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Abstract 
[bookmark: _Hlk110521225][bookmark: _Hlk110518393]Compared with overall air void content and size distribution, the spatial arrangement of air voids is probably of more importance in the durability of cement-based materials subjected to repeated freeze-thaw cycles. In this paper, a method for computing the three-dimensional distribution of air voids according to the void–void proximity and the paste–void proximity definitions based on X-ray computed tomography (XCT) images is proposed, For better illustration of the method, six mortar samples with varying fine aggregate size and blended proportions were prepared and examined. Characteristic parameters, including average spacing, SF50, SF95, and Gaussian expectation were quantitatively derived from the various distribution curves in various ways, which follow the same trends among the six mortar samples. Then, the Lu and Torquato equations were used to analytically calculate the spacing and compared with the results obtained via numerical calculation, showing good agreement for both paste-void proximity and void-void proximity. Based on the results of this paper and on a previous paper on these same mortars, we propose an alternative method for quantifying the three-dimensional arrangement of air voids with less time and higher accuracy than two-dimensional methods. 
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1. Introduction  
The influences of the dispersed inclusion phase on the bulk properties of a composite such as cement-based materials mainly depend on the volume fraction, size distribution, and spatial distribution of the inclusion phases [1]. Durability is one property affected by inclusions in mortars, which at the 100 µm scale are composites consisting of a cement paste matrix and sand and air void inclusions. The volume fraction of the sand phase is typically around 50 % and the volume fraction of the air void phase is typically around 1 % to 10 %. When considering the durability of cement-based materials subjected to repeated freeze-thaw cycles and salt scaling (frost resistance), the spatial distribution of the air void phase plays a more important role than does the total air void content [2]. It is accepted that high frost resistance can be achieved when the spacing factor does not exceed a certain value [3, 4]. To characterize the spatial distribution of the air voids, Powers [5] introduced the spacing factor concept as a single number, with which to summarize the air void spatial distribution and proposed equations to calculate the spacing factor, which were the basis for the ASTM C457 standard [6]. ASTM C457 has been widely used for quantifying the void system, using either the manual linear traverse line method or modified point count method, which are both time consuming to implement [6]. In both approaches, parameters including air content (A), void frequency (n), average chord length (), specific surface (), and paste content (p) can be obtained and applied to calculate the spacing factor (() calculation (Powers’ equation). In Powers’ equation, the real arrangement of the voids in the cement paste was simplified with a geometrically regular pattern of mono-sized voids evenly distributed in a uniform three-dimensional grid [7]. However, when considering the spacing between air voids in real mortar or concrete, there is of course a distribution of air void spacings rather than a single value, and a single defined spacing parameter is only some kind of statistical quantity averaged over the distribution. Though it is convenient to evaluate the spacing distribution with a single value, this single value cannot possibly yield enough information about the expected variability in the evaluation of the air void system. Since Powers’ early work, a great amount of research has been done by Philleo [8], Attiogbe [9], and Pleau and Pigeon [10], among others, proposing new equations to calculate new spacing factors that are hopefully better summaries of the spacing distributions and thus more useful for classifying varying frost-resistance behaviors. These various equations were all based on an assumption of air void spherical shape and did not take into account the real measured spatial distribution of the voids. 
[bookmark: _Hlk8300739]Since the definition of spacing factor proposed by Powers has been used for more than sixty years, calculations of a spacing factor should be improved or at least refined based on the advances of analysis techniques and methodologies. Basically, the air voids should be treated as elements of a spatial set and quantified by statistical functions, with a distance variable that is directly correlated to the evaluation of frost resistance [11]. In previous research, the spacing factor was mainly defined in two ways: paste–void proximity and void–void proximity, which should be defined on the full 3D air void structure. The paste–void proximity equations are based on the idea that water in cement paste needs to travel to the nearest void before freezing, to avoid frost damage, so the volume fraction of paste within some distance from the nearest void surface is calculated in this method, as a function of distance. The void–void proximity spacing equations focus on the distance between pairs of nearest neighbor air voids. With advances in image analysis and numerical calculation, the assessment of the air void system has been improved and refined. It is no longer necessary to assume a regular spatial arrangement of the air voids, as in the calculation used in the ASTM C457 procedure [11]. The spacing factors could be calculated based on the statistics of obtained 2D digital images, either manually or automatically [7, 12-14]. However, calculations based on 2D images, even with the use of stereological principles, still cannot always accurately interpret the spatial characteristics of the air void system since the full volume is not sampled. Compared with 2D plane section analysis, X-ray computed tomography (XCT) is able to overcome these limitations and directly image the full 3D internal microstructure of cement-based composites. XCT is a non-destructive 3D method that has been widely adopted for the microstructural characterization of cement-based materials by producing a large number of consecutive cross-sectional slices [15, 16]. Considering the 3D nature of air voids, it is reasonable to use 3D techniques to segment the air voids [17-21]. XCT has been previously used in several studies concerning the air void system to determine the total content and spatial size distribution of the voids [22-25].  For air void spacing evaluation, by applying a series of linear traverse lines on the imaged 3D air void structure, Tae Sup Yun [26, 27] estimated the spacing factor and compared the result with Power’s model. However, even performed on the 3D structure, the linear traverse line method was essentially a 1D analysis. Numerical methods have also been applied to the air void system. Recently, Mayercsik et al. proposed a probabilistic method for air void analysis [28]. In their research, based on a stochastic process, the 3D random spatial structure of a poly-dispersed system can be evaluated from the 2D images and the maximum distance from an arbitrary location in the cement paste to the void surface was numerically determined. Snyder calculated the spacing distributions and various spacing factors based on a numerically generated 3D air void structure and compared the numerical results with various spacing equations, which indicated that Lu and Torquato equations performed well for both paste–void and void–void spacing distributions [29]. However, the spherical air void size distribution in his model structures followed two distributions: mono-sized and log normal, which can both be different from a real air void system.
2. Given the limitations of the existing methods, we have proposed a methodology to rapidly and accurately evaluate the three-dimensional arrangement of air voids in mortars. Six mortar samples with varying fine aggregate size and blended proportions were prepared and examined. The methodology includes XCT scanning, image analysis, void shape determination via spherical harmonics functions [30], and calculation of various spacing distributions characterized by various spacing factors. A detailed illustration of the XCT scanning process, void structure determination, as well as results about void content, shape, and size distribution, were presented in previous research [31]. This present paper describes air void spacing distribution calculations based on the real air void size and spatial distributions based on the XCT images. Since we do not consider any mechanisms of frost damage, the spacing distributions were numerically calculated according to both definitions (void–void proximity and paste–void proximity) with varying methodologies (nearest surface (NS) function for void–void proximity, random points method and growing sphere dilation (GSD) method for paste–void proximity). Then, the relevant Lu and Torquato equations were applied to carry out analytical calculations. The results obtained from analytical calculation and numerical calculation were mutually verified and showed excellent consistency. The illustration and verification of the applied methodologies were all based on one mortar sample and then were applied to the other five mortar samples. The relationship between the average spacing factor and sand specific surface area (SSA) reveals the effect of sand size and blended proportions. In general, built upon our work, the air void system of the composites can be automatically and rapidly evaluated with more accuracy. The derived characteristic parameters of the air void spacing distribution is expected to guide the mix design of mortar/concrete with frost resistance and provide a basis for evaluating the frost resistance of prepared mortar/concrete.  Materials and experiments
In this research, Chinese standard sand was sieved into four size classes: #1 (2.36 mm to 1.18 mm), #2 (1.18 mm to 0.6 mm), #3 (0.6 mm to 0.3 mm), and #4 (0.3 mm to 0.0 mm). Then, six mortars were prepared with a constant water to cement mass ratio w/c = 0.35 and cement to sand mass ratio c/s = 1. The main difference among the six mortars lies in the sands used. The detailed mix proportions are shown in Table 1. Furthermore, the effect of size distribution and blended proportions of the sand were combined via calculation of the fine aggregate specific surface area (SSA). For a sphere particle with diameter of Dmean, the SSA can be calculated as Eq. (1), with  being the sand density (approximate value of 2500 kg/m3) [31]. In the real case, for simplification, an averaged Dmean value of sand in each size class was calculated according to the Eq. (2), where dup and ddown are the upper and lower limits of each size class as determined by the bounding sieves. Thus, the SSA can then be obtained based on the sand mass fractions in each class according to Eq. (3), with  being the specific surface area and  the mass fraction of sand in the ith sieve range. The SSA values for the six mortars are listed in the last row of Table 1.
 (1)
 (2)
 (3)
No superplasticizer or any other chemical admixtures was added during the casting process. However, in most cement manufacture organic grinding aids are used, which can often cause air voids to be entrained even without added chemical admixtures [32]. This was observed as all the air voids were fairly spherical. 
For each mortar sample, a small cubic piece with edge length about 10 mm was cut from the specimen and scanned using a ZEISS Versa XRM500 XCT system[footnoteRef:3] after hydration termination and a vacuum drying process. For each sample, two high-resolution scans were performed with a voxel size about 4 µm. Using a combination of digital image processing and spherical harmonic functions analysis, the void content, number of voids, and void size distribution in each mortar was quantitatively determined, as listed in Table 2. The detailed description of experiments methodology, void content, and void size distribution can be found in Ref. [31], since the main purpose of this paper is to investigate the spatial arrangement of the air voids within the mortar.  [3:  Certain commercial equipment, software and/or materials are identified in this paper in order to adequately specify the experimental procedure. In no case does such identification imply recommendation or endorsement by the National Institute of Standards and Technology, nor does it imply that the equipment and/or materials used are necessarily the best available for the purpose.] 






 Table 1: Mixture proportions for six mortar samples. 

	Sample
	Blended sand volume fraction (%)
	SSA

	
	2.36-1.18 (mm)
	1.18-0.6 (mm)
	0.6-0.3 (mm)
	0.3-0.15 (mm) (mm)
	

	M1
	100
	
	
	
	1.28

	M2
	
	100
	
	
	2.56

	M3
	
	
	100
	
	5.05

	M4
	
	
	
	100
	10.12

	M5
	
	15
	35
	50
	7.21

	M6
	50
	35
	15
	
	2.34



Table 2: Approximate specific surface area of six sand proportions, and measured air void content and number of voids detected in each sample via two XCT high resolution-scans.

	
	M1
	M2
	M3
	M4
	M5
	M6

	Air void content (%)
	0.76
	0.87
	1.45
	3.53
	2.65
	1.32

	Number of voids detected 
	573
	824
	1562
	3905
	2642
	574



3. Definition and methodology 
Many equations have been proposed in the literature to estimate the air void spacing distribution. They can be divided into two classes. Some equations focus on the proximity of the cement paste matrix to the air voids, while others calculate the distances between air voids. In both cases, the air voids are assumed to be spherical - real entrained air voids are indeed usually nearly spherical. The distribution of distances, using either technique, is always depicted by a probability density function (PDF) and a cumulative distribution function (CDF). The PDF represents the fraction of spacings located in the size interval , for the differential element , while the CDF means the fraction of spacings smaller than , which increases monotonically from zero to unity when the maximum value of  is reached. For consistency in what follows, the average values were calculated from the PDF curves and the median values were determined from the CDF curves for each spacing distribution.   
3.1 Void–void proximity
Void–void proximity means developing nearest neighbor equations that estimate the distance from a given air void to its nearest neighbor air void. Here, the nearest neighbor function employed for calculating void–void proximity was based on the segmented 3D structure built from the XCT mortar images [31].  
In real mortars, there must exist a distribution of distances between air voids in the random air void system. For simplification, Murotani viewed the voids as dispersed points and evaluated the distances between these discrete points [33]. The effect of void size was introduced by applying a point intensity parameter. Of course, this procedure causes some errors and deviations with real situations. The nearest neighbor of a given air void can be defined by measuring the surface-to-surface distance of adjacent air voids [5]. Obviously, in a mono-dispersed air void system, the nearest surface-surface or nearest centroid-centroid distances identifies the same nearest neighbor, since the air voids are of the same size. 
The void system in mortar sample M4 was selected to illustrate the methodology used, based on the high-resolution images. Voids larger than 125 voxels in the 3D measured XCT system were recorded and analyzed [31]. For each void, spherical harmonic functions were used to analyze its size and shape. The centroids xi and equivalent spherical radius (radius of sphere with same volume as air void) ri of each void were saved. For each sample, the centers and radii of all the voids detected were saved as clusters: X={xi: i=1,2,…,n}; R={ri: 1,2,…,n}, where n is the number of voids detected during each XCT scan. The results of shape analysis [31] indicated that the voids detected are at worst somewhat (10 % to 20 % difference in major axes) ellipsoidal in shape and most are quite spherical (less than 10 % difference in major axes). Subsequently, in the calculation in this section, all the voids were assumed to be perfect spheres and used the equivalent spherical radius. 
For each pair of voids, the surface to surface distance was denoted by dss : 
      (4)
In Eq. (1), is the distance between the surfaces of the ith void and the jth void, and  and  are the radii of the ith and jth air voids. For each void i, the distance of this void to any other void was saved as . For all voids,  for surface to surface distances. The average surface to surface distance of a given void i can be calculated over all voids, according to Eqs. (5). 
 (5)
The nearest neighbor of the ith air void is denoted by the quantities  and , which are determined by Eqs. (6):
                                    (6)
The spacing distributions of each mortar sample’s air void system were then obtained by collecting all the individual nearest neighbor distances and denoted by . 
The spacing distributions for the two high resolution scans for sample M4 are shown in Fig. 1. A Gaussian function appeared to fit each distribution well. The Gaussian expectation, xc, which is defined by the (x-xc)2 term in the exponent of the exponential, was also extracted. The near coincidence of these two curves, whether for PDF or CDF, enabled the results of the two scans, A and B, to be combined into a single distribution. The small difference between the two scans reflects the randomness of the air void spatial distribution, since the two scans sample different VOIs in the whole sample. To quantify this difference, an F-test was performed. The calculated variance for the two distributions was 28.50 (Scan A) and 34.12 (Scan B) with the F value being 1.20. By comparing with the F distribution table (), the two distributions were proved to be statistically similar. 
[image: ]
Figure 1. Comparison of spacing PDF distribution obtained via scans A and B for M4 using the NS distance function. 

The PDF and CDF spacing distributions can be used to compute various parameters: average spacing (denoted by ), 50th percentile value or median (denoted by 50, meaning 50 % of spacings are smaller than this value), 95th percentile value (denoted by 95, meaning 95 % of spacings are smaller than this value), and expectation or peak value of the Gaussian fit (denoted as GE). For scans A and B, the results for the four parameters are listed and compared in Table 3. The values of  and 50 for scan A are slightly larger than those for scan B, while the value of 50 shows a significant difference between scans. Considering the fact that 1698 air voids were found in scan A and 2207 air voids were detected in scan B for the same size of VOI, this difference is expected. 

Table 3: Summary of average spacing, 50th percentile value (50), 95th percentile value (95), and expectation of Gaussian fit for the air voids found in the two high-resolution M4 scans 

	
	 (m)
	50 (m)
	95 (m)
	GE(m)

	Scan A
	98
	92
	222
	86

	Scan B
	87
	82
	174
	73



3.2 Paste–void proximity
The definition of paste–void proximity is inspired by the microscopic mechanism of freezing in porous media. It has been accepted that the presence of air voids can significantly reduce the effect of freezing and thawing by playing a role as “pressure release valves” for ice formation [29, 34, 35]. The closer the paste to the average air void, the higher the probability that this paste will not suffer from frost damage, since freezing water can get to the air voids from the paste. Overall, there are two simple ways to calculate this definition of spacing. The first is to assume that each air void is surrounded by a shell with thickness of s and the volume fraction of the paste within the shell is equivalent to the volume fraction of paste within a distance s to the air void surface. With increasing shell thickness, the shells may overlap with each other, but not the air voids themselves. The second method is to randomly choose a number of points in the paste phase, calculating for each point the distance to the nearest air void surface. The relative number of distances less than s is an estimate of the volume fraction of paste within this distance from the air void surface. Using more random points will systematically improve this estimate. These two methods and their results will be discussed in detail in the following sections. Note that the void-void proximity algorithm and the past-void proximity algorithm measure related but different quantities. Therefore, we should not expect them to be equal to each other and we will find that to be the case.
3.2.1 Simple dilation and the growing spheres dilation method
The morphological dilation and erosion operation are local morphological transformations on an image and were originally used for pattern recognition [36-38]. The basic theory of mathematical morphology is set theory [39]. Suppose there exists two sets: the original image, f(x,y), and the structuring element, B(u,v), where (x,y) and (u,v) are the pixel coordinates of f and B, respectively. The dilation can be mathematically represented by  [40]. In 2D image processing, dilation can be applied by applying a structuring element to a target pixel and the pixels around this pixel. How the target pixel grows depends mainly on the shape and size of the structuring element. A square structuring element is commonly used for the dilation operation. Dilating with a square structuring element will eventually, after repetition, lead to the target pixel being enlarged and approaching the shape of a square. In Ref. [25], the shape characterization of the voids indicated that the voids are close to spherical. If a cubic structuring element was applied, the dilated voids will gradually lose their original shape. 
A spherical structuring element was then considered to make sure the shape of dilated voids stays spherical and consistent with the definition of paste–void proximity. However, for a digital sphere to appear spherical, it must have a diameter of at least 11 voxels. If we use an 11-voxel diameter sphere, centered on a surface voxel of an air void, then the radius of the air void will be increased at each step by about 5.5 voxels. Even for the high-resolution scans, this corresponds to a physical distance of more than 20 m. With the average surface-surface spacing being about 80 m (see Table 3), in two dilation steps most of the paste would be covered. This would result in a very low-resolution tracking of the actual paste-void proximity function. Therefore, a simplified dilation method was generated to overcome this problem that was based on the concept of “growing spheres”. 
The “growing spheres” method includes the following two steps. The first step is preparing a near-replica of the air void structure.
Replica air void microstructure: A container with same size and shape as the chosen VOI was created and the air voids were placed into the container according to their numerical centers and equivalent spherical diameters. Since the obtained equivalent spherical diameters are not always integers, the diameter in voxels can be determined via Eq. (7), where rri represent the maximum integer no larger than ri. The non-integer diameters were all converted into integer diameters and saved as RR={rri: 1,2,…,n}.. In this way, the real air void shape information was ignored, which is a reasonable assumption  [31]. However, the real spatial distribution information was preserved, which has a much more important influence on the spacing distributions. This was necessary for the growing spheres method, which needs each original air void to be spherical. In the replica microstructure, the sand and the cement paste are treated as one combined matrix phase. Using integer diameter spheres greatly reduced the computational cost of the growing spheres dilation (GSD) method. 
                                (7) 
Any differences between the experimentally imaged air void structure and the replica air void structure were primarily of two kinds. Since all the equivalent diameters were converted into integers, there must be some small difference between simulated and real volume fraction. The deviations caused by this factor were determined to be less than 1 % of the total volume fraction for all six mortar samples and can thus be ignored. 
Another possible deviation is overlapping with the boundary and overlapping between adjacent particles, which could be caused by a non-spherical air void being approximated as a sphere. A schematic 2D example is shown in Fig. 2. In Fig. 2, two ellipsoidal voids could be found in the simulated experimental image, with no observed overlap. In the replica microstructure in Fig. 4b, the two ellipsoidal voids were changed to area-equivalent circles and now the two circles overlap with each other and the container boundary. The deviation from this kind of overlap, which did occur in 3D, was evaluated to be again less than 1 % of the total air void volume fraction and thus could also be neglected. 
 [image: ]
Figure 2. Schematic map of possible overlap errors in replica microstructure process: (a) simulated microstructure; (b) replica microstructure based on obtained centers and diameters.
Growing spheres dilation (GSD) method: In the actual growing spheres, a sphere with diameter M voxels larger than the original air void of diameter D voxels was centered on an air void in the replica air void microstructure. The shell between the sphere and the air void contains all the volume that is within M/2 voxels of the original air void surface. As M increases in steps of 2 voxels with a starting value of 2 voxels, the volume within M/2 voxels from the original air void surface was computed. This computation is approximate since the spheres are made from voxels. One could easily do this computation with continuum spheres as long as the mathematical sphere did not overlap any other air void. Once that happens, the only way to compute the matrix volume contained within the mathematical sphere is by treating the spheres as digital, composed of voxels. In all the scans, the maximum air void diameter was about 100 voxels. Using the GSD method resulted in coverage of the entire sample volume, for any sample, for M equal to about 200 (100 growing spheres dilation steps). 
With an increasing number of GSD steps, the shell of one air void may overlap with one or more shells belonging to a near-by air void. To avoid over-counting, the number of unique matrix voxels contained in the growing spheres were counted and normalized by the total voxel volume of the sample to obtain the volume fraction of void phase after each dilation step [13, 41]. The results for mortar M4 are shown in Fig. 3, which averages together scans A and B. The differential volume fraction increases at first with distance, reaches a peak, and decreases nearly to zero as the shells mostly overlap and little new volume is added with larger growing spheres diameters. By about 400 m, all the matrix has been covered. The PDF distribution is fit well with a Gaussian function. Note that the CDF goes to zero at zero spacing, as it should, since if the growing spheres shell around each air void has zero thickness, no matrix volume will be counted. However, the PDF in Fig. 2 is non-zero at zero spacing. This is because at small shell thickness, the CDF can be approximated to first order in the shell thickness by the surface area of all the voids times the shell thickness divided by the total sample volume, to give a volume fraction. The PDF is the derivative of the CDF with respect to the shell thickness, so its value at zero shell thickness should be the total air void surface area divided by the sample volume. Using digital approximations will cause this value to be only approximate. Comparing Figure 3 to Figure 1, it is apparent that the curves in Fig. 3 are smoother than those in Fig. 1. This is because the bin size in Fig. 3 is about 8 µm and the bin size in Fig. 1 was about 20 µm.
 [image: ] 
Figure 3. Spacing PDF and PDF distribution obtained via GSD method on mortar M4. The cement paste and the sand have been treated as a single solid matrix phase and high-resolution scans A and B have been averaged together.
Characteristic spacing values, which can all be thought of as spacing factors, can be generated from this data in several ways. Two measures of spacing factor would simply be the peak value of the PDF curve in Fig. 3, and the value in the exponential term in the Gaussian fit. If the Gaussian fit was perfect, these values would be identical. Another way is to calculate average spacing factor values using the numerical differential distribution curve in Fig. 3 based on Eq. (8): 
                                               (8)
where N is the growing spheres dilation step by which more than 99 % of the total sample volume has been covered,  means the new volume fraction dilated in each step, and  is the shell thickness after the ith operation, which is equal to i  res, with  being the voxel edge length used in a given scan. The quantities 50 and 95 can also be computed, which are defined as the length at which 50 % and 95 % of the total sample volume has been covered. Table 4 compares these five spacing factor parameters. Apart from 95, the value of other four parameters are quite close and could equally serve as the GSD-based spacing factor for this air void system.
Table 4: Summary of peak or modal value, average spacing, 50th percentile value, 95th percentile value, and expectation of Gaussian fit mortar M4 void system 

	
	Peak value (m)
	 (m)
	50 (m)
	95 (m)
	GE (m)

	M4
	105
	116
	114
	225
	110



3.2.2 Random points method
In this method, 10 000 random voxel centers in the matrix were chosen throughout each system. For each point, the minimum distance of this point to all void voxel centers were calculated, , and was picked to be the spacing associated with this point. The 10 000 minimum values were saved as , where the subscript ‘rp’ is the abbreviation for random point method. Fig. 4 schematically illustrates the methodology, with all random points (shown in yellow) chosen only in cement paste or sand voxels [29]. 
 [image: ]
Figure 4. Schematic map of random points method: matrix (dark blue); air void (black); random points (yellow).
For each specimen, only the replica microstructure was employed rather than the full XCT 3D microstructure. The main difference between the two is that in the replica microstructure, voids smaller than 125 voxels were eliminated while in the full XCT microstructure the smaller voids were retained. This part of the air void system accounts for little of the total void volume fraction but will have an effect on the calculated spacing factor, lowering its value. Whether these small voids really increase the frost resistance as much as the reduced spacing factor would seem to imply is beyond the scope of this paper but is an interesting research question.
The M4 air void system was again used. The PDF and CDF distribution of spacings obtained on the replica microstructure are shown in Fig. 5. The PDF obtained via the random points method is fit well with a Gaussian function.   
 [image: ] 
Figure 5. Spacing PDF, obtained via the random points method, for the replica M4 air void microstructure.
The average spacing, the 50th percentile value, the 95th percentile value, and the expectation value of the Gaussian fit were computed from the curves in Fig. 5 and are listed in Table 5. 
Table 5: Comparison of average spacing, 50th percentile value (SF50), 95th percentile value (SF95), and expectation of Gaussian fit for the replica air void systems of mortar M4 as seen in Fig. 5 for the 10 000 random points method.

	
	 (m)
	50 (m)
	95 (m)
	GE(m)

	Random points
	121
	116
	229
	112



After a series of trials with different numbers of random points, it was determined that N = 5000 points were enough to have the PDFs converge to within a few percent to their large N = 10000 value. Later in the paper, N = 5000 was used when looking at all the samples together.
3.3 Comparison of different methods
The air void spacing distributions defined from both the void–void proximity and the paste–void proximity definitions have been numerically calculated using different methods for mortar M4 and are compared in Fig.6. Figure 6 shows that the results of paste-void proximity calculated from the growing spheres dilation and random points methods nearly coincide with each other, while an obvious difference can be observed between the NS function and other two methods. The GSD method and the random points method purport to measure the same thing – the distance of matrix from an air void surface, while the NS function measures the distances between air voids. It is not surprising that these are related but they do not measure the same quantity.
[image: ] 
Figure 6. Comparison of spacing CDFs derived from NS function (based on the derived centers and diameters for the real system), growing spheres dilation, and random points methods (based on the replica microstructure) for mortar sample M4.

A comparison of these numerical methods with analytical approximations was also made. Alternative equations have been proposed by Philleo [8], Pleau and Pigeon [10, 42], although many approximations and simplifications were used in their respective derivations. Because of these simplifications, a NS function approximation with no simplifications, which was derived by Lu and Torquato [43], was employed. The approach of Lu and Torquato, which was based on many simulations of poly-dispersed sphere systems [43], was to derive the (void exclusion) probability that a point chosen randomly throughout the entire system lies within a distance s from an air void surface. Positive distance s is taken to be outside an air void surface with negative values inside a void [5]. In the terminology of this paper, the paste-void proximity and void-void proximity distributions were both approximated by Lu and Torquato equations [43]. For both paste-void and void-void proximity calculations, the following defined quantities (Eqs. 9-12) were needed: 
 (9)
 (10)
 (11)
 (12)
where  is the volume fraction of air voids; n is the number of air voids per unit volume; and B is a coefficient with varying values (0, 2, or 3) depending on the analytical approximation chosen in the theory (B = 0 selected here [43]); and  means an average over the air void size distribution in terms of number, of the particle radius to the kth power. In the terminology of Ref. [10], the void exclusion probability and particle exclusion probability equations were used to estimate the paste-void and void-void proximity, respectively. 
Paste-void proximity: The calculation of the paste-void proximity via either growing sphere dilation or random points method considered only the volume outside the voids, since all paste and aggregates are located outside the voids. To correlate with the numerical calculation, the void exclusion probability can be written as Eq. (13), in which s is the distance to the void surface – s represents the spacing in this research. The quantity  was defined as the probability of a random point being at a distance s of a void surface, and the probability of finding the nearest void surface with a distance s of a random chosen point can be calculated as Eq. (14). The probability of finding the nearest air void surface a distance s away can be calculated as Eq. (15).
 (13)
 (14)
 (15)
Figure 7 compares the numerically calculated paste-void proximity based on the GSD and random points methods with the appropriate Lu and Torquato function. The random points method was based on the replica microstructure and for each sample the two high resolution scans were combined. Since the detailed shape of the PDF curves is closely related to the bin size used to construct the PDFs, only the CDFs were compared here. Statistical quantities for the different methods are listed in Table 7.
[image: ]  
Figure 7. Comparison of spacing CDFs derived from growing spheres dilation and random points methods (both based on the replica microstructure) compared to Lu and Torquato analytical expression in Eq. 10 (based on the derived centers and radius distribution from XCT) for mortar sample M4.
Figure 7 shows that the random points and GSD spacing CDFs agree well with the Lu and Torquato analytical calculation, since they are all measuring or estimating the same quantity – the amount of paste within a distance s of an air void surface. In particular, the GSD method nearly coincides with this expression when the spacing factor is small. With gradually increasing spacing factor, the deviation between two curves grows steadily. The difference may be attributed to boundary conditions. In the Lu and Torquato equation, no boundaries were assumed, while in the GSD method, any overlap of the shells with the XCT sample boundary was eliminated. 
Void–void proximity: A similar approach was applied for the void–void proximity calculation (NS function). Given that a point is located at the center of a void with radius R, the probability that the nearest air void is within a distance w from the center of an air void can be expressed as Eq. (16). The c, d, and g parameters are the same as those defined in Eqs. 9-12.
 (16)
Accordingly, let s represent the shortest surface to surface distance between two voids. The probability the nearest air void surface is within s of the surface of the void with radius R can be calculated as Eq. (17). The function  is theoretically equivalent to the spacing CDF calculated via the NS function. 
 (17)
It should be noted that in Eq. (16), the  function is relevant to the void size R and for a mono-dispersed system, a unique distribution of  can be obtained. However, in the poly-dispersed system,  is a continuous function of R. For a poly-dispersed system with a continuous distribution of radius, there may exist an infinite number of possible  distributions. To deal with this, a possible solution is to calculate an ensemble average based on either the number density or volume density derived from the air void size distribution curve. For the number density approach, the ensemble average can be calculated as Eq. (18).   
  (18)
However, in this research, the void size distribution was obtained via XCT scans and the void size distribution is not a continuous function. Thus, the calculation of  was repeated for each obtained R value and an average value was derived, as indicated in Eq. (19), in which N represents the number of voids detected in each sample. In mortar M4, N = 3905.  
  (19)
A simplification was considered, in which the poly-dispersed system was treated as a mono-dispersed system with the average radius  adopted to calculate the  function. The results of these two approaches are shown in Fig. 12 and compared with the computed NS function. Figure 12 shows that the distribution of  and  nearly coincide with each other, only with slight differences at small spacing values. Moreover, they are both close to the distribution curve obtained via the NS function, with the slight difference attributed to the different boundary conditions. 
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Figure 8. Comparison of spacing CDFs derived from NS function compared to Lu and Torquato analytical calculations obtained via two approaches: either using eq. (14) to get <Ep(s)> or using <R> in the monosized version of Eq. (14) to get Ep(s, <R>). Both curves are based on the derived centers and radius distribution from XCT for mortar sample M4.
Table 6 lists various characteristic parameters of the numerical and analytical paste-void and void-void distributions. For both distributions, the numerically calculated results agree well with the analytical results. The significant difference observed between the void-void and paste-void distributions originates from the varying definitions of these two statistical objects. However, they both convey useful information of how voids are spatially arranged in mortar samples and both generate characteristic values that may relate well to frost resistance.

Table 6: Comparison of average spacing, 50th percentile value, 95th percentile value, and Gaussian expectation computed for the paste-void and void-void numerical distributions with the Lu and Torquato analytical calculations (Analytical).

	
	Peak value (m)
	 (m)
	50 (m)
	95 (m)
	GE(m)

	
	Paste–void proximity 

	GSD
	105
	116
	114
	225
	110

	Random points
	
	121
	116
	229
	112

	Analytical
	111
	112
	112
	204
	111

	
	Void–void proximity

	NS function
	
	92
	87
	184
	79

	Analytical,   
	92
	87
	93
	189
	91

	Analytical, 
	90
	85
	92
	185
	90



4. Results for all mortar samples
The spacing distributions were calculated for the air void system in all six mortar samples. The relation between the spacing distributions and the sand specific surface area (SSA) was clearly seen. Only the results of the two high resolution scans were used, with both scans combined for each mortar sample.
4.1 Void–void proximity 
The void-void proximity differential spacing distributions, using the NS function for all six samples and based on the replica microstructures, are shown in Fig. 9. 
  [image: ]
Figure 9. Differential void-void spacing distributions (NS) for all six mortar samples based on the replica air void systems. Area under each curve was normalized to 100 %.
 
[bookmark: _Hlk110259667]The spacing distribution in all six samples can each be fit with a Gaussian function. The finest sand, used in samples M4 and M5, leads to considerable formation of smaller voids [31], which causes the spacing factor to be more narrowly distributed and peaked at smaller sizes. Sample M3 used only the next finest sand, 0.6 mm to 0.3 mm, which caused it to have a spacing distribution similar to M5. The other three mortars, which used larger sands, are peaked at similar but larger spacing factors. The characteristic parameters for all six samples are listed in Table 7. For the first four mortars prepared with roughly mono-sized sands, the values of all characteristic indices decrease gradually going from sample M1 to sample M4. For the last two mortars, prepared with blended sand sizes, all parameters increase going from mortar M5 to mortar M6. The lowest values of all the parameters are always found for mortars M3, M4, and M5, reflecting Fig. 9. 



Table 7: Summary of average spacing factor, 50th percentile value, 95th percentile value, and expectation of Gaussian fit of all six mortars (void-void proximity method)

	
	M1
	M2
	M3
	M4
	M5
	M6

	Average spacing (m)
	191
	165
	126
	92
	105
	191

	50 (m)
	175
	159
	115
	87
	104
	176

	95 (m)
	381
	356
	278
	184
	216
	410

	GE(m)
	166
	135
	89
	79
	90
	152



4.2 GSD method
[bookmark: _Hlk12948446]The differential spacing distribution from the paste–void proximity method, calculated using the growing spheres dilation method for all six samples, is shown in Fig. 10. From Table 2, the value of SSA runs from low to high (M1-M6-M2-M3-M5-M4). It can be seen the larger the SSA, the more narrowly distributed is the spacing factor and the smaller is the peak position. The characteristic parameters are listed in Table 8, which is qualitatively similar to Table 7.
 [image: ] 
Figure10. Differential distribution of spacing factor derived from GSD method for all six samples. 

Table 8: Summary of peak value, average spacing factor, 50th percentile value, 95th percentile value, and Gaussian expectation for all six mortars obtained from the GSD method.
	
	M1
	M2
	M3
	M4
	M5
	M6

	Peak value (m)
	238
	218
	169
	105
	124
	241

	Average spacing (m)
	263
	226
	184
	116
	142
	249

	50 (m)
	278
	240
	182
	114
	138
	272

	95 (m)
	616
	462
	349
	225
	277
	519

	GE (m)
	259
	231
	175
	110
	132
	250



4.3 Random points 
The spacing PDFs, obtained from the random points method and based on the replica microstructures, are shown in Fig. 11, and the corresponding characteristic parameters are listed in Table 9. Like Fig. 10, it can be seen that a larger value of the SSA produces a narrower spacing distribution and a lower value of the peak position.
 [image: ] 
Figure 11. Differential distribution of spacing factor derived from random points method based on replica microstructures for all six samples. 

[bookmark: _Hlk106354294]Table 9: Summary of average spacing factor, 50th percentile value, 95th percentile value, and Gaussian expectation of six mortars obtained from random points method

	
	M1
	M2
	M3
	M4
	M5
	M6

	Average spacing (m)
	297 
	249 
	187 
	121 
	148 
	272 

	50 (m)
	274 
	238 
	180 
	116 
	142 
	262 

	95 (m)
	597 
	454 
	344 
	229 
	276 
	501 

	GE(m)
	260 
	232 
	176 
	112 
	138 
	254 



4.4 Summary of characteristic or spacing factors obtained by three methods 
The close agreement between the various numerical methods for computing the spacing distribution to the two analytical Lu and Torquato approximations is evident that these methods can provide a good estimate of the spacing distribution. The various distribution curves appear similar in shape and all can be fit well with a Gaussian function. The linear relationships between all the average spacing factors and SSA is plotted in Fig. 12, which shows that the average spacing factor decreases with increasing SSA in a roughly linear relationship. The SSA=0 intercept for the linear expressions shows how the spacing factor behaves in the limit of large sand grains (small SSA) [14]. As indicated in Table 7, 8, and 9, in each methodology, the values of average spacing, SF50, SF90, and GE change with SSA is a similar fashion. 
[image: ]
Figure 12. Summary of relationship between averaging spacing factor obtained from different methods and calculated sand SSA. The equations of the linear fits (dashed lines) are: NS function f(x) = -12x+200 (R2 = 0.87), GSD f(x) = -17x+276 (R2 = 0.95), Random points f(x) = -20x+305 (R2 = 0.92).

The slopes of the linear expressions show how much additional sand specific surface area causes the average air void spacing factor to decrease. This behavior may be attributed to the fact that the higher the SSA, the more voids will form inside the mix, which results in smaller spaces between adjacent air voids [31]. For each sample, the values obtained from the random points method is always slightly larger than those obtained with the GSD method, while the values computed from the NS function are always smaller than those from the other two methods, which is in qualitative agreement with Fig. 8. Again, note that the average spacing factors computed from the void-void proximity and the paste-void proximity functions are not expected to be the same numerically. All the data are accurately fit by straight lines with negative slope, so that the spacing factor decreases as SSA increases. This is clear evidence that the average size of the sand does significantly affect the air void system spacing factor. Since the volume of sand is invariant, as the sand size gets smaller, the average distance between sand grains gets smaller. Since the air voids are physically confined to the cement paste spaces between sand grains, this forces clusters of air voids to be closer together, on average.
4.5 Application of analytical calculation  
As indicated in Section 3.3, the Lu and Torquato equation (NS function approximation) results agreed well with the results obtained via the NS function, random points method, and GSD method.
Then, for all six mortar samples, the paste-void proximity was calculated via the relevant Lu and Torquato equation. The results are shown in Fig. 13, with Fig. 13(a) being the differential and Fig. 13(b) being the cumulative distribution. The average spacings for the six mortars derived from the spacing distribution were listed and compared in Table 10. 
[image: ]
Figure 13. Differential distribution of spacing factor derived from analytical calculation based on replica microstructure for all six samples.

Table 10: Summary of average spacing factor of six mortars obtained from analytical calculation
	
	M1
	M2
	M3
	M4
	M5
	M6

	Averaging spacing (m) 
	245
	215
	166
	113
	133
	243


 
The relationship between the average spacing and SSA is shown in Fig. 14. A linear relationship can also be observed, which indicates that the average spacing decreases with increasing SSA. Therefore, the Lu and Torquato equations performed quite well for spacing distribution calculations. Not only can they predict arbitrary statistics of distributions, but also accurately predict the average spacing as a function of void radius. Due to the accuracy of the Lu and Torquato equation in predicting the spacing distribution, it appears that other spacing equations are not needed, as well as the numerical calculation for all NS function, random points, and GSD methods. If the size distribution of the void system could be quantitatively obtained via XCT or other techniques, the spacing could be analytically calculated and its frost resistance could also be evaluated. Even with the XCT measurement, the amount of testing time needed could be comparable with the ASTM C457 method, which is time consuming and requires several hours of measurement to gain a statistically representative amount of information. Moreover, since the calculation would be based on a real 3D void system, measured only once, more accurate information could be acquired compared with the quantification on selected 2D planes either by the linear traverse or point counting methods. 


[image: ]
Figure 14. Summary of relationship between averaging spacing factor obtained from analytical calculation (Lu and Torquato equation) and sand SSA. f(x) = -16.21x + 263 (R2 = 0.94)
5. Summary and Conclusions
In this study, a methodology to rapidly and accurately evaluate the air void spacing was proposed. The spacings were defined in two distinct ways: void–void proximity and paste–void proximity. For void–void proximity, the spacing was calculated as the distance between a void and its nearest neighbor as defined by either the nearest air void surface distance or the nearest air void centroid distance. The paste–void proximity, being the volume fraction of matrix material within a certain distance of an air void, was calculated in two ways: growing spheres dilation (GSD) method and random points method. The effect of fine aggregate size on the air void spacing distribution in mortars was presented. The following conclusions can be drawn: 
(1) Numerical methods, including image analysis methods, can be developed and used on 3D air void structures measured using XCT scanning to compute spacing distributions. Clear differences were seen between the full XCT air void structure and replica air void microstructures, since the real data had a small air void size cutoff value. 
(2) The spacing distributions obtained from the GSD method and the random points method agreed well with each other, as they should have, since they represent two algorithms to approximately calculate the same quantity. Both results, including various averages to determine characteristic parameters computed from the distributions, also agreed well with the relevant analytical Lu and Torquato equation. The only differences with the analytical equation were caused by the finite boundary in the XCT images, since no boundary was assumed in the equation, and this tended to occur at larger values of the spacing factor, well past the peak in the PDF distribution. 
The computed void-void proximity spacing distribution agreed well with the relevant Lu and Torquato equation and had characteristic parameters that were all somewhat smaller than that from the paste-void proximity analysis. The differences originate from the two different spacing definitions, which measured related but different quantities. 
All the various spacing distribution curves were qualitatively similar in shape and conveyed useful information of how air voids are spatially arranged in mortars. In addition, all three computation methods produced PDF distributions that were well-fit by Gaussian distributions. In these cases, the cement paste and the sand were treated as one matrix phase, as is the usual case in experimental measurements.
(3) The effect of sand size distribution was characterized by a single parameter, the sand specific surface area (SSA). A linear relationship with negative slope was found between the average spacing factor and SSA for both the void-void and paste-void proximity distributions, so that the average spacing factor decreased as the value of the sand SSA increased. This was true even when treating the cement paste and sand as a single matrix phase.
(4) Via calculations of both paste–void proximity and void–void proximity, the relevant Lu-Torquato equations were shown to be very accurate, compared to the various experimental results. Since these equations only need as input the air void size distribution, one can dispense with numerical calculations of the air void spacings and simply use these analytical calculations.
(5) In general, built upon the results of this paper and previous work [31], the air void system of the composites can be automatically and rapidly evaluated with more accuracy. The derived characteristic parameters from each air void spacing distribution should basically paly a role similar to the spacing factor proposed by Powers but based on the real spatial distribution of the air voids, not a assumed regular cubic arrangement. When comparing mortar/concrete samples with approximative spacing factors, the exact spacing distribution of air voids obtained in our research should be able to more precisely evaluate the frost resistance. An air void system that is more evenly distributed spatially, is believed to paly a more positive role in improving the frost resistance of the mortar/concrete. However, further study is still needed to better reveal how the air voids protect the matrix from frost damage and whether the size of the affected zone is related to the single void size. The protected paste zone (PPV) theory, combined with this 3D method, should provide a more solid and accurate basis for guiding mix design and predicting the frost resistance of prepared mortar/concrete. 
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