. A research paper has been submitted for 

presentation at a leading IEEE conference.  

We have started a line of work that applies symbolic 

execution to test smart contracts. Symbolic execution is 

a powerful program analysis and testing technique, but 

its application for general software has been limited due 

to scalability concerns and difficulties to handle com-

plex constraints and interaction with environments. 

Compared to general programs, smart contracts are 

small, have relatively simple constraints, and they are 

designed to execute in a closed environment. We believe 

that symbolic execution is a very promising technique 

for security testing of smart contracts. One challenge is 

that some functions in a smart contract can be difficult  

to reach when their execution depends on several other 

functions. This is because symbolic execution typically 

imposes a depth limit  to handle the state explosion prob-

lem. We have developed a coverage-driven approach 

that uses the notion of a function dependency graph to 

guide the process of symbolic execution. We have built 

a prototype research tool called SmartExecutor that im-

plements our approach. The experiment results indicate 

that our approach can significantly reduce the number of 

states to be explored without compromising code cover-

age and vulnerability detection results. We have 

reported our results in a submission to a leading IEEE 

conference.  

Explainable Artificial  Intelligence (XAI) . XAI  focuses 

on creating approaches and tools that can automatically 

provide explanations for the decisions made by Machine 

Learning (ML)  models. XAI  tries to answer the follow-

ing two questions: Why does the model make a 

particular decision? What are the major factors that con-

tribute to the decision? Providing explanations allows 

ML models to be interpreted, which is key to acceptance 

of AI -enabled technologies. We have started a new line 

of research that explores the use of a general software 

fault localization approach, called delta debugging, to 

produce counterfactual explanations. We used the delta 

debugging engine to guide and reduce the search space 

for generating counterfactual explains. We conducted a 

proof-of-concept study that compared our approach to a 

state-of-the-art research tool called DICE. The prelimi-

nary results are encouraging, where our approach 

outperforms DICE in terms of achieving higher proxim-

ity and sparsity of the produced explanations. We are in 

the process of conducting more experiments and are pre-

paring a conference submission to report the results.   

Combinatorial Security Testing for IoT systems. We 

continued our work on testing of Internet of Things 

(IoT) home automation systems using combinatorial 

methods for test case generation. We are investigating 

two testing methodologies. For each approach, we pro-

posed creation of dedicated input parameter models of 

an IoT home automation system to be used with combi-

natorial test case generation strategies. Further, we 

devised an automated test execution framework and au-

tomated test oracles for evaluation purposes. We applied 

both methodologies to a real-world IoT system and eval-

uated the generated t-way test sets based on the derived 

input models. Our empirical testing evaluations revealed 

multiple errors in the tested devices for both methodol-

ogies. Moreover, we compared our results to a random 

testing approach, which we used as a baseline to bench-

mark the effectiveness of our newly devised IoT testing 

methodologies. We revised our previous work for a jour-

nal submission.  

Browser Fingerprinting. We have investigated the ap-

plicability of combinatorial sequence testing to the 

problem of fingerprinting browsers based on their be-

havior during a Transport Layer Security (TLS) protocol 

handshake. We are continuing our work on a larger case 

study which includes more browsers and operating sys-

tems. The evaluation of our results using combinatorial 

techniques and tools from machine learning has been 

largely completed. We have compared our approach 

with other established fingerprinting techniques. We are 

working on a journal submission documenting our re-

sults.  

Physical Unclonable Function. A PUF is a physical ob-

ject that for a given input and conditions (challenge), 

provides a physically defined ñdigital fingerprintò out-

put (response) that serves as a unique identifier, most 

often for a semiconductor device such as a microproces-

sor. PUFs are most often based on unique physical 

variations which occur naturally during semiconductor 

manufacturing. A PUF is a physical entity embodied in 
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a physical structure. Today, PUFs are usually imple-

mented in integrated circuits and are typically used in 

applications with high security requirements, more spe-

cifically cryptography. We are investigating challenge-

response relations in available PUFs data through com-

bination frequency differencing (CFD) metrics for 

potential exploits by clever machine learning algo-

rithms. 
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Mathematics of Metrology 

Mathematics plays an important role in measurement science. Mathematical models are needed to understand how 

to design effective measurement systems and to analyze the results they produce. Mathematical techniques are used 

to develop and analyze idealized models of physical phenomena to be measured, and mathematical algorithms are 

necessary to find optimal system parameters. Mathematical and statistical techniques are needed to transform meas-

ured data into useful information. We develop fundamental mathematical methods and tools necessary for NIST to 

remain a world-class metrology institute, and to apply these to measurement science problems. 

TOMCAT:  X-ray Imaging of 

Nanoscale Integrated Circuits  

for  Tomographic 

Reconstruction  

Bradley Alpert  
Dan Swetz (NIST PML)  

Joseph Fowler (NIST PML)  

Zachary Levine, et al. (NIST PML)  
Kurt Larson  (Sandia National Laboratory)  

Edward Jimenez  (Sandia National Laboratory)  

Amber Dagel, et al. (Sandia National Laboratory)  
Edward Garboczi (NIST MML)  
George Barbastathis et al. (MIT)  

As the leading semiconductor manufacturing techniques 

progress through 14 nm, 10 nm, and now 7 nm technol-

ogy nodes, the ability to fabricate these chips has outrun 

the ability to image them. This limitation makes a vari-

ety of diagnostic needs much more difficult  to satisfy. 

The NIST Quantum Sensors Group (PML), in collabo-

ration with researchers at Sandia National Laboratory, is 

leading a project for IARPAôs RAVEN (Rapid Analysis 

of Various Emerging Nanoelectronics) program to de-

velop a small-laboratory capability to image integrated 

circuits by x-ray tomography. In distinction from other 

RAVEN projects, TOMCAT exploits a scanning elec-

tron microscope (SEM) rather than a synchrotron 

beamline and does not destroy the chip under test. This 

is enabled by the exquisite energy resolution of NIST-

developed cryogenic microcalorimeter spectrometers, 

comprised of transition-edge sensors (TES), which are 

being extended to larger arrays (now to 3000 detectors), 

as well as with better individual-detector throughput (up 

to 1000 counts/s) and energy resolution (< 10 eV 

FWHM). The detectors measure fluorescent photons 

produced when SEM electrons strike a target following 

their differential attenuation by different materials in the 

chip.  

A principal analysis challenge of the project, ena-

bling tomographic structure recovery in this limited 

exposure angle, limited-photon regime, is the develop-

ment of physics-assisted machine learning (PAML) 

customized for the details of photon fluorescence, ab-

sorption, and scattering in this instrument configuration. 

George Barbastathis, who has had considerable success 

in PAML for optics, is leading this ML work.  This year 

a significant advantage in photon efficiency was demon-

strated from ML on simulated x-ray measurements of 

chip facsimiles generated at random from a simple 

model of the layered interconnect structure found in 

semiconductor circuitry.  

Future work will  generate simulated measurements 

from sections of actual chip specifications, scale to 

larger chip areas, and reconstruct shape representations 

designed both to improve fidelity and reduce the number 

of unknowns. 

 

Figure 19. (a) Supervised training of using modified condi-

tional generative adversarial network uses simulated 

measurements, paired with their maximum-likelihood re-

constructions, and the corresponding ground truth. (b) 

Testing is on pairs never seen during training.  
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[1] Z. Guo, J. K. Song, G. Barbastathis, M. A. Glinsky, C. T. 

Vaughan, K. W. Larson, B. K. Alpert, and Z. H. Levine.  

Advantage of Machine Learning over Maximum Likeli-

hood in Limited-Angle Low-Photon X-Ray Tomography.  

In Machine Learning for Scientific Imaging 2022 Confer-

ence, IS&T Electronic Imaging, 2022.  

[2] Z. Guo, J. K. Song, G. Barbastathis, M. A. Glinsky, C. T. 

Vaughan, K. W. Larson, B. K. Alpert, and Z. H. Levine.  

Physics-assisted General Adversarial Network for X-Ray 

Tomography.  In review.  

[3] J. W. Fowler, G. C. OôNeil, B. K. Alpert, D. A. Bennett, 

E. V. Denison, W. B. Doriese, G. C. Hilton, L. T. Hudson, 

Y.-I. Joe, K. M. Morgan, D. R. Schmidt, D. S. Swetz, C. 

I. Szabo, and J. N. Ullom.  Absolute Energies and Emis-

sion Line Shapes of the L X-Ray Transitions of 

Lanthanide Metals. Metrologia 58 (2021), 015016. DOI: 

10.1088/1681-7575/abd28a  

[4] J. W. Fowler, B. K. Alpert, G. C. O'Neil, D. S. Swetz, and 

J. N. Ullom.  Energy Calibration of Nonlinear Transition-

Edge Sensors with Uncertainty Estimates from Gaussian 

Process Regression.  In review. 

True Becquerel: A New Paradigm 

for  21st Century Radioactivity 

Measurements   

Bradley Alpert  
Ryan Fitzgerald (NIST PML)  
Dan Becker (NIST PML)  
Denis Bergeron (NIST PML)  
Richard Essex (NIST PML)  
Kelsey Morgan (NIST PML)  
Svetlana Nour (NIST PML)  
Galen OôNeil (NIST PML)  
Daniel Schmidt (NIST PML)  
Gordon Shaw (NIST PML)  
Daniel Swetz (NIST PML)  
Mike Verkouteren (NIST MML)  
Daikang Yan (NIST PML)  

Expanding applications of radioactivity in medicine, en-

ergy, and security demand quantification of complex 

mixtures at uncertainty levels that are currently 

unachievable. This project will  enable measurement of 

absolute activity (Bq) of radionuclide mixtures, avoid-

ing chemical separation, by analysis of the decay heat 

signature of gravimetric samples embedded within mi-

crocalorimeter detectors. This capability consolidates 

multiple measurements into one, reducing cost and un-

certainty. Success will  create a primary realization of the 

Bq for direct assay of real-world samples at NIST and 

beyond, resulting in faster clinical trials of new radio-

pharmaceuticals and a faster, expanded nuclear 

forensics ñfingerprintingò method for improved decision 

making.  

The project enters its second year of NIST Innova-

tions in Measurement Science funding with initial 

success in dispensing, weighing, and placement of mg-

quantity solutions, and initial ODE fitting of previously 

measured x-ray pulses in transition-edge sensor (TES) 

microcalorimeters.  Depositing radionuclide solutions in 

nano-porous substrates for embedding in TES sensors 

designed for alpha decays and their measurement in new 

laboratory facilities lies ahead, along with characteriza-

tion of high-rate radioactive decay events to generate an 

energy spectrum, and analysis of the spectrum to quan-

tify  constituents of the sample at the level of 0.1 % 

uncertainty.  

The analysis challenges include (1) characterization 

of detector dynamics, to enable determination of decay 

 
Figure 20.  Four trained generative models all achieve approxi-

mately an order of magnitude reduction in required photon counts 

relative to maximum-likelihood reconstruction. 

 

Figure 21.  Example of seven piled-up pulses, showing TES current 

drop from excitation by Mn x-ray fluorescence photons, with the or-

dinary differential equations (ODE) model (top) and the difference 
between the measurement and the model (bottom) with a root-mean-

square difference of 1.3 x 10-3 in relative current.  

 

https://doi.org/10.1088/1681-7575/abd28a
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energies of events with poor temporal separation, avoid-

ing detector dead time, at an accuracy that reflects the 

exquisite precision of the TES detector, (2) characteri-

zation of the partial energy losses due to transport out of 

the absorber material of alpha, beta, and gamma rays, 

and (3) disambiguation of the spectrum into constitu-

ents, based on a library of radionuclide decays, with full  

quantification. Two new tools for detector dynamics 

characterization are (a) fabricated capability for elec-

tronic excitation of the detector with known energy 

depositions, and (b) algorithms for ODE parameter sen-

sitivity, of much recent attention, to determine an ODE 

system from its input/output behavior. This machine 

learning (ML)  technique will  be combined with more 

conventional supervised ML for library-based disam-

biguation of spectra. The uncertainty, and risk, for both 

techniques is whether the stringent accuracy require-

ments of the project can be achieved.  

[1] R. P. Fitzgerald, B. K. Alpert, D. T. Becker, D. E. Ber-

geron, R. M. Essex, K. Morgan, S. Nour, G. OôNeil, D. 

R. Schmidt, G. E. Shaw, D. Swetz, R. M. Verkouteren, 

and D. Yan.  Towards a New Primary Standardization of 

Radionuclide Massic Activity  Using Microcalorimetry 

and Quantitative Milligram-Scale Samples.   Journal of 

Research of NIST, to appear. 

Predicting Normal Boiling Points of 

Chemical Compounds Using Graph 

Convolutional Neural Network 

Chen Qu 

Thomas Allison (NIST MML) 

Barry I. Schneider 

Walid Keyrouz (NIST ITL) 

Anthony Kearsley 

The normal boiling point (BP) of a substance is the tem-

perature at which a liquid turns into a vapor at 

atmospheric pressure. It is of great importance to physi-

cists and chemists since BP is routinely used as a 

measure of purity of chemical substances sold as rea-

gents or after synthesis procedures. Therefore, 

prediction of BPs using a variety of methods continues 

to be of signiýcant interest. It has an interesting history 

dating back hundreds of years. 

Notably, Stein and Brown ýt a group contribution 

model with a mean absolute error of 20.4 K (4.3 %) 

when this model was tested against 6584 compounds not 

used in ýtting [1]. This model was incorporated into the 

United States Environmental Protection Agencyôs EPI 

Suite program that predicts a number of properties for a 

variety of compounds using molecular structure infor-

mation.[2] 

In FY 2020, we developed a deep-learning model to 

predict Kováts retention indices. The graph neural net-

work (GNN) model used there performed well on that 

problem [3]. Given the nearly linear correlation between 

retention times and boiling points, we expect that the 

same methodology will perform well on BP, and we suc-

cessfully trained a good predictive model for the BP. A 

brief summary of the methodology is presented below. 

The details appear in [4]. 

The data used in this study was extracted from the 

literature as captured by the NIST Thermodynamics Re-

search Center (TRC) SOURCE Data Archival System 

[5, 6] This database contains more than 12 000 experi-

mental determinations of the normal boiling point for a 

wide variety of molecules, providing a robust data set 

for training a new predictive model for BP. The ýrst step 

was to remove points which were outside of the molec-

ular set under consideration as well as outliers where 

multiple measurements of the BP for a single molecule 

were available. The ýnal set consisted of 3 850 mole-

cules for training and testing the machine learning 

model. 

Our machine learning model is based on the mate-

rials graph network (MEGNet) approach developed by 

Chen et al. [7] This model has been tested for a variety 

of chemical properties on both molecular and crystalline 

systems, including the prediction of Kováts retention in-

dices with excellent results [3]. The MEGNet 

methodology incorporates a graph network architecture 

that captures molecular structure in a very natural way. 

In a GNN, the atomic centers correspond to vertices in 

the graph, and chemical bonds correspond to graph 

edges. 

The inputs to the MEGNet model are atom, bond, 

and global features of a molecule, obtainable from a 2D 

MolFile representation of the molecules using the 

RDKit package. Then these features were successively 

updated using a ñmessage-passingò network. Finally, 

 

Figure 22. Plots of experimental versus predicted value of the nor-

mal boiling point for the training, validation, and testing data sets. 
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the feature vector of the graph representation of the mol-

ecule was extracted via a readout layer and was used for 

the ýnal prediction of the BP. 

Training was carried out with hyperparameters that 

were found to be reasonable as a result of empirical test-

ing during the training phase of the project and in the 

previous model for retention indices [3]. The model per-

formance was assessed using 10-fold cross validation. 

The error performance of the machine learning model is 

depicted in Figure 22. The ýgure shows that the error in 

the training set is smaller than the validation and testing 

sets, which exhibit longer ñtailsò in their error distribu-

tions. This is indicative of overýtting. The fact that the 

latter error distributions are so similar indicates that the 

validation set was e ective during training, resulting in 

a model with good predictive capabilities. 

The overall statistics of our model from the 10-fold 

cross-validation are shown in Table 6, with a mean ab-

solute error of 5.77 K and a sample standard deviation 

of 7.81 K for the testing set. 

The current model is performing about a factor of 

two better than the method of Stein and Brown as imple-

mented in the EPI Suite package [1, 2]. The mean 

absolute error of the Stein and Brown method over all 

compounds in our data set is 11.84 K with a median er-

ror of 7.99 K and a standard deviation of 12.84 K. 

Another signiýcant achievement of our GNN model 

is that it was capable of detecting errors in the data set. 

We took note of molecules that consistently exhibited 

large errors in the training set and then went back to the 

source literature. This procedure identiýed nearly 100 

errors in the input data set, i.e., we found our model to 

be e ective in detecting true errors in the literature as 

well as errors resulting from transcriptions of the data. 

In summary, we have developed a graph neural net-

work model to predict normal boiling points for a di-

verse collection of molecules. Our model reproduces the 

data well, with mean absolute errors of less than 6 K in 

a 10-fold cross-validation procedure. During our study, 

we found that the graph neural network model was ca-

pable of detecting errors in the source data, and we used 

this to make corrections to the original data set. Based 

on our study, we feel that more accurate models will re-

quire a larger set of source data with even better 

accuracy. 

[1] S. E. Stein and R. L. Brown. Estimation of Normal Boil-

ing Points from Group Contributions. Journal of 

Chemical Informatics and Computational Science 34 

(1994), 581ï587. 

[2] United States Environmental Protection Agency, Estima-

tion Programs Interface Suite, v 4.11, Washington, DC, 

USA, 2021. 

[3] C. Qu, B. I. Schneider, A. J. Kearsley, W. Keyrouz, and 

T. C. Allison. Predicting Kováts Retention Indices using 

Graph Neural Networks. Journal of Chromatography A 

1646 (2021), 462100. 

[4] C. Qu, A. J. Kearsley, B. I. Schneider, W. Keyrouz, and 

T. C. Allison. Graph Convolutional Neural Network Ap-

plied to the Prediction of Normal Boiling Point. Journal 

of Molecular Graphics and Modelling, to appear. 

[5] A. Kazakov, C. Muzny, K. Kroenlein, V. Diky, R. Chi-

rico, J. Magee, I. Abdulagatov, and M. Frenkel. 

NIST/TRC Source Data Archival System: The Next-Gen-

eration Data Model for Storage of Thermophysical 

Properties. International Journal Thermophysics 33 

(2012), 22ï33.  

[6] NIST Thermodynamics Research Center, 

https://www.trc.gov/, 2021. Last accessed: Sep. 23, 2021. 

[7] C. Chen, W. Ye, Y. Zuo, C. Zheng, and S. P. Ong. Graph 

Networks as a Universal Machine Learning Framework 

for Molecules and Crystals. Chemistry of Materials 31 

(2019), 3564ï3572. 

Numerical Scaling for Preprocessing 

Mass Spectrometry Library Data 

Danielle C. Brager 

Edward P. Erisman (NIST MML) 

Arun S. Moorthy (NIST MML) 

Anthony J. Kearsley 

Mass spectrometry is a core technique for elucidating 

the structure and identity of compounds. After pro-

cessing, the output of a mass spectrometry analysis is a 

mass spectrum which is a histogram displaying the in-

tensity of ions vs. mass-to-charge ratio.  In this work, we 

focus exclusively on mass spectra obtained through 

electron ionization (EI) mass spectrometry which allows 

us to represent the mass spectra as vectors of equivalent 

length where the index (or location) of each element in 

the vector is the mass-to-charge of an ion and the value 

of each element is the corresponding relative abundance.  

Given a collection of mass spectra for known com-

pounds, an analyst can infer the identity of unknown 

compounds using a common tool called mass spectral 

library searching. During this process, the mass spec-

trum of an unknown compound is compared with the 

library spectra using a similarity measure resulting in 

similarity scores between the query spectrum and each 

library spectra. Then the library elements are assembled 

Table 6. Summary statistics of the 10-fold cross validation proce-
dure. The mean value and standard deviation of the mean absolute 

error (MAE) and the root mean square error (RMSE) over 10 runs 

is given for each of the 3 sets used. 

Set MAE  RMSE 

Training 2.30 ± 0.44  2.80 ± 0.51 

Validation 5.56 ± 0.52 7.78 ± 1.66 

Testing 5.77 ± 0.40 7.81 ± 0.94 
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into a hitlist in order of similarity with the query spec-

trum where, ideally, top hitlist entries are likely 

candidates. Finally, the analyst uses the information 

from the hitlist to infer the identity of the compound. 

Oftentimes, hitlists are ñcongestedò which means 

that top hitlist candidates have similarity scores that only 

differ by a small percentage making the selection of a 

candidate spectrum more complicated. We have devel-

oped a mathematical pre-processing procedure where a 

scaling matrix, ὃ, is constructed to maximally separate 

mass spec similarity scores, thus alleviating congestion 

in the hitlists. The scaling matrix is generated by solving 

a nonlinear optimization problem. That is, a nonlinear 

function is optimized, and the solution yields  the opti-

mal scaling matrix that maximally separates the hitlist.  

The problem is parameterized in a way that allows for 

minimal constraints, and the formulation always admits 

a solution. When the hitlist similarity scores are natu-

rally well separated, the weighting is ñsmallò and does 

not change the resulting scores very much. Equivalently, 

the optimal weighting matrix is close to the identity ma-

trix of appropriate size. However, when scores are 

congested, the optimal weighting matrix will change the 

inter-spectral distances significantly.  There are a variety 

of objective functions that can be formulated depending 

on desired construction of the scaling matrix. 

We demonstrate this procedure using a spectral li-

brary consisting of 170 mass spectra of Fentanyl related 

compounds and separately collected as well as syntheti-

cally constructed query spectra. While various similarity 

measures are used in practice such as Stein and Scott [4], 

cosine similarity [2], and the hybrid match factor [3], we 

began with the intuitive Euclidean distance. We com-

pare the Euclidean distance with an optimally scaled ὰ 

dissimilarity measure using the computed matrix, A.  We 

produced scaled hitlists as well as directly calculated hit-

lists and compared them to each other. The order of 

hitlists change, sometimes slightly when scores are al-

ready well-separated and sometimes significantly, 

typically when scores are congested. We visualize the 

resulting scaled separation in the library using multidi-

mensional scaling (MDS) [1] which is a technique used 

to represent pairwise measures of similarity amongst a 

set of ὲ objects as a set of ὲ points in a lower-dimen-

sional Euclidean space while also preserving the 

relationship between the objects as best as possible.  We 

are currently implementing this procedure using differ-

ent similarity measures including Stein and Scott as well 

as the cosine similarity. 

[1] A. J. Kearsley, R. A. Tapia, and M. W. Trosset. The So-

lution of The Metric STRESS and SSTRESS Problems in 

Multidimensional Scaling Using Newtonôs Method. 

Computational Statistics 13:3 (1998), 369ï396. 

[2] A. S. Moorthy and A. J. Kearsley. Pattern Similarity 

Measures Applied to Mass Spectra. In Progress in Indus-

trial Mathematics: Success Stories: The Industry and the 

Academia Points of View (M. Cruz, C. Parés, and P. 

Quintela, eds.) ICIAM 2019, Valencia Spain. 43-54. 

[3] A. S. Moorthy, W. E. Wallace, A. J. Kearsley, D. V. 

Tchekhovskoi, and S. E. Stein. Combining Fragment-Ion 

and Neutral-Loss Matching during Mass Spectral Library 

Searching: A New General-Purpose Algorithm Applica-

ble to Illicit Drug Identification. Analytical Chemistry 

89:24 (November 20, 2017), 13261-13268. 

[4] S. E. Stein and D. R. Scott. Optimization and testing of 

mass spectral library search algorithms for compound 

identification. Journal of the American Society for Mass 

Spectrometry 5:9 (1994):859ï866. 

Grassmannian Shape 

Representations for  Aerodynamic 

Applications  

Zachary J. Grey 

Olga Doronina (NREL) 

Andrew Glaws (NREL) 

Ryan King (NREL) 

Airfoil shape design is a classical problem in engineer-

ing and manufacturing. Our motivation is to combine 

principled physics-based considerations for the shape 

design problem with modern computational techniques 

informed by data-driven approaches. Traditional anal-

yses of airfoil shapes emphasize a flow-based sensitivity 

to deformations which can be represented generally by 

affine transformations (rotation, scaling, shearing, trans-

lation). Our work focuses on novel representation of 

shapes which replaces affine-style deformations with a 

rich set of data-driven deformations over a submanifold 

of the Grassmannian. The Grassmannian representation, 

 

Figure 23. IEA 15MW blade interpolation. The sparse nominal data (colored cross-sections with thicker line style) are interpolated along a 
piecewise geodesic construction over the Grassmannian. The refinements along the interpolation are shown as the blue wireframe interpolating 

a diverse set of shapes form circles through a variety of distinct airfoil classes. Moreover, the blade can be perturbed in a consistent manner 

(same perturbation for each airfoil cross-section) resulting in smooth deformations (colored curves to the right). 
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informed by a database of physically relevant airfoils, 

offers (i) a rich set of novel 2D airfoil deformations not 

previously captured in the data, (ii) improved low-di-

mensional parameter domain for inferential statistics 

informing design/manufacturing, and (iii) consistent 3D 

blade representation and perturbation over a sequence of 

nominal shapes. 

Many AI -aided design and manufacturing algo-

rithms rely on shape parametrization methods to 

manipulate shapes to study sensitivities, approximate in-

verse problems, and inform optimizations. Two-

dimensional cross-sections of aerodynamic structures 

such as aircraft wings or wind turbine blades, also 

known as airfoils, are critical engineering shapes whose 

design and manufacturing can have significant impacts 

on the aerospace and energy industries. Research into AI  

and ML algorithms involving airfoil design for im-

proved aerodynamic, structural, and acoustic 

performance is a rapidly growing area of work. 

While airfoil shapes can appear relatively benign, 

their representation and design are complex due to their 

extreme operating conditions in use and the highly sen-

sitive relationship between deformations to the shape 

and changes in aerodynamic performance. The current 

state-of-the-art for airfoil shape parametrization is the 

class-shape transformation (CST) method. In this ap-

proach, the upper and lower surfaces of an airfoil are 

each defined using a class function to set the general 

class of the geometry to an airfoil, and a shape function 

that usually takes the form of a Bernstein polynomial ex-

pansion to describe a specific shape. The coefficients in 

this polynomial expansion are typically treated as tuning 

parameters to define new airfoil shapes.  

However, defining a meaningful design space of 

CST parameters across a collection of airfoil types is dif-

ficult. That is, it is challenging to interpret how modified 

CST parameters will  perturb the shape and thus difficult  

to contain or bound CST parameters to produce ñreason-

ableò aerodynamic shapes. Furthermore, CST 

representations couple large-scale affine-type defor-

mationsðdeformations resulting in significant and 

relatively well-understood impacts to aerodynamic per-

formanceðwith undulating perturbations that are of 

increasing interest to airfoil designers and manufactur-

ers across industries. This coupling between physically 

meaningful affine deformations and undulations in 

shapes resulting from higher-order polynomial perturba-

tions complicates the design process. 

In this work, we explore a data-driven approach 

that uses a Grassmannian framework to represent airfoil 

shapes. The resulting set of deformations to airfoil 

shapes is independent of the very important, and often 

constrained, affine deformations. Modern airfoil design 

often incorporates constrained design characteristics of 

twist (or angle-of-attack) and scale which must be fixed 

or treated independently of higher-order deformations to 

a shape such as a rich set of changing inflections. Our 

approach decouples these two aspects of airfoil design 

and offers new interpretations of a space of shapes, not 

previously considered. 

A shape can be represented as a boundary defined 

by a closed injective curve, ὧȡπȟρᴼᴙ . In a compu-

tational setting, we represent the 2D airfoil shape as a 

discrete ordered sequence of landmarks Ø ᶰᴙ  

for É ρȟȣȟὲ. That is, given some curve ὧί, we have 

landmark points ὼ ὧί  for π ί ί Ễ
ί ρ. Moving along the curve, this discrete sequence 

of planar vectors defining the airfoil shape can be repre-

sented as a matrix 8 ὼȟȣȟὼ ᶰ2z . Important 

and often rigorously designed deformations of the 

shapes can be written as affine transformations applied 

to all landmarks, - ὼ Â. We introduce a scaling of 

landmark data, depicted in Figure 24, to parametrize 

new shape deformations over the Grassmann manifold 

(Grassmannian). The nature of this revised parametriza-

tion ñdivides outò the effect of the first order matrix 

operations, 8-, thus preserving the affine transfor-

mations (combined with a translation invariance) and 

offering a richer set of parameters describing independ-

ent shape deformations. 

The innovative characteristic of the proposed ap-

proach is representing airfoil shapes as elements of a 

Grassmann manifold  ꞉ὲȟς 2z ȾὋὒ paired with 

a corresponding affine transformation (invertible 2-by-2 

matrices and translation) representing a subset of rota-

tion, scaling, and shearing shape deformations. This 

reinterpretation of the airfoil shape gives rise to a sepa-

rable parametrization making important subsets of 

deformations independent, allowing designers to make 

interpretable and systematic changes to airfoil shapes. 

For example, one may seek to preserve average airfoil 

scale characteristics - while independently studying all 

remaining deformations as perturbations over the Grass-

mannian. Computationally, these new parametrizations 

become 

ὢ ὸȟὰ ὢὸὓὰ 

where ὢὸ are representative elements parametrized 

over coordinates ὸ of a data driven Grassmannian sub-

manifold and ὓὰ are the separate set of important 

scale variations as prescribed by airfoil designers. This 

defines a pair of independent vectors of parameters ὸȟὰ 

 

Figure 24. Landmark affine (LA) standardization used to supple-
ment computations over the Grassmannian and standardize scale 
variations in the shape to be as-circular-as-possible. 
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describing any airfoil shape up to translations. This sep-

arability is a desirable characteristic for aerospace/wind-

turbine designers who regularly prescribe or fix  ὓὰᶰ
Ὃὒ but seek undulations ὢ ὸᶰ꞉Îȟς in the shape 

to define a richer set of airfoil perturbations. 

The utility  in the novel representation is the separa-

ble form of the airfoil parametrization such that changes 

in ὸ are independent of changes in ὰ. Consequently, sev-

eral advantages are introduced by this representation, 

including:  

¶ Dimension reduction using Principal Geodesic 

Analysis to define a dominant submanifold of ñun-

dulatingò airfoil perturbations from data. 

¶ Improved parameter domain offering regularized 

shape perturbations devoid of undesirable oscilla-

tions in the shape as depicted in Figure 25. 

¶ 3D blade representation, as shown in Figure 23, by 

interpolation of a sequence of discrete LA stand-

ardized airfoils (matrices) over piecewise 

geodesics of the Grassmannian with subsequent 

independence against designed affine defor-

mations (twist, scale, and translation). 

¶ Consistent 3D blade perturbations via parallel 

transport along blade interpolation as shown by 

the colored curves (right) in Figure 23. 

The efficiencies gained by this systematic approach to 

decouple various types of deformations can be used to 

describe a 3D wind-turbine blade (Figure 23) using only 

five total parameters. These innovations have enabled 

improved and significantly more tractable inverse de-

signs via machine learning for next generation wind-

turbine blades. This work has been accepted to the AI 

for Design and Manufacturing Conference [1].  

[1] O. A. Doronina, Z. J. Grey, and A. Glaws. Grassmannian 

Shape Representations for Aerodynamic Applications. To 

appear. URL: https://arxiv.org/abs/2201.04649 

Large Scale Dynamic Building 

System Simulation 

Anthony Kearsley                                                                                                                                              

Amanda Pertzborn (NIST MML)                                                                                                                                

Aaron Chen (Drexel University)                                                                                                         

Jin Wen (Drexel University) 

The building sector represents the largest primary en-

ergy-consuming sector in the United States, responsible 

for 41 % of the countryôs primary energy, in comparison 

to 28 % for the transportation sector and 32 % for indus-

try. Moreover, buildings consume 74 % of the electricity 

in the United States, which makes the building sector 

significant to the overall smart grid infrastructure. Given 

the rapid development of the smart grid and the potential 

of buildings to store and generate electricity through de-

mand shifting and transactive control, there is an urgent 

need to improve the dynamic interactions between 

buildings and the smart grid, which further calls for ro-

bust and accurate dynamic building energy system 

modeling and simulation.  

Traditional dynamic building simulations typically 

focus on a single building. However, those used for 

smart grid applications must simulate large and complex 

building energy systems and their interactions among 

building clusters that are composed of multiple build-

ings. These result in large systems of coupled, 

potentially ill-conditioned nonlinear systems (easily in-

cluding thousands of equations), that will need to be 

solved rapidly. Thus, efficient, robust, and accurate so-

lution of large sparse nonlinear algebraic and differential 

equation systems is becoming more and more essential 

to meet the demands to simulate large scale multiple 

building heating ventilation and air conditioning 

(HVAC) scenarios that are coupled to various complex 

energy sources either through the smart grid or other 

means, such as district heating/cooling.  

In practice, these simulations are decomposed into 

geometric zones (see Figure 27) where one expects air 

flow and thermal conductivity to be similar. Typically, 

these zones are comprised of rooms or collections of 

 

Figure 25. Four colored parameter sweeps (columns) over two different design spaces (a) and (b). The colors correspond to the distance along 

the continuous sweep through parameter space resulting in a new airfoil for each color. (a) state-of-the-art CST parameter sweeps linearly 

interpolating four random pairs of extremal polynomial coefficients inferred from fits over a diverse set of distinct airfoil classes. (b) Grass-
mannian random parameter sweeps along four geodesics spanning the same data. The Grassmannian parametrization shows improvement in 

the regularization of connected shapes while CST parameter sweeps result in non-physical (self-intersecting) shapes with undesirable oscilla-

tions. 

https://arxiv.org/abs/2201.04649
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closely connected rooms. HVAC systems control tem-

perature and air flow in these zones through coupled 

boundary conditions that are matched in what is called a  

ñsuper-block.ò It is interesting that something as simple 

as a fan/coil unit (see Figure 26) can result in an approx-

imation whose discretized system is quite hard to solve. 

More detailed mathematical models which would more 

accurately predict the physics of a simple fan coil unit 

would result in simulations that would be prohibitively 

expensive. Less detailed mathematical models yield 

more well-conditioned systems that can be solved 

quickly but do not provide the flexibility of, for exam-

ple, more complicated scenarios through various 

degrees of occupancy, seasons or other factors that must 

be considered. 

In [1], Chen develops a class of large-scale Krylov 

methods for solving these nonlinear systems using auto-

matically built preconditioners. A numerical survey of 

the performance of these methods was completed this 

year, [5, 6]. Comprised of smaller models, like the one 

used to predict fan/coil dynamics, the resulting large-

scale systems are assembled at the same time as a pre-

conditioner, both of which would be made available to a 

building engineer seeking to simulate and evaluate a 

building HVAC system. Not surprisingly, poor variable 

scaling [2] can also lead to a deterioration in numerical 

performance but results presented in [1] suggest that 

pre-conditioning of inexact Krylov methods can outper-

form more traditional dense solution techniques [3] as 

problem sizes grow. Figure 28 demonstrates that the nu-

merical method proposed in [1], here called INB-

PSGMRES(m), outperforms Powellôs hybrid method 

(PH) [4] irrespective of seasonal changes. Here m de-

notes the dimension of the Krylov subspace, 

traditionally a parameter that is tuned. Of course, the 

comparison of CPU time is not exactly a straightforward 

one. The PH method was not designed for problems of 

this size. However, it provides strong evidence that 

methods like those proposed in [1, 5] are very much ap-

propriate for these simulations. 

[1] Z. Chen. Advanced Solver Development for Large-Scale 

Dynamic Building System Simulation. Ph.D. Thesis, 

Drexel University, Philadelphia PA, 2019. 

[2] Z. Chen, J. Wen, A. J. Kearsley, and A. J. Pertzborn, Scal-

ing Methods for Dynamic Building System Simulation in 

an HVACSIM+ Environment. In Proceedings of the 15th 

International Building Performance Simulation Associa-

tion (IBPSA) Conference, San Francisco, CA, US, 2017, 

2059-2065. 

[3] S. Pourarian, A. J. Kearsley, J. Wen, and A. Pertzborn. 

Efficient and Robust Optimization for Building Energy 

Simulation. Energy and Buildings 122 (2016) 53-62. 

[4] M. J. Powell. A Hybrid Method for Nonlinear Equations. 

Numerical Methods for Nonlinear Algebraic Equations 7 

(1970), 87-114. 

[5] Z. Chen, J. Wen, A. J. Kearsley, and A. Pertzborn. Eval-

uating the Performance of an Inexact Newton Method 

with a Preconditioner for Dynamic Building System Sim-

ulation. Journal of Building Performance Simulation 

15:1 (2022), 112-127.  
DOI: 10.1080/19401493.2021.2007285 

[6] Z. Chen, A. Kearsley, J Wen, and A. Pertzborn. Smooth-

ing Techniques in Dynamic Building System Simulation. 

In 2021 International Conference on Instrumentation, 

Control, and Automation (ICA) Bandung, Indonesia, Au-

gust 25-27, 2021. DOI: 10.1109/ICA52848.2021.9625664 

  

 

Figure 26. A simple fan/coil unit schematic. 

 

Figure 27. A floor and window view of a typical zone. 

 

https://doi.org/10.1080/19401493.2021.2007285
https://doi.org/10.1109/ICA52848.2021.9625664
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Figure 28. A comparison of required CPU-time for both Powellôs Hybrid Method (PH) and the more complicated technique proposed in [1]. 
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Numerical Solutions of the Time 

Dependent Schrödinger Equation 

Barry I. Schneider  

Heman Gharibnejad(Computational Physics Inc.) 

Luca Argenti (University of Central Florida)  

Juan Martin Randazzo  (CONICET, Argentina) 

Nicholas Douguet (Kennesaw State University)  

Jeppe Olsen (Aarhus University)                                                                                                                                 

Ryan Schneider (U. of California San Diego) 

We are developing numerically robust methods for solv-

ing the time-dependent Schrödinger equation (TDSE). 

There are three related research threads underway.  

1. Developing a hybrid basis set approach using B-

spline/finite element discrete variable (FEDVR) 

and Gaussian type orbitals orbital  to treat the inter-

action of attosecond (10-18 sec) radiation with 

molecular targets. 

2. Computing the required hybrid basis function ma-

trix elements via a novel 3D numerical grid based 

on overlapping atomic grids. 

3. Examining the performance of various numerical 

time propagation techniques for the TDSE. 

The hybrid basis function approach that has been 

developed is quite general, but the applications to date 

have concentrated on describing the single and double 

ionization  of  electrons  exposed  to  intense,  ultra-fast, 

laser radiation in many-body atomic and molecular sys-

tems. These attosecond (10-18 sec) pulses provide a new 

window to study the electronic motion in atoms and 

molecules on their natural timescale. To put this in con-

text, the motion of electrons responsible for chemical 

binding and electron transfer processes in nature have a 

characteristic timescale of about 100 attoseconds. (It  

takes an electron 152 attoseconds to go around the  hy-

drogen  atom.) These processes can only be described 

using time-dependent quantum mechanics. Where ap-

propriate, this needs to be coupled to Maxwellôs 

equations to describe macroscopic phenomena. Our 

overall goal is to image quantum phenomena with sub-

femtosecond temporal and sub-Angstrom  spatial reso-

lution and to provide coherent control of electron 

dynamics.  Eventually, one can contemplate producing 

ñmolecular moviesò of this motion in much the same 

way as it is done in molecular dynamics simulations of 

heavy particle processes.  

The basic methodology as applied to atoms and 

simple diatomic molecules has been described in [1-11]. 

Reference [4] provides a detailed review of the work. 

The essential aspects have been: 

¶ development of the finite element discrete variable 

method (FEDVR) to spatially discretize the coordi-

nates of the electrons,  

¶ construction of numerical grid capable of effi-

ciently computing the required one ad two electron 

matrix elements, and 

¶ extensions of the short iterative Lanczos method to 

propagate the wavefunction in time.   

Previous efforts have efficiently parallelized the 

FEDVR method using MPI, shown that it scales linearly 

with the size of the FEDVR basis and applied it to se-

lected problems [1-13]. Large scale calculations have 

been performed on a number of atoms and molecules us-

ing resources provided by the NSF Extreme Science and 

Engineering Discovery Environment (XSEDE).  

In more recent research we have begun to employ a 

mixed basis of Gaussian functions at short range and 

FEDVR functions at long range to extend our methods 

to complex polyatomic molecules. This approach has 

several important advantages over using a single basis 

over all of space. First, the use of nuclear-centered 

Gaussians preserves the local atomic symmetry around 

each nucleus and avoids the poor and often non-conver-

gent behavior of using a single-center FEDVR basis at 

all distances. Second, once the electron is far enough 

away from the nuclear cusps, a single center expansion 

converges quickly and, importantly, can represent the 

electrons out to very large distances using an approach 

that is very amenable to domain decomposition. The ma-

jor issue is to compute the one and two electron integrals 

between the two types of basis functions. The formalism 

we have been developing requires as input, transition 

density matrices extracted from a high-level quantum 

chemistry code, in order to compute the additional one 

and two-electron integrals. Quantum chemist Jeppe Ol-

sen from Aarhus University has been collaborating with 

us on the project. Our research team meets on a weekly 

basis to discuss the issues and plans. During the past 

year, the density matrices have been integrated into a 

new code called ASTRA and some preliminary tests of 

the code have been performed that indicate things are 

working as expected.  It should be noted that this is a 

very complex many-body problem and even with the 

most talented of researchers, it is a long-term effort.  

The calculation of the one and two-electron matrix 

elements over the hybrid basis, must be performed  nu-

merically. Given the polycentric nature of the electron 

distribution and the need to compute these integrals to 

significantly larger distances than in quantum chemistry 

calculations, it was necessary to develop an efficient 3D 

integration scheme. One cannot use methods which fix  

the coordinate system at a single point in space, as they 

are at best very slowly convergent and often do not con-

verge at all. To overcome that, a popular approach 

developed by Axel Becke based on the partition of unity, 

defines atomic grids, centered on the atoms where the 

grid points are appropriately weighted to satisfy the par-

tition of unity. The original method of Becke required 

substantial modification for our purposes. We require a 
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central grid that can describe the much larger integration 

region without too much contamination from the points 

on the nuclear centers. To accomplish that, we define a 

new partition of unity that constrains the atomic grid 

points to small atomic spheres. A central grid is then 

added to take care of the interstitial and longer-range 

parts of configuration space where the atomic grid 

points are forced to vanish. The new partition of unity 

does remarkably well in performing very accurate inte-

gration for integrands having nuclear cusps as well as 

oscillating at larger distances.  The work has been com-

pleted and a paper [14] describing it has been published. 

Lastly, we have been engaged in efforts to general-

ize the short iterative Lanczos (SIL) method used to 

integrate the TDSE efficiently and accurately for much 

longer times [15]. An integral equation formalism has 

been developed which exploits the fact that part of the 

Hamiltonian is a linear operator and can be treated using 

an exponential propagator, which is exactly what the 

SIL provides. The remainder term, involving a time in-

tegral over the residual interaction and the unknown 

wavefunction, is computed by numerical integration 

over the large time step using the SIL on each of the 

terms in the integrand. To do the integral requires that 

we have a previous approximation to the wavefunction. 

Thus, the entire scheme is iterative, starting with the 

wavefunction from the previous time step.   

We have been collaborating on this project with a 

mathematics graduate student, Ryan Schneider, at 

UCSD.  Ryan was initially  supported by the Mathemat-

ical Sciences Graduate Internship (MSGI) program of 

the NSF and worked remotely with us for almost three 

months in 2019. We have continued to work with Ryan 

since the end of the internship as the work was not fin-

ished and Ryan was eager to continue. While Ryan is 

mainly occupied with his Ph.D. degree, he remains ac-

tive, working on the problem part time. He has applied 

to the MSGI program again and we hope to obtain finan-

cial support for his research during the summer of 2022. 

For completeness, we also reference a review paper 

[16] by Schneider and Gharibnejad that was published 

in Nature Review Physics which received the ITL Out-

standing Journal Paper award in 2020. 

[1] J. Feist, S. Nagele, R. Pazourek, E. Persson, B. I. Schnei-

der, L. A. Collins, and  J. Burgdörfer. Nonsequential 

Two-Photon Double Ionization of Helium. Physical Re-

view A 77 (2008), 043420.  

[2] X. Guan, K. Bartschat, and B. I. Schneider. Dynamics of 

Two-photon Ionization of Helium in Short Intense XUV 

Laser Pulses. Physical Review A 77 (2008), 043421.  

[3] X. Guan, K. Bartschat, and B. I. Schneider. Two-photon 

Double Ionization of H2 in Intense Femtosecond Laser 

Pulses. Physical Review A 82 (2010), 041407.  

[4] B. I. Schneider, J. Feist, S. Nagele, R. Pazourek, S. Hu, 

L. Collins, and J. Burgdörfer. Recent Advances in Com-

putational Methods for the Solution of the Time-

Dependent Schrödinger Equation for the Interaction of 

Short, Intense Radiation with One and Two Electron Sys-

tems, in  Dynamic Imaging. In Quantum Dynamic 

Imaging, (A. Bandrauk and M. Ivanov eds.), CRM Series 

in Mathematical Physics, Springer, New York, 2011. 

[5] X. Guan, E. Secor, K. Bartschat, and B. I. Schneider. 

Double-slit Interference Effect in Electron Emission from 

H2
+ Exposed to X-Ray Radiation. Physical Review A 85 

(2012), 043419. 

[6] X. Guan, K. Bartschat, B. I. Schneider, L. Koesterke, 

Resonance Effects in Two-Photon Double Ionization of 

H2  by Femtosecond XUV Laser Pulses. Physical Review 

A 88 (2013), 043402. 

[7] J. Feist, O. Zatsarinny, S. Nagele, R. Pazourek, J. 

Burgdörfer, X. Guan, K. Bartschat, and B. I. Schneider. 

Time Delays for Attosecond Streaking in Photoionization 

of Neon. Physical Review A 89 (2014), 033417. 

[8] X. Guan, K. Bartschat, B. I. Schneider, and L. Koesterke. 

Alignment and Pulse-duration Effects in Two-photon 

Double Ionization of H2 by Femtosecond XUV Laser 

Pulses. Physical Review A 90 (2014), 043416.  

[9] B. I. Schneider, L. A. Collins, X. Guan, K. Bartschat, and 

D. Feder. Time-Dependent Computational Methods for 

Matter Under Extreme Conditions. Advances in Chemical 

Physics 157 (2015), Proceedings of the 240 Conference: 

Scienceôs Great Challenges, (A. Dinner, ed.), John Wiley.  

[10] B. I. Schneider, X. Guan, and K. Bartschat. Time Propa-

gation of Partial Differential Equations Using the Short 

Iterative Lanczos Method and Finite-Element Discrete 

Variable Representation. Advances in Quantum Chemis-

try 72 (2016), 95-127. 

[11] B. I. Schneider. How Novel Algorithms and Access to 

High Performance Computing Platforms are Enabling 

Scientific Progress in Atomic and Molecular Physics. 

Journal of Physics: Conference Series 759 (2016), 

012002. 

[12]  B. I. Schneider. Looking Back at 45 Years of Computa-

tional Physics and Chemistry. Computing in Science and 

Engineering 19 (September-October 2017), 4-5. 

[13] B. I. Schneider, L. A. Collins, K. Bartschat, X. Guan, and 

S. X. Hu. A Few Selected Contributions to Electron and 

Photon Collisions with H2  and H2
+. Journal of Physics 

50 (2017), 214004. 

[14] H. Gharibnejad, N. Douguet, B. I. Schneider, J. Olsen, 

and L. Argenti, A Multi -Center Quadrature Scheme for 

the Molecular Continuum, Computer Physics Communi-

cations, 263 (2021), 107889. 

[15] H. Gharibnejad, B. I. Schneider, M. Leadingham, and H. 

J. Schmale.  A Comparison of Numerical Approaches to 

the Solution of the Time-Dependent Schrödinger Equa-

tion in One Dimension. Computer Physics 

Communications 252 (2020), 106808. 

[16] B. I. Schneider and H. Gharibnejad. Numerical Methods 

Every Atomic and Molecular Theorist Should Know. Na-

ture Reviews Physics 2 (2020), 89-102. 
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A Science Gateway for  Atomic, 

Molecular and Optical Science    

Barry I. Schneider  

Lincoln Carr (Colorado School of Mines) 

Klaus Bartschat (Drake University)  

Kathryn Hamilton (Drake University)  
Oleg Zatsarinny (Drake University)[Deceased] 

Igor Bray (Curtin University, Australia)  

Armin Scrinzi (Ludwig-Maximilians U., Germany)  

Fernando Martin (U. Autonoma de Madrid, Spain)  

Jesus Gonzalez Vasquez (U. Autonoma de Madrid)  

Jimena Gorfinkiel (Open University, UK) 

Robert Lucchese (Lawrence Berkeley National Lab)  

Sudhakar Pamidighantam (Indiana University)                                                                                                    

Charlotte Froese-Fischer (U. of British Columbia)                                                                                                   

Nicholas Douguet (Kennesaw State University)                                                                                                                  

An international effort has been underway since early 

2019 to develop and maintain a Science Gateway for 

Atomic Molecular and Optical Science (AMOSG) [1,2].  

The gateway was renamed from a  Science Gateway for 

Atomic, and Molecular Physics, to a Science Gateway 

for Atomic Molecular and Optical Science to reflect the 

broader nature of the ongoing activity The purposes of 

the gateway are to (1) collect and make available to the 

community a set of advanced computational tools that 

are actively being used to study atomic and molecular 

collisions and the interaction of radiation with atoms and 

molecules, (2) provide educational materials for begin-

ning and advanced users desiring to learn the ideas and 

concepts of AMOS, both theoretical and computational 

and (3) make available to the broad community atomic 

and molecular data needed for many applications. The 

availability of collision data is critical to many areas of 

physics including astrophysics, fusion energy, the study 

of lighting and microelectronics. 

Codes for modeling and simulation of such phe-

nomena have been developed in specific groups by 

graduate students and postdocs but are often poorly doc-

umented, and unavailable outside the group developing 

the software. This  leads to ñreinventing the wheelò in 

too many instances. Maintaining these computational 

tools, as well as enhancing their capabilities, is one of 

the major goals of the project and is critical to ensure 

continued scientific progress in AMOS.  

Another important goal is to enable the code devel-

opers themselves to compare the calculations of specific 

well-defined problems using different methodologies. 

This enables the verification of results of different codes 

and encourages comparison with experiment, where 

available. It has already been demonstrated that a few of 

these codes are often more accurate than experiment and 

thus provide a predictive capability when experimental 

results are unavailable.  

At the outset, the group acknowledged that, in con-

trast to some other communities, the AMOS community 

has lagged behind in developing community supported 

software packages that are robust and used by others. 

The group was convinced the time had arrived to change 

existing practices and make these tools available and 

easily used by future generations of AMP scientists as 

well as the developers themselves. 

The group  wrote a proposal to the NSF XSEDE 

program to fund some initial development of the gate-

way. The proposal was successful and, importantly, 

provided the developers with some hands-on assistance 

from  the Extended Collaborative Support Services arm 

of XSEDE. This was vital to the success of the effort. In 

particular, we acknowledge the important contribution 

of Sudhakar Pamidighantam of IU in  making our  ef-

forts a success.  

 There have been  some  important  advances during 

the current reporting period: (1) the original web pages 

for the gateway have been completely revamped and 

new material has been added, (2) the original six major 

codes chosen for initial deployment have been expanded 

to include eleven codes and many have already been 

ported to at least three XSEDE supercomputers, (3) 

there is an early version of an API available to enable 

users to perform calculations with at least one of the 

codes, tRecX, and (4) NIST has awarded a contract to 

Indiana University to further develop the needed GUI 

interfaces.  

The need for longer term support for the project has 

been recognized as an essential ingredient to its ultimate 

success. To that end, the group spent considerable effort 

during the fall of 2020 in writing an NSF proposal to the 

Cyberinfrastructure for Sustained Innovation program.  

That proposal was not successful, but it has been rewrit-

ten and resubmitted for the current competition.  

Professor Lincoln Carr, of the Colorado School of 

Mines,  remains the project PI.  Co-PIôs are Sudhakar 

Pamidighantam from IU and Klaus Bartschat from 

Drake University. In addition, Nicholas Douguet, from 

Kennesaw State, and Robert Lucchese from LBNL have 

joined Schneider as Senior Investigators. The proposal 

was submitted from the Colorado School of Mines as the 

lead organization. The involvement of the Colorado 

School of Mines in the project has enabled us to get 

needed resources to develop the portal pages into what 

has become a very professional state.  The current portal 

contains good descriptions of the codes, the people in-

volved, links to documentation, a bibliography, a 

preliminary data repository and some nice graphical ma-

terial illustrating a few of the calculations that have been 

done with the codes. 

[1] B. I.  Schneider, K. Bartschat, O. Zatarinny I. Bray, A. 

Scrinzi, F. Martin, M. Klinker,  J. Tennyson, J. Gorfink-

iel, and S. Pamidighanta. A Science Gateway for Atomic 

and Molecular Physics, 2020. URL: arXiv:2001.02286   

[2] B. I.  Schneider, K. Bartschat, O. Zatsarinny, K. Hamil-

ton, I. Bray, A. Scrinzi, F. Martin, J. G. Vasquez, J. 

http://ampgateway.org/
http://ampgateway.org/
https://arxiv.org/abs/2001.02286
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Tennyson, J. Gorfinkiel, R. Lucchese, and S. Pamidig-

hantam. Atomic and Molecular Scattering Applications 

in an Apache Airavata Science Gateway. In PEARC '20: 

Practice and Experience in Advanced Research Compu-

ting, July 2020, DOI: 10.1145/3311790.3397342 

[3] B. I.  Schneider. ñAtomic and Molecular Scattering Ap-

plications in an Apache Airavata Science Gateway.ò 

PEARC '20: Practice and Experience in Advanced Re-

search Computing, Online, July 2020. 

Computing Ill -Posed Time-Reversed 

Dissipative Evolution Equations 

Alfred S. Carasso 

Ill -posed deconvolution problems and related time-re-

versed dissipative evolution equations, pervade 

measurement science and are important in several other 

technological applications. In numerous scientific meas-

urements, the instrument point spread function is a bell-

shaped distribution that may be well-approximated by a 

Gaussian, or by a heavy-tailed indefinitely divisible 

probability density, often with parameters that are only 

tentatively known. Reformulating the integral equation 

deconvolution problem into an equivalent time-reversed 

generalized diff usion equation, provides significant ad-

vantages. Marching backward in time stepwise, from a 

positive time Ὕ to time ὸ  π, allows the deconvolution 

to unfold in slow motion, provides the ability to monitor 

that process, and the possibility of terminating it prior to 

time ὸ  π, to prevent serious noise contamination 

and/or development of ringing artifacts. Such an ap-

proach, involving backward fractional and logarithmic 

diffusion equations, has been successfully applied in im-

age deblurring of MRI and PET brain scans, nanoscale 

scanning electron micrographs, and galactic scale Hub-

ble Space Telescope imagery [1-3]. 

In other contexts, much success has been achieved 

in environmental forensics, for example, by solving ad-

vection diffusion equations backward in time to locate 

sources of groundwater contamination [4]. In numerical 

weather prediction and other geophysical computations, 

data assimilation involving time-reversed dissipative 

equations plays a major role in initializing prediction 

models [5-8]. 

While iterative methods are often used to solve ill -

posed evolution equations, such methods are time-con-

suming and often develop stagnation points.  Recently, 

a powerful non-iterative direct approach has been devel-

oped for time-reversed multidimensional nonlinear 

dissipative equations, based on stabilizing explicit back-

ward marching finite diff erence schemes. An 

appropriate easily synthesized compensating smoothing 

operator is applied at every time step to quench the in-

stability. The stabilized scheme now becomes 

unconditionally stable, but slightly inconsistent, and 

eventually leads to a distortion away from the true solu-

tion. This is the stabilization penalty. However, in many 

problems of interest, the cumulative error is suffi ciently 

small to allow for useful results. In a series of papers [9-

16], such stabilized schemes have been successfully ap-

plied to interesting classes of time-reversed nonlinear 

initial value problems for parabolic equations, viscous 

wave equations, coupled sound and heat ow, thermoe-

lastic vibrations, 2D viscous Burgers equations, and 2D 

incompressible Navier-Stokes equations. Such compu-

tations had not previously been considered possible. 

Data Assimilation in 2D Viscous Burgers Equation. 

The 2D viscous Burgers equation is a coupled system of 

two nonlinear equations in two unknowns, όὼȟώȟὸȟ
ὺὼȟώȟὸȢ In [13], the ill -posed problem of backward re-

covery from inexact data at an appropriately chosen Ὕ
πȟ is studied. Rigorous uncertainty estimates in [17, 18] 

require a sufficiently small Ὕ π, as well as sufficiently 

small solution derivatives on π ὸ Ὕ, for useful re-

covery. 

A fundamentally different time-reversed problem is 

discussed in [16]. In a bounded domain ɱṒὙȟ with 

homogeneous boundary conditions on ‬ɱȟ and no forc-

ing term, the following data assimilation/inverse design 

problem associated with that system is considered: 

Find initial values όȢȟπȟὺȢȟπ  that can 

evolve into a close approximation to a desired 

target result όᶻȢȟὝȟὺᶻȢȟὝ  at some suitable 

Ὕ πȢ 

Here, in contrast to [16], highly non smooth target data 

are considered that may not correspond to actual solu-

tions at time Ὕ, and it may not be possible to find such 

initial values. Such a 2D viscous Burgers problem has 

not previously been studied. For the 1D Burgers equa-

tion, data assimilation is discussed in [5-8], using 

various iterative methods.  

Using a direct non-iterative method based on 

marching backward in time with a stabilized explicit fi-

nite-difference scheme, a large class of examples is 

presented in [16] where, with realistic values of Ὕ π, 
and Reynolds numbers as high as 18000, useful initial 

values can be found that evolve into good approxima-

tions to the desired target data, with modestly small ὒ 

relative errors. Importantly, there are also unsuccessful 

examples. 

Numerical experiments presented in [16] involve 8-

bit, ςυφςυφ pixel gray-scale images, defined by non-

differentiable intensity data that would be quite difficult  

to synthesize mathematically. Such images pose signifi-

cant challenges in ill -posed reconstruction and 

constitute an invaluable exploratory tool in a wide vari-

ety of dissipative evolution equations. 

In Figure 29, the leftmost column contains the de-

sired non smooth target data at ςȢυ ρπ, representing 

images of the Sydney Opera House and Joan Crawford, 

https://doi.org/10.1145/3311790.3397342


48  NIST Applied and Computational Mathematics Division 
T

h
is

 p
u

b
lic

a
tio

n
 is

 a
v
a

ila
b

le
 fre

e
 o

f c
h

a
rg

e
 fro

m
: h

ttp
s
://d

o
i.o

rg
/1

0
.6

0
2
8

/N
IS

T
.IR

.8
4
2
3

 
 

with a Reynolds Number of 18000. Marching backward 

in time with these data leads to candidate initial values 

at time ὸ π, shown in the middle column. When 

marched forward in time, these data now produce a so-

lution to the 2D Burgers equation shown in the rightmost 

column. However, since the leftmost column was not a 

solution, the rightmost column cannot be expected to 

match. Nevertheless, successful data assimilation is 

achieved, in that the ςυφςυφ intensity data in each of 

the rightmost images, approximates the corresponding 

target intensity data in the leftmost images, with an ὒ 

relative error less than 9 %. 

An example of unsuccessful data assimilation with 

the same Ὕ value and Reynolds Number, is shown in 

Figure 30. There, the desired target alphanumeric image 

at the top of the leftmost column, is very poorly approx-

imated by the assimilated image at the top of the 

rightmost column, with an ὒ relative error of 174 %. 

[1] A. S. Carasso. The APEX Method in Image Sharpening 

and the Use of Low Exponent Lévy Stable Laws. SIAM 

Journal on Applied Mathematics 63 (2002), 593-618. 

[2]  A. S. Carasso, D. S. Bright, and A. E. Vladar. APEX 

Method and Real-Time Blind Deconvolution of Scanning 

Electron Microscope Imagery. Optical Engineering 41 

(2002), 2499-2514. 

[3]  A. S. Carasso. Bochner Subordination, Logarithmic Dif -

fusion Equations, and Blind Deconvolution of Hubble 

Space Telescope Imagery and Other Scientific Data. 

SIAM Journal on Imaging Sciences 3 (2010), 954-980. 

[4] J. Atmadja and A. C. Bagtzoglou. State of the Art Report 

on Mathematical Methods for Groundwater Pollution 

Source Identification. Environmental Forensics 2 (2001), 

205-214. 

[5] J. Lundvall, V. Kozlov, and P. Weinerfelt. Iterative Meth-

ods for Data Assimilation for Burgers' Equation. Journal 

of Inverse and Ill -Posed Problems 14 (2006), 505-535. 

[6] D. Auroux and J. Blum. A Nudging-Based Data Assimi-

lation Method for Oceanographic Problems: The Back 

and Forth Nudging (BFN) Algorithm. Nonlinear Pro-

cesses in Geophysics 15 (2008), 305-319. 

[7] D. Auroux, P. Bansart, and J. Blum. An Evolution of the 

Back and Forth Nudging for Geophysical Data Assimila-

tion: Application to Burgers Equation and Comparison. 

Inverse Problems in Science and Engineering 21 (2013), 

399-419. 

 

Figure 29. Successful data assimilation in 2D viscous Burgers equation from target time ςȢυ ρπ, with Reynoldôs number 17800 using non-

differentiable Sydney Opera House and Joan Crawford images. Data in rightmost column approximates desired target data in leftmost column 

with an L1 relative error less than 9 % for each image. 
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[8] H. F. de Campos Velho, V. C. Barbosa, and S. Cocke. 

Special Issue on Inverse Problems in Geosciences. In-

verse Problems in Science and Engineering 21 (2013), 

355-356. 

[9]  A. S. Carasso. Stable Explicit Time-Marching in Well- 

Posed or Ill -Posed Nonlinear Parabolic Equations. In-

verse Problems in Science and Engineering 24 (2016), 

1364-1384. 

[10]  A.S. Carasso. Stable Explicit Marching Scheme in Ill - 

Posed Time-Reversed Viscous Wave Equations. Inverse 

Problems in Science and Engineering 24 (2016), 1454- 

1474. 

[11]  A.S. Carasso. Stabilized Richardson Leapfrog Scheme in 

Explicit Step-wise Computation of Forward or Backward 

Nonlinear Parabolic Equations. Inverse Problems in Sci-

ence and Engineering 25 (2017), 1719-1742. 

[12]  A.S. Carasso. Stabilized Backward in Time Explicit 

Marching Schemes in the Numerical Computation of Ill - 

Posed Time-Reversed Hyperbolic/Parabolic Systems. In-

verse Problems in Science and Engineering 27 (2019), 

134-165. 

[13]  A.S. Carasso. Stable Explicit Stepwise Marching 

Scheme in Ill -Posed Time-Reversed 2D Burgers Equa-

tion. Inverse Problems in Science and Engineering 27 

(2019), 1672-1688. 

[14] A.S. Carasso. Computing Ill -Posed Time-Reversed 2D 

Navier-Stokes Equations, using a Stabilized Explicit Fi-

nite Difference Scheme Marching Backward in Time. 

Inverse Problems in Science and Engineering 28:7 

(2020), 988-1010. DOI: 10.1080/17415977.2019.1698564 

[15]  A.S. Carasso. Stabilized Leapfrog Scheme Run Back-

ward in Time, and the Explicit ὕЎὸ  Stepwise 

Computation of Ill -Posed Time-Reversed 2D Navier-

Stokes Equations. Inverse Problems in Science and Engi-

neering 29:13 (2021), 3062-3085. DOI: 

10.1080/17415977.2021.1972997 

[16]  A.S. Carasso. Data Assimilation in 2D Viscous Burgers 

Equation Using a Stabilized Explicit Finite Difference 

Scheme Run Backward in Time. Inverse Problems in Sci-

ence and Engineering 29:13 (2021), 3475-3489. DOI: 

10.1080/17415977.2021.2009476 

[17] R. J. Knops and L. E. Payne. On the Stability of Solutions 

of the Navier-Stokes Equations Backward in Time. Ar-

chives of Rational Mechanics and Analysis 29 (1968), 

331-335. 

[18] D. N. Hao, V. D. Nguyen, and V. T. Nguyen. Stability 

Estimates for Burgers-Type Equations Backward in 

Time. Journal of Inverse and Ill  Posed Problems 23 

(2015), 41-49. 

 

Figure 30. Failure in data assimilation in 2D Burgers equation from target time ςȢυ ρπ, with Reynoldôs number 18000 using Alphanumeric 

and USAF Chart images. Data in rightmost column approximates desired target data in leftmost column with L1 relative errors of 174 % for the 

top image and 54 % for the bottom image. 

 

https://doi.org/10.1080/17415977.2019.1698564
https://doi.org/10.1080/17415977.2021.1972997
https://doi.org/10.1080/17415977.2021.2009476
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Computational Tools for  Image and 

Shape Analysis 

Günay Doĵan 

Javier Bernal 

James Lawrence 

Charles R. Hagwood (NIST ITL) 

Prashant Athavale (Clarkson University) 

Emmanuel Atindama (Clarkson University) 

Peter Lef (Clarkson University) 

Harbir Antil (George Mason University) 

Soeren Bartels (University of Freiburg) 

Olakunle Abawonse (SUNY Binghamton) 

The main goal of this project is to develop efficient and 

reliable computational tools to detect geometric struc-

tures, such as curves, regions, and boundaries, from 

given direct and indirect measurements, e.g., micro-

scope images or tomographic measurements, as well as 

to evaluate and compare these geometric structures or 

shapes in a quantitative manner. This is important in 

many areas of science and engineering, where the prac-

titioners obtain their data as images, and would like to 

detect and analyze the objects in the data. Examples are 

microscopy images for cell biology or micro-CT (com-

puted tomography) images of microstructures in 

material science, shoeprint images in crime scenes for 

footwear forensics. In FY 2021, advances were made in 

the two fronts of this project: image segmentation and 

shape analysis. Python implementations of solutions for 

problems in these areas were released, and documenta-

tion and examples were provided. In the following, we 

provide more details on the specific work carried out. 

Image Segmentation. This is the problem of finding 

distinct regions and their boundaries in given images. It 

is a necessary data analysis step for many problems in 

cell biology, forensics, and material science, as well as 

other fields in science and engineering. In FY 2021, G. 

Doĵan and his collaborators continued to work on mul-

tiple strategies for image segmentation. 

The first of these strategies builds on implicit repre-

sentations of image regions by embedding them in phase 

field functions, developed previously by Doĵan and his 

collaborators, H. Antil  and S. Bartels. Initial guesses of 

region candidates are placed on the image, and the cor-

responding phase field function is evolved in a manner 

optimizing a data fidelity and boundary regularity term. 

This algorithm tends to produce well-defined segmenta-

tions without stray pixels. Doĵan introduced further 

improvements to this algorithm in FY 2021 and docu-

mented its performance with detailed experiments. The 

algorithm and the experiments are described in [1]. 

Doĵan also continued to work with former graduate 

intern O. Abawonse on their implementation an image 

segmentation algorithm that leverages a convexified 

version of a piecewise constant segmentation energy. 

This algorithm is useful for obtaining two-phase seg-

mentations, i.e., background-foreground segmentation 

of grayscale images. They are currently writing a paper 

describing this work. 

In order to segment more complicated images, such 

as natural images and others with complex textures, 

Doĵan pursued a different approach, combining texture 

features and machine learning algorithms. This works in 

three steps. First a given image is converted into a fea-

ture image, using a set of pre-defined texture features. 

Then a subset of the image features is selected and as-

signed class labels to represent the distinct regions to be 

identified. The labels can be assigned by a user or a clus-

tering algorithm. Finally, the labeled subset is used to 

train a classification algorithm, such as support vector 

machines (SVM) or random forests, which, in turn, is 

used to label the remaining image features and the cor-

responding pixels. The output of the classification 

algorithm is the desired segmentation. An example can 

be seen in Figure 31. 

Doĵan continued his collaboration with P. 

Athavale, E. Atindama, and P. Lef (who also was a 

SURF student in ACMD) on preprocessing and segmen-

tation of orientation images of microstructures. 

Orientation images, more specifically electron backscat-

ter diffraction (EBSD) images, often come with many 

misorientation pixels, which have the appearance of 

noise, and may have regions of missing data. To allevi-

ate these issues, they have been developing PDE-based 

denoising and inpainting algorithms to produce high 

quality reconstructions of the EBSD images. They fur-

ther improved their algorithms in FY 2021 in terms of 

efficiency and quality of reconstructions. A critical nov-

elty was a new preprocessing algorithm that they 

developed to remove certain artifacts specific to orien-

tation images. A Python implementation of their 

algorithm is completed. They are currently working on 

a paper describing these algorithms. 

Shape Analysis. A natural approach to analyze and 

compare objects in images and data is through their 

shapes, an aspect that is invariant to rotation, translation, 

and scaling. Shape-based analysis can facilitate object 

recognition and can provide a more intrinsic way to per-

form statistics of geometric data. Previously, Doĵan, 

Bernal, and Hagwood developed an efficient optimiza-

tion algorithm to compute the elastic shape distances 

between 2d closed curves [2, 3, 4], building on the 

square-root velocity framework of Srivastava et al. [6, 

7]. This shape distance is the fundamental building 

block for shape analysis. 

In FY 2020 and FY 2021, Bernal and collaborators 

[5] extended the work of Srivastava et al. [6, 7] for the 

elastic registration of two simple curves, originally in 

two dimensions, to higher dimensions, and similarly the 

elastic shape distance to higher dimensions as well. As-

suming the first curve that we consider has multiple 

possible starting points, and the second curve has a fixed 
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starting point, Srivastava et al. compute the shape dis-

tance one starting point (of the first curve) at a time. 

They minimize an L2 type distance between the curves 

using alternating computations of optimal diffeomor-

phisms of the unit interval and optimal rotation matrices 

that reparametrize and rotate one of the curves [6, 7]. 

Building on this previous work, Bernal et al. presented 

a dynamic programming algorithm to compute optimal 

diffeomorphisms for curves in any dimensions in linear 

time complexity [5]. Moreover, they justified a key al-

gorithm for computing optimal rotations in a purely 

algebraic manner, namely, the Kabsch-Umeyama algo-

rithm for computing optimal rotation matrices, which 

uses the singular value decomposition of the rotation 

matrix. In addition, Bernal et al. presented a procedure 

in [5] to minimize the L2 type distance that alternates 

computations of optimal diffeomorphisms with succes-

sive computations of optimal rotation matrices for all 

starting points of the first curve. Carrying out computa-

tions this way is not only more efficient on its own, but 

also if  both curves are closed, it allows us to use the Fast 

Fourier Transform for further efficiency to compute op-

timal rotation matrices. 

Currently, work is underway to extend the shape 

analysis framework [7, 8] to surfaces, namely, elastic 

registration of two simple surfaces in three-dimensional 

(3D) space and then the elastic shape distance between 

them. Previous work on this problem was carried out by 

Kurtek et al. [10]. With a simple surface defined as a 

parametrized surface in 3D space, that is, the range of a 

one-to-one function from an elementary region in the 

plane into 3D space, Bernal defined a shape function of 

a parametrized surface in 3D space, different from the 

one defined by Kurtek et al., and established some fun-

damental results about this function. A similar definition 

and similar results were presented in [5, 6, 7, 8, 9] in the 

context of the shape function of a parametrized curve in 

dīdimensional space. Based on this definition of the 

shape function of a parametrized surface, Bernal also de-

fined the elastic shape distance between two 

parametrized surfaces. This is done at first by repara-

metrizing one of the surfaces through the minimization 

of a double integral in terms of homeomorphisms from 

the elementary region that is part of the definition of the 

parametrized surfaces, onto itself (the homeomorphisms 

having Jacobians of positive determinant), and later by 

rotating one of the surfaces by minimizing the same dou-

ble integral in terms of rotations of the surface. He 

demonstrated that this distance is well defined using ar-

guments similar to those used to justify the definition of 

the distance between curves in dīdimensional space in 

[7, 8]. Next steps will  be focused on developing an al-

gorithm or heuristic to minimize the aforementioned 

double integral to compute optimal homeomorphisms. 

Using different shape representations or different 

versions of the algorithms lead to different shape dissim-

ilarity metrics, and this brings the question of which 

metric would perform best. In the previous years, Doĵan 

and Fleisig (UC Berkeley) developed a Python program, 

VEMOS (Visual Explorer for Metrics Of Similarity) 

that can be used to evaluate and compare multiple com-

peting similarity/dissimilarity metrics, including shape 

dissimilarity metrics. VEMOS is useful for applications 

beyond shape distances; it can be used in a versatile 

manner to evaluate multiple alternative dissimilarity 

metrics for heterogeneous data sets, including images, 

shapes, point clouds and other data types. In FY 2021, 

Doĵan continued to develop VEMOS, made bug fixes, 

and added new features. A report describing capabilities 

of VEMOS was published as a NIST technical note [11]. 

[1] H. Antil,  S. Bartels, and G. Doĵan. A Region-Based Seg-

mentation Model with Fractional Diffusion for Improved 

Boundary Regularization. In preparation. 

[2] G. Doĵan, J. Bernal, and C.R. Hagwood. Fast Algorithms 

for Shape Analysis of Planar Objects. In Proceedings of 

the IEEE Conference on Computer Vision and Pattern 

Recognition (CVPRô15), Boston, MA, June 2015. 

[3] G. Doĵan, J. Bernal, and C.R. Hagwood. FFT-based 

Alignment of 2d Closed Curves with Application to Elas-

tic Shape Analysis. In Proceedings of the 1st 

International Workshop on Differential Geometry in 

 

Figure 31.  Segmentation (right) of a natural image (left) with complex texture using a machine learning algorithm applied a derived image of 

texture features. 
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Computer Vision for Analysis of Shapes, Images and Tra-

jectories (DiffCVô15), Swansea, UK, September 2015. 

[4] J. Bernal, G. Doĵan, and C.R. Hagwood. Fast Dynamic 

Programming for Elastic Registration of Curves. In Pro-

ceedings of the 2nd International Workshop on 

Differential Geometry in Computer Vision and Machine 

Learning (DiffCVMLô16), Las Vegas, NV, July 1, 2016. 

[5] J. Bernal, J. Lawrence, G. Doĵan, and C.R. Hagwood. On 

Computing Elastic Shape Distances Between Curves in 

d-dimensional Space. NIST Technical Note 2164, June 

2021, 39 pages. DOI: 10.6028/NIST.TN.2164 

[6] A. Srivastava, E. Klassen, S. Joshi, and I. Jermyn. Shape 

Analysis of Elastic curves in Euclidean Space. IEEE 

Transactions on Pattern Analysis and Machine Intelli-

gence 33:7 (2011), 1415-1428. 

[7] A. Srivastava and E.P. Klassen. Functional and Shape 

Data Analysis. Springer, 2016. 

[8] J. Bernal. Shape Analysis, Lebesgue Integration and Ab-

solute Continuity Connections. NISTIR 8217, 2018. 

[9] S. H. Joshi, E. Klassen, A. Srivastava, and I. H. Jermyn. 

A Novel Representation for Riemannian Analysis of 

Elastic Curves in Rn. In Proceedings of the IEEE Confer-

ence on Computer Vision and Pattern Recognition 

(CVPRô07), Minneapolis, MN, June 2007. 

[10] S. Kurtek, E. Klassen, Z. Ding, and A. Srivastava. A 

Novel Riemannian Framework for Shape Analysis of 3D 

Objects. In Proceedings of the IEEE Conference on Com-

puter Vision and Pattern Recognition (CVPRô10), San 

Francisco, CA, June 2010. 

[11] E. Fleisig and G. Doĵan. VEMOS: GUI for Evaluation of 

Similarity Metrics of Complex Data Sets. NIST Tech-

nical Note 2160, June 2021, 34 pages. DOI: 

10.6028/NIST.TN.2160 

Seminorm Regularization of Linear 

Inverse Problems 

Matthew J. Roberts 

Mark S. Gockenbach (University of Delaware) 

Linear inverse problems arise in many applications per-

taining to measurement. In general, a linear inverse 

problem is posed as follows: Determine solution x in the 

equation 

Ὕ ὼ  ώȟ  

where y is a measurement of y .z Here, x, y, and y  zare 

usually functions in a function space such as L2(0, 1), 

and this is the setting we will assume. The basic question 

is the following: if y is a good estimate of y  z, then is x a 

good estimate of the true solution x  z? Here, 

Ὕ ὼᶻ ώᶻȢ 

The inverse problems of interest arise when the so-

lution x does not continuously depend on the data y. This 

means that an accurate measurement y of y  zcan still re-

sult in a large distance between x and x .z An inverse 

problem of this type occurs in the case that T is an inte-

gral operator over a closed and bounded domain, and 

more generally, whenever T is a compact operator (see 

[2] and [5]). One way to deal with this is by using semi-

norm regularization. We consider the following 

problem: Determine solution ὼ to the problem 

    ÍÉÎ
 ɴ ȟ

ᴁὝό ώᴁ ȟ ‗ȿὒόȿᴁ ᴁ ȟ .     (1) 

Here, L is an operator (such as the derivative operator), 

and ‗ is a scalar greater than 0. The solution ὼ is the 

seminorm regularized solution. The idea is to choose an 

operator L that reflects an undesirable feature in the so-

lution x. For example, if the solution to (1) is highly 

oscillatory, a good choice for L would be the derivative 

operator. 

The generalized singular value expansion (GSVE) 

can be used to simultaneously diagonalize the operator 

pair (T, L) in problem (1) (see [3], sections 2 through 4). 

This makes determining the solution ὼ of (1) transpar-

ent. In practice the operator pair (T, L) is discretized by 

the pair of finite dimensional operators (Th, Lh), where, 

as h Ÿ 0, the operator pair (Th, Lh) goes to (T, L) in some 

sense. It was shown in [4] that the GSVE of (Th, Lh) con-

verges to the GSVE of (T, L) as h Ÿ 0 if Th Ÿ T and Lh 

Ÿ L in the operator norm as h Ÿ 0.  

Building on this work, together with results from 

[1], we have been able to derive the rates of convergence 

of the approximate generalized singular vectors of (Th, 

Lh) to the true generalized singular vectors of (T, L). Nu-

merical examples show that these derived rates of 

convergence are the best possible in the case of varia-

tional approximation. Such results will be most useful in 

error analysis pertaining to seminorm regularization. A 

manuscript with these results is in review. 

In addition, we have been able to derive the rate of 

convergence of the generalized singular values of (Th, 

Lh) to the true generalized singular values of (T, L). We 

have also been able to prove that there is an improved 

rate of convergence of the generalized singular values in 

the case of variational approximation. These results 

have been documented into a second manuscript that we 

hope to submit for publication in the near future. 

[1] D. K. Crane, M. S. Gockenbach, and M. J. Roberts Ap-

proximating the Singular Value Expansion of a Compact 

Operator. In review. 

[2] H. W. Engl, M. Hanke, and A. Neubauer. Regularization 

of Inverse Problems. Kluwer Academic Publishers 

Group, Dordrecht, 1996. 

[3] M. S. Gockenbach. Generalizing the GSVD. SIAM Jour-

nal on Numerical Analysis 54 (2016), 2417- 2540. 

[4] M. S. Gockenbach and M. J. Roberts. Approximating the 

Generalized Singular Value Expansion. SIAM Journal on 

Numerical Analysis 56:5 (2018), 2776-2795. 

[5] M. S. Gockenbach. Linear Inverse Problems and 

Tikhonov Regularization, MAA Press, 2016. 

https://doi.org/10.6028/NIST.TN.2164
https://doi.org/10.6028/NIST.TN.2160
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Mathematics of Biotechnology 

As proof-of-concept academic work in engineering biology meets the market realities of bringing lab science to product 

initiation, there are questions in how to compare biological products, measure whether desired outcomes are realized, 

and optimize biological systems for desired behaviors. NIST is working to deliver tools and standards to measure such 

biological technologies, outputs, and processes from healthcare to manufacturing and beyond. We support this effort 

with the development and deployment of innovative mathematical modeling and data analysis techniques and tools. 

Advanced Data Analysis for  

Diagnostics, Biometrology, and 

COVID -19  

Paul Patrone 

Anthony Kearsley 

Prajakta Bedekar 

Rayanne Luke 

Christopher Heaney (Johns Hopkins University) 

Nora Pisanic (Johns Hopkins University) 

Yukari Manabe (Johns Hopkins University) 

David Thomas (Johns Hopkins University) 

The on-going COVID-19 health crisis has highlighted 

the critical need for advanced metrology tools that can 

be used in both clinical and research settings. For exam-

ple, accurate diagnostic testing is needed to characterize 

epidemiological patterns, manage healthcare infrastruc-

ture, and identify optimal policy decisions. Motivated by 

such issues, several staff members in ACMD have been 

collaborating with a range of internal and external stake-

holders on projects related to antibody measurements.   

In FY 2021, several of us derived a series of new 

results showing that diagnostic classification associated 

with antibody assays can be recast as an optimization 

problem. From a data analysis standpoint, the underly-

ing measurements return a value ὶ associated with an 

antibody level, which used to classify a sample as posi-

tive or negative, say for having been infected with 

SARS-CoV-2. A canonical method assigns ὶ to the pos-

itive or negative classes depending on whether the data 

falls into one of two domains Ὀ  or Ὀ  that partition the 

measurement space. However, we recently demon-

strated that the optimal (i.e., minimum error) domains 

are given by  

Ὀᶻ ὶȡ ήὖὶ ρ ήὔὶ  

Ὀᶻ ὶȡ ήὔὶ ρ ήὖὶ  

where ὖὶ and ὔὶ are models quantifying the condi-

tional probability that a positive or negative sample 

yields a value ὶ, and ή is the disease prevalence [1]. We 

also proved that unbiased estimates of prevalence can be 

constructed from a counting exercise independent of 

sample classification but still dependent on these proba-

bility  models [1]. Thus, we reduced all diagnostics to a 

problem of correctly modeling probability distributions.  

Following up on this, we began a series of collabo-

rations with the School of Public Health at Johns 

Hopkins University to improve data analysis associated 

with saliva-based SARS-CoV-2 antibody tests. A fun-

damental problem with such assays is the variable nature 

of the measurement conditions, given that daily activi-

ties such as drinking water may dilute samples. As a 

result, it is sometimes necessary to hold out samples if  

they are too diluted and/or do not appear to contain a 

meaningful signal. However, doing so also wastes time 

and resources if  a large amount of the data must be dis-

carded. To address this problem, we formulated a 

constrained optimization problem that minimizes the 

size of the holdout domain while maintaining a given 

classification accuracy for the remaining samples [2]. 

Interestingly, the solution to this problem is given in 

terms of the bathtub principle. In the context of diagnos-

tic testing, this principle states that we hold out points 

from the measurement space with the lowest local clas-

sification accuracy up to a threshold that depends on the 

 

Figure 32. Illustration of the classification method developed in [2]. 
Red x and blue o correspond to samples that are known to be posi-

tive and negative for SARS-CoV-2. The measurements are 

associated with two different methods of quantifying antibodies; see 
[2] for details. The yellow-green domain is the positive classifica-

tion domain, whereas dark blue is the negative classification 

domain.  The light blue domain is the holdout domain. The original 
assay defined the upper two quadrants of the plot as the positive 

domain, the lower right as the negative domain, and the lower left 

as the holdout domain. The optimal method maintains testing accu-
racy while reducing the fraction of holdouts by more than 10 %. 
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target classification accuracy. Figure 32 shows the re-

sults of this analysis applied to a SARS-CoV-2 assay 

developed at Johns Hopkins University.  

[1] P. N. Patrone, and A. J. Kearsley. Classification Under 

Uncertainty: Data Analysis for Diagnostic Antibody 

Testing. Mathematical Medicine and Biology: A Journal 

of the IMA 38:3 (2021), 396ï416. DOI: 

10.1093/imammb/dqab007  

[2] P. N. Patrone, P. Bedekar, N. Pisanic, Y. C. Manabe, D. 

L. Thomas, C. D. Heaney, and A. J. Kearsley. Optimal 

Decision Theory for Diagnostic Testing: Minimizing In-

determinate Classes with Applications to Saliva-Based 

SARS-CoV-2 Antibody Assays. In review.  

Data Analysis for  Quantitative 

Polymerase Chain Reaction 

Measurements 

Paul Patrone 

Anthony Kearsley 

Robert DeJaco  

Peter Vallone (NIST MML)  

Erica Romsos (NIST MML)  

Patrick Hutchins (US Geological Survey) 

Adam Sepulveda (US Geological Survey) 

Quantitative polymerase chain-reaction (qPCR) meas-

urements are a mainstay tool for detection of genetic 

material, with broad applications to diagnostics, envi-

ronmental testing, and forensics. Indeed, the COVID-19 

pandemic has highlighted the critical role of qPCR in 

identifying active SARS-CoV-2 infections. Despite its 

importance, however, there are many open questions re-

garding uncertainty quantification (UQ) and methods 

for robust analysis of raw data.  

In FY 2020, several of us developed new methods 

for background subtraction and analysis of qPCR data 

[1]. The main idea behind our approach was to leverage 

a previously unknown property that all qPCR amplifica-

tion curves, including their plateau phases, are identical 

up to horizontal shifts and multiplicative factors. We 

showed that it was possible to identify positive samples 

by transforming a test curve onto a positive control via 

a constrained optimization formulation; see Figure 33. 

This led to a manuscript and patent application for the 

resulting methods.  

In FY 2021, we engaged in collaborative research 

and technology transfer with external stakeholders. In 

particular, the US Geological Survey (USGS) uses 

qPCR measurements to locate invasive species in fresh-

water systems by testing for environmental DNA 

(eDNA). However, given the likelihood of ñgenetic con-

taminationò in such open systems, UQ of the resulting 

analysis is critical for justifying remediation decisions. 

This is especially important given that the resulting ac-

tions are expensive and have the potential for ecological 

disruption. To address such questions, we have worked 

with USGS to identify best practices for data analysis, 

including determining if  certain data analysis routines 

are statistically consistent with the amount of DNA ex-

pected in samples that were tested as part of an 

interlaboratory study [2].  

In addition to this, work continues in doing technol-

ogy transfer of our qPCR data analysis methods via a 

CRADA with a private diagnostics lab. On-going re-

search aims to better understand and quantify sources of 

background in raw data.   

[1] P. N. Patrone, E. L. Romsos, M. H. Cleveland, P. M. Val-

lone, and A. J. Kearsley. Affine Analysis for Quantitative 

PCR Measurements. Analytical and Bioanalytical Chem-

istry 412 (2020), 7977ï7988. 

[2] A. J. Sepulveda, P. R. Hutchins, C. Jackson, C. Ostberg, 

M. B. Laramie, J. Amberg, T. Counihan, A. Hoegh, and 

D. S. Pilliod. A Round-Robin Evaluation of the Repeata-

bility and Reproducibility of Environmental DNA Assays 

for Dreissenid Mussels. Environmental DNA 2:4 (2020), 

446-459. 

 

Figure 33. qPCR amplification curves of the N1 fragment of a 
SARS-CoV-2 RNA construct. Top: qPCR curves after background 

subtraction. Bottom: curves after data collapse. The inset shows the 

error on an absolute scale relative to the master curve. The data 
collapse is accurate to better than 1 % of the maximum scale of the 

data. 

 

https://doi.org/10.1093/imammb/dqab007
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Absolute Quantification of 

Antibodies for  SARS-CoV-2  

Paul Patrone 

Danielle Middlebrooks 

Anthony Kearsley 

Lili  Wang (NIST MML) 

Sheng Lin-Gibson (NIST MML)  

A key problem associated with antibody measurements 

for SARS-CoV-2 is the lack of an absolute scale. Typi-

cal standards rely on pooled blood samples. Being 

human derived, however, they have unknown antibody 

titers, so that subsequent measurements can only be de-

fined on a relative scale. This makes it challenging to 

understand the degree of protection associated with a 

given antibody measurement and reduces usefulness of 

harmonization studies.  

To address these problems, NIST has engaged with 

external stakeholders, including Roche, Abbott, and Re-

generon, to develop SARS-CoV-2 monoclonal 

antibodies (mAbs) as reference materials. Being manu-

factured proteins, mAbs have well-defined 

concentrations that are known in absolute terms. How-

ever, conformational differences between mAbs relative 

to the SARS-CoV-2 antigens suggests that these refer-

ences may yield significant measurement variation 

when tested against the variety of commercial assays. 

Thus, it is necessary to quantify the mAb induced uncer-

tainties in order to assess their usefulness as reference 

materials.  

To address this problem, we have undertaken an in-

ter-lab study that combines elements of dark-uncertainty 

analyses with physics-based intuition to separate distinct 

sources of measurement variation. While development 

of the uncertainty quantification is on-going, we have 

solved several preliminary issues associated with data 

normalization. The characteristic process for quantify-

ing antibody levels is to measure both a reference 

material and a test sample; the number of antibodies in 

the latter is then assumed proportional to the ratio of the 

corresponding measurement values, e.g., as expressed in 

fluorescence units. However, this method assumes that 

the instrument and assay operate in a linear regime 

wherein each fluorescence signal is proportional to the 

actual antibody levels. In practice, identifying the linear 

regime requires serial measurements at increasing sam-

ple dilution, and even then, the choice of what 

constitutes linear is subjective. Moreover, using a single 

measurement from an entire dilution series wastes valu-

able information.  

To overcome these limitations, we have developed 

a method that uses constrained optimization to map en-

tire dilution curves onto one another. The key 

observation is that the total fluorescence signal should 

be a monotone increasing function of antibody concen-

tration ὼ, which is equal to the undiluted antibody 

concentration ὧ times the dilution factor Ὠ. Because only 

the first of these is unknown, each dilution curve is a 

function of a single unknown parameter, which can be 

determined by solving an optimization problem that col-

lapses all the curves onto one another. By construction, 

each value of ὧ is a quantification of the number of an-

tibodies. Such estimates are more stable than their 

single-dilution-factor counterparts, which do not use all 

of the available data. A manuscript on this work is in 

progress. 

Metrology for  Cytometry  

Paul Patrone 

Anthony Kearsley 

Danielle Middlebrooks 

Rayanne Luke 

Prajakta Bedekar  

Gregory Cooksey (NIST PML) 

Matthew DiSalvo (NIST PML) 

Jalal Sadeghi (NIST PML) 

For more than 30 years, flow cytometry, a technique 

used to measure characteristics of cells, has been a main-

stay for cancer detection, drug development, and 

biomedical research. It has remained a primarily quali-

tative metrology platform, however, because 

measurement uncertainties associated with this tech-

nique are so large. While exact economic figures are 

difficult  to estimate, this has clearly had a significant im-

pact on the roughly $200 billion of waste in the 

healthcare industry and contributed to the broader repro-

ducibility crisis in biomedical research [1]. The 

challenge of making cytometry an accurate and precise 

metrological tool arises from the competing requirement 

that it have high throughput. Typical biological samples 

can have up to hundreds of millions of cells, which must 

be analyzed over a few hours.  

To achieve this throughput, cytometers direct cells 

through a microfluidic channel at high-speed, past an 

optical interrogation region that collects fluorescence 

light from antibodies attached to surface proteins. The 

total fluorescence collected from each cell should then, 

in principle, be proportional to the total number of mark-

ers on its surface. But in practice, this idealized picture 

is complicated by the cumulative effects of the physical 

phenomena involved: fluid-dynamic forces cause cells 

to move across streamlines and/or have unpredictable 

trajectories; optical geometric collection efficiencies de-

pending on position in the interrogation region; and 

signal acquisition and processing tools introduce non-

linear effects and measurement uncertainties through 

discrete sampling. These challenges, in addition to the 

complexity of exactly replicating the necessary meas-

urement infrastructure at the micron scale, have made it 
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virtually impossible to reproduce measurements on a 

single cell, a necessary first step towards fully  assessing 

and controlling uncertainties in cytometry.  

ACMD, PML, and MML  staff were awarded a 

NIST Innovations in Measurement Science (IMS) award 

to develop a microfluidic-based cytometer whose design 

explicitly allows control and study of repeat measure-

ments of cells. Following on work from FY 2020, we are 

continuing a series of research projects on uncertainty 

quantification (UQ) for cytometry. The first of these 

aims to quantify the per-event uncertainty associated 

with each method. Recently we derived a key result in-

dicating that all cytometry events (e.g., for a fixed cell-

marker type) are identical up to a set of straightforward 

linear transformations that depend on physical parame-

ters such as the cell size, speed, and number of 

biomarkers; see Figure 34. Using optimization, we can 

determine these unknown parameters by mapping dif-

ferent signals onto one another. Critically, this also 

yields multiple, model-based but distinct realizations of 

what a measurement would look like could it be repro-

duced on the same measurand. Using this, we have been 

able to estimate for the first time the per-event uncer-

tainty; see Figure 34. This analysis also enables new 

types of data analysis associated with doublet identifica-

tion, doublet deconvolution, and more generally, cell 

counting. This work is summarized in a manuscript that 

has been submitted for publication [2].  

The second UQ project aims to identify the proba-

bilities of measurement outcomes for populations that 

may have some overlapping signals. The key assump-

tion of this analysis is that the probability densities 

(PDFs) of measurement values for different populations 

have partially disjoint supports. Given a ñmixedò PDF 

associated with an unknown combination two or more 

populations, one can only subtract off the PDF of one 

population from this mixture until the latter becomes 

negative. This implies an optimization problem wherein 

one seeks to maximize the amount of subtracted popula-

tion subject to a positive-definite constraint. Work is on-

going to apply this algorithm to real cell systems and ad-

dress issues associated with signal noise.  

[1] W. H. Shrank, T. L. Rogstad, and N. Parekh. Waste in the 

US Health Care System: Estimated Costs and Potential 

for Savings. JAMA 322:15 (2019), 1501-1509.  

[2] P. N. Patrone, M. DiSalvo, A. J. Kearsley, G. B. McFad-

den, and G. A. Cooksey. Reproducibility in Cytometry: 

Signals Analysis and its Connection to Uncertainty Quan-

tification. In review. 

Cell Counting with Flow Cytometry 

Ryan M Evans  

Anthony J. Kearsley 

Sandra M. da Silva (NIST MML) 

Kirsten Parratt (NIST MML) 

The gut microbiome and its metabolic by-products play 

an important role in a vast set of health conditions 

including inflammatory bowel disease, diabetes, 

obesity, and cancer [1-3].  Assessing gut microbiome 

health poses a challenge since it often requires an 

invasive intestinal biopsy, which is typically limited to 

patients who are suspected of having a disease.  

Although microbial communities of fecal samples differ 

from those taken from the intestinal lumen or mucosa of 

healthy and diseased patients, microbial communities of 

fecal samples are far easier to collect and may still serve 

as a useful way of characterizing the gut microbiome.   

To this end Sandra Da Silva and Kirsten Parratt of 

the NIST Materials Measurement Laboratory have 

shown that flow cytometry is an effective way of 

quantifying cell types and determining the number of 

genome equivalents associated with a given stool 

sample.  A typical flow cytometry signal is shown in 

Figure 35. Each element of the horizontal axis denotes 

 

Figure 34.  Top. 1300 cytometry signals corresponding to particles 
having different velocities and sizes.  Bottom.  Our theory predicts 

that the 1300 curves in the top figure can be collapsed onto one 

another using straightforward linear transformations that depend 
on the particlesô velocities and sizes.  The agreement with this the-

ory is on the order of 2% relative to the maximum scale of the 

measurements.  The residuals in the inset can be interpreted as the 
per-event reproducibility of the measurement process. 
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detection of a biological cell, so there are approximately 

16 000 cells in total.  Associated with each of these cells 

is an intensity, which is given on the vertical axis.  The 

number of cells at certain intensities correspond to 

physiologically important features, and this information 

can be obtained by mapping the measurement shown in 

Figure 35 to a histogram, shown in Figure 36. 

To move from the measurement shown in Figure 35 

to the histogram in Figure 36, the vertical axis of the 

former is first partitioned into N subintervals.  The 

number of cells that fall within each subinterval may 

then be counted to create the plot shown in Figure 36.  

Essential to this process is the choice of the number of 

subintervals, and we want to choose this number to 

minimize the noise.  The total variation 

ȿώ ώȿ 

was used as an estimate of noise, and for each of the 

signals N was chosen to minimize this quantity.  Figure 

37 shows the total variation as a function of N for one of 

the signals, and the histogram corresponding to the 

minimum value of N in Figure 37 is shown in Figure 36. 

Since the three right-most right peaks of Figure 36 

correspond to physiologically relevant features, useful 

information can be discerned by counting the number of 

cells associated with them. This can be done by using a 

mathematical procedure that determines the number of 

peaks, such as the one developed by Wallace, Kearsley, 

and Guttman in [4].  However, inspection of Figure 36 

reveals that there is still noise which will serve as a 

source of uncertainty in these counts. To remove this 

noise stochastic regression denoising was applied,  as 

developed by Kearsley, Gadhyan, and Wallace in [4].  

Moreover, stochastic regression was applied in such a 

way as to determine the optimal separation of signal 

from noise, as performed in [5] in the context of 

biological field effect transistors by Melara et al. The 

results are the decomposition shown in Figure 38 and 

the noise estimate shown in Figure 39. The orange curve 

in Figure 38 will provide a more accurate measure of the 

number of cells associated with physiologically relevant 

figures, and the noise estimate in Figure 39 can be used 

to help construct uncertainty bounds associated with 

these counts. 

Da Silva and Parratt have taken a series of 

measurements that correspond to different samples and 

applying these ideas to each of them will give an 

accurate approximation of how many cells are 

associated with physiologically important features of 

each sample.  The measurements considered herein are 

one-dimensional, however 2D measurements may 

provide even more information and may be used to 

confirm our one-dimensional estimates, so analysis of 

two-dimensional measurements may be a subject of 

future investigation. 

[1] I. Ahmed, R. Greenwood, B. de Lacy Costello, N. M. 

Ratcliffe, and C. S. Probert. An Investigation of Fecal 

Volatile Organic Metabolites in Irritable Bowel 

Syndrome. PLoS One 8:3 (2013), e58204. 

 

Figure 35. Flow cytometry measurement. 

 

Figure 36. Flow cytometry measurement histogram. 

 

Figure 37. Total variation as a function of N. 
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[2] S. Anand and S. S. Mande. Diet, Microbiota and Gut-

Lung Connection. Frontiers in Microbiology 9 (2018), 

2147. 

[3] D. S. Wishart. Metabolomics for Investigating 

Physiological and Pathophysiological Processes. 

Physiological Reviews 99:4 (2019), 1819-1875. 

[4] W. E. Wallace, A. J. Kearsley, and C. M. Guttman. An 

Operator-Independent Approach to Mass Spectral Peak 

Identification and Integration. Analytical Chemistry 76:9 

(2004), 2446-2452. 

[5] L. A. Melara, R. M. Evans, S. Cho, A. Balijepalli, and A. 

J. Kearsley. Optimal Bandwidth Selection in Stochastic 

Regression of Bio-FET Measurements.  In review. 

 

Model Performance Predicting Pure 

Triglyceride Thermodynamic 

Properties 

Anthony J. Kearsley  

Arun S. Moorthy (NIST MML)  

Julia Seilert (Technische Universität Berlin, Germany) 

Eckhard Flöter (Technische U. Berlin, Germany) 

Consisting of a glycerol backbone with three fatty acids 

attached (see Figure 40), triglycerides provide structure 

and function to vegetable and animal fats which play an 

important role in food science and engineering. Melting 

and solidification of fats in multi-component systems di-

rectly impacts product characteristics such as melting 

range and solid-phase composition. These compounds 

are  also a primary element of stores of adipose. Triacyl-

glycerols form an important part of the human diet 

serving as an energy source when stored in fat tissues. 

They provide thermal and mechanical protective layers 

surrounding important organs. Their primary source in 

the human diet are plant oils.   

There is a significant interest in predicting how 

these fats melt, as this has a tremendous effect on stor-

age/transportation and commercial viability of food 

products that contain fats (i.e., almost all food products). 

Thus, building mathematical models that accurate pre-

dict fat melting on the product development cycle can 

have a significant economic impact on the food.  

Together with Technische Universität Berlin, we 

have investigated mathematical model fits, perfor-

mance, and predictive power when imposing 

thermodynamic constraints on the predictions. A well-

known model to predict pure component properties of 

triglycerides proposed by Wesdorp has been shown to 

perform well despite making thermodynamically incon-

sistent predictions for certain test cases. In this study, the 

underlying parameter set is improved to deliver more 

physically consistent predictions, i.e., increasing melt-

ing point and enthalpy of fusion with increasing stability 

of the polymorphs, without deterioration of the primary 

model quality to describe the available experimental 

data. Interestingly, when a curated dataset containing 

 

Figure 40. An example structure drawing of a triglyceride mole-

cule; the most common constituents in dietary fats (e.g., butter, 
margarines, oils). 

 

 

Figure 38. Histogram before and after stochastic regression de-

noising. 

 

Figure 39. Noise associated with histogram in Figure 36. 
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only thermodynamically consistent data is compared to 

a broader dataset, it appears that the model's efficacy is 

highly dependent on the quantity of data, specifically the 

number of unsaturated triglycerides data. Quality and 

thermodynamic consistency of model predictions and 

the condition of a reliable description of monoacid tri-

glycerides as a subset is discussed, addressing a 

potential interdependence.   

A manuscript describing this work has recently 

been published [1] 

[1] J. Seilert, A. S. Moorthy, A. J. Kearsley, and E. Flöter. 

Revisiting a Model to Predict Pure Triglyceride Thermo-

dynamic Properties: Parameter Optimization and 

Performance. Journal of the American Oil Chemistsô So-

ciety 98:8 (2021), 837-850. DOI: 10.1002/aocs.12515 

Modeling for Biological Field Effect 

Transistor Experiments 

Ryan M. Evans 

Luis Melara (Shippensburg University) 

Seulki Cho (NIST PML) 

Arvind Balijepalli (NIST PML) 

Anthony Kearsley 

Biological ýeld e ect transistors (Bio-FETs) are modern 

bioelectronics instruments o ering novel biomarker 

measurements. In contrast with traditional measurement 

techniques that require specialized facilities and expen-

sive equipment, Bio-FETs o er rapid, accurate and low-

cost measurements. Since these instruments are hand-

held and portable, they promise to yield wider accessi-

bility to critical medical diagnostic tests. During a 

typical experiment, a chemical reactant bath is injected 

into a solution-well that contains a bu er þuid. These 

chemical reactants di use through the solution-well and 

bind with chemical reactants conýned to a thin layer 

known as the biochemical gate on the sensor surface. 

This produces a time-series signal that can be used to 

analyze the chemical reaction of interest. See Figure 

41for an experimental Bio-FET signal. 

Since estimating parameters associated with these 

experiments like kinetic coe cients can help us identify 

biomarkers, accurate mathematical models for these ex-

periments are desired. Previous mathematical models 

have either not accounted for the time dependent nature 

of Bio-FET experiments [1ï3] or have not included 

physically relevant transport processes [4ï5]. A model 

recently published by Evans, Kearsley, and Balijepalli is 

the ýrst dynamic model for Bio-FET experiments that 

accounts for physically relevant transport e ects, and it 

has been shown that this model compares favorably with 

experimental data [6]. This model together with experi-

mental developments by Balijepalli and Cho have led to 

interesting areas of inquiry. 

 

Figure 41. Idealized cross-sectional schematic of a Bio-FET exper-
iment. Chemical reactants injected at the top of the instrument 

di use to bind with receptors conýned to the biochemical gate. In 

our schematic, chemical reactants in solution are represented as 
circles spread throughout the instrument, and receptor sites are de-

picted with Yôs on the biochemical gate. This schematic is not to 

scale. The orientation of the x and y axes have been shown on the 

left, along with the location of the origin O. 

 

Figure 42. Experimental Bio-FET signal. The horizontal axis rep-
resents time in seconds, and the vertical axis represents voltage that 

is measured as a result of surface binding. 

 

 

Figure 43. A comparison between an experimental Bio-FET signal 

X, and its reconstruction using stochastic regression Y computed 
with an optimal bandwidth parameter h. These two curves are 

nearly indistinguishable. 

 

 

 

https://doi.org/10.1002/aocs.12515
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The ýrst concerns the issue of noise, as illustrated 

in Figure 42. Bio-FET signals contain noise that inter-

fere with quantitative analysis. Kearsley, Gadhyan, and 

Wallace have shown that stochastic regression is an 

e ective technique for dealing with noise in the context 

of mass spectrometry data [7]. This approach centers 

around modeling the time series ὢ with a stochastic 

di erential equation (SDE) that consists of a linear drift 

term and a stochastic di usion term, to wit: 

         Äὢ ὥ ὸ ὥ ὸὢ Äὸ ὦὸÄὡȟ            ρ 
         ὢπ  ὢȢ 

The drift coe cients ὥ ὸ and ὥ ὸ are determined 

through solving a local weighted least squares problem, 

and the di usion coe cient ὦὸ is determined through 

maximum likelihood estimation. Since the model (1) is 

linear, a Euler-Maruyama discretization of (1) can then 

be used to extract the estimated deterministic and sto-

chastic components of the signal. The performance of 

this method relies on the size of the local averaging win-

dow, which is set by the bandwidth parameter Ὤ. Larger 

values of Ὤ correspond to larger averaging windows, and 

smaller values of Ὤ correspond to smaller averaging 

windows. If the bandwidth parameter is too large, then 

the estimated deterministic and stochastic components 

may not match with experimental data. The same prob-

lem may also occur if the bandwidth parameter is too 

small. So there exists an optimal bandwidth parameter Ὤ 
that is neither too large nor too small. Professor Luis 

Melara, a faculty member in the Department of Mathe-

matics at Shippensburg University of Pennsylvania, 

together with Evans, Cho, Balijepalli, and Kearsley, 

have determined optimal bandwidth parameters for a bi-

ological ýeld e ect transistor experiment [8]. A 

comparison of an experimental Bio-FET signal ὢ with 

its reconstruction using stochastic regression ὣ com-

puted with an optimal band Ὤ is shown in Figure 43. In 

this work it was also shown that this parameter is re-

markably robust with respect to the aspect ratio ‭, which 

is the ratio of the radius of the solution-well height to the 

biochemical gate diameter. 

This project has also led to further interesting col-

laborations between ACMD and the Microsystems and 

Nanotechnology Division of the NIST Physical Meas-

urement Laboratory. Balijepalli and Cho of the latter 

recently fabricated a Bio-FET by conjugating thiol-

modiýed biotin to a gold surface to form a self-assem-

bled monolayer (SAM). The interactions of streptavidin 

with the SAM were then measured dynamically. Prelim-

inary results show that it is possible to extract rate 

constants and a di usion coe cient that characterize the 

reaction by ýtting the model developed by Evans, Bali-

jepalli, and Kearsley to time series data. These 

encouraging results indicate that the technique may 

broadly beneýt biomolecular interactions of proteins 

with ligands, antibodies with antigens and numerous 

other systems to drive new applications in drug discov-

ery and diagnostics of disease. 

The model presented in [6] has also led to interest-

ing numerical analysis questions. Therein it is shown 

that the model takes the form of a nonlinear in-

tegrodi erential equation, with a singular kernel that 

behaves like ρЍὸϳ  as ὸ approaches zero. So ýnding a 
numerical approximation to the solution of this nonlin-

ear equation can be di cult for small ὸ when the size of 

the problem becomes very large, which can result in an 

ill -conditioned system. Kearsley observed that formulat-

ing the problem in a clever way lends it amenable to 

techniques developed by Professor Josef Sifuentes at the 

University of Texas Rio Grande Valley. Josefôs research 

has focused on ýnding accurate preconditioners for 

Karush-Kuhn-Tucker (KKT) systems for which the gen-

eralized minimum residual method (GMRES) 

converges in as few iterations as possible. Preliminary 

research shows that his techniques ameliorate the e ect 

of the singularity for very large systems, which aids in 

ýnding the solution to large-scale problems. 

There are other interesting problems on the horizon 

for future research, one of which concerns the biotin and 

streptavidin kinetics, for which cooperativity remains an 

open question. Takeshi and Cantor have employed gel 

electrophoresis to argue that biotin-streptavidin is coop-

erative [9]. However other studies have suggested that 

sequential binding of biotin to tetrameric streptavidin 

occurs in a noncooperative fashion, with the four bind-

ing sites being thermodynamically equivalent and 

independent [10ï11]. More recent work has suggested 

that although each of the binding sites on streptavidin 

may be kinetically independent, sequential binding may 

induce conformational changes [12]. This is a promising 

avenue of future investigation. We conclude by noting 

that experimental advances may also make it possible to 

use the modeling framework developed in [6] to quan-

tify DNA interactions. 

[1] S. Baumgartner, M. Vasicek, A. Bulyha, N. Tassotti, and 

C. Heitzinger. Analysis of Field-E ect Biosensors Using 

Self-Consistent 3D Drift -Di usion and Monte-Carlo 

Simulations. Procedia Engineering 25 (2011), 407-410. 

[2] C. Heitzinger, N. J. Mauser, and C. Ringhofer. Multiscale 

Modeling of Planar and Nanowire Field-E ect Biosen-

sors. SIAM Journal on Applied Mathematics 70:5 (2010), 

1634-1654. 

[3] D. Landheer, G. Aers, W. R. McKinnon, M. J. Deen, and 

J. C. Ranuarez. Model for the Field E ect from Layers of 

Biological Macromolecules on the Gates of Metal-Oxide-

Semiconductor Transistors. Journal of Applied Physics 

98:4 (2005), 044701. 

[4] X. Duan, Y. Li, N. K. Rajan, D. A. Routenberg, Y. Modis, 

and M. A. Reed. Quantiýcation of The A nities and Ki-

netics of Protein Interactions Using Silicon Nanowire 

Biosensors. Nature Nanotechnology 7:6 (2012), 401-407. 
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[5] G. Tulzer, S. Baumgartner, E. Brunet, G. C. Mutinati, S. 

Steinhauer, A. Kck, P. E. Barbano, and C. Heitzinger. Ki-

netic Parameter Estimation and þuctuation Analysis of 

CO at SNO2 Single Nanowires. Nanotechnology 24:31 

(2013), 315501. 

[6] R. M. Evans, A. Balijepalli, and A. J. Kearsley. Transport 

Phenomena in Biological Field E ect Transistors. SIAM 

Journal on Applied Mathematics 80:6 (2020), 2586-2607. 

[7] A. J. Kearsley, Y. Gadhyan, and W. E. Wallace. Stochas-

tic Regression Modeling of Chemical Spectra. 

Chemometrics and Intelligent Laboratory Systems 139 

(2014), 26-32. 

[8] L. A. Melara, R. M. Evans, S. Cho, A. Balijepalli, and A. 

J. Kearsley. Optimal Bandwidth Selection in Stochastic 

Regression of Bio-FET Measurements. In review. 

[9] T. Sano, and C. R. Cantor. Cooperative Biotin Binding by 

Streptavidin. Electrophoretic Behavior and Subunit As-

sociation of Streptavidin in the Presence of 6 M Urea. 

Journal of Biological Chemistry 265:6 (1990), 3369-

3373. 

[10] M. L. Jones and Gary P. Kurzban. Noncooperativity of 

Biotin Binding to Tetrameric Streptavidin. Biochemistry 

34:37 (1995), 11750-11756. 

[11] L. Deng, E. N. Kitova, and J. S. Klassen. Dissociation Ki-

netics of the Streptavidinbiotin Interaction Measured 

Using Direct Electrospray Ionization Mass Spectrometry 

Analysis. Journal of The American Society for Mass 

Spectrometry 24:1 (2012), 49-56. 

[12] M. J. Waner, J. M. Hiznay, A. T. Mustovich, W. Patton, 

C. Ponyik, and David P. Mascotti. Streptavidin Coopera-

tive Allosterism Upon Binding Biotin Observed by 

Di erential Changes in Intrinsic Fluorescence. Biochem-

istry and Biophysics Reports 17 (2019), 127-131. 

Mathematical Models for 

Cryobiology  

Daniel Anderson  

Anthony Kearsley  

James Benson (University of Saskatchewan, Canada)  

Jessica Masterson (George Mason University) 

Cryobiology, the study of biological specimens at cryo-

genic temperatures, plays an enormous role in a wide 

range of fields. In the field of medicine, cryobiology is 

the basis for cryopreservation in assisted reproduction, 

organ transplantation, biobanking and personalized 

medicine. Cryo-banking is used in the agriculture indus-

try as well as for initiatives aimed at preserving rare and 

endangered plant and animal species and in the develop-

ment of more productive agricultural yields. 

Applications in forensics arise in the processing and 

preservation of frozen biological samples that are often 

important and fragile evidence in criminal investiga-

tions. The breadth and depth of these applications reflect 

the complexity of the biological, chemical, and physical 

aspects required to describe and model these problems. 

Mathematical and computational models can be used to 

probe these complex systems and, in conjunction with 

sophisticated control and optimization schemes, can es-

tablish more effective protocols for cryopreservation.  

Cryopreservation of a human cell is a form of bio-

mimicry that attempts to do in the laboratory, or in silica, 

what some frog and amphibian species can do naturally. 

A cryoprotectant, effectively an antifreeze, aims to play 

the role that substances like glucose play in the winter 

preservation of frozen frogs. These cryoprotectants, 

which are added to the extra-cellular environment, help 

to remove water from a cell before cooling, thus reduc-

ing the likelihood of intracellular ice formation. This, 

however, comes at a price due to the cellôs limited ability 

to withstand the elevated levels of chemicals, including 

the naturally occurring salts in the cell, possibly damag-

ing the cell, or causing death by chemical toxicity. Thus, 

 

Figure 44. Spherical cell surrounded by an encroaching solidðliq-

uid interface. 

 

Figure 45. Time sequence of thermal profiles in solid (blue) and 

liquid (green) regions controlling the temperature adjacent to a bi-

ological sample. 
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the maintenance of a viable cell during cryopreservation 

is complicated by two primary factors.  Cooling the cell 

too quickly increases the likelihood of intracellular ice 

formation and cell damage or death while cooling the 

cell too slowly can overexpose the cell to high solution 

concentrations and lead to chemical toxicity. This 

amounts to a high-stakes goldilocks problem from the 

cellôs perspective. 

Mathematical modeling in cryobiology thus re-

quires a detailed understanding of thermal and chemical 

transport in bulk phases as well as across a semiperme-

able cell membrane. Additionally, phase transformation 

of these multicomponent solutions ï phenomena that 

link cryobiology to a wide range of other fields from ge-

ophysics to industrial materials processing [6] ï must 

also be included. Cryopreserving a cell requires a deli-

cate balance between two competing damage 

mechanisms, and thus a delicate optimization problem. 

We are exploring foundational aspects of biochemical 

and physical modeling in cryobiology, computational 

methods for the solution of these models, and applica-

tions of these ideas to cryopreservation of cells.  

The focus of [1] was to establish the foundations of 

the chemical thermodynamics necessary to describe 

transport processes during cryopreservation. This work 

formulated chemical potentials and related thermody-

namics quantities for non-dilute and non-ideal 

multicomponent solutions of experimental and theoreti-

cal interest to cryobiologists. Next, the multiphase, 

multi-species transport equations were developed along 

with a consistent characterization of cell membrane dy-

namics and solid-liquid phase transitions [2]. A critical 

aspect of our work was to obtain, from first principles, 

mathematical models that address both spatial and tem-

poral dynamics of chemical species and heat transport. 

Various aspects of the freezing of a spherical biological 

cell (see Figure 44) were addressed in [3] and [4]. Based 

on a numerical algorithm outlined in [4], we explored in 

[3] the evolution of the thermal fields in the solid, liquid, 

and intracellular regions along with the concentration of 

cryoprotectant and the intra- and extracellular salts. 

These studies incorporated the effects of confinement 

and partial solute rejection, which had not previously 

been examined in cryobiology. These observations led 

to the development of objective functions in [4] which 

provide a measure of both intracellular undercooling and 

chemical toxicity. These control functions appear more 

suited to deriving cooling protocols than previously em-

ployed toxicity functions [5].  

The mathematical models and computational algo-

rithms established in this foundational series of papers 

[1-4] provide the launching point for our current work 

towards optimal control of these systems.   Our current 

work underway with J. Masterson involves the identifi-

cation of proxies for cell/tissue damage that can be used 

in optimal control settings. The mathematical frame-

work is PDE-constrained optimization in which the 

bio/chemical/physical model constrains variables such 

as solid and liquid thermal fields (see Figure 45) that 

help define objective functions such as those measuring 

tissue undercooling. Our first objective is to address op-

timal protocols in the freezing/cooling stage.  A future 

goal is to extend this framework to explore strategies 

that can optimize protocols for cryo-recovery where 

warming and/or melting occur.  The central role played 

by phase transformation and transport in multicompo-

nent systems links these cryobiological processes and 

their mathematical descriptions to related ones that oc-

cur under vastly different conditions in geophysics and 

industrial materials processing [6].  

[1] D. M. Anderson, J. D. Benson, and A. J. Kearsley. Foun-

dations of Modeling in Cryobiology I: Concentration, 

Gibbs Energy, and Chemical Potential Relationships. 

Cryobiology 69 (2014), 349-360. DOI: 10.1016/j.cryo-

biol.2014.09.004  

[2] D. M. Anderson, J. D. Benson, and A. J. Kearsley. Foun-

dations of Modeling in Cryobiology II: Heat and Mass 

Transport in Bulk and at Cell Membrane and Ice-liquid 

Interfaces. Cryobiology 91 (2019), 3-17. DOI: 

10.1016/j.cryobiol.2019.09.014  

[3] D. M. Anderson, J. D. Benson, and A. J. Kearsley. Foun-

dations of Modeling in Cryobiology III: Heat and Mass 

Transport in a Ternary System. Cryobiology 92 (2020), 

34-46. DOI: 10.1016/j.cryobiol.2019.09.013  

[4] D. M. Anderson, J. D. Benson, and A. J. Kearsley. Nu-

merical Solution of Inward Solidification of a Dilute 

Ternary Solution Towards a Semi-permeable Spherical 

Cell. Mathematical Biosciences 316 (2019), 108240. 
DOI: 10.1016/j.mbs.2019.108240  

[5] J. D. Benson, A. J. Kearsley, and A. Z. Higgins. Mathe-

matical Optimization of Procedures for Cryoprotectant 

Equilibration using a Toxicity Cost Function. Cryobiol-

ogy 64 (2012), 144-151.  
DOI: 10.1016/j.cryobiol.2012.01.001  

[6] D. M. Anderson, P. Guba, and A. J. Wells. Mushy Layer 

Convection. Physics Today, February 2022, to appear. 

Artificial  Intelligence for  Low-Field 

Magnetic Resonance Imaging 

Andrew Dienstfrey 

Zydrunas Gimbutas 

Adele Peskin (NIST ITL) 

Joe Chalfoun (NIST ITL) 

Kathryn Keenan (NIST PML) 

Kalina Jordanova (NIST PML) 

Emerging low-field magnetic resonance imaging (MRI) 

systems offer the promise of low-cost, point-of-care im-

aging that could be conducted in, for example, rural 

locations, on the battlefield, and eventually even in an 

ambulance. However, present low-field MRI results in 

images with low spatial resolution and high noise. These 

https://doi.org/10.1016/j.cryobiol.2014.09.004
https://doi.org/10.1016/j.cryobiol.2014.09.004
https://doi.org/10.1016/j.cryobiol.2019.09.014
https://doi.org/10.1016/j.cryobiol.2019.09.013
https://doi.org/10.1016/j.mbs.2019.108240
https://doi.org/10.1016/j.cryobiol.2012.01.001
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poor qualities prevent quantitative analyses that are crit-

ical for advanced diagnostics. Recent research suggests 

that artificial intelligence (AI)  methods can potentially 

restore image quality and furthermore may enable quan-

titative mapping of tissue parameters which are 

increasingly sought for medical diagnostics. [1] Such 

claims must be validated via rigorous comparisons to 

existing measurement standards for high-field MRI. In 

FY 2021 we initiated a new research project funded un-

der the NIST Use-Inspired AI  Program to investigate 

quantitative characteristics of AI -based analysis in low-

field MRI measurement contexts. 

Magnetic resonance imaging enables non-invasive 

imaging of biological soft tissue. Quantitative MRI re-

fers to an extension of MRI in which scanning protocols 

and data analysis are implemented to obtain an in  vivo 

map of measurable quantities whose magnitudes are re-

ported in terms of standard physical units. For example, 

tumor volumes are reported in units of mm3, apparent 

diffusion coefficient (ADC) in mm2 sī1, and proton spin 

relaxation times, Ὕ and Ὕ, are reported in seconds. 

NIST has an ongoing, multi-year program to provide a 

robust measurement infrastructure for quantitative MRI. 

The recent publications [2] documenting the NIST 

Standard Reference MRI System Phantom, and [3] in-

vestigating the use of this phantom to assess long-term 

stability of Ὕ and Ὕ measurements are examples or re-

cent outcomes. 

 While traditional high-field (i.e., greater than 1 

Tesla) MRI is a critical medical imaging technology, it 

also extremely expensive, with U.S. spending exceeding 

$10B/year [4]. The root cause of these costs are the he-

lium-cooled, superconducting magnets required to 

generate 3 Tesla (T) static fields at the heart of such 

scanners. Direct costs for these exotic magnetic systems 

exceed $1M per T. Furthermore, as the magnets weigh 

several tons and stray magnetic fields present significant 

safety concerns, high-field MR systems must be sited in 

structurally reinforced, shielded rooms, thereby incur-

ring substantial indirect costs to house and maintain. 

Finally, to state the obvious, such a system is not porta-

ble. This last fact has consequences for medical 

outcomes in emergency situations, and in healthcare eq-

uity both domestic and international, as MRI scanners 

require sufficient proximate densities of well-insured 

patients to cover their substantial costs. 

Low-field MRI systems operate at 6.5 mT to 550 

mT. Critically, these field strengths do not require su-

perconducting magnets but rather can be generated 

using, for example, Halbach arrays. Such systems have 

the potential to disrupt the entire MRI ecosystem. For 

one, low-field systems are 30x cheaper: a state-of-the-

art scanner costs $80K in comparison to more than $3M 

for a traditional 3 T clinical system. Furthermore, low-

field systems are portable, and in some cases may be 

light and small enough to fit  in the back of a large van. 

However, this trade-off does not come for free: tradi-

tional reconstruction algorithms applied to low-field 

signals result in noisy, low-resolution images with lim-

ited diagnostic utility. Recent innovations in AI-based 

reconstruction show promise to resolve these barriers. In 

FY 2021 we initiated a project in this area using seed 

funding from a NIST Use-Inspired AI  Program award. 

We briefly describe early-stage work on this project. 

Quantitative MRI techniques exist to measure many 

different parameters. We selected the apparent diffusion 

coefficient (ADC) as the first measurand to be targeted. 

As ADC is a measurement of water diffusion it is insen-

sitive to static magnetic field strengths. Thus, previous 

work in high-field ADC measurement should be directly 

applicable to low-field contexts. 

 Our first research question was whether a neural 

network could take a sequence of MR scans at different 

ñb-valuesò and invert these to return a spatial map of dif-

fusion coefficient. For training data, we used a dataset 

of high-field MR scans of the NIST Diffusion Phantom 

acquired by international collaborators as part of an on-

going study. This standard reference artifact consists of 

 

Figure 46. Schematic of U-Net architecture. (A) The network shown 

here includes 4 input images for purposes for inverting for ADC 

map. The same architecture was used with a single input image for 
purposes of segmentation training and inference. (B) Traditional 

ADC analysis fits an exponential model on a pixel-by-pixel basis. 

 

Figure 47. The new low-field MRI scanner arrived at the Katharine 

Blodgett Gebbie Laboratory in April 2021. The scanner can be 

moved using a joystick to drive built-in motorized wheels. 
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an array of tubes containing polymer solutions at differ-

ent densities. Recent precision measurements conducted 

at NIST determined values for the ADC of these solu-

tions. Thus, we have the possibility for an SI-traceable 

reference dataset to be used for training. Prior to execut-

ing this training, however, we required a segmentation 

of the dataset to identify the regions of interest within 

the MR images which contain the characterized solu-

tions. We trained two neural networks for this task, one  

with a U-Net architecture and the other an FC-Densenet. 

The U-Net topology is shown for reference in Figure 46. 

 Approximately 20 images were segmented by hand 

by multiple team-members. These images were aug-

mented using standard techniques to create a 

segmentation training set. Both networks were trained 

against this set and were used to infer segmentations of 

the remaining å400 images in the ADC phantom dataset. 

A sample image and its region seg-

mentation are shown in Figure 48. 

The segmented database of MR 

images with the associated ground 

truth data for ADC values were then 

used to train additional neural net-

works to infer ADC from images. In 

the next year we plan to implement a 

detailed quantitative analysis of the 

segmentation results in comparison to 

traditional algorithms such as active 

contours. In addition, we hope to com-

pare the ML-based ADC inference to 

standard workflow which consists of 

pixel-by-pixel non-linear regression 

for the parameters of an exponential 

model.  

Low-field MRI is emerging as a 

clinical technology but is still very 

new. We are excited to report that in FY 2021 we com-

pleted a CRADA agreement with Hyperfine, a low-field 

MRI start-up company based in Guilford, CT. Hyper-

fineôs Swoop low-field scanner is the first to be 

approved by the Federal Drug Administration for clini-

cal medical use. Using $80K of the seed funding from 

the Use-Inspired AI  Proposal we purchased a Swoop 

system which was delivered to NIST Boulder in April  

2021. A picture of the scanner arriving to the Katharine 

Blodgett Gebbie Laboratory is shown in Figure 47. The 

NIST-Hyperfine CRADA states that NIST researchers 

will  be granted ñexpert modeò access to the system and 

some aspects of its control and analysis software. To 

date, we have completed over 100 scans using the Hy-

perfine system and we have held extensive discussions 

 

Figure 49.  ADC measurements of human brain acquired by NIST research team. The image on the left shows a high-field measurement using a 

clinical scanner operated by a collaborator. The same subject was scanned on the NIST-owned, low-field MRI. 

 

 

Figure 48. Results of AI-based segmentation. On the left is an MRI scan of the NIST Diffusion 
Phantom. On the right we show the same image with the ADC regions inferred by two neural 

networks developed under this project. The red contours correspond to an FC-DenseNet and 

the blue to a U-Net. 

 






















































































































































































































